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ABSTRACT

GENERIC POLYNOMIALS

by Lucas S. Mattick

In Galois theory one is interested in finding a polynomial over a field that has
a given Galois group. A more desirable polynomial is one that parametrizes all such
polynomials with that given group as its corresponding Galois group. These are
called generic polynomials and we provide detailed proofs of two theorems that give
methods for constructing such polynomials. Furthermore, we construct generic

polynomials for Sn7 Cg, V, 04, Cﬁ, D3, D4, and Dﬁ.
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CHAPTER 1

PRELIMINARY MATERIAL
1.1 Introduction

To study generic polynomials it is necessary to understand the theory of
invariant subfields under a given group action. Inherently this requires the theory of
symmetric polynomials and something called the Reynolds Operator. This paper is
designed to provide detailed proofs of some of the main theorems regarding generic
polynomials. These theorems are constructive and are discussed in depth in Kemper
[KMOO], which is used as a guideline for some of the proofs provided. We use these

tools to construct generic polynomials for small groups.

1.2 Field Theory

In Galois Theory, a field extension is said to be Galois if it is algebraic,
normal, and separable. Equivalently, we say an extension L/K is Galois if
| Aut(L/K)| = [L : K], where Aut(L/K) is the group of automorphisms of L that

fix K. We start with a review of field theory and symmetric polynomials.

Definition 1.2.1. A field extension of a field K is a field L containing K as a
subfield; this is denoted by L/K (read “L over K”).

Definition 1.2.2. A field extension L/K is algebraic if every element in L is

algebraic over K, i.e., every element in L is a root of some polynomial in K{z].

Definition 1.2.3. An algebraic field extension is called normal if it is the splitting
field of a family of polynomials, i.e., if every irreducible polynomial in K[z] that has

one root in L has all of its roots in L.



Definition 1.2.4. An algebraic field extension L/K is called separable if the
minimal polynomial for any a € L over K is a separable polynomial, i.e, this

minimal polynomial splits into distinct linear factors in L.

Galois Theory covers field extensions and automorphisms of these extensions.
As described above, a Galois extension is an algebraic extension that is normal and
separable. For example, the extension Q[v/2] is algebraic as v/2 is a root of the
polynomial 22 — 2 € Q[z]. Moreover, since Q[v/2] contains all the roots of 2> — 2
and they are distinct, Q[v/2]/Q is normal and separable and thus a Galois

extension. However this is assuming that Q[v/2] is a field, which brings us to

Theorem 1.2.5. Let L be an extension field of K. If uw € L s algebraic over K
then K(u) = K|ul.

The proof of Theorem 1.2.5 is in [Hun12], pages 234-235.

Definition 1.2.6. Let K be a field and f a monic polynomial in K[z|. Then an

extension field L/K is called a splitting field over K of f if
(i) f(z) = (z —ri)(x —rz) - (z—ry) in Llz] and
(il) L=K(ry,...,m).

Theorem 1.2.7 (Jacobson Theorem 4.3). Any monic polynomial of positive degree

in K[x] has a splitting field L/ K.
The proof of Theorem 1.2.7 is in [Jac09], page 225.

Theorem 1.2.8. Let ¢ be an isomorphism of a field K onto a field K', f € K|x] be
a monic of positive degree, f' the corresponding polynomial in K'[x] (under the

isomorphism which extends ¢ and maps x — x), and let L and L' be splitting fields



of f and f" over K and K' respectively. Then ¢ can be extended to an isomorphism
of L onto L'. Moreover, the number of such extensions does not exceed [L : K| and

is precisely [L : K| if f' has distinct roots in L'.

The proof of Theorem 1.2.8 can be found in [Jac09], page 227.

1.3 Galois Theory

Let K be a field. An automorphism of K is a bijection ¢ : K — K such that
O(k1 + ko) = (k1) + ¢(k2) and ¢(k1ks) = @(k1)p(ko) for all ky, ko € K. We denote
the set of all automorphisms of K as Aut(K). The set Aut(K) forms a group under
function composition. Given a field extension L/K, we denote Aut(L/K) as the

subgroup of Aut(L) that fixes K. That is
Aut(L/K) ={¢ € Aut(L)|p(k) =k, Vk e K}.

Moreover, if L/K is a Galois extension then Aut(L/K) is the corresponding Galois
group denoted by Gal(L/K).

Definition 1.3.1. Let G be any group of automorphisms of a field L. Let
LY ={ac L|¢(a) =a, ¢ € G}.
L% is the set of elements of L which are not moved by any ¢ € G.

Using the properties of automorphisms one can show that L% forms a subfield
of L. Now let G = Aut(L/K). Take IC to be the set of intermediate fields between L
and K and take H to be the set of subgroups of G. The definitions of L% and

Aut(L/K) provide two maps,

Hw— LY for H e H

F— Aut(L/F) for F' € K.



The basic properties of these maps are as follow:
(1) Hy D Hy = L™ c L
(2) K1 D Ky = Aut(L/K;) C Aut(L/K>)
(3) LAWK 5 K
(4) Aut(L/L%) D G

In general | Aut(L/K)| < [L : K], and if equality holds then the extension is Galois
and we denote the Galois group Aut(L/K) by Gal(L/K).

Given the field K and a polynomial f € K[z], f is said to be separable if it
has no repeated roots in its splitting field. An extension field L/K is Galois if and
only if it is the splitting field of a separable polynomial over K. Moreover, we refer
to “the Galois group of a separable polynomial over K” as the Galois group of its
splitting field over K.

Now we prove a corollary to Theorem 1.2.8.

Corollary 1.3.2. If L/K is Galois, then the isomorphisms of L and L' given in
Theorem 1.2.8 induce a group isomorphism of Gal(L/K) and Gal(L'/K").

Proof. Let ¢ be any one of the isomorphisms mentioned in Theorem 1.2.8. If L/K
is Galois then f € K|[x] is separable, as must be f’ € K'[z]. Thus L'/K' is Galois
and we may consider Gal(L'/K’). We claim that the map given by

U : Gal(L/K) — Gal(L'/K') where 0 — ¢ o0 o ¢! is an isomorphism. Let us first
check that (o) is an element of Gal(L'/K'). Let o € Gal(L/K) and consider
pocoogt Certainly ¢ oo o¢p~!isamap of L' into L'. Furthermore, ¢, o, and ¢+

are all bijective and operation preserving, thus ¢ o 0 o ¢! is bijective and operation
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preserving as well. Hence ¢ o o o0 ¢! is an automorphism of L'. Now let k&' € K'. As

¢ is an isomorphism of K and K’, we have that ¢ (k") € K. Then

(poaod ™ )(K)=0d(a(¢ " (K)) = d(6~ (K)) =K

and ¢po oo ¢! fixes K'. Thus pooo¢p! € Gal(L'/K').
Now we show that U is a group isomorphism. Let 01,09 € Gal(L/K) and

consider ¥(oy 0 0y):

= U(oy) o U(0y).

Hence ¥ is a group homomorphism. Consider Ker(¥). Let o € Ker(V), then
¢ ooo@p!is the identity automorphism on L. That is (po oo ¢ 1) (I') =1’ for
every I’ € L'. Tt follows that a(¢ (") = ¢~ *(I') for every I' € L. As ¢t is a

bijection between L and L’ it follows that o(l) = for every [ € L and o is the

identity on L. Hence, Ker(W) is trivial and VU is injective. As deg(f) = deg(f’) we
have that | Gal(L/K)| = | Gal(L'/K")| and V¥ is an isomorphism of Gal(L/K) and

Gal(L'/K").

Theorem 1.3.3. Let L be an extension field of a field K. Then the following

conditions on L/ K are equivalent:

(1) L is a splitting field over K of a separable polynomial f(x).

(2) K = LY for some finite group of automorphisms of L.

]



(3) L is finite dimensional, normal and separable over over K.

Moreover, if L and f are as in (1) and G = Gal(L/K) then K = LY and if G and
K are as in (2), then G = Gal(L/K).

Theorem 1.3.4 (Fundamental Theorem of Galois Theory). Let L be an extension
field of a field K satisfying any one (hence all) of the equivalent conditions of
Theorem 1.3.3. Let G be the Galois group of L over K. Let H be the collection of
subgroups of G, and IC, the set of intermediate fields between L and K (the subfields
of L/K). The maps H — L, F s Aut(L/F), H € H, F € K, are inverses of each
other and so bijections of H onto IC and of IC onto H. Moreover, we have the

following properties of the pairing:
(1) Hy > Hy < LM  LH:
(2) [H|=[L: L"), [G: H] = [L" : K]
(3) H is normal in G < L is normal over K. In this case

Gal(L" /K) ~ G/H.

The proof of Theorems 1.3.4 and 1.3.3 can be found in [Jac09], pages 238-240.

Proposition 1.3.5. If N/L is Galois with Galois group G, then
N(xy,...,x,)/L(xy, ..., x,) is Galois with Galois group G where x1, ..., x, are

indeterminates.

Proof. 1t is enough to show that N(x1)/L(x1) is Galois with Galois group
Aut(N(z1)/L(z1)) = G.
We construct the homomorphism ¢ : G — Aut(N(z1)/L(z1)) given by

o +— o' where o'(n) = o(n) for any n € N and o’(z) = x;. First we show that ¢ is



a homomorphism. Consider ¢(o103) = (0103)" for some 01,09 € G. We have that

(0102) | N = 0102 = @(01)|np(02) | N

and

(0102)' (1) = 21 = 03(21) = 0(03(21)) = (0703)(21) = (p(o1)p(02))(21).
Thus ¢(0109) = p(01)p(02) and ¢ is a homomorphism.

Suppose ¢(01) = ¢(02). Then o} = o} and 0y = o}|y = 0)|y = 02. Thus ¢ is
one to one. Let p be any automorphism in Aut(N(z1)/L(x1)). As p fixes L(x1), p
must fix L and x;. Thus p|y is an automorphism of N that fixes L. Hence p|y € G.
It is readily seen that ¢(p|x) = p, and thus ¢ is onto. Therefore
Aut(N(z1)/L(z1)) = G.

Now we show that the extension N(x;)/L(z) is Galois. Since N/L is a Galois
extension, NV is the splitting field over L of some separable polynomial f € L[z].
The degree of this polynomial is some positive integer m. Take uq,...,u,, € N to
be the roots of f. Then N = Lluy, ..., uy]. As L C L(x;) and N C N(z1),

f € L(z1)[z] and f splits in N(x;). However we need to show that the splitting field
of f over L(xy) is in fact N(x1). That is, we need to show that N(x;) is the
minimal field extension of L(z;) over which f splits. Indeed this splitting field is
L(zy)[u, ..., u,) and L(xy)[ug, ..., u,] C N(z1). Now we show

N(zy) C L(xy)[us, ..., uy). Let g € N(z1), then g = p/q for some p,q € N[z,] with
q # 0. Here the coefficients of p and ¢ are in N = L{uy, ..., uy]. Thus p/q =7p'/q
where p’ and ¢’ are polynomials in wuy, ..., u, over L[z;]. That is

p,q € L(xy)[uy, ..., uy]. Clearly uy,..., u,, are algebraic over L(x;) and

L(zy)[ug, ..., up) is a field. Then g =p'/q¢’ € L(xy)[us, ..., uy]. Hence

N(zq1) C L(xy)[ug, ..., up] and N(z1) = L(z1)[uq, . . ., up)|. Therefore N(x;) is the
splitting field of f over L(x1) and N(z1)/L(x,) is Galois with Galois group G. [



Applying this process again for the indeterminate z, we have that
N(z1,29)/L(x1, x2) is Galois with Galois group G. We may apply this process a
finite amount of times to conclude that N(z1,...,z,)/L(xy,...,x,) is Galois with
Galois group G.

