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Analysis of Vibration in Hydraulic Drive System¥

By Hajime AKASHI¥**, Takayuki NAKAGAWA¥**¥- and Tsuyoshi QSUMI*¥*¥¥

It is well known that stick-slip motion often occurs while operat-
ing a hydraulic drive system with plane slide~ways at low speed and there

are a number of researches reported on the analysis of such a motion.

The authors made similar experiments with a hydraulic system with
comparatively small friction and found that vibrations without sticking
could occur as well as the stick-slip motion. A detailed analysis of such
a motion was made and the result was compared with the experiment. The
time dependency of the maximum static friction and also the variation of
a part of the friction characteristic were taken into consideration.

The comparison shows a striking agreement between the analysis and
the experiment, justifying to a considerable extent the assumptions made
in the analysis, and clarifying the fundamental mechanism of such a mo-
tion in the drive system of similar structure.

1. Introduction

It is well known that vibrations and
stick-slip motions often occur in low
speed operation of hydraulic driving sys-
tems. A number of researches on these mo-
tions have been made and many reports(l)N(3
are available, e.g. by Matsuzaki et al.
Most of these reports are on plane slide~
ways used in the feed mechanism of machine
tools. There are also reports(g) ~ (15) op
the relation between the motion and the
friction characteristics, load or other
factors. The motions were usually analyzed
by a dynamic model.

The authors made experiments on a hy-
draulic system similar to the ones treated
in other papers, but with guide-ways hav-
ing a relatively small friction.

In their experiments, various types
of vibrations were observed at low speed.
Especially the vibrations without stick-
ing were clearly observed as well as the
stick-slip motions. The previous studies
did not provide any satisfactory, unifi-
ed analysis of these motions.

The authors recorded the motions dur-
ing high and low speed operations and ex-
amined the flow-pressure characteristics
carefully. The analysis of the vibration
was made by a set of nonlinear equations
of motion and the transient motions were
investigated considering the time depend-
ency of the maximum static friction.

As the result, the influence of sup-
ply pressure, mass, volume and modulus of
compressibility of hydraulic fluid on the
characteristics of +the motion was made
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clear.

The recorded pressure and velocity
with respect to time coincide quite well
with the same quantities obtained by cal-
culation using the phase plane analysis.

2. Experiments: experimental
set-up, method and results

2.1 Experimental set-up

Figure 1 shows a schematic diagram of
the experimental set-up. 0il is fed into
the hydraulic cylinder through a flow con-
trol valve or a servo-valve by an oil sup-
ply device and the load is moved by a hy-
draulic piston. The load is a-sliding ta-
ble with weight on it and the table is sup-
ported by the steel balls placed in V-type
gutters. The pressure difference P between
P, and P,, the pressures at the ends
of the pipes , and the velocity of the pis-
ton V, are recorded on an X-Y recorder and
a pen recorder. The velocity is obtained
by electrically differentiating the volt-
age signal indicating the position of the
piston. The accuracy of the measurement
was checked by calibration,(16 and it was
high enough between 0.05cm/sec and 3cm/sec,
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Fig.l Schematic diagram of the apparatus
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which is the velocity measured in this ex-
periment. The pressure is picked up by
semi-conductor strain gages.

2.2 Measurement and results

In order to obtain the characteris-
tics of the total friction in the system,
the piston is driven at various constant
speeds by controlling the opening of the
flow control valve. By plotting the pres-
sure P against the speed V for various
anounts of load, the friction characteris-
tics of the system are obtained. In this
measurement a servo-valve is used to sup-
press the vibratory motion of the piston,
which tends to occur at low piston veloci-
ty. Although it is not possible to sup-
press the vibration entirely, it is help-
ful to confine this motion to a small driv-
ing velocity for the determination of
friction. characteristics.

