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Oscillation of nonlinear hyperbolic equations with
distributed deviating arguments

Youshan TAO and Norio YOSHIDA*

Abstract. Oscillations of solutions to nonlinear hyperbolic equations
with continuous distributed deviating arguments are studied. By em-
ploying some integral means of solutions, the multi-dimensional oscil-
lation problems are reduced to one-dimensional oscillation problems.

1. Introduction

Oscillation properties of hyperbolic equations without functional argu-
ments were studied by Kreith, Kusano and Yoshida [5], Yoshida [12] by
employing the averaging techniques. Parabolic equations with functional
arguments were investigated in the paper Yoshida [13] by making use of
the integral means of solutions.

The oscillation results for hyperbolic equations with delay were first ob-
tained by Mishev and Bainov [7]. Recently there has been an increasing
interest in studying the oscillation of hyperbolic equations with continuous
distributed deviating arguments. We refer the reader to [3, 4, 9, 10] for lin-

ear hyperbolic equations with continuous distributed deviating arguments,
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and to [2, 6, 8, 11] for nonlinear hyperbolic equations with continuous dis-
tributed deviating arguments. Deng [2], Liu and Fu [6] and Wang and Yu
[11] pertain to the hyperbolic equations of the form

¢

% [p(t)aat (u($, t) + Z hi(t)u(z, pz(t))>] —a(t)Au(z,t)

. =1 .
- Db dute, () + | atatOplute, 01,00
—1 v
= f(.’L‘,t), (1)

where h;(t) > 0 and ¢(z,t,¢) > 0.

There appears to be no known oscillation results for the equation (1)
with h;(t) < 0 and g(x,t,{) > 0. In this paper we are concerned with the
oscillatory properties of solutions of hyperbolic equations with continuous
distributed arguments
0 0 B
g [P0 (w0 [ hte.uo, o, 9)an(e) )| ~ alrutort
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+ [ a(x,t, Qe (u(z, o(t, €)))dw(C)
N
= f(xvt)v (SL‘,t)EQEGX(0,00), (2)

where G is a bounded domain in R™ with piecewise smooth boundary 0G.

It is assumed that :

(A1) p(t) € €([0,00); (0,00)), a(t) € C([0, 0); [0, 00)),
bi(t) € C([0,00);[0,00)) (i =1,2,..., k),
h(t,€) € C([0,00) x [a, B];[0,00)), q(z,t,¢) € C(Q x [7,8];[0,00)),
qo(x,t) € C(9;[0,00)) and f(x,t) € C(4R) ;

(A2) 7i(t) € C([0,00);R) (i = 1,2,....k), p(t, &) € C([0,00) x [a, ] R),
o(t,¢) € C(]0,00) X [,0];R) such that hm TZ( ) = o0,

lim min p(t oo and hm min o(t o0 ;
t—00 f€fa ,B}p( )= 00 (€[] ( O



Oscillation of nonlinear hyperbolic equations with distributed deviating arguments 29

(As) n(¢) € C(]a, f];R) and w(¢) € C([v,d]; R) are increasing functions on
[, B] and [y, 0], respectively, and the integrals appearing in (2) are

Stieltjes integrals ;

(A1) p(s) € C(R;R), p(—s) = —¢(s), p(s) > 0 for s > 0, and ¢(s) is

nondecreasing and convex in (0, 00).
The following two kinds of boundary conditions are considered :

(B1) u=1v¢ on 0G x (0,00),
ou

(B2) 54‘#“:1/1 on 0G x (0,00),

where 1, ¥ € C(G x (0,00); R), u € C(JG x (0,00); [0, 00)) and v denotes

the unit exterior normal vector to 0G.

Definition 1. By a solution of equation (2) we mean a function u(x,t) €
C%(G x [t_1,);R) N C(G x [t_1,00); R) which satisfies (2), where

t_1 = min {0, 1r§ni1£k {%IZI(fJ Tz‘(t)} ) gg[lg,lg] {%gg P(t;f)}} )

t, = min{O, Cg}y%] {%g(f)a(t,()}}.