Before we move on we need some results regarding bases for finite field

extensions, which brings us to

Theorem 1.3.6. Let E/F be finite dimensional and separable, with K/F its
normal closure. Then the number of monomorphisms of E/F into K/F is
n = [E : F], and if these monomorphisms are ny = 1,ms,...,n,, then a sequence of n

elements (uy, ..., u,), u; € E is a basis for E/F if and only if

Me(u1) maug) - ma(un) L0,
Ma(ur) Na(uz) - nu(un)

The proof of Theorem 1.3.6 can be found in [Jac09], pages 292-293.

Corollary 1.3.7. Suppose L/K is Galois for some fields L and K with Galois
group G = {01 =1,...,0,}. Then a sequence of n elements (uy, ..., u,),u; € L is a

base for L/ K if and only if

Ug(ul) UQ(UQ) O'Q(Un) 7&0
on(u) on(ug) - ou(un)

Proof. L/K is finite dimensional, separable and normal by definition of a Galois

extension. By Theorem 1.3.6 the number of monomorphisms (and hence



automorphisms) of L/K into L/K is n = [L : K]. Moreover, we know these
monomorphisms make up G. By Theorem 1.3.6, a sequence of n elements

(u1,...,up), u; € L is a basis for L/K if and only if

oo(ur) oa(ug) -+ oa(uy) L0,
on(ur) on(ug) - on(un)

]

Definition 1.3.8. Let L/K be a finite Galois extension with basis B. Then B is a

normal basis for L/K if there is a z € L such that B = {o(z)|o € G}.

In fact, every finite Galois extension has a normal basis. This is given as the

following theorem in [Jac09], pages 294-295.

Theorem 1.3.9. Any (finite dimensional) Galois extension field L/K has a normal

basis.

This allows us to prove the following proposition, which will be useful in a

later proof.

Proposition 1.3.10. Suppose N/L is Galois with Galois group
G=A{o1=1,...,0n}. We have some normal basis B = {p1,...,Bm}. Then
B ={B; :=0;(B)|]1 <i<m} is a normal basis for N(xy,...,2m)/L(x1, ..., o)

where f1 = 2101 + -+ + TpfBm and x4, ..., T, are indeterminates.

Proof. By Proposition 1.3.5 N(z1,...,xy)/L(xy, ..., z,) is Galois with Galois
group Gal(N(xy,...,%m)/L(x1, ..., 2y)) = G. Thus
[N(z1,...,2m) : L(z1,...,2,)] = |G| = m. By definition, the orbit of 3, forms B

and | B| = m, so we need only show that B is linearly independent.
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Suppose we have some f1,..., fi, € L(z1,...,2Zy) so that

fiBi+ -+ fmfBm = 0.

Then

181 + f202(B1) + - -+ + frnom(B1)] 71
+f1B2 + f202(B2) + -+ frmom(Ba)] T2

+

_I_

+[f18m + f202(Bm) + -+ 4+ frnOm(Bm)]Tm =0

and it follows that

Bi o2B1) .. om(Bh) i 0
By 02(B2) ... om(B2) fo 0

/Bm UZ(ﬂm) O—m(ﬂm) fm O

By Theorem 1.3.7 det(AT) # 0 so det(A) # 0. Thus f = 0. O

Definition 1.3.11. Suppose G # 1 is a permutation group on letters which can be
divided into disjoint sets Si,...,S,, such that every permutation of G either maps
all letters of a set S; onto themselves or onto the letters of another set S;. Except
for the trivial cases in which there is only one set or in which every set consists of a
single letter, we say that G is imprimitive and we call Sy, ..., S, the sets of
imprimitivity.

The proof of the following lemma is implicitly contained in [Hal76], pages

57-58, which was used as an outline for the proof provided below.
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Lemma 1.3.12. Suppose G < S, is a transitive permutation group on the set
Y ={vyi,...,yn} where |G| =m. Here G acts on X = {z,|0 € G} by o' (x,) = Tors.
Then we can diwvide up X into n sets of imprimaitivity Xy, ..., X, such that the

permutations of X1, ..., X, under the action of G are the same as those in G.

Proof. Take H < G to be the stabilizer of y;. Since G is transitive, for any y; € Y,
there exists some g; € GG such that g;y; = y;. Then every element in the coset g, H
sends y; to y;. That is g;hy, = y; for any h € H. Moreover, the following n cosets of

H are distinct
eH,g.H,g3H, ..., g,H. (1.1)

Suppose g;H = g;H. Then gj_lgj € H. It follows that gj_lgiyl =1,. Then
Yi = givh = g;y1 = y; and @ = j so g; = g; . Thus H has the n distinct cosets listed
in 1.1. Let g be any element in G. Then gy; = y; for some 1 < i <n and gy; = g;y1-
Then g; *gy; = 1. It follows that g; 'g € H and gH = g;H. Therefore the n distinct
cosets listed in 1.1 are all the distinct cosets of H and the index of H in G is n.
Take 7 to be the set of distinct cosets of H in G.

For each g € G we have a permutation of the cosets of H given by

m:G — S, where

r(g) = <g"”£f),x ca.

Here 7(g) maps each coset zH onto a distinct coset. Suppose

7(9)(g1H) = 7(g)(goH) for some fixed g € G. Then gg1 H = ggoH and

(992)"'gg1 € H. Tt follows that g, 'g; € H and g H = goH. Hence 7(g) is one to
one and thus a bijection from ¢ to . That is, m(g) is in fact a permutation of
the elements in J7.

Now we show that 7(G) is a transitive subgroup of S,, and is of the same
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permutations as G. Consider 7(g;¢g2) for any g1, 92 € G,

m(9192)(xH) = g1go0H = 7(g1)(g20H) = 7(91)(m(92) (2 H)) = (m(91)7(92)) (¢ H)

for any cost xH. Hence 7 : G — S, is a homomorphism and 7(G) < S,,. Let
g1H, g2 H be any cosets of H. Then 7(gog; 1) (91H) = 9297 ‘1 H = g2 H and 7(G) is
transitive. Now suppose 7(g) = ¢ were ¢ is the identity permutation. Then
7(g)(xH) = zH for any v € G. Then 2 'gz € H for any x € G. It follows that

x tgx(y1) =y for any x € G. Since G is transitive, for any 1 = 1,...,n, we have

some x; € G so that x;(y;) = y;. Then x; 'gx;(y1) = y1 and

9(i) = gri(y1) = (1) = ys

fori=1,...,n. It follows that g(y;) = y; fori =1,...,n and g = e. Thus 7 is a one
to one homomorphism and G ~ 7(G).

Lastly we show that the permutations of 7(G) coincide with G. Let g be any
permutation in G. Then g¢(y;) = y; for some y;,y; € Y. We have that g;(y1) = y;
and g;(y1) = yi s0 g(gi(y1)) = g;(y1)- It follows that g; ' ggi(y1) = y1 and g; 'gg; € H.
Therefore 7(g)(¢9;H) = g9;H = g;H. That is 7(g) is the permutation in 7(G) that
takes x;H to x;H. Thus the permutations in 7(G) are the same as those in G.

This tells us how to partition X into the n desired sets of imprimitivity. Take
9:H ={4gi1, gi2, - - -, g} where [ is some positive integer so that |H| = [. Then
Xi ={xg,, Ty - - -, %y, } are the desired sets of imprimitivity (which we show). Let
g € G and consider the action of g on the elements in the set X; for some 7. g sends
y; to y; for some j. By what was shown gg;{ = g;H. Then gx,, = x4, where gg
is some element in g; . Thus x4, is some element in X;. As x;;, was some arbitrary
element in X;, we have that g sends all the elements of X; to all the elements of Xj.

Therefore the permutations of Xy, ..., X,, under GG are the same as those in G. [
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Lastly we provide a theorem from Jacobson [Jac09], pages 259-260.

Theorem 1.3.13. Let f(z) € F[z| have no multiple roots. Then f(x) is irreducible

in Flz] if and only if the Galois group of f(z) acts transitively on the roots of f(x).

1.4 The Jacobian & Transcendence Degree

A result regarding algebraic independence we will need later is contained in

[For92], which is where the following proof is outlined from.

Theorem 1.4.1. If K is a field of characteristic zero then

fi, s fu € K(x1,...,2,) are algebraically dependent only if the Jacobian matriz

I(f) = (S;f)

is (identically) singular, i.e. det(J(f)) = 0.

Proof. Suppose f1, ..., f, are algebraically dependent with dependency relation
P e Klty,...,t,]. Thatis, P(ty,...,t,) Z0 and P(f1,...,f,) =0. Then

OP(fi,....fm) OPOfi OPOf, _

o, ot o T ot on

fori =1,...,n. It follows that J(f)(VP)T =0. As P(t,...,t,) # 0 we have that
(vP)T #£ 0. Thus det(J(f)) = 0. O

We will also need some definitions regarding transcendental extensions.

Definition 1.4.2. Let I’ be an extension field of K. If an element v € F' is not a
root of any nonzero f € K|z|, u is said to be transcendental over K. F' is called a

transcendental extension if at least one element of F' is transcendental over K.

Definition 1.4.3. Let F' be an extension field of K. A transcendence base of F//K

is a subset S of I’ which is algebraically independent over K and is maximal in the
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set of all algebraically independent subsets of F'. The cardinality of .S is called the
transcendence degree of F'/K, denoted trd(F/K).

Theorem 1.4.4. If F' is an extension field of E and E an extension field of K, then
trd(F/K) =trd(F/E) + trd(E/K).

The proof of Theorem 1.4.4 can be found in Hungerford [Hun12], page 316.
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CHAPTER 2

SYMMETRIC FUNCTIONS

2.1 Symmetric Polynomials

To obtain the fundamental properties of symmetric polynomials, it is
necessary to use the action of S,, on polynomial rings. To see this, let R be a ring
and z1, ..., x, indeterminates. S,, acts on R[xy,...,z,] by automorphisms that fix
R and permute the indices of 1, ...x,. That is o(r) = r for any r € R and
0(x;) = 243y for o € S,. A polynomial f € Rxy,...,x,] is said to be symmetric if f
is fixed under o for every o € S,,. The set of symmetric polynomials is a subring X
of R[zy,...,z,) containing R.

Take the ring S = R[z1,...,2,] and let g(z) € S[z] so that

g(@) = (2 — @) (@ — 22) - (& — ). (2.1)

We show that the coefficients of g(x) are symmetric polynomials by extending the
action of o € S, to that of ¢’ on S[z] by sending + — x. Since ¢’ permutes the /s
and fixes = we have that

o'(9(x)) = (& = zo)) (T = To) -+ (T = Tom) = (x —21)(z —22) -+ (3 — 2n) = g(2).

Hence if we write

g(w) = " — a4 (<L), (2.2
where p; € R[x1,...,x,], then o(p;) =p; for all 0 € S, and i = 1,...,n. Thus
P1,---,0n € L. Comparing (2.1) and (2.2) we get expressions for the p; in the x;,
namely

p1 = in, Py = Zmia:j, p3 = Z TiTiTh, .., Pp=2T1Ta...Ty. (2.3)
1

i<j i<j<k
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Definition 2.1.1. The polynomials p, ..., p, in 2.3 are called the elementary

symmetric polynomials in x1, ..., z,.

We now prove that ¥ = R[py, ..., p,]; that is, the elementary symmetric
polynomials generate all symmetric polynomials over R[zq,...,x,], and that the
p1, - .., Pn are algebraically independent over R.

The proofs of Propositions 2.1.2 and 2.1.3 are contained in [Jac09], pages

138-139, which was used as an outline for the proofs provided below.

Proposition 2.1.2. The elementary symmetric polynomials generate .

We may view R[zy,...,z,| as a direct sum of abelian groups. More precisely
let M, be the span of all monomials of degree d in x4, ..., x, then
Rlzy, ...z, = @ My. (2.4)
d=1
This representation of R[xq,...,x,] implies that for any f € R[xq,...,x,] there is a

unique sum so that
f=> fa fi€ My (2.5)
d=0
If f is symmetric then for any o € S,,, o(f) = f. By the properties of
homomorphisms we must have

o(f) =) _a(fa). (2.6)

d=0
Since each f; is unique if follows that o(f;) = fq for 0 < d < n. Hence if f is
symmetric, then so must be fo, ..., f,. Therefore it suffices to show proposition

2.1.2 for homogeneous symmetric polynomials.