Figure 2 shows an example of the re-
cords of pressure difference P against the
velocity V, obtained by setting the elec-
tric current I of servo-valve at various
values. The supply pressure Pg (Skg/em®-
10kg/cm?) and the load W (20kg-100kg) are
other parameters. The points indicated at
I=2mA and 3mA, are not actually stable but
vibratory points. The piston at these
points and the points in between, makes a
vibratory motion and hence does not give
exact points on the friction characteris-
tic. This portion of the friction charac-
teristic has to be estimated from the rest
of the characteristic curve. The friction
characteristic obtained in this way is
shown in Fig.3 for various quantities of
load. The dotted line shows a portion
where the characteristic was estimated
from the rest of the curve.

One outstanding feature of +the ob-
tained friction characteristics is that it
has a portion of positive gradient near
zero velocity in the V-P plane. This "is
confirmed by driving the piston at very
low speed of less than 0.006cm/sec. This
portion of the friction is too small to be
shown in Fig.3, and is shown separately in
Fig.bL.

Replacing the servo-valve by an ordi-
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Fig.2 Stationary points in V-2 plane
(Parameter: electric current .
in servo-valve)

nary manual flow control valve, it is found
that the vibration occurs in a considera-
bly larger range of piston velocities. The
pressure and velocity changes during the
vibratory motion were recorded by the pen
recorder for various parameters. Two exam-
ples of such recordings are shown inFig.S5

Some vibration records on the V-P
plane and the points of stable piston mo-
tion are shown together in Fig.6. In the
figure, pointsd,B, C and D are singular
points. Among these, A and B are estimated
points on the friction curve, ( and D be-
ing the stable points which correspond to
smooth movements of the piston.

From the records of pressure against
time during stick-slip motions, the max-
imum static friction was measured after
each sticking. By plotting on the P-t
plane the pressure at which the piston
starts to slip after each sticking, a curve
of "Maximum static friction" shown by 4-Dt
D-B was obtained as in Fig.T. After the
piston comes to a stop during a stick-slip
motion, say at P; in Fig.T7, the pressure
builds up along the chain line C'D', until
at D' it reaches the point correspond-
ing to the maximum static force and the
piston starts to slip. It is obvious that
the maximum static friction is an increas-
ing function of the time interval in which
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Fig.3 Friction and flow-pressure charac-
teristics in V-P plane
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Fig.l4 Stationary point in V-P plane
(V in the neighborhood of zero)
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the piston stays still. Turning back to
the V-P plane of Fig.6, the starting point
of the limit cycle for this stick-slip mo-
tion should correspond to the maximum stat-
ic friction of D', The friction character-

g= 6 kg/em?, W=30kg
=0.3
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Fig.5 Experimental wave forms of V and P

Vemss 2

Fig.6 Limit cycles and the corresponding
singular points; and stable equilib-
rium points
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istic during such a vibration should be
considered variable in the region near
zero velocity. This situation will be dis-
cussed again later in section L4.1.

3. Analysis of the motion
of the piston

3.1 Equation of motion

For simplicity, the hydraulic driving
system in Fig.l is replaced by a schematic
diagram shown in Fig.8. In the following
are shown the notationsof various quanti-
ties used in the analysis.

A, Ac : Areas of the effective cross sec-
tion of the piston and cross sec-
tion of the pipe. cm?

B : Width of the port of the flow con-
trol valve. cm

C1, Co Constants

F : Coefficient of friction

f(dx/dt) : Friction as a function of the

velocity

G : Volume of the oil contained in one
side of the cylinder and theapipe

cm

¢ | I !

0 1 ? 3
tsS

Fig.7 Relation between maximum static fric-
tion, sticking time and cylinder

pressure
1A

J 1
It
Q] Ip, Q| lpz
1 2

LojAc  Le|Ac

Fig.8 Schematic diagram of hydraulic driv-
ing system
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g : Gravitational conversion constant
em/s?
Hy(P),H;(V): Functions of pressure and ve-
locity
L, Lo : Half the stroke of piston and
length of conduit cm
7 : Displacement of the spool valve
cm

