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A note on convergence in Bergman spaces over bounded
symmetric domains in CN(N > 1)

Maher M. H. MARZUQ

Abstract. In this paper we prove a result that generalizes the result
of [7] on the unit disk to bounded star-shaped circular domains.

1. Introduction

Let D be a bounded symmetric domain in C¥ (N > 1), and O € D. D is
circular and star-shaped with respect to the origin, i.e. tz € D when z € D
and t € C with |t| < 1, [4]. We denote by H(D) the space of holomorphic
functions on D.

For p > 0 the Bergman space A" is defined on D by
P p 1 » v
AP = A (D):{f  feHD) and |f| o = (7 [ [£()[do. <oo},
D
or equivalently [5],

A’p:{f . [ € H(D) and |f

o= (5 [l <)
N D

Where V is the Euclidean volume of D and dv, is the Euclidean element
of volume at z € D.

It is well known that a complete orthonormal system (CONS) of homoge-
nous polynomials {¥, }v=1,...;m, = (N+]f—1> ;k=0,1,... exist on a
bounded star-shaped domain [2].
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We will have the following lemmas which will be used in the proof of
Theorem 2.1.

Lemma 1.1. Let D be a bounded star-shaped circular domain. Then any

holomorphic function on D has a Fourier series expansion

co My

F6) =33 P2 () = lim [ f2)d do. @)
D

k=0rv=1

where the series converges absolutely and uniformly on compact subsets
of D.

Proof. The proof of Lemma 1.1 follows the method of the proof of the
Lemma in [3] and the proof of Theorem [1]. O

Lemma 1.2.
A"(D) = A"(D) and [|f] y» = [ f]|aw »
[5] where D is bounded star-shaped circular domain in O (N > 1).

2. The following Theorem will extend a special case of a result
of [7].

Theorem 2.1. Let D be a bounded star-shaped circular domain in CN
(N > 1) and f € AP(D) (0 < p < o), then ||f, = fll,p — 0 asr — 1,
where f,.(z) = f(rz).

Furthermore, the set of polynomials in z is dense in AY(D); also AP (D)

is separable.

Proof. Since rz € D for fixed 7,0 < r < 1, f,.(2) = f(rz) is holomorphic
on D and hence bounded on D. Thus f. € A” and hence to L”. Also for
z € D, lim,_; f,.(2) = f(z), by continuity of f.
Finally by (1) and Lemma 1.2, we have ||f.|| ,» — [|f]| 4» as 7 — 1.
Thus the hypothesis of [6] are satisfied, so that

Ifr = fllgp = Oasr —1.
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Let f € AP (0 < p < 00). Given € > 0, there exists r, (r, < 1), such that

17 = el < 5 (3)

Now let S, , (2) denote the n'" partial sum of the Fourier series (2) of

fr,(2). Since S, ..~ — [, uniformly on D by Lemma 1.1,
€
HSTMTO _frOHAP < 5’ (4)
for n sufficiently large, thus by (3) and (4)

€ €
1Sn.ry = Fllap < Snry = Frgllar +11F = iy llap < 5+ 5 =

2
Hence, the linear combination of {¥, } is dense in A”, but as in (3],
mk m
> GV, (2) = Z A, Z,,, where Z,  denote the monomial z;"... 2z
v=1 v=1

(k=vi+ - Fry k=01, ;v =1..;m = (V7))

Thus the polynomials are dense in A”. O

3. We have the following Corollaries:

Corollary 1. Let f,g € A%2(D), then

(r.9) = (7 [[ )ty )
Proof.

(5.9~ (0] < 3 [1FG)E) - 110, do.
-7 / 1&EE - 5) + (1) - £,()9.C)| do.

/\f )| [92) = 9,@)| dv, + ~ /\f £,(2)] |9.(2)] do,

By Schwarz inequality,

r<f,g>—<fr,gr>|<1(/‘fz|zdv) </|g - Pdv);
+‘1/</’f(z) f(rz) |2d”> (/Igw |2dv> :

D
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or
[(F,9) = (Fr g )l < WSl g2 g = 90l 2 + (1 = ol g2 lgrll 42 (5)

Now HgTHA2 — HgHA2 as r — 1 by Lemma 1.2, so the right side of (5)
tends to zero by Theorem 2.1.

Therefore
. . 1
(1.9) = i) = lim (5, [ frolgtrayan.).
D
]
Corollary 2. For f € A? (1 <p < )
ulf / P o, (6)

where ¢y, is given by (2).

Proof. By Holder’s inequality for 1 < p < oo,

[ (16100 2) = £ )
D

<( IZ o) - 5o o) [[ GG, ) "

where %—i— % = 1. The right side of (7) equals [|f, — f|l 4»[1¥1, || 4a- But ¥,
is homogeneous polynomial on CV (N > 1), so it is bounded on compact
set D and hence is in A9. By Theorem 2.1 || f, — f|| ;» — 0 as r — 1. Thus

formula (6) follows. If p=1
( [1502) = el ) suplu ()] 9
z€D

D/ (120~ 11 )

= £ = fllan jgg!¢ku<Z>!-

(7)

But sup|iy, ()] is finite since 1), is bounded on D, so that the right
zeD

side of (8) tend to Zero as r — 1 by Theorem 2.1. Thus (6) follows for
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