Proof. Suppose f is a homogeneous symmetric polynomial of degree m in

Rlzy, ..., x,]. We introduce the lexicographic ordering in the set of monomials of
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degree m. We say that 21252 ... 2% is higher than 242 - .- zln if
1 2 n 1+2 n

ki =1y, kg =lo,... ks =1, but kepy > lgq. Take az? 252 ... 2% to be the highest

monomial of degree m in f. Since f is symmetric it contains all the monomials

obtained from axlflxg” . xﬁ" by permuting the x;’s. If we permute x; with z;,;, we
know that az® 2% ... 2% must be higher than az® - - - z% 2"+ 2% by assumption
1 L2 n g 1 i+1T; n PY p .

By the lexicographic ordering it follows that k; > k;, 1. Since ¢ was arbitrary we

must have k1 > ko > --- > k.

Consider now p‘fl ng .- pin where py,...,p, are the elementary symmetric
polynomials in x4, ..., x,. By expanding p‘li1 p§2 -+ pin we observe that the highest

degree monomial is

x’n

$ill+d2+"'+dnaj52+"'+dn Y Z

2=ks . pkn coincides with the

Hence the highest degree monomial in ap®~*2p%
highest degree monomial in f. Furthermore, the highest degree monomial in
hi=F- aplfl_kngrk?’ - 'pfi" is less than that of f. We repeat the process with f;.

Since there are a finite number of monomials of degree m, a finite number of

applications of the process yields a representation of f as a polynomial in py,...,py,.

]

Proposition 2.1.3. The elementary symmetric polynomials are algebraically

independent.

Proof. Suppose we have some algebraic expression of py,...,p,, where the

coefficients are not all zero; that is, suppose

> Gadya PSP = (2.7)

where not all ag,4,..4, = 0 and each set {d;,ds,...,d,} is distinct. Consider

p‘fl pg2 -+ pin expressed in terms of the z;’s for some set {dy,...,d,}. The degree of
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one of its monomials m’flx? cooxknis by + ko + - + ky,. Expanding p‘flp? - piin in

terms of the z;’s we observe that each term has the same degree, namely
m:d1—|—2d2++ndn

Now we introduce the same lexicographic ordering from earlier on the set of

monomials of degree m. Take k; =d; +d; .1 +---+d,. Then m =k +ko+---+k,.

Moreover, the highest degree monomial in p{'pd? - - - pén must be 2% 25> ... 25 by the

lexicographic ordering. By expanding pcll1 p%l? .- pi» we observe that this term

appears only once (suppressing lower degree terms),

dn _ dn

PUpPR - ptn = (x4 @0+ A 2) (1@ F Ty ¥ Ty 2) R (12 1)

_ dy dy da, .do da da dn dn
—(fL’l —|—"'+Q§'”)((171[E2 +"'+[lfn 1$”)"'($1 an)
_ k1, ke kn kn—1 k1

TP T T e T Ty

Claim: The highest degree monomial in the z;’s is unique for each

pPpd2 ... pdn. Consider p{'pi2 - - - pdn and pilll pgé ... p . Then the highest degree

monomials in the z;’s are 252> - - - 25 and xlfllxgé g respectively. Suppose they
are equal. Then ky = kY, ko = Kb, ..., k, = k. It follows that
dy=d), dy=d,, ... ,d, =d], and

dy, d dn __ . dj d d,
pllpzz...pn _p11p22...pn .

Thus the highest degree monomial in x4, ..., x, in each pfl ng copin

is unique.
Since each highest degree monomial is unique we can compare them all in the
lexicographic ordering and find the maximal highest degree monomial. Take the

phple.. -pl» in the sum in 2.7 with the largest m so that ag,4,..q, # 0 and so that

its corresponding highest degree monomial :U'fla:é“? -+- a2 is maximal. Then
expressing the sum in line 2.7 in x4, ..., z, we get the monomial $'f1:v]2“2 <. xh only
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once with the nonzero coefficient ag4,4,...4,,. This contradicts the algebraic

independence of the x4, ..., z,. Hence the proposition is true. O

2.2 The Field of Symmetric Rational Expressions

Take a field F' and consider the function field F(z1,...,z,) over n
indeterminates. Recall that for any ¢ in S,, we have a unique automorphism o of
Flzy,...,x,)] fixing the elements of F' and sending x; — x,(;). This action of S,

can be extended uniquely to F(xq,...,z,) in one and only one way.

Definition 2.2.1. The elements of F(zy,...,z,) that are fixed under the action of

S, are called the symmetric rational expressions.

The proof of Proposition 2.2.2 is contained in [Jac09], pages 241-242, which

was used as an outline for the proof provided below.

Proposition 2.2.2. Let F be a field and L = F(xy,...,x,), the field F' over n
indeterminates. The symmetric rational expressions of L form a subfield L and

are generated by the elementary symmetric polynomials in x1, ..., x,.

Proof. Consider the polynomial ring L[x] and the polynomial

9(z) = (z —z1)(xr — x2) - - - (T — Tp)
which we can write as

g(z) = 2" —piz™ !+ pea"t — o+ (=1)"p,

where p1,...,p, are the elementary symmetric polynomials in z, ..., z,. Consider
some o € S,,. The automorphism ¢ can be extended to an automorphism o’ of L[z]

by fixing . This maps g(x) into (r — x5(1))(® — Ts(2)) - (T — To(n)). Since o is a
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permutation of the indices, this coincides with g(x). Thus o¢'(g(x)) = g(x) for every
o€ S, andso o(p;) =p; fori=1,...,n and for any o € S,,. Hence

P1,...,pn € L5, and the subfield over F' they generate, F'(pi,...,p,) is contained in
L. Take K = F(py,...,p,). It is clear from

L=F(xy,...,2,) = F(p1,-- -, Pn, T1,- .., x,) = K(x1,...,2,) that L is a splitting
filed over K' = F(py,...,pn) of g(z), and g(x) has distinct roots. Hence L is Galois

over K. Consider p € Gal(L/K) and g(x;) = 0 for some 1 < i < n,

p(g(x:)) = g(p(a:)) =0 because p(pi) = pi.

Hence p(x;) = x; for some 1 < j < n. Since p is an automorphism, it follows that p
must be some permutation of x1,...,x, and thus p coincides with some o € S,,. It
follows that

Gal(L/K) C S,.
By definition, any o € S,, fixes p1,...,p, and F. Thus
o€ Aut(F(zy,...,20)/F(p1,...,pn)) = Gal(L/K) and S,, C Gal(L/K). By
inclusion

S, = Gal(L/K).

By the Fundamental Theorem of Galois Theory

LS = LG — | = F(py, ..., py).

2.3 The General Equation of the nth Degree

A general equation is one whose coefficients are distinct indeterminates. More

precisely,
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Definition 2.3.1. Let F' be a field and let ¢q,...,t, be distinct indeterminates.

Then the equation
flx)=a"—tiz" 2" 2 — o (1), = 0 (2.8)
is called a general equation of the nth degree over F'.

The proof of Theorem 2.3.2 is outlined from [Jac09], pages 262-264.

Theorem 2.3.2. The general equation of the nth degree f(x) =0 is irreducible in
Klz] = F(t1,...,t,)[z] and has distinct roots. Let L be the splitting field of f(x),

then the Galois group of L/K 1is the symmetric group S,.

Proof. Take K = F(ty,...,t,) and let f(z) € K[x] so that
f(z) = 2™ —tia" ' Ftpr™ 2 — o (=1),. (2.9)

Let L be the splitting field of f over K. Here L = K(y1,...,y,) where yi,...,y, are
the roots of f in L. Hence f splits in L and f(z) = (z —y1)(z —y2) -+ (x — yp) in
L[z]. Tt follows that the coefficients of f are the elementary symmetric polynomials
in the roots. That is
t, = Zyi, ty = Zyz-yj, t3 = Z YiliYhs <>  tn = Y1Y2.. . Yn. (2.10)
1 i<j i<j<k
Furthermore, L = K(y1,. .., yn) = F(t1, - tn, Y1, Yn) = F(Y1,- -+, Yn).

Now we obtain the Galois group of f by using the results obtained from
Proposition 2.2.2. For Proposition 2.2.2 we introduced the field F(z1,...,z,), where
x1,...,T, were n indeterminates. Then we constructed the polynomial
9(x) = (v — @) (x —22) -+ (T — 20) = 2" — pra™ " + poar™? — -+ + (=1)"p, and

found that F(xq,...,z,) was a splitting field of g over F(pi,...,p,), where
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P1, - .., Pn Were the elementary symmetric polynomials in x4, ..., z,. Moreover, the
Galois group of g was S,,.

We will carry over this result from the pair of fields
F(z1,...,2,) D F(p1,...,pn) to the pair we are interested in
F(y1,...,yn) D F(t1,...,t,). The difference here is that here we started with
F(ty,...,t,) with ¢;,...,t, as distinct indeterminates, whereas in Proposition 2.2.2
we started with F(z1,...,z,), with x;,..., 2, as indeterminates. To accomplish this
we establish an isomorphism between F(yi,...,y,) and F(z1,...,z,).

Since tq,...,t, are indeterminates, we have a homomorphism
o:Flty,...,t,) — F[p1,...,pn), where o is the identity on F' and sends t; — p;
for: =1,...,n. Moreover, we have another homomorphism
7: Flry,...,2,] — F[y1,...,ys] where 7 is the identity on F' and sends z; — v;

fori=1,...,n. Hence
T:Flxy,. . ] — Flyr, .-, Unl, o:Flty,....t,) — Flp1,...,pa). (2.11)

Now we form the composition 7o and observe that

To(ti) =7(pi) =7 ( > g, %) = D YUYy =t

J1<g2< .. <Jii 1 <2 < i

Here we show that the homomorphism o is injective by showing that the kernel is
trivial. Suppose o(h) = 0 for some h € F|[ty,...,t,]. Then 7o(h) =0 as well.
Moreover, 7o(h) = h. Hence h = 0 and 0 is the only element in the kernel of o. It is
clear that o is surjective and it follows that o is an isomorphism of F[ty,...,t,] and
Flp1,...,pn]. We saw earlier there is a unique extension of ¢ to an isomorphism of
K = F(ty,...,t,) and F(p1,...,pn), we call this extension o as well. Furthermore,
we extend o to o’ of F(ty,...,t,)[x] and F(py,...,p,)[x] by fixing . Here ¢’ maps

the polynomial f(z) = 2" — t12" ! + ty2" 2 — .-+ + (=1)"t, to the polynomial
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g(x) = 2" — pra"t + por™ 2 — - + (=1)"p,. Since F(yi,...,y,) is a splitting field
over F(ty,...,t,) of f, and F(xy,...,x,) is a splitting field over F(py,...,pn) of
g(x), o can be extended to an isomorphism p of F(yy,...,y,) and F(xq,...,2,), by
Theorem 1.2.8. Moreover, Gal(F(xy,...,2,)/F(p1,...,ps)) is isomorphic to
Gal(F(y1,...,yn)/F(t1,...,t,)) = Gal(L/K) = S, by Corollary 1.3.2. O

2.4 The Reynolds Operator

To construct generic polynomials, it will be useful to have the following tool.

Definition 2.4.1. Given a finite matrix group G C GL(n, K), the Reynolds operator
of G is the map Rg : Klzy,...,x,] — Klz1,...,x,] defined by the formula

Ra(f(x)) = |—g| S f(A-x)

AeG

for f(x) € Kxy,...,x,)].

The Reynolds operator proves to be an efficient means of calculating invariant
polynomial rings. This is discussed in depth in [CLOO07], which is where the next

Theorem is derived.