Mo, Mg : Mass of the load and effective

mass of oil Mg + Mg = M kgs?/cm
m : Magnifying ratio of velocity axls
kgs/cm®
Py, P, : Pressures at the ends of pipes at
the valve kg/cm?
P{, P} : Pressures at left and right sides
of the piston kg/cm?
Pg, p : Supply pressure and deviation of
the pressure kg/cm?
@1, Q2 : Flow volumes 1in left and right
hand side pipes em®/s
S, Sp : Orifice area of the valve and the
total orifice area of wvalve
S = Bl, So = Blyg em?
t, tg : Time and sticking time sec
V, V1 : Piston velocity em/s
Vi =mV kg/cm?
X : Displacement of the piston ( pos-
. itive for movement toward right)
cm

o(B), 6: Flow coefficient and ratio of o-
pening of the valve : 8 = S/S,

B : Modulus of compressibility of oil
cmz/k%

Y Specific gravity of oil kg/cm

) : Kinematic viscosity em?/s

0 : Constant

¢ : Displacement angles

When the piston moves toward right,
the following equations hold for €; and @2

Q1 = Cli’i + ngil e .. (1)
&2 =leiz)t(- ngft) ceescsseneens ...(2)

If the piston moves at a constant

speed, dV/dt and dP/dt are equal to zero.
Accordingly
= 0 9% _ dX oLl
g1 = Q2 = Cldt = Adt (3)

In other words, as (1 is equal to the ef-
fective area of the piston, C; = 4.

If the oil flows but the piston does
not move, dX/dt is equal to zero, and so

@, = 02%5; = Bdex ceeseseeeseene(l)
and
_ dp, _ ap ...,
Q2 = -Co=gf = -BG; (5)

Here G for the pipe in the right hand
side is equal to G for the pipe in the
left hand side. In other words, the piston
is assumed to be located at the center of
the cylinder. Therefore we may put C2 = BG.
If we add Eq.(1l) to Eq.(2), and put C; = 4
and C, = BG, then we have

_ ., dx d(Py - Py) .
Qi + Q2 = 245, + BOFTLEES(6)

@, and @2 can be written as follows in
terms of the pressures and the open ratio
of opening of the wvalve.

Q1 = 0(0)VPg = Py ceverenenes e (T)
Q, = a(e)/ﬁz cerveae cecces “(8)

The pressure of the outlet side of
the valve can be assumed to be atmospheric
pressure. Thus

Q, + @ = a(8){VPs - P, +VP3}---(9)

is obtained. The right hand side of Eg.(9)
is a nonlinear function of P; and P,. This
is approximated(17) as the first order
function of P = P, - P, as follows.
Q1 + Q2 = o(8)VPg5(p - _Z_Jp;_)
Here, p takes such value that the ap-
proximate equation (10) is nearly equal to
Eq.(9) in all the range of the movement.
Usually it is a value betweenl and 1l.5. (17)
From Eq.(6) and Eq.(10), the following
flow-pressure equation is obtained.

ax
dt
Now, the equation of motion of the
load of the system is given as follows.
2y
Mol + £(2E) = a(p{ - P{).-..(12)
Here, f(dX/dt) is a friction curve
obtained from the experiment and is gener-
ally nonlinear. It is known that the pres-
sure differences, P; - P| and B-P,, are
given as the sum of the friction loss due
to oil viscosity and the loss due to the
inertia of the mass, and are indicated as
follows, where the length of inlet pipe is
assumed to be equal to the outlet pipe, Le.