Definition 2. A solution u(x,t) of equation (2) is said to be oscillatory in
Q if u(x,t) has a zero in G x (t,00) for any t > 0.

In Section 2 we reduce the multi-dimensional oscillation problems to one-
dimensional oscillation problems for functional differential inequalities. In
Section 3 we derive sufficient conditions for functional differential inequali-
ties to have no eventually positive unbounded solutions. Oscillation results

for boundary value problems (2), (B;) (i = 1,2) are presented in Section 4.

2. Reduction to one-dimensional oscillation problems

In this section we reduce the multi-dimensional oscillation problems for
(2) to the nonexistence of eventually positive unbounded solutions of func-

tional differential inequalities.
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It is known that the first eigenvalue A; of the eigenvalue problem

—Av = v in G,
v = 0 on O0G
is positive and the corresponding eigenfunction ®(x) may be chosen so that
®(x) > 0 in G (see Courant and Hilbert [1]).

The following notation will be used :

Pt) = ( /G @(m)dw)_l /G Fo )0 (x)da,
W(t) = (/G@(m)dx)_l /E’Gdj‘;‘f(x)ds,

F(t) = |C1:|/Gf(m,t)dm,
1

U(t) W ds,

1G] Joe

where |G| = / dx.
G

Theorem 1. Assume that the hypotheses (A1)—(A4) hold. If the functional
differential inequalities

Lo (v~ [ neerwtote. nince
dt p dt Yy . S )YLPLL, 1

)
+ / QU O (u(o(t, €)))dw(C) < £G(1) (3)

have no eventually positive unbounded solutions, then every solution u of
the boundary value problem (2), (B1) with unbounded U (t) is oscillatory in
Q, where

Q(t,¢) = ming(z,1, (),

zeG
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Proof. Suppose to the contrary that there exists a nonoscillatory solution
u of the problem (2), (B1) with the property that U(t) is unbounded. First
we assume that u > 0 in G X [tg, 00) for some ty > 0. Then there is a number
t1 > to such that u(x, 7;(t)) > 0in G x [tl, o0) (i=1,2,...,k), u(z,0(t,C)) >
0 in G x [t1,00) x [y,0]. Multiplying (2) by ([, ®(x)dx) " "®(z) and then
integrating over G yields

o (vo- [ ﬁh(t,aU(p(t,&))dn(@ﬂ

k

a(t)Ke /G Au(r, )®(x)dr — 3 bi(H) Ko /G A, 75(8))® () dar

i=1
+Kq>/ qo(z, t)u(x,t)®(z)dx

5 G

+ [ 0k [ olutr.ot0)0@dzn0) < FO), t2 0, (@
G
where K¢ = ( fG dx) . It follows from Green’s formula that

Kq:./ Au(z,t)®(x)de = =V(t) — MU(t), t>ty, (5)

G

ch/ Au(z, 7;(t))®(x)de = =U(r(t)) — MU (7:(t)), t >t1  (6)
G
(see, e.g., [14, p.79]). An application of Jensen’s inequality shows that

K@/gw(u(aza(t,o))@(m)dw > ¢(U(a(t,€))), t >t (7)
Combining (4)—(7) yields

o < / "ML OU e f))dn(f)ﬂ

)
4 / Qt, Op(U(o(t,0)))dw() < G(t), t> tr.
Y
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It is clear that U(t) > 0 on [t1,00). Hence, U(t) is an eventually positive
unbounded solution of (3) with +G(¢). This contradicts the hypothesis.
If w <0in G X [tg,00) for some ty > 0, we observe that V(t) = —U(t)
is an eventually positive unbounded solution of (3) with —G(¢). This also

contradicts the hypothesis. The proof is complete.

Theorem 2. Assume that the hypotheses (A1)—(Ay4) hold. If the functional

differential inequalities

a4 [pa)jt <y(t) -/ ﬁha,s)y(p(t,s))dn(@)]

)
+ / Qt, O (y(o(t,0))dw(C) < £G(t) (8)
Y

have no eventually positive unbounded solutions, then every solution u of
the boundary value problem (2), (By) with unbounded U (t) is oscillatory in
Q, where

k

G(t) = F(t) +a®)¥(t) + ) b:i(0)¥(mi(1)),

i=1
U(t) = ’(1;|/Gu(w,t)dx.