Theorem 2.4.2. Given a finite matriz group G C GL(n, K), we have

Klzy,...,2,)" = K[Rg(a{" -+ al) : pr+ -+ B < |G-

G

In particular, K|xy,...,2,|% is generated by finitely many homogeneous invariants.

We now prove a proposition that lets us use the results of Theorem 2.4.2 on
fields and invariant subfields. The proof of the following proposition was outlined

from [DKO02], pages 115-116.



24

Proposition 2.4.3. Let K(xy,...,x,) be a function field in n indeterminates and
let G C GL,(K) act on the indeterminates and hence on Klz1,...,x,]. Then if

Klxy,...,2,)% = K[p1, ..., 0m] it follows that K(z1,...,7,)% = K(¢1,...,¢m)-

Proof. Let f € K(p1,...,¢m). Then f = p/q for some p,q € Klp1,...,om| where
q # 0. Consider o(f) for any o € G,

o(f)=0cp/q) =0cp)/olq) =p/qg=f

Thus f € K(z1,...,2,)¢ and K(¢1,...,0m) C K(z1,...,2,)%. It remains to show
that K(z1,...,2,)% C K(¢1,...,0m). Let f € K(z1,...,7,)% Then f = p/q for

some p,q € Klxy,..., x| with ¢ # 0 and o(f) = f for any o0 € G. Consider now

p ngG\l U(Q)
HUEG J(q) .

Clearly [], .. 0(q) is invariant under G . As the entire expression must be invariant

f=p/q=

under G it follows that p[], .\, 0(g) is invariant under G as well. Thus f can be
expressed as a quotient of two polynomials that are G invariant and
fe€K(p1,...,0om). Finally we get that K(xq,...,2,)¢ C K(p1,...,0m) and
K(xy,...,2,)% = K(o1,...,0m). ]

Now we show an example that demonstrates the Reynolds operator and
Theorem 2.4.2. Consider the cyclic group of oder three and the representation given

below.

with G C GL(2, K). Take K (z,y) to be the function field over K in two

indeterminates and let G act on K(z,y). With Theorem 2.4.2, we can calculate the
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generators of the invariant subring given by K|z,y]¢. Consider the set of monomials

of degree less than or equal to |G| = 3:
fl(Iay) =T, f?(xvy) =Y fg(l',y) = ‘TQ, f4($ay) = y27 f5(may) =1y,

f6(x7y) = :E?)’ f7($?y) - y3’ fg(l',y) = $2y7 f9<x>y) = xyz'

According to Theorem 2.4.2,

Klz,y® = K[Ra(fi(z,y)) : i=1,...,9].

We use the notation A - (z,y) to represent the product of the matrix A and the

vector (x,y) as shown below:

a b
(x,y) = (ax + by, cx + dy).
c d

Below is an example of using Reynolds operator on the monomial fg(z,y) = x2y,

Re(fs(,y)) e Zfs

AcG

_ g(fS(Al Az, y) + fs(Ag - (2,9) + fs(As - (z,9)))
= 1(fg(x,y) + fs(-y,x —y) + fs(y — 2, —x))

3

- %(:ﬂy + (=)@ —y) + (y — 2)°(—2))
1 3 3 2

— g(—$ —y° + 3z%y).

The remaining generators are as follows,

Ra(fi(z,y)) =0 Ra(fs(r,y)) = 22y — 29/
Re(fa(x,y)) =0 Re(fr(x,y)) = zy® — 2%y
Re(fs(z,y) = 2(2® +y* —xy)  Re(fs(z,y)) = 3(—2® — y® + 32%y)
Ro(fa(z,y)) = 3(2* +y* —2y)  Ra(fs(z,y)) = 5(—2® —y° + 32y°)
Ra(fs(z,y)) = 5(2° +y* — ay).



Now take
pr=a"+y —ay, pp =2y —ay’, p3=2"+y’ -3z
It is readily seen that

K[x7y]G = K[gplv <P27903]-

2

Y.

26
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CHAPTER 3

GENERIC POLYNOMIALS
3.1 Generic Polynomials

In inverse Galois theory one is interested in obtaining a polynomial that has a
given group as its Galois group. It is even more desirable to have a polynomial that
parametrizes all polynomials with a given group, or at least all Galois field

extensions having this group.

Definition 3.1.1. Let K be a field and G a finite group. A separable polynomial
g(ty, ... tm, X) € K(t1,...,tn)[X] with coefficients in the rational function field

K(ty,...,t,) is called generic for G over K if the following two properties hold:
(a) The Galois group of g (as a polynomial in X) is G.

(b) If L is an infinite field containing K and N/L is a Galois field extension
with Galois group H < G, then there exists Ay, ..., \,, € L such that N is

the splitting field of g(Aq,..., Ay, X) over L.

Before presenting the main theorems of this section we prove a lemma and a

proposition. The proof of Lemma 3.1.2 is outlined from Kuyk [Kuy64], pages 34-35.

Lemma 3.1.2. Let G < S, be a permutation group and N/L a Galois extension of
infinite fields with Galois group G. Let f € N[xy,...,x,] be a nonzero polynomial

where x4, ...,x, are indeterminates. Then there exists aq,...,a, € N such that

(i) o(0w) = o) for all o € G where o(a;) denotes the Galois action, and

(ii) fla, ... an) #0.
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Proof. As N/L is Galois, we have some normal basis B = {f, ..., 5} for N/L
where m = |G|. Consider N(z1,...,2y,)/L(xy,...,2m), where xq, ..., x,, are
indeterminates. By Proposition 1.3.5 N(z1,...,2m)/L(x1, ..., zy) is Galois with
Galois group G. Moreover, by Proposition 1.3.10, B is a normal basis for

N(z1,...,2m)/L(z1,...,2,). Recall that
B = {8 = 0i(B)]o: € G}

and B; = 121 + -+ + BmTm, with o, being the identity. Note that G acts trivially
on Zi,...,&m,. Consider the action of G on B. Let ¢ € G and 3; € B. Then

Bi = 0;(f1) and oo; = o; for some o, thus

o(8i) = o(oi(B1)) = o0i(B1) = 0;(B1) = B;-

Thus the action of G on B is the same as the action of G on X as described in
Lemma 1.3.12. By Lemma 1.3.12 we can partition B into n sets By, ..., B, such
that the permutations of By, ..., B, under G are the same as those in G (provided
we label By, ..., B, appropriately).

Take B; = {b;1,...,by} and define z; = s(B;) where s(B;) denotes the sum of
the elements in B;. Let 0 € G and suppose o(B;) = B;. Then
o(z)=0(bia+---+by) =0bin) +---+0(by) =bjs + -+ bjy = z;. Hence G acts
on z; by permutations that are the same as those in G.

As the elements of B are algebraically independent over L so must be
21,y Zn. Thus f(z1,...,2,) #0. As B is a normal basis, det(A4) # 0 (by Corollary
1.3.7) where A = (a;;) and a;; = 0,(0;(81)) for 0;,0; € G. However this determinant
and f(z1,...,2,) are some nonzero polynomials g, f' € N|xy, ..., z,,] respectively.
Since L < N is an infinite field, we can find ki, ..., k,, € L so that

frkay oo km)g(ka, ..o k) # 0. Let B be the image of B under x; — k;. By
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construction BZZ = ai(ﬁzl) and the determinant g(ky, ..., k;,) # 0. It follows that B:,

forms a normal basis for N/L. Moreover, «; = S(Bi) is the image under z; — k; of
zifor i =1,...,n. Here f(ay,...,qy,) is the image of f(z1,...,z,) under the same
map and f(aq,...,a,) = f'(ki,...,kn) # 0. Moreover, the action of G on

a1, ..., q, is the same as G acting on zy, ..., 2z, because G fixes ki, ..., k. n

Proposition 3.1.3. Let K be a field, G a group acting on the function field
K(zy,...,x,) by permutations of the indeterminates and let F' be a G-stable

intermediate field between K and K(x1,...,x,). Then we can chose a finite
G-stable subset M C F such that F¢(M) = F. Moreover, the polynomial
F(x) = [T (x —y) € FELx].
yeEM
Proof. Since G acts by permutations we have G < .S,,. By Galois theory we have the

following tower:

Moreover, we see in the proof of Theorem 2.3.2 that
[K(zy,...,2,): K(x1,...,2,)%] =nl. By field theory if follows that
[K(zy1,...,2,): F€] <n!and [F: F¢] < nl. Hence there is some finite subset

M’ C F so that FY(M’) = F. But is it G-stable? We construct a G-stable subset
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M C F so that M’ € M. Take M to be the set M’ together with the orbit of all
of its elements. Since G is finite and M’ is finite, M must be finite as well. By
construction M is a finite G-stable subset of F' so that F(M) = F.

Moreover, we show that f(X) is in fact in the polynomial ring F¢[X]. Take
M ={yi,...,yx} for some positive integer k. Then the coefficients of f(X) are
symmetric in yy, ..., y, by construction. Since M is a finite G-stable set, we can
view the action of G on M as permutations of the indices’s of ¥y, ..., yx. Therefore
the coefficients of f(X) are invariant under the action of G (by definition of

symmetric polynomials) and lie in F G ]

3.1.1 For Permutation Group Representations

The proof of Theorem 3.1.4 is in [KMO00], pages 845-846, and is used as an

outline for the proof below.

Theorem 3.1.4. Let K be a field, G a group acting on the rational function field
K(xq,...,x,) by permutations of the indeterminates, and let F' be a G-stable
intermediate field between K and K(x1,...,x,) such that G acts faithfully on F.
Assume that the fized field F© is purely transcendental over K with transcendence
degree m. Then there exists a generic polynomial for G over K.

More precisely, let {¢1,...,0m} C FY be a transcendence base of F¢/K .
Moreover, choose a finite, G-stable subset M C F such that F' = F¢(M). Set

F(X) =[] (X —y) € FI[x].

yeM
Then f(X) = g(¢1, -, 0m, X) with g € K(t1,...,tn), and g is a generic

polynomial for G over K.

Proof. Take M = {y1,...,y}. By construction of f(X) the splitting field of f(X) is
FEM) =K(p1,...,0m)(M) = F. Moreover, yi, ...,y are distinct so
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f(X) =g(p1,...,pm,X) is separable. Since ¢, ..., @, are algebraically
independent, K (p1,...,pn,) is isomorphic to K(ty,...,t,). Hence the splitting field

of g is isomorphic to F¥(M). It follows that the Galois group of g is
Cal(F/F%) = G.

It remains to prove property (b) of Definition 3.1.1. Let L be an infinite field
containing K and N/L a Galois extension with Galois group H < G. To show what
we need, we first construct a polynomial h € K[xy,...,x,]. We have that
f(X) =g(p1,...,0m,X) is a polynomial in X whose coefficients are in
K(p1,...,¢m). Take B = {050, ..., Bk} to be said coefficients, where k is the degree

of f(X). Here each f; is a rational expression in ¢y, ..., ;. That is

Bi = pi/q; for some p;,q; € K[ps,...,0om] with ¢ # 0.

Moreover, each @1, ..., ¢, is a rational expression in x1, ..., x,, and it follows that
P1,---,pk and qp, ..., qr are as well. Thus
/ / / /
pi =1i/si, q =r;/s, for some r; s s € Klry, ..., T,

As s; #£ 0, rl # 0, we can express the coefficients of g(p1, ..., @m, X) as rational

expressions in i, ..., x,, namely
i S
Bi = -
S; Ty
Take hy = [[s; - 7}. Each ¢1,..., 0, and y1,. ..,y is a rational expression in

Z1,...,%,. Take ho to be the product of the denominators of the ¢y, ..., p,, and
Y1, .-,y Moreover, discrx (f(X)) = [[1;.,(yi — y;)]? is a rational expression in
Z1,...,T,. Take h3 to be the product of the numerator and denominator of

discrx (f(X)) (which is nonzero because the y; are distinct). Finally take
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h € K[zy,...,z,] to be

h =hy-hg - hs.