Py - P! = P - P, = STV¥ke ,dX

...(10)

229X ecg—i = a(8)/Palp - —PES-—) (11)

A% g dt
+ /Tlr ( Yicde )Ad X..3)
From this equation,
16mvyL dX
Py - P, = P{ - P} + chcAdt
2 YLcAc d*x
+ -zg{ g )AW <. (1k)
From Eq(ll) and Eq.(12), putting P=P;-P,

(Mo + M )dth2 + f(dt) + ng = AP

...........(15)
YLcAc ) 5 - 16mvyLeA?
1 g 7’ At g

Me is a modified term of the mass of
the load considering the inertia of the
0il, and F(dX/dt) is a revised term of
friction force considering the friction in
the pipe. By solving the simultaneous e-
quations of (11) and (15), the motion of
the system can be obtained.

where Me= —z—
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3.2 Graphical method of solution

Since the equation of motion is non-
linear, a graphical method (18) (19 will
be used to solve it for the trajectory in
the phase plane of P and V.

writing
dx
ars _ Cetetreeanas Ceeresar e (
at v (16)
We have
P _ a(e)
3% = {a(e)pF PP - 247}

From Eq.(15),

av _ 1
FE = EF_I_ME{AP - f(v) - Fv}..(18)
Eliminating ¢t from these equations,
a(6)
P _ M (7P=z> + 24V - a(8)pvPg)
av ~ BG AP - {FV + f(V)7}

0(6) a(e)p
wm Ut 527?:P - =20y

B¢  p _ A—{Fv + f(V)}

where M = My + Me

Unless 2M/RG is equal to unity in the
above, it is not possible to apply
Li'enard's graphical method (18) (19) 4 Eq.
(19). We therefore transform the variable
V to V) and obtain the equivalent equation
to Eq.(19) as follows.

V=Vy/m, m= VeM/BG

4P _ _ Va# Hy(P) ...
v, — T P Ha (%) (20)
where
(6) mo(8)p
Hy(P) = 2222p - /By (21
! 24YPg 24 (21)
Hy (W) = é%vl + % f(%% ceeeneene(22)

Now it is possible to apply Li'enard's

V, kg/m?

Fig.9 Procedures of graphical method
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method to Eq.(20). The procedure of ob-
taining the gradient of the trajectory at
any given point is illustrated in Fig.9.
First, draw the curves of the following
equations on the phase plane.

Vi = =H{(P) Ce ittt et er e st s eeaeen e (23)
P = Hy(V)

To obtain the gradient at a given
point 41, draw a rectangle as shown by the
dotted line, with the apexes B; and C; on
the above curves. Then the gradient 1is
given by 414>, perpendicular to the diago-
nal ETZ}. This simple method is applied to
points near A, say 4, and the approximate
trajectory of Eq.(20) is obtained. That
this procedure gives the solution is seen
as follows. Let ¢' be the angle as shown
in Fig.9, then

dpP ’ _CiDy
v o= (8L = =
tang' = (dViﬁl_ tan,C141D, - oA,
_ Viy + H2(P) ..
= B S, (T (25)

Let ¢ be the angle as shown in the
figure, then

_4C, _ P - Hy (Vi) o
tang = Ci1Dy Vi1 + Hyi(P) (26)
We see tan¢-tand’' = -1, which proves that

this graphical procedure gives a correct
gradient.

The trajectory obtained in this way
in the V;-P plane is transferred to the
V-P plane by contracting or stretching the
abscissa by a factor of m. Figs.l0 and 11
show examples of the trajectories obtained
by this graphical method (the right half
plane), considering also the time depend-
ency of the maximum static friction ( the
left half plane). Starting from zero pres-
sure, the trajectory passes through a
short transient state and then moves into
the 1limit cycle. The time sequence of the
motion is indicated by the numbers in cir-
cles.

The limit cycle in Fig.1l0 represents
a stick-slip motion and the time interval
of the stuck state is found from the left
half plane. The example in Fig.ll also
settles into a 1imit cycle but without
sticking portion, although in the transi-
tion the piston sticks for a short period.
(from to (:) =

In the left half plane of Fig.l0, for
example, the line from C) to indicates
the way the pressure is built up while the
piston is stationary. This curve can be
calculated by Eq.(11l) setting dX/dt =
since X does not vary in this period. The
following equation represents the curve of
the cylinder pressure rise with time.