Proof. Assume on the contrary that there is a nonoscillatory solution u
of the problem (2), (Bg) with the property that U(t) is unbounded. First
we assume that v > 0 in G X [tp,00) for some ty > 0. Then there is a
number ¢; > o such that u(z,7;(t)) > 0 in G x [t1,00) (i = 1,2,...,k),
u(z,0(t,¢)) > 0 in G X [t;,00) X [y,0]. Dividing (2) by |G| and then

integrating over G yields

o P (00~ [ w0000 00an)|

1 b 1
~alt) 7 /G Au(m,t)dx—;bi(t)w /G Aulz, 7(t))dz

1
+/q z,t)u(z,t)dr
& [l utan
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The divergence theorem implies that

1/ 1 ou
— | Au(z,t)de = — —(x,t)dS
G| Ja @) G| aGaV( )
1 -
= — —p-u(z,t)+ ) dS
Il 8G( f-u(z,t) w)
< W(t), t>ty. (10)
Analogously we obtain
10/Am%nmmxg®@@» > 1. (11)
Gl Ja

An application of Jensen’s inequality yields

|q/] u(@,o(t, Q) de > p(U(a(t,())), t =t (12)

Combining (9)—(12) and taking account of the hypothesis (A;), we have

- 8 -
4 oz (70 / (T )an(©) )|
/ QU QP (T, )de(Q) <G, t2n.  (13)

Consequently we observe that U(t) is an eventually positive unbounded
solution of (8) with +G(t). This contradicts the hypothesis. The case
where v < 0 can be treated similarly, and we are led to a contradiction.

The proof is complete.

3. Functional differential inequalities

In this section we derive sufficient conditions for the functional differen-
tial inequality
4 oG (v - | b y(o(t,€))dn(e)
dt b dt Yy . » S)YLPLL, Ui

)
+ / Qt, O (y(o(t, ) dw(C) < H(D) (14)
Y

to have no eventually positive unbounded solution, where H(t) is a contin-

uous function.

It is assumed that :
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(As) there exists a positive constant hg satisfying

6
/ Wt €)dn(€) < ho <1 ;

(Ag) p(t,§) <t for (£,€) € (0,00) x [av, f] ;

(A7) o(t) = CHP%} o(t, ) is a nondecreasing continuous function.
€,

Theorem 3. Assume that the hypotheses (A1)—(A7) hold, and that the fol-
lowing hypothesis is satisfied :

(Ag) there is a C*-function 0(t) such that 0(t) is bounded and
(p(00'(1))" = H(?).
If the following conditions is satisfied :
00 0
[ [ a0 ar = o0 (15)
c v
for some ¢ > 0, then (14) has no eventually positive unbounded solution.

Proof. Suppose that (14) has an eventually positive unbounded solution
y(t). Letting

B8
2(t) = y(t) / (. €)y(p(t,€))dn(€) — 6(1)

and taking into account (Ag), we find that

(p()2' (1))’

IN

)
- / Q. O (y(o(t, €)))dw(C) (16)

< 0.

Therefore, p(t)2/(t) > 0 or p(t)z'(t) < 0 eventually. Since p(t) > 0, we see

that 2/(t) > 0 or 2/(t) < 0. Hence, z(t) is a monotone function, and z(t) > 0

or z(t) < 0 eventually. We claim that tlim z(t) = oo. Hence, z(t) > 0
—00

eventually. Since y(t) is unbounded from above, there exists a sequence
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{tn}o2, satisfying hm tn, = 00, hm y(tn) = oo and ax y(t) = y(tn).
The hypotheses (A5) and (Ag) 1mply that

I}
2t) = ylta) — / Bt €)y(plts €))dn(E) — O1(t)

8
> y(ta) — y(tn) / Wt €)d(€) — O(tn)