By Lemma 3.1.2 there exists aq,...,a, € N such that
o(0g) = g for o€ H, and h(aq,...,a,) #0.

Here o (i) is defined by the permutation action of G on xy,...,x,. That is

0(x;) = %s(;). Define the homomorphism
U Klry,...,00,h Y] — N, 2 = o

By construction of h, K[zy,...,z,, h~'] contains M, all ¢;, discrx(f(X)) and
discrx (f(X))~!. Further more since h(ay, ..., a,) # 0, U(p;) is well defined. Take

Ai == W(p;) for i =1,...,m. Notice that the H-action commutes with W, that is
o(¥(w:)) = o) = gy = V(2on) = W(o(2:)).

Since @1, ..., ¢, are invariant under G, they must be invariant under H as well. It

follows that \; € N*. We have

[T =) =v(f) =g, ... A, X).

yeEM
Therefore N’ := L(¥(M)) C N is the splitting field of g(A1, ..., Ay, X) over L.
Note that ¥(y;) is well defined because h(aq, ..., a,) # 0. However, we need
N'" = N. By way of contradiction, assume N’ is properly contained in N. Since N is
Galois over L, we have some o € H,0 # 1, that fixes N’ element-wise. Moreover,
there exists some  in F' so that o(z) # x (because F is Galois over F'%). Since
F = F%(M) we must have some y, in M so that o(yo) # yo. It follows that
o(yo) — yo # 0 and o(yo) — yo divides discrx (f), which implies that
U(o(yo) — o) = o(V(yo)) — Y(yo) divides V(discrx(f)). Since h(ay,...,a,) # 0 we
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have that W(discrx(f)) # 0. Thus o(¥(yo)) — ¥(v0) # 0 and o(V(yo)) # V(yo),

which contradicts the assumption that o fixes N’. Therefore N' = N. H

From this result we can show that the polynomial given in the general

equation of the n'* degree is generic for S,. This is shown in Section 3.2.

3.1.2 For Linear Group Representations

[KMO0] also provides a more general version of Theorem 3.1.4. However, this
requires more material. Let K be a field and G a finite group so that |G| = n, for
some positive integer n. We define the group algebra K'G to be all formal linear

combinations of elements of G over K. We write
KG={a191 + -+ + angnla; € K, g; € G}.

It is readily seen that K'G is an n-dimensional vector space with the basis G. Let
v1,vp € KG. Then vy = a191 + -+ + ang, and vo = byg1 + - - - + b, g, for some

a;,b; € K. Here vector addition is given by
V1 +ve = (a1 +b1)g1 + - + (an + byn) g

This defines an abelian group structure on K'G where the identity is 0g; + - - - + 0g,,.
Now define a product on KG by extending the product structure on GG by
distribution to obtain a ring structure. Let a,b € K and g, h € GG. Here the product
of (ag)(bh) := (ab)(gh) where ab and gh are the products defined on K and G
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respectively. With that we have

v1 -V = (a1g1 + -+ angn)(b1g1 + - + bngn)
=a191(bigr + - - +bng,) + - + angn(brgr + - - + bngn)
= [(a191)(brgr) + -+ - + (a191) (bngn)] + - - -
+ [(angn) (01g1) + -+ + (@ngn) (0ngn) (bngn)]
= [(a1b1)(g7) + -+ (a1ba) (grg0)] + - + [(anb1) (gngr) + -+ + (anbn) (97)]-
Lastly we collect like terms and are left with an element in KG. Thus KG is a ring

which we call the group algebra of G over K and we may view it as a K G-module

over itself. Furthermore, given some positive integer d, (KG)? is a KG-module as

well.

Let V' be an m-dimensional vector space over the field K with basis
{v1,...,vn}. Denote V* as the set of all linear maps of V' into K. It turns out V* is
also a m-dimensional vector space over K with the basis {v],..., v} } where

vi(v;) =11if i = j and v} (v;) = 0 if ¢ # j (the dual basis). We denote the

*

polynomial ring over V' as K[vf,..., v ], the polynomial ring over K in m
indeterminates, where the elements of the basis of V* are the indeterminates. We
refer to K[v],..., v} ] as K[V] and the rational function field of K[V] as K(V).

The proof of Lemma 3.1.5 is in [JLY02], which was used as an outline for the

proof below.

Lemma 3.1.5. Let G be a finite group and V an m-dimensional, faithful linear
representation of G over a field K. Then we have an injective KG-module
homomorphism of V into (KG)™ where KG is the group algebra of G over K

defined above.

Proof. As GG acts linearly on V' so does KG. That is, V is a KG-module. Take
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G={o1=1,...,0,}, where n = |G|. Let p € V* and consider the map
h, :V — KG given by

1

he(v) = (o7 0o+ (o 0o = (o ()

Claim: h, is a KG-module homomorphism. Let ki, ky € K, v1,v2 € V and consider

hw(klvl + ]{21)2),
hy (kv + kavg) = Z (o /f1111 + kovg))o;

- ;‘ (ka0 (01) + ko (v2)o

= Z kip(o; (v1)) + k(o7 (v2)))oi
= Z kip(o; (v1))oi + kap(0; (v))o
_klz¢ (1) aﬁ—k:ngo

= k1h¢(’l)1) + k2hqp(1}2).

Thus h, is a K-homomorphism. However, we need to show that it is also a

G-homomorphism. Let 0 € G, v € V and consider h,(ov),
=Y ¢loy (ov))o; (3.1)
i=1
= " cl(or o) (3:2)
i=1

Let 7, = 02-_10, then o; = aTi_l and

= Z ()T . (3.3)
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Let p; ' = 7;, then

=a ) _elp v (3.5)
= ohy,(v). (3.6)

Thus h, is a KG-module homomorphism.

Consider the kernel of hy,

ker(h,) = {v € V]hy,(v) = 0}
= {v e Vlp(oy w)or + -+ + ¢l 'v)a, = 0}
= {v e Vlp(or'v) =+ = p(o;'v) = 0}.

Notice that ker(h,) C ker(yp).

V* has the dual basis v],...,v}, and [ker(v]) = {0}. Then the map

m

¢:V — (KG)™, where v = (hy (v), ..., by (v)), is an injective KG-module

homomorphism of V' into (KG)™. O

With Lemma 3.1.5 we can prove the following corollary. However, first we
introduce some notation. Let G be a group and take G = {oy,...,0,}. Let K be a
field and let K(mG) = K(z11,..., %10, -+, Tmd, - - -, Tmp) Where z;; are

indeterminates. Let G act on K (mG) by o(xy;) = xy; where oo; = 0.

Corollary 3.1.6. The injective KG-module homomorphism ¢ induces an injective

field homomorphism of K(V') into K(mG@).

Proof. Take {v},...,v}} to be the dual basis of V*. As V* itself is a vector space,

we may consider V** with the dual basis {v{*,...,v*}. Then we define

0" () = D g (0]).
i=1
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where h,: (vy) = v (o o)z + - - + v (0, 0} )74, Here the kernel of ¢* is
ker(vf) = {0}. Hence ¢* is injective.

Now we show the set {¢*(v]),...,¢*(v},)} is K-linearly independent. Suppose

@ ¢" (V) + -+ ¢ (vy,) = 0

for some aq,...,a, € K. Then
a1 Zhv:*(vf) +oeee amzhv;‘*(v;) = 0.
i=1 i=1

It follows that

(a1vi* (o7 ') + agvi* (o7 '03) + -+ - 4 amui* (o7 o)) 2+

+ (alvf*(aglvf) + agvi‘*(aglvg) + 0 (o 0 ) 2t

+ (a1 (07 07) + agvy (o7 03) + -+ amvy (07 0y,)) T +

+ (a1v= (0, 7)) + agui (0,1 05) + - + apvi (o, 0E) ) T = 0.
As the z;; are indeterminates, we must have that
alv;*(aj_lvf) + agvf*(aj_lv;) 44 amvf*(%—lv;) -0
fore=1,...,mand j =1,...,n. However,

arv;* (o7 ' v7) +Fagv (05 03) +- - A amv* (0 0),) = 07 (0 (aav] Fagvy - - amuy,).-

Hence

*k

v} (aj_l(alvf + agvy + -+ apv))) =0
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fore=1,...,mand j=1,...,n.
Here av] 4 axvy + - -+ + a,v), = x for some x € V*. Now fix j at some value
1 <k <n. Then

V(o (%)) =0

for i = 1,...,m and it follows that o, '(x) = 0. Since this must be true for any k we
have that o Y(x)=0for j=1,...,n. As V is a faithful representation we must
have x = 0. Hence

a vy + -+ apv, =0

which is true only if ay = --- = a,, = 0. Therefore {¢*(v]),...,¢*(v},)} is a linearly
independent set and forms a basis for the image of V* under ¢*. As K (V') is defined

in terms of the basis of V*, we now have an injection of K (V') into K(mG). O

The proof of Theorem 3.1.7 is in [KMO00], pages 847-848, and is used as an

outline for the proof below.

Theorem 3.1.7. Let G be a finite group and V' an m-dimensional, faithful linear
representation of G over a field K. Assume that K (V) is purely transcendental
with transcendence degree m. More precisely take the transcendence base to be
{¢1,...,om}. Chose a finite, G-stable subset M C K (V') such that
K(V)=KWV)%M). Set

FX) = ] (X —y) € KV)9X],

yeM

so f(X)=g(p1,...,0m, X) with g € K(t1,...,t,)[X]. Then g(X) is a generic
polynomial for G over K.

Moreover, if the ¢; are homogeneous with

deg(p1) =1 and deg(pz) =--- = deg(pm) =0, (3.7)
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and if M C V*, then g(1,to,... tnm, X) is also a generic polynomial (in m — 1

parameters) for G.

Proof. To show that g(X) is generic we show that the hypothesis of Theorem 3.1.4
is satisfied. By Corollary 3.1.6 we may view K (V') as an intermediate field between
K and K(mG). The action of G on K(mG) is given by o(zy;) = xy; where

oo; = 0;. Hence the action of G on K(mG@) is by permutations of the
indeterminates and we may consider Theorem 3.1.4.

Since G acts on V' we have that K(V) is a G-stable intermediate field between
K(mG) and K. Now we show the action of G on K (V) is faithful. As the action of
G on V is faithful, there exists some v € V' so that o(v) # v. It follows that
o(v*) # v*. As v* is an element of K (1), it follows that the action of G on K (V) is
faithful as well. Finally we have satisfied the hypothesis of Theorem 3.1.4 and g(X)
is a generic polynomial for G over K.

To prove the second assertion take F' = K (V')g, the field of homogeneous
rational expressions of degree 0. We need to show that F' is indeed a field and the
the action of G is faithful on F'. As deg(1) = 0 and deg(0) = 0 we have that
1,0 € F. Now let f,g € F. Then f =p/q and g = r/s for some p,q,r,s € K[V]
with ¢, s # 0, deg(p) = deg(q), and deg(r) = deg(s). Then

f+g=pla+r/s=(ps+rq)/qs, and fg=(p/q)(r/s)= (pr)/(gs).

Here deg(ps) = deg(rq) = deg(gs). Thus deg(ps + rq) = deg(gs) and f+ g € F.
Moreover, deg(pr) = deg(gs) so fg € F as well. The additive inverse of f in K (V)
is —f = —p/q. Here deg(—p) = deg(p) = deg(q) so —f € F. Suppose f # 0. The
multiplicative inverse of f € K(V)is f~! = ¢/p. As deg(p) = deg(q), f~' € F as
well and F'is a field.
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To show that the action of G on F' is faithful, we need to first show that G
acts on F'. As G acts linearly on K (V'), the action of G preserves the degree of
polynomials, hence o(f) € F for any f € F and 0 € G. Now we show that
K(V) = F(py). Let h € K(V), then hgy “®™ ¢ F. Thus K(V) = F(¢1). As the
action of K (V) is faithful, there exists some f € K(V') so that o(f) # f for some

o € G. Then

U(f@;deg(f)) _ U(f)O'(QOl_deg(f)) _ O'(f)O'(cpl)_deg(f) _ O'(f)QOI_deg(f) 7& f%pl_deg(f)-

As fo; ) € F| the action of G on F is faithful.