P = pPs[l - exp{ Qé%%Z ]
+Poexp{ %Z)?Z ceveeesa(27)

3.3 Wave form of the vibration in the
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variables P and V
It is possible to obtain the wave
form from the trajectory in the V-P plane.
For this we approximate the deviations of
P and V by the ratio of the increments of
these variables and the time increment. We
have then

AP _ 1 = P
AE T BG{u(e)/Ps(p - Ps)- 24V }
s eserarene (28)
and
AV 1
3 =y AP = f(V) = FV} eeeeens (29)

By choosing At reasonably small and calcu-
lating AP or AV by Eq.(28) or (29) respect-
ively, we may construct an approximate
wave form of the pressure and veloci-
ty during the vibration. Fig.12(a) shows
the result of such a procedure for the
case of stick-slip motion for both P and
V. The dotted lines represent the measure-

Ps =6 ky /em?
W=30ky

Le =150cm
8=03

iy '> Ascshuamed friction

. ® “ racteristic
Maximum y
) fﬁd’jun >\ % .

Cylinder characteristic
pressure
) FLh:N—pliessure
characteristic
L L 1 @ I ] ]
3 2 1 0 1 2 3
ts s V em/s

Fig.1l0 Solution curve by graphical method
(6 =0.3)

P =6kg/cm?
Wo30ky

Maximum
static
friction

Cylinder ' characteristic
pressure \ Solution
1
v Flow -pressure
characteritic
I I | 1 L
3 2 1 0 1 2 3
ts s vV ocm/s

Fig.l1l Solution curve by graphical method
(6 =0.5)

ment of the actual motion of +the piston
for the corresponding conditions. Fig.12(b)
shows similarly the result of the con-
struction of the wave form by Eqs.(28). and
(29), using the graphical solution of Fig.
11. The dotted line shows the result of
experiment under the same condition. It is
seen that the two sets of curves agree
strikingly well considering the approxima-
tion inherent in the graphical method.

3.4 Stability analysis

The condition of the vibratory motion
of the piston in this system is found by
applying the theory of stability for non-
linear systems. Some motion of this system
will be checked if the conditions of the
motions satisfy the stability criterion.

Going back to Eq.(19), the point on
the V-P plane at which both the numeratoxr
and the denominator of +the equation are
zero separately is a singular point. The
singular points should be on the curve
given by the following set of equations.

o /P L
V+mP—O.P52A—0 (30)

~— From solution curve 2=6 kg/cm’ L=150cm

\52 ~== Experimental result N=30kg, 8=03
> [
R
1 H
1
0 | i ] ] [ |
0 1 2 3 4 5 6 1 8 ts
T T T T T T T
it
P N, [}
X \
Saf i
3 :
]
\
4 t
5 I

L
3 Ps=6kg/em?, Lg=150cm
> W=30kg, 6=0.5
2 -
1 |
0
0 .
0 T T T T
<. |
i1
X 2 B ‘
Q- “
31 \
)
\
4
sk 1 From solution curve
HE Experimental result
1}
6 4

Fig.12(b) Wave forms of V and P(6 = 0.5)
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P - %-[f(V) + FV} = 0 eoeevenns (31)
If the singular point is stable, the tra-
jectory converges to this point. However,

if it is unstable, the trajectory moves
away from it and should approach some lim-
it cycle. To see if a point is stable we
write Eq.(19) in the following form, ex-
panding the nonlinear terms and retaining
only the first order terms.

dp _av +# bp ..., ceeeeeeeea(32)

dv cv + dp

Here, a, b, ¢ and d are as follows.
a=- (24)/(BG)

b =- al8)/(BG/Ps)

N <))
e=-{f"v) + F}/M

d=A/M

It is known that the stability of a singu-
lar point is determined by studying the
set of parameters by Table 1118)(19) The
boundaries of the regions of the various
states in Table 1 are obtained as shown in
Fig.13 or 14, by taking different sets of
quantities as an ordinate and an abscissa.
For example from Fig.l3, it is seen that
the system will tend +to vibrate when the
friction characteristic df/dV is small and
the value of flow rate is also small. From
Fig.lh, it is seen that the system will
tend to vibrate when M is small.