3
— <1 —/ h(tn,€)dn(§)> y(tn) — 0(tn)
> (1= ho)y(tn) — 0(tn)

for sufficiently large n. Since 0(t) is bounded and lim (1—hg)y(t,) = oo, we
find that tliglo z(tn) = 0o. This combined with the ;E)onotonicity property of
z(t) implies that tlirgo z(t) = oco. In this case it is easily seen that z/(¢t) > 0.
Since 0(t) is bounded and tlirglo z(t) = oo, for any € > 0 there is a sufficiently
large number T such that 6(t) > —ez(t) (¢t > T'). Hence we see that

y(t) = 2(t) +0(t) = (1 —£)=(t)

and therefore
y(o(t,¢)) = (1 —e)z(a(t, ().
The inequality (16) implies that

)
(b)) < - / Qt, Op((1 - £)2(0(t,¢)))dw ()
Y

< —p((1—e)x( /Qthw

< —p((1—e)x( /Qt(dw
é

= —co/ Q(t, O)dw(C), t>T, (17)
v

where T > 0 sufficiently large and Cy > 0 by (A4). Integrating (17) over
[T, t], we obtain

p(t)2/(t) — p(T)2(T) < —Cy / [ / Qs }
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which yields

p(1)2( >%/L/Qmm)}

Letting t — oo in the above inequality, we obtain

/[/Q ]%<éMﬂ%ﬂ<m

which contradicts the hypothesis (15). The proof is complete.

4. Oscillation results

In this section we present oscillation results for the boundary value prob-

lems for (2), (B;) (i = 1,2) by combining the results in Sections 2 and 3.

Theorem 4. Assume that the hypotheses (A1)—(A7) hold, and that there
exists a C?-function 0(t) such that 0(t) is bounded and

(p(0)8'(1)" = G().
If the condition (15) is satisfied, then every solution u of the boundary value
problem (2), (B1) with unbounded U (t) is oscillatory in €.

Proof. The conclusion follows by combining Theorem 1 with Theorem 3.

Theorem 5. Assume that the hypotheses (A1)—(A7) hold, and that there
exists a C%-function 0(t) such that 0(t) is bounded and

(p(D)e'(1)" = G (D).
If the condition (15) is satisfied, then every solution u of the boundary value

problem (2), (By) with unbounded U(t) is oscillatory in S).

Proof. A combination of Theorem 2 and Theorem 3 yields the conclusion.

Example. We consider the problem

gt[pogt (u(x,t)—/oﬂi-u(m,t—27r+§)d§>}

2

—e_tgl;(a:t)+qouwt +/ uw(z,t — 7+ ¢)d¢
0

= (sinx)sint, (z,t) € (0,7) x (0,00), (18)

u(0,t) = u(m,t) =0, t>0, (19)
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where

1 -1
po = e T(e?+1) |4+ 56_27r(67r +1)| >0,

e—w(eﬂ'/2 _ 1) e—27r(err + 1)

q = B — Do 5

T [(e”/2 —1)4e®™ — %(e“/2 +3)(e™ + 1)]
N 8e2m™ +em 41

e—7r(4€27r . 267r/267r)

8e2m 4 e™ + 1

2¢7/2(9¢7/2 _ 1

_ 2T (2 ) -0,
8e2m 4 ™ 4+ 1

Here n = 1, G = (0,m), Q = (0,7) x (0,00), p(t) = po, [a, gl = [0,7],
h(t,€) =1/4, p(t,§) =t —2m +&, 1(€) =& bi(t) =0, a(t) = e, qo(,t) =
q0, gi(z,t) =0, [7? 5] = [0>7T/2]7 q(z,t,¢) = Q(t,¢) =1, p(s) = s, o(t,() =

t—7m+4 ¢ w(()=Cand f(z,t) = (sinz)sint. It is easily seen that \; = 1

and ®(z) = sinx. Since

| atgane) = ["Jae=F <1

we can choose hy = 7/4, and hence (Ajp) is satisfied. It is easy to check
that

p(t,§) =t—2m+E{<t-2n+m=t—m<Ht,

and hence (Ag) is satisfied. Since

o(t)= min (t—7+()=t—m,
(t) Ce[o,ﬂ( 9

we find that (A7) holds. An easy computation shows that

G(t)=F(t) = %sint.