Now we show that F¢ = K(ps,...,0m). Take N = K(ps,...,¢,) and let
f € N. Then f = p/q for some p,q € K[pa,...,pm] with ¢ #0. As
deg(pq) = - -+ = deg(pm) = 0, it follows that deg(p) = deg(q) =0 and f € F.
Further more since f is invariant under G we have that f € F¢ as well. Thus
N < FC As F < K(V), we have that F'¥ < K(V)Y = K(¢1,...,¢m). Here we

have the following tower of fields:

KWV =K(p1,- -\ 0m)

|
FG

N =K(v2,---,0m)

As deg(py) =1 and ¢, € F, it follows that ¢, € FY. Now we claim that ¢ is
transcendental over F'“. Suppose it is not. Then f(y;) = 0 for some nonzero
f € FC[x]. Take f(z) = ap,a™ + -+ + a1 + ag with a,, # 0. If a,, is the only nonzero
coefficient, then a, ¢} = 0. Then either a,, = 0 or ¢} = 0 which is impossible
because a,, and @ are assumed to be nonzero. Let a; be the first nonzero term in

the list ag, aq,...,a, where k < n. Then

Anpt + -+ + apph = 0.
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However, this implies that a;, = —(a,@7 % + -+ + azy1¢1). This is also impossible
because a;, € F¢ must have degree 0, while the RHS has degree n — k > 0.
Therefore ¢, must be transcendental over F'¢. Hence the transcendence degree of
K (V)% over F€¢ is greater than or equal to one. On the other hand K (V)¢ has

transcendence degree 1 over N. By Theorem 1.4.4
trd(K (V)9 /N) = trd(K(V)¢/F%) 4+ trd(F¢/N) = 1

and it follows that trd(F¢/N) = 0. Thus F¢ is algebraic over N. Moreover, since
F¢ is intermediate to a purely transcendental extension of N, F¢ = N.

As M C V*, the elements of M are linear. Moreover, deg(¢1) = 1 so
M ={y/e1ly € M} C F. As M is G-stable and ¢, is invariant under G, M’
must be G-stable as well.

Now we show that F¢(M') = F. As FY C F and M’ C F it follows that
FE(M') C F. Now we show the other containment. Let f € F. Then f € K(V)
and f is homogeneous of degree 0. Recall that K (V') = K(p1,...,¢m)(M). Hence
f =p/q for some p,q € K(¢1,...,om)[M] with ¢ # 0. Without loss of generality,
we can assume that the coefficients of p and ¢ are in K[py,. .., pn,]. For if they were
not, we could find some nonzero polynomial g € K{g1, ..., ¢n| so that
gp, 99 € Klp1, ..., om][M]. Take M = {y1,...,y,} for some positive integer r. By
assumption @1, ..., @, and yi,...,y, are homogeneous. As f is homogeneous, we
can assume that p and ¢ are homogeneous in ¢, ..., ¢, and yi,...,y,. For if p and
q were not homogeneous in ¢1,..., ¢, and yi,...,y, then f would not be
homogeneous. Moreover, as deg(ys) = - -+ = deg(vm) = 0, the degrees of p and ¢ are
determined by ¢y and yy,...,%.. By assumption
deg(p1) =deg(y;) = -+ = deg(y,) = 1. As deg(f) = 0, the degrees of p and ¢ in

©1,Y1,-- -,y must be equal. Take d to be the degree p and g. Consider some
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arbitrary term in p,
asp?l (p?nmylﬁl ...yf’"
with a € K and aq,...,Qm,B1,...,0 € Zy. Here oy + 1 + -+ + B, = d. If we

factor ¢ out of this term we get

o1 —d

PlapP ™ plmyt gy B,

Since £ + - -+ + B, = d — « it follows that

d d 8 d mn b Y Br
el ap? ™ pomy Py By = g2 pm (_) (_) .
¥1 $1

Therefore, if we factor out ¢ from p we get p = p9p’ for some
P €K (oo, . som)yi/e1, -y /1] = FE[M']. Similarly, we can do the same for ¢
and get q = plq’ for some ¢’ € FE[M’] . Hence

d,/ /

q ¢l¢ ¢

Therefore F' C F(M’) and F = FE(M’).
With M’ we construct the following polynomial,

[T =y/e) =] /e X —y)

yeM yeM
=1 f(p1X)

= Qol_rg(gpb .- '730m7901X)'

We claim that ¢ g(¢1, . ©m, ©1X) = g(1, 92, ..., m, X). Consider the
coefficient ay, of (01 X)* in g(¢1, ..., Pm,1X) for some 0 < k < r. By construction
ap € K(p1,...,¢m) and a; is homogeneous in y, . .., y, of degree r — k. As

Y1, ...,y are elements of V* we have that a, is homogeneous in K (V') of degree

r — k. Since a € K(p1,...,¢0m) and @1, ..., ¢, are homogeneous, a; must be be
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homogeneous in @1, ..., ¢,,. Take the numerator of a; to be a and the denominator
to be 8. Then a and 3 are homogeneous in ¢, ..., ¢, and

deg(a)) — deg(B) = r — k. As the degree is determined by ¢, we may simplify o/
and assume that « is of degree r — k. That is, we may assume the degree of ¢ in

each term of a is r — k and the degree of ¢, in each term of [ is zero. Now consider

—(r—k

P a1 X)* = ol X = 5
We get that the exponent of ¢, in the coefficient of X* is 0. However, this

coefficient is precisely the coefficient of X* in o, g(1,. .., ©m, v1X). Hence

01" 9(@15 s om, 1 X) = g(1, 02, ..., o, X).

By Theorem 3.1.4, g(1,t,,...,ty, X) is generic for G over K. ]

3.2 The Symmetric Group S,

With Theorem 3.1.4 we can show

Corollary 3.2.1. The polynomial given in the general equation of the n'* degree

over a field K is generic for S,.

Proof. Let G = S,, act on K(x1,...,x,) by permutations of the indeterminates
T1,..., Ty, Take F = K(z1,...,x,) . F is G-stable and F' is an intermediate field
between K (x1,...,x,) and K. Moreover, the action of G on F is faithful. Here

FY = K(p1,...,pn), where p, ..., p, are the elementary symmetric polynomials in
x1,...,2, by Proposition 2.2.2. Take M = {z1,...,z,}. It is readily seen that M is
a G-stable subset of F' where F¢(M) = F. With M we construct f(X) as in

Theorem 3.1.4,
FX) =[] (X —y) € FIX].

yeM
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By construction f(X) = X" —p; X" !+ ...+ (=1)"p,. Take
g(p1,. .y pn, X) = f(X) with g € K(t1,...,t,)[X]. By Theorem 3.1.4, g is generic
for G over K. Here

gty .. ty, X) = X" =, X" (1),

where 4, ...,t, are indeterminates. Thus g is the polynomial given in the general

equation of n'” degree and is generic for G = S,, over K. O

With Theorem 3.1.7 we can obtain a generic polynomial for .S,, in fewer
parameters than in the one we constructed in Corollary 3.2.1. Let K(xy,...,x,) be
the function field over K in n indeterminates. By Proposition 2.2.2,
K(z1,...,2,)% = K(p1,...,0,), where ; are the elementary symmetric
polynomials in x4, ..., x,. Moreover, by Proposition 2.1.3, ¢1,..., ¢, are

algebraically independent and thus transcendental over K. Now take

)\12301, )\2:%, R )\n:SD_Z
¥1 ¥1
As 1, ..., p, are algebraically independent, so must be \q, ..., \,. Moreover, since
Wi = )\li)\ia

K(xy,...,2,)% = K(\1,...,\,). Here M = {xy,...,1,} is a finite G-stable subset
of K(xy,...,x,) so that K(A\y, ..., \)(M) = K(xq,...,x,). With M we construct
f(X) as in Theorem 3.1.4,

fX) = (X =z) - (X =)
:Xn_(pan—l+S02Xn—2+_”+(_1)nspn

= X" = N X" A XTT e (=1)MAT,.



Take g(A1, ..., A, X) = f(X) with g € K(t4,...,t,)[X]. Since deg(A;) =1 and
deg(Ay) = -+ = deg(A\,) = 0, we may apply the second part of Theorem 3.1.7.

Hence g(1,t,...,t,X) is a generic polynomial for S,, over K as well. That is
gLty ., X) = X" — X" 65X o (=),

is generic for S, over K. This gives us a generic polynomial for S,, in n — 1

parameters.

45
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CHAPTER 4

APPLICATIONS

We now consider applications of Theorems 3.1.4 and 3.1.7 to construct generic
polynomials for some finite groups. Notice that the construction of generic
polynomials in said theorems is based on the choice of M. It turns out there are
many choices of M that satisfy the prescribed conditions. Furthermore, how we
pick such an M determines properties of the resulting generic polynomial which we

state as

Proposition 4.0.2. If the set M in Theorem 3.1.7 is formed using the orbit of one
element in K(V'), then the resulting generic polynomial g is irreducible and G acts

transitively on the roots of g.

Proof. Suppose M = {o(r)|o € G} for some r € K(x,y). By construction, M
makes up the roots of g(p1,...,¢0m, X). As ¢1,..., o, are algebraically independent
over K, we have that K(p1,...,¢n) and K(ty,...,t,) are isomorphic where @; — t;
for i = 1,...,m. Call this isomorphism ¢. Take L and L’ to be the splitting fields of
9(p1, ...y pm, X) and g(tq, ..., t,, X) respectively. Take G' = Gal(L' /K (t1,...,tm)).
By Theorem 1.2.8 ¢ can be be extended to an isomorphism of L and L'. Take
M’ to be the image of M under ¢. It is readily seen that M’ makes up the roots of
g(ti, ..., tym, X). Then M’ = {(¢po0)(r)loc € G}. As ¢ is an isomorphism, ¢ is a

bijection from M to M’. Then r = ¢~ *(r') for some r’ in M’. Hence

M ={(¢po0)(r)lo € G} ={(d00)(¢7'(1)|o € G} = {(poa0¢7")(r"))|o € G}.
Recall that we have the induced isomorphism under ¢ of G and G’ given by
¢pooog!for o € G by Corollary 1.3.2. Then

{(poaod)(r)|o € G} = {o'(+"))|0" € G'}
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and G’ is transitive on the roots of g(t1,...,tn, X). By Theorem 1.3.13

g(ty, ... ty, X) is irreducible. H

4.1 The Cyclic Group Cj

Consider the representation of the cyclic group of order three given by,

10 0 —1 -1 1
G = Y Y
01 1 -1 -1 0
with G C GLy(K). Take K(z,y) to be the function field over K in two
indeterminates and let G act on K (z,y). With the Reynolds Operator and Theorem
G

2.4.2, we calculate the invariant subring K[z, y|“ is generated by

o1 =2+ Y  —ay, =2y —ay’, p3=12"+y—32%, ps=1"+y® - 3oy’

Hence K|x,y]% = K1, 02, @3, 04]. As ©3 + 303 = @4, we may take {¢1, 02, 03} as a
generating set. Thus K[z, y]® = K[p1, 02, p3], and K(x,9)% = K(p1, @2, ¢3) by
Proposition 2.4.3.

Now we construct a new generating set {1, Ao} that is algebraically
independent so that deg(\;) = 1 and deg(A2) = 0. Take A\; = ¢o /1 and Ay = ¢3/9
and consider J(A),

VR
J()\): or dy
VR
or dy

We get that det(J()\)) = (—z% + 2y — ) /(zy(z — y)) £ 0. Thus \; and )\, are

algebraically independent by Theorem 1.4.1. Moreover,
©1 = AT A3 +3X+9), va=A(A3+3X+9), v3=A(\3+3\+9\).