Four points, A', B C'and D' indicated
in Figs.13 and 14, correspond to the sin-
gular points shown in Fig.6. It is seen
that the criterion obviously gives the
correct classification of the points in
experiments also.

4, Discussion
L.1 Flow—preséure characteristics
The relation between dX/dt and the

pressure P is given by Eq.(11).

Table 1 Coefficients of characteristic e-

quation
2
- >
1| (B oot dad >0 b + ¢ < 0 Stable
(A) ad - be < 0
Nodal point b + e¢ > 0 Unstable
(B) ad = be > 0
Saddle point
ol ®- e)? + 4ad < 0
(A b+ec =0
Center b + ¢ < 0 Stable
(B b+ec ko0
Spiral point b + ¢ > 0 Unstable
(b -c)®+ 4ad=0
" b + ¢ < 0 Stable
Nodal point {
b + ¢ > 0 Unstable
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ax dP — p

—_— = = - —

qz BGdt a(0)vVPs (p PL )
When the piston moves smoothly without vi-
bration, dP/dt=0. Then, writing dX/dt = V,
we have the following relation

24

P = - (%)V + pPg

This is a straight line that crosses the
P-axis at pPg with a gradient of

—ZA@/OL(S). Within the range of this ex-
periment, the flow-pressure characteristic
does 1indicate the linearity. Therefore,
Eq.{11) can be aquite satisfactory approx-
imation of the real flow-pressure charac-

teristic. Physically, the characteristic
curve should cross the P-axis at Pg, be-

% | Stable nodal @

< point

Lot C}Cuwe

< E M LM

2 7 "B A /4G

j‘: @ Curve

~
T
>

Unstable @
}olral point\ 2 4R /kgs
0 + +
o “ 0 ——— Stable

Unstable nodal point

Fig.13 Stable region in o/(AvPg) - (f'+F)/A

plane
%L :
3 o
S3fF Stable nodal
L Equations of DO Dl ®
curves are shown in fiy. 13
Unstable
tF focal point }2—2 o/ kgs)
4/ 1 2 3
0 vy +
ce Stable focal point
-1 (¢ Stable nodal ®
Jnstalbl.e_ A point
-2 ®
point/
- 0
(O]
-4}

Fig.lh Stable region in vV2M/BG- (f' + F)/A
plane
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cause then the system is completely stay-

ing still. However, Dbecause the equation
is approximate, it crosses the P-axis at
pPg.

4.2 Values of parameters in the ex-
periment

In comparing the result of experi-
ments with the theoretical analysis, the
following values of parameters were used,

My : W=Mog varied from 20kg to 100kg

LC : Length of conduit = 150cm

Aq : Effective area of cylinder = 10cm

Go : Volume of cylinder =125cm®

G=Gy+ AcLe = 200cm?

B : As the modulus of compressibility
can not be easily measured, R=0.0007 -
0.00lem?/kg is assumed.

The demonstrated figures of trajecto-
ry and wave forms are just two examples of
vibratory motions. The values of m, the
magnifying factor of V-axis for the appli-
cation of Lienard's method, were between
1.0 and 1.2 in most examples.

2

5. Conclusions

Experiments were conducted on a hy-
draulic drive system with a relatively low
slide friction for the vibratory motion of
the piston under various loads and other
conditions. It was found +that both the
stick-slip motion and motion without stick-
ing took place in low speed operation. By
setting up the nonlinear equations of mo-
tion and flow-pressure characteristic, the
analysis was made of the motion consider-
ing also the time dependency of the maxi-
mum static friction. The use of a graph-
ical method to obtain limit cycles and a
stability analysis to find the stability
region was quite effective in making clear
the mechanism with which the motion took
place. The comparison of the result of ex-
periment with the result of analysis by
the equations of motion, revealed a strik-
ing agreement of the two results even in
the wave forms of P and V with respect to
time.

A more exact estimation of the value
of B and the shape of the friction charac-
teristic 1in the region near zero velocity
is probably the subject for further study.
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