Choosing 0(t) = —(n/4)sint, we observe that 6”(t) = G(t) and 0(t) is
bounded. It is obvious that

/Coo [/fQ(t’ Q)du(C) ] dt = /CO“’ Tt -
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and hence the condition (15) holds. It follows from Theorem 4 that every
solution of (18), (19) with unbounded U (t) is oscillatory in (0, 7) x (0, 00).
In fact,

t

u = (sinx)e’sint

is such a solution.

Remark. The following restrictions have been made in [2], [6], [11] :

(Ry) (t) = (HF% | o(t,¢) is a nondecreasing C''-function such that
€l

a(t) > t,

1
o' (t) > — for some og > 0 ;
a0

* 1
/ dv < 0o for some ¢ > 0;
¢ )

or there is a constant K such that #(v) > Ky > 0 for v # 0.
v

However, in present paper we remove the above two restrictions.

References

[1] R. Courant and D. Hilbert, Methods of Mathematical Physics, Vol. I,
Interscience, New York, 1966.

[2] L. H. Deng, Oscillation criteria for certain hyperbolic functional differ-
ential equations with Robin boundary condition, Indian J. Pure Appl.
Math., 33 (2002), 1137-1146.

[3] L. H. Deng and W. G. Ge, Oscillation for certain delay hyperbolic
equations satisfying the Robin boundary condition, Indian J. Pure

Appl. Math., 32 (2001), 1269-1274.



Oscillation of nonlinear hyperbolic equations with distributed deviating arguments 39

[4]

[12]

[13]

[14]

L. H. Deng, W. G. Ge, and P. G. Wang, Oscillation of hyperbolic equa-
tions with continuous deviating argument under the Robin boundary
condition, Soochow J. Math., 29 (2003), 1-6.

K. Kreith, T. Kusano, and N. Yoshida, Oscillation properties of non-
linear hyperbolic equations, STAM J. Math. Anal., 15 (1984), 570-578.

X. Z. Liu and X. L. Fu, Oscillation criteria for nonlinear inhomoge-
neous hyperbolic equations with distributed deviating arguments, J.
Appl. Math. Stochastic Anal., 9 (1996), 21-31.

D. P. Mishev and D. D. Bainov, Oscillation properties of the solu-
tions of hyperbolic equations of neutral type, Colloq. Math. Soc. Janos
Bolyai, 47 (1984), Differential Equations, Szeged (Hungary), 771-780.

S. Tanaka and N. Yoshida, Forced oscillation of certain hyperbolic
equations with continuous distributed deviating arguments, Ann.
Polon. Math., 85 (2005), 37-54.

P. G. Wang, Forced oscillation of a class of delay hyperbolic equation
boundary value problem, Appl. Math. Comput., 103 (1999), 15-25.

P. G. Wang, Oscillation of certain neutral hyperbolic equations, Indian
J. Pure Appl. Math., 31 (2000), 949-956.

P. G. Wang and Y. H. Yu, Oscillation criteria for a nonlinear hyperbolic
equation boundary value problem, Appl. Math. Lett., 12 (1999), 91—
98.

N. Yoshida, An oscillation theorem for characteristic initial value prob-
lems for nonlinear hyperbolic equations, Proc. Amer. Math. Soc., 76
(1979), 95-100.

N. Yoshida, Oscillation of nonlinear parabolic equations with func-
tional arguments, Hiroshima Math. J., 16 (1986), 305-314.

N. Yoshida, Oscillation criteria for a class of hyperbolic equations with
functional arguments, Kyungpook Math. J., 41 (2001), 75-85.



40 Youshan TAO and Norio YOSHIDA

Youshan TAO

Department of Applied Mathematics
Dong Hua University

Shanghai 200051, P. R. China

Norio YOSHIDA
Department of Mathematics
Faculty of Science
University of Toyama
Toyama, 930-8555, Japan

(Received September 8, 2005)