It follows that 1, @o, 3 € K (A1, A2) and K (A, Xo) = K(x,9)¢. Hence {\, A2} is a

transcendence base for K (z,y)% over K.
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4.1.1 Example 1

Now we form M = {z, —y,y — x} by taking the orbit of x. Here M is a finite
G-stable subset of K (x,y) so that K (A, A2)(M) = K(z,y). With M we construct
f(X) as in Theorem 3.1.7,

f(X)=X-2)(X +y)(X —y+ua)
=X — (2" + ¢ —ay) X — (2%y — 2
= X° — 1 X —
= X7 =N +30+9)X — A\ +3X +9).
Take 91()\1, )\2,X> = f(X) with gl(tl,tg,X) € K(tl,t2>[X] By Theorem 3.1.7 gl(X)

is generic for G' over K. Since deg(A;) = 1, deg(A2) = 0 and M is a linear subset of

K(x,y), we can apply the second part of Theorem 3.1.7. Thus
gi(1,ty, X) = X3 — (12 + 3ty + 9)X — (t2 4+ 3ty +9)
is generic for G over K. As t, is the only parameter, we get that ¢; € K (¢, X) with
at,X)=X>— (2 +3t+9)X — (t* +3t +9)

is a generic polynomial for C3 over K. Moreover, since M was formed as the orbit
of = we have that g;(¢, X) is irreducible and C5 acts transitively on the roots, by

Proposition 4.0.2.

4.1.2 Example 2

Another finite G-stable subset of K (z,y) to consider is

M ={z/y,y/(y — x), (x —y)/x} which is formed by taking the orbit of x/y.
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Moreover, K (A1, Ag)(M’) = K(x,y) which we show. It turns out
_ 3
(i) (7 ()
_ 3 '
(2 (vr-2) (974 (1))

With M’ we construct f'(X),

xr =

— X34 ($3—3wy2+y3) vy ($3—3$2y+y3

r?y — wy? L2y — wy?

3
— X+ (—9"34r S"2>X2+ (E)XH
P2 P2

:X3+(ﬂ+3)X2+(@)X+1
P2 P2

=X+ N +3)XE+ XX + 1

)x

Take gg()\l, )\Q,X) = f(X) with gg(tl,tQ,X) € K(tl,tg)[X] By Theorem 3.1.7 gQ(X)

is generic for G over K. That is
ot te, X) = X3 4 (ty +3) X2 +1,X +1
is generic for G over K. As ty is the only parameter, we get that g, € K (¢, X) with
Gt X) =X+ (t+3) X +tX +1

is a generic polynomial for C3 over K. Moreover, since M’ was formed as the orbit
of z/y we have that go(t, X) is irreducible and C acts transitively on the roots, by

Proposition 4.0.2.

4.2 The Klein-Four group

Consider the representation of the Klein-4 group given by,

1 0 -1 0 1 0 -1 0
G: 9 9 ?
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with G C GLy(K) . Take K(x,y) to be the function field over K in two

indeterminates and let G act on K (x,y). With the Reynolds operator and Theorem

2.4.2, we get the invariant subring K[z, y]“ is generated by the elements x2, 2.

Hence K|x,y]¢ = K[22,1?] and it follows that K (z,y)” = K (2%, y?) by Proposition
2.4.3. Clearly ¢; = 2 and ¢y = y? are algebraically independent and {1, ¢} forms

a transcendence base for K (z,y)¢ over K.

4.2.1 Example 1

Now we form M = {z,y, —x, —y} by taking the orbit of  and y. Here M is a
G-stable subset of K (z,y) so that K (z,y)%(M) = K(z,y). With M we construct
f(X) as in Theorem 3.1.7,

fX) =X —2)(X +2)(X —y)(X +y)
=X'— (®+ )X+ 2%y’
= X" — (o1 + 92) X + p1¢00.
Take g(p1, 2, X) = f(X) with g(t1,t2, X) € K(t1,t2)[X]. By Theorem 3.1.7

g(tl,tQ,X) = X4 — (tl +t2)X2 —f-tltg = (X2 — tl)(X2 — tg)

is generic for V over K. Since M was constructed with two disjoint orbits, it is

reducible, which was shown.

4.2.2 Example 2

Consider the representation of the Klein-Four group given by,

G = 9 9 9
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with G € GLy(K) . Take K(z,y) to be the function field over K in two
indeterminates and let G act on K (x,y). With the Reynolds operator and Theorem
6

2.4.2, we get the invariant subring K|z, y|“ is generated by

2?4+ 2 ot + oyt vy, 22y

Since z?y* = (zy)? and z* + y* = (22 + y?) — 2(2y)? we have that K[z, y]“ is
generated by o1 = 22 + 3% and ¢y = zy. Thus K|z,9]¢ = K[p1, o] and it follows
that K(V)¢ = K(p1,2) by Proposition 2.4.3. It remains to show that ¢; and o,
are algebraically independent. From the theory of symmetric functions we know
that « + y and zy are algebraically independent. That is, any algebraic expression
of x +y and xy is nonzero. Notice that z* 4+ y* = (z + y)? — 2xy. Thus we may view
any algebraic expression of 22 4 y? and xy as an algebraic expression of
(r +1y)? — 22y and zy which we know to be nonzero. Thus ¢; and ¢, are
algebraically independent and {1, ¢} forms a transcendence base for K(xz, )¢
over K.

Now we form M = {z,y, —z, —y} by taking the orbit of x. Here M is a finite
G-stable subset of K (x,y) so that K(x,y)%(M) = K(z,y). With M we construct
f(X) as in Theorem 3.1.7,

fX) = (X —2)(X +2)(X —y)(X +y)
— X' (2?4 D)X+ a2y
=X*— 01 X% + ¢},
Take g(p1, 2, X) = f(X) with g(t1,t2, X) € K(t1,2)[X]. By Theorem 3.1.7,
gt t2, X) = X' —t:.X% + 5

is generic for V over K. Moreover, since M was formed as the orbit of z we have

that g(t, X) is irreducible and G acts transitively on the roots, by Proposition 4.0.2.
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4.3 The Cyclic group C,

Consider the representation of Cy given by
G = ) Y )
0 1 -1 0 0 -1 1 0

with G C GLy(K) . Take K(x,y) to be the function field over K in two
indeterminates and let G act on K (z,y). With the Reynolds operator and Theorem
&

2.4.2, we get the invariant subring K|z, y|” is generated by

o1 =22+ 9%, 2 =27, o3 =ay(x® — ), pa =2 + ot

Notice that ¢4 = ¢? — 2py. Thus K|z, 9]¢ = K|[p1, 2, @3] and it follows that
K(x,9)¢ = K(p1, ps,¢3) by Proposition 2.4.3. However {1, ¢, @3} is not an

algebraically independent set. It turns out

Plps — 4ps — @3 = 0.

Take Ay = p3/p2, A2 = p1/¢2 and consider J(\),

A oM
,]()\): oz dy
VR
oz dy

We get that det(J()\)) = —(2(2? + y*)?)/(x?y?)) £ 0. Thus A; and X\, are

algebraically independent by Theorem 1.4.1. Moreover,
1= +4) /D, 2= (A +4)/A5, w3 = (AT +4M)/A5.

It follows that 1, @o, 03 € K (A1, A2) and K (A1, Xo) = K(x,9)¢. Hence {\, A2} is a
transcendence base for K (z,y)% over K.

Now we form M = {z,y, —z, —y} by taking the orbit of x. Here M is a
G-stable subset of K (x,y) so that K (A, A2)(M) = K(z,y). With M we construct
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f(X) = (X —2)(X +2)(X —y)(X +y)
:X4—(x2+y2)X2+x2y2
:X4—§01X2+§02

= X' = (N +4)/ )X+ (N +4)/75.
Take g(>\1, >\2,X) = f(X) with g(tl,tg,X> € K(tl,tg)[X] By Theorem 3.1.7
gt te, X) = X* — ((t +4)/t2) X2 + (1] + 4) /13

is generic for Cy over K. Moreover, since M was formed as the orbit of x we have

that g(t, X) is irreducible and Cy acts transitively on the roots, by Proposition 4.0.2.

4.4 The Cyclic Group Cj

Consider the representation of the cyclic group of order six given by,

10 0 1 -1 1

G: 9 ) )
01 -1 1 -1 0

-1 0 0 —1 1 -1

0 -1 1 -1 1 0

with G C GLy(K) . Take K(z,y) to be the function field over K in two
indeterminates and let G' act on K (x,y). With the Reynolds operator and Theorem

2.4.2, we get the invariant subring K[z, y]“ is generated by
pr=a"+y" —ay, o2 = (zy(x —y))*, 3 =ay(z —y)(=’ +y° - 3a’y).

By Proposition 2.4.3, K(z,y)% = K(¢1, 2, ¢3). Take 1 = @2/¢7 and 7, = @3/ 2.
Notice that v, = A? and v, = A, from section 4.1. As \; and ), are algebraically
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independent it follows that v, and =, are algebraically independent. Moreover,

o1 =13 +3%2+9), v2=7%05+312+9)7 w3=77%03+ 32 +9)°

and it follows that K (z,y)“ = K(v1,72). Hence {71,72} is a transcendence base for
K(x,9)¢ over K.
Now we form M = {z,y, —z, —y,z — y,y — x} by taking the orbit of x. Here

M is a finite G-stable subset of K (z,y) so that K (A1, A\2)(M) = K(z,y). With M

we construct f(X) as in Theorem 3.1.7,

fX) =X —2)(X —g)(X +2)(X +y)(X —z+y)(X + 2 —y)
= X% — (20 + 29 — 22y) X* + (2* — 22%y + 32%y® — 2297 + ) X?
~ (P — 28+ oty
:X6—2¢1X4+¢§X2—g02

= X% —271(15 + 32+ 9)X* +17(75 + 312 + 9)° X% — (73 + 372 + 9)%
Take g(y1, 72, X) = f(X) with g(t1,t2,) € K(t1,12)[X]. By Theorem 3.1.7
gty te, X) = X® —2t,8X* + 332 X? — 1332

is a generic polynomial for Cs over K, where (3 = t32 + 3ty + 9. Moreover, since M
was formed as the orbit of x we have that g(¢, X) is irreducible and Cg acts

transitively on its roots by Proposition 4.0.2.

4.5 The Dihedral Group D;

Consider the representation of the dihedral group Dj3 given by,

G = ) ) )
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-1 0 0 —1 -1 1

-1 1 1 -1 -1 0
with G C GLy(K) . Take K(x,y) to be the function field over K in two
indeterminates and let G act on K(z,y). With the Reynolds operator and Theorem

2.4.2, we get the invariant subring K[z, y]“ is generated by

o1 =2"+y’ —zy, po=(x+y)(z—2y)(2x —y), @3=7a2y(z—y)>

SO K[(E’y]G = K[Spla Y2, 903] and it follows that K(l’, y>G = K<9017 2, 903> by
Proposition 2.4.3. However, 1, o, 03 do not form an algebraically independent set.

It turns out
s = (1/27) (4] — ¢3).
Hence K (x,y)% = K (1, ps). However, we construct algebraically independent

generators A\; and Ay to use Theorem 3.1.7 and obtain a generic polynomial in one

parameter. Take A\; = 3/ and Ay = 3 /2 and consider J(\),

DV
JN)=| % ¥
Oy OAg
We get that
det(J()) = — 2T =Y (= “”ery 22y + 102y® + )

(x —2y)3 (22 — y)3(x + y)3
27wy (w — y) (¢ + 102%y — 122%° + day® — 2y)
(z —2y)*(2z —y)3(x + y)?

Z 0.
Thus Ay and A, are algebraically independent by Theorem 1.4.1. Moreover,
$1 = )\%)\% P2 = )\?)\2-

It follows that ¢y, s € K(A, A2) and K (A, \2) = K(z,5)¢. Hence {\;, \o} forms a

transcendence base for K (z,y)% over K.
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4.5.1 Example 1

Now we form M = {z + y,z — 2y, y — 22} by taking the orbit of z + y. Here
M is a finite G-stable subset of K (z,y) so that K (A1, A\2)(M) = K(x,y). With M

we construct f(X) as in Theorem 3.1.7,

fX) =X =z —y)(X -2 +2y)(X -y + 22)
= X® — (327 — 3wy + 3yH) X + 22° — 32y — 32y® + 21/
= X° = 301X + ¢y
= X7 — 3 X + A,
Take 91()\1, )\2,X> = f(X) with gl(tl,tg,X) € K(tl,t2>[X] By Theorem 3.1.7 gl(X)

is generic for G over K. Since deg(A;) = 1, deg(A2) = 0 and M is a linear subset of

K(x,y), we can apply the second part of Theorem 3.1.7. Hence
g(1,te, X) = X? = 3t,X + 1y
is generic for G over K. As i, is the only parameter, we get that ¢; € K (¢, X) with
g, X)=X>—3tX +1t

is a generic polynomial for D3 over K. Moreover, since M was formed as the orbit
of z + y we have that g;(¢, X) is irreducible and D3 acts transitively on its roots, by

Proposition 4.0.2.

4.5.2 Example 2

Another finite G-stable subset of K (z,y) to consider is

M =A{z,y,—x,—y,x — y,y — x} which is formed by taking the orbit of .
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Furthermore, K (z,y)¢(M’) = K(z,y). With M’ we construct f/(X),

FX)=X-2)(X +2)(X —y)(X +y)(X —z+y)(X +2—y)

= X+ 20y — 227 — 22 ) X* + (2 — 223y + 3%y — 229® + ") X?

4 $4y2)

+ (2I3y3 — .I‘2y
= X° =201 X" + @1 X% 4 (1/27) (95 — 4¢7)
= X0 203X + (AIA)2 X2 + (1/27)(N3Xa)? — 4(ATX2)?)
= X 222X ANIAZX2 4 (1/27) (A3 — 4X803).

Take gg()\l, )\Q,X) = f/(X) with gg(tl,tg,X) < K(tl,tg)[X] By Theorem 317,
92(X) is generic for G over K. However since deg(\;) = 1, deg(A2) =0 and M’ is a

linear subset of K(x,y), we can apply the second part of Theorem 3.1.7. Hence
92(1,t9, X) = X® — 26, X* + 3 X% 4 (1/27) (85 — 4t3)
is generic for D3 over K. As ty is the only parameter, we get that go € K (¢, X) with
g, X) = XO — 2t X' + 2 X2 + (1/27)(#* — 4¢%)

is a generic polynomial for D3 over K. Moreover, since M’ was formed as the orbit
of  we have that go(t, X) is irreducible and D3 acts transitively on its roots, by
Proposition 4.0.2.

Remark 1: Here we constructed two generic polynomials for D3, one of degree 3
and one of degree 6. The degree 3 polynomial is a generic polynomial for D3 as a
transitive subgroup of S3 and the degree 6 polynomial is a generic polynomial for
D3 as a transitive subgroup of Sg.

Remark 2: In Chapter 3 we constructed a generic polynomial for S, inn — 1
parameters. For Sz this gives us a generic polynomial in 2 parameters. In this
example we obtained a generic polynomial for D3 = S3 in one parameter, which is

more desirable.
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4.6 The Dihedral Group D,

Consider the representation of the dihedral group D, given by,

10 0 -1 -1 0 0 1
G: 9 ? ?
01 1 0 0 -1 -1 0
01 0 -1 1 0 -1 0
10 -1 0 0 -1 0 1

with G C GLy(K) . Take K(x,y) to be the function field over K in two
indeterminates and let G act on K (z,y). With the Reynolds Operator we can
determine that K (z,y)% = K(p1,02) with ¢, = 22 +9? and ¢, = 2%y%. Earlier we
saw that 22 + 4? and xy are algebraically independent. As z%y* = (zy)?, it is readily
seen that ¢; and @9 are algebraically independent as well. Hence {¢1, p2} forms a
)G

transcendence base for K (x,y)“ over K.

4.6.1 Example 1

Now we form M = {z,y, —z, —y} by taking the orbit of x. Here M is a finite
G-stable subset of K (z,y) so that K (¢1,¢2)(M) = K(x,y). With M we construct
f(X) as in Theorem 3.1.7,

fX) = (X = 2)(X +2)(X —y)(X +y)

= X4 — gOlXQ + ©2.
Take g1(p1, p2, X) = f(X) with g1(t1,t2, X) € K(t1,t2)[X]. By Theorem 3.1.7
gl(tl,tg,X) = X4 — thZ + tQ

is generic for D4 over K. Moreover, since M was formed as the orbit of x we have

that g1 (t1,t9, X) is irreducible and Dy acts transitively on its roots, by Proposition
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4.0.2.

4.6.2 Example 2

Another G-stable subset of K(z,y) is
M =A{z,y,—z,—y,x+y,—x —y,x —y, —x +y} which is formed by taking the orbit
of z and = + y. Moreover, K (z,y)%(M’) = K(z,y). With M’ we construct f'(X),

aeM’
— X8 o 3(1,2 4 y2)X6 4 3(1,4 4 $2y2 4 y4)X4
— (@ 4 a4 22t 4 ) X2 (25 — 20ty 22y
= X% = 301X° + (3] — 302) X" — (¢} — 201002) X7 + (plip2 — dep3).
Take go(¢1, 02, X) = f/(X) with go(t1,t2, X) € K(t1,t2, X). Then by Theorem 3.1.7,

Go(t1,ta, X) = XB — 36, X0+ (3t7 — 3to) X* — (12 — 2t149) X7 + (1315 — 413)

is generic for D, over K. Note that since M’ was formed using two disjoint orbits,

g2(t1,12, X) is a reducible polynomial and D, does not act transitively on its roots.

4.6.3 Example 3

Another G-stable subset of K(z,vy) is
M ={z+2y,20 —y,—x —2y,y — 2x,y + 2x,—y — 2x,x — 2y, 2y — x} which is

formed by taking the orbit of x + 2y. Moreover, K (z,y)(M") = K(z,y). With
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M" we construct f”(X),

)= I (X-a)

aeM”

= X% —10(2* + y*) X° + (332" + 522%y* + 33y*) X*
— (402° + 502%y* + 50y* + 40y°) X2
+ (162° — 1362%> + 3212*y* — 1362%y° + 16y°)
= X® — 1001 X° + (337 — 14p2) X' — (40} — T0p109) X

+ (1697 — 200020y + 625¢3).

Take g5(p1, p2, X) = f"(X) with g3(t1,t2, X) € K(t1,t2, X). Then by Theorem
3.1.7,

g3(t1,t2, X) = X% — 106, X% + (3313 — 14t5) X* — (40t3 — 70t,t9) X?

+ (16t} — 200t7ty + 625t3)

is generic for D, over K. Moreover, since M” was formed as the orbit of z + 2y we
have that g3(t1,te, X) is irreducible and D, acts transitively on its roots, by
Proposition 4.0.2.

Remark: g, and g3 are generic polynomials for D, of degree 4 and degree 8
respectively. Here gy is generic for D, as a transitive subgroup of Sy and g3 is

generic for for D, as a transitive subgroup of Ss.

4.7 The Dihedral Group Dy

Consider the representation of the dihedral group Dg given by,
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-1 0 0 -1 1 -1 -1 1
0 -1 1 -1 1 0 0 1
-1 0 0 -1 1 -1 1 0
-1 1 -1 0 0 -1 1 -1

with G C GLy(K) . Take K(z,y) to be the function field over K in two
indeterminates and let G act on K(z,y). With the Reynolds Operator we can
determine that ¢, = 22 + y* — 2y and p, = 22y*(z — y)? generate K (z,y). So
K(z,y)% = K(p1,¢2). Consider J(¢p),

9p1 Op1

J(/\) _ ox oy
Op2  Op2

ox oy

We get that det(J(p)) = 425y — 10zy? + 102%y* — 429® £ 0. Thus ¢, and ¢, are
algebraically independent by Theorem 1.4.1. Hence {¢1, @2} forms a transcendence

base for K (x,y) over K.

4.7.1 Example 1

Now we form M = {z,y, —z, —y,y — x,x — y} by taking the orbit of . Here
M is a G-stable subset of K(x,y) so that K (g1, ¢2)(M) = K(x,y). With M we

construct f(X) as in Theorem 3.1.7,

JX) =X -2)(X +2)(X —9)(X +y)(X -z +y)(X + 2 —y)
= X%+ 20y — 227 — 2*) X* + (2 — 22%y + 32%y? — 229® + ") X?
+ (20 — 22yt — 2y
= X% — 20, X* + 01 X? — .
Take g1(p1, p2, X) = f(X) with g1(t1,t2, X) € K(t1,t2)[X]. Then by Theorem 3.1.7

g1 tl,tQ,X = X6 — 2t1X4 +t2X2 — tz
1
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is a generic polynomial for Dg over K. Moreover, since M was formed as the orbit
of z we have that g;(¢1,ts, X) is irreducible and Dy acts transitively on its roots, by

Proposition 4.0.2.

4.7.2 Example 2

Another G-stable subset of K(z,vy) is
M =A{z,y,—z,—y,x —y,y —x,x +y,—x —y,2x —y,2y —x,y — 2z, — 2y} which
is formed by taking the orbit of x and x + y. Moreover, K (z,y)%(M’) = K (z,y).
With M’ we construct f'(X),

aeM’

= X' — 801 X0 4 22607 X® — (285} — 26400) X° + (170} — 48p10) X'*

— (47 — 18¢102) X7 + (402 — 27¢03).
Take ga(p1, p2, X) = f/(X) with ga(t1,t2, X) € K(t1,t2)[X]. Then by Theorem 3.1.7

go(t1,ta, X) = X2 — 84, X104 2262 X8 — (2813 — 26t5) X O + (171] — 48t1t5) X*
— (48] — 18t7t9) X2 + (4t5ty — 27t3)
is a generic polynomial for Dg over K. Note that since M’ was formed using two

disjoint orbits, go(t1,t2, X) is a reducible polynomial and Dg does not act

transitively on its roots.

4.7.3 Example 3

Another G-stable subset of K(x,y) is M"” = {z + 2y,2z + vy, 3y — 22,y —
3z, —x — 2y,2x — 3y,3r — y,3y — x,2y — 3x,—y — 2x,x — 3y, 3x — 2y} which is
formed by taking the orbit of & + 2y. Moreover, K (z,y)%(M") = K(z,y). With
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M" we construct f”(X),

aeM”

— X2 = 280 X1 4 20402 X — (14447 — 2865) X°
+ (340061 — 4004, 02) X' — (35287 — 1401457 0) X?

+ (12965 — 246965 0o + 117649¢3).
Take g3(p1, w2, X) = f"(X) with g3(t1,t2, X) € K(t1,t2)[X]. Then by Theorem 3.1.7

g3(t,to, X) = X2 — 28t X1 + 2941 X® — (1444t7 — 286t5) X°
+ (3409t] — 4004t ,t5) X* — (3528t — 14014¢7t5) X

+ (1296t — 2469613, 4 117649t2)

is generic for Dg over K. Moreover, since M” was formed as the orbit of z + 2y we
have that gs(t1,t2, X) is irreducible and Dg acts transitively on its roots, by
Proposition 4.0.2.

Remark: g, and g3 are generic polynomials for Dg of degree 6 and degree 12
respectively. Here g, is generic for Dg as a transitive subgroup of Sg and g3 is

generic for Dy as a transitive subgroup of Sis.
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