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Picone identities for ordinary differential equations
of fourth order

Tomoyuki TANIGAWA*and Norio YOSHIDAT

Abstract. It is known that there are two kinds of Picone identities
for fourth order ordinary differential equations. A new type of Pi-
cone identity is established, and Sturmian comparison theorems are
derived.

1. Introduction

Picone identity is a fundamental tool in establishing Sturmian compari-
son theorems. We refer the reader to Cimmino [1], Kreith [6, 7] and Kuks
[8] for fourth order ordinary differential equations, and to Cimmino [2],
Eastham [4], Halanay and Sandor [5], Kusano and Yoshida [9] for even
order ordinary differential equations. Two kind of Picone identities are
known for ordinary differential equations of fourth order, see, for example,
Eastham [4, p.197], Kreith [6, p.665].
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The objective of this paper is to establish a new type of Picone identity
for ordinary differential equations of fourth order. We can derive Sturmian

comparison theorems as applications.

2. Picone-type identities

We consider the ordinary differential operators [ and L defined by

I[u] = (a(t)u”)" = (b(t)u') + c(t)u, t e (),

Liv] = (A@t)")" — (B(t)v") + C(t)v, t e (a,f),
where (o, 3) is a finite interval, a(t) € C?[a, 8], A(t) € C?%a, 8], b(t) €
Cla, 8], B(t) € Ca, 8], c(t) € Cla, B] and C(t) € Cla, B].

The domains D;((«, 3)) of [ is defined to be the set of all real-valued
functions of class C*(a, 3) N C?|a, B]. The domain Dy ((a, 3)) is defined to
be the same as that of [, that is, D;((«, 5)) = Dr((e, 5)).

The following Picone identity is known, see, for example, Kreith [7,
p.270].

Theorem 1. Let vy and vy be linearly independent solutions of L[v] = 0
on [a, B] such that

and define the functions o and T by
/ /
g = U1U2 - UQUI,
T = vjvl — vhvy.

If o does not vanish in («, 3], then the following Picone identity holds :

DT ety + atey + bieytn - A T ('Y
+2A(t)guu/ — (A(?T)IUQ]
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in (a, f].

The next Picone identity is a special case of a result of Kusano and
Yoshida [9, Theorem 1A].
Theorem 2. Ifu € Di((a,3)), v € Dr((e, B)) and if none of v and v’

vanish in (a, ), then we have the Picone identity :

% {Z {w(A@") = v(a(t)u")'} + :j {v'(a(t)u”) — ' (A(t)")}

+ % {o(b(t)u') - u(B(t)v’)}}
= (a(t) — A®)) (") + (b(t) — B(t))(')* + (c(t) — C(t))u?

Now we present new Picone identities in the following Theorems 3 and 4.
Theorem 3. Ifv € Dr((«a, 5)) and v does not vanish in (c, 3), then we
obtain the Picone identity :

_d|u
dt | v

{u(A@e"y) -~

v

{u(A0")} = T {u(BOW)} —u(A@p") (u)/]
— AN + B+ OO — A (o~ )’

— (Bt — 2A(tW") { (“)'}2 T @

Proof. The following identity holds:

L ey + uamn) (4) + “u<A<t>v”>]



94 Tomoyuki TANIGAWA and Norio YOSHIDA

which is a special case of Dunninger [3, Theorem 2.2]. We easily obtain

(Y

Combining (3) with (4) yields the desired identity (2).

Theorem 4. Ifv € Dr((«a, 5)) and v does not vanish in (c, 3), then we
obtain the Picone identity :

% {u {u(A@)"Y — vla(t)uy} + lf, {o(a(t)u") —u(A(t)o")}

v

+= {o(b(Hu) —u(BHY)} - u(AM") cﬂ

v

=(a(t) — A(t)) (u")? + (b(t) — B(t))(«)? + (c(t) — C(t))u?

/ 2 u
FA(®) (u” . %M)Q +u(—2A(t0" + B(t) {(Z) } + = (uLfv] - vifu]).
(5)
Proof. It is easy to see that
] = [u(a(tpa”)] — & (ol (altpu)] — 5 [u(b(ty')]

Combining (2) with (6), we arrive at (5).

Remark 1. In the case where none of v and v’ does not vanish in (a, 3),
the Picone identity (2) reduces to (1) with a(t) = b(t) = c(t) = 0. It is easy
to check that

4 [“ {u(A(B)9")} +u(A(t)") (“)] -2 [(ZLQ),A(t)v” -

Since
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and

= (= o) 220 (v - )
ey (51 w4 (w5 ) o)

v’ )

= % [u {U’(A(t)v")}} — A(t) (u _ %v,,>2 LAWY (u B gv,)z

— (A" <“, - “)2 +A(t) (u" - Z,v”>2. (10)

Substituting (10) into the left hand side of (2), we observe that (2) reduces
to (1) with a(t) = b(t) = ¢(t) = 0.

3. Sturmian comparison theorems

By using the Picone identity established in Section 2, we derive Sturmian

comparison theorems.

Theorem 5. Assume that A(t) > 0 in (a, 3). If there exists a nontrivial
solution u € Dy((a, B)) of l[u] =0 in (o, ) such that

u(er) = u'(a) = u(B) = u'(8) =0

then every solution v € Dr((«, 8)) of Llv] = 0 in (o, ) satisfying
v(B(t)v —24(t)0") >0 in (a,p), (11)

B(t)v —2A(t)0" #0 in (o, ) (12)



96 Tomoyuki TANIGAWA and Norio YOSHIDA

has a zero on [, f3].

Proof. Suppose to the contrary that there exists a solution v € D ((«, 3))
of L[v] =0 in (e, B) which satisfies (11), (12) and the property that v # 0
on [a, f]. Integrating (5) over [a, 3], we find that

B

o(B(t)o — 2A()0") {(“)'}2 dt

(%

02V[u]+/

«a

>0

and therefore we obtain

/j o(B(tyw — 2A(t0") {(Z)'}Q dt = 0.

The assumptions (11) and (12) imply that (%), =0in («, ), thatis, u = kv
for some nonzero constant k. Since u(a) = u(f) = 0 and v # 0 on [«, (],

we are led to a contradiction. The proof is complete.

Theorem 6. Assume that A(t) > 0 in (a, 3). If there exists a nontrivial
function u € C?[a, B] such that

u(er) = u'(a) = u(B) = u'(8) =0, (13)

Mu] = / ’ [A() ()2 + B(t)(u)? + C(t)u?] dt < 0, (14)

then every solution v € Dr((a, B)) of L[v] =0 in (o, B) satisfying (11) and
(12) has a zero in («, 3) unless u is a constant multiple of v.

Proof. Let v € Dr((«, 3)) be any solution of L[v] = 0 in («, $) which
satisfies (11), (12) and the condition v # 0 in («, 3). In view of the bound-
ary condition (13) and the fact u € C?[a, 3], we see that u belongs to the

Sobolev space Hy ((, 3)) which is the closure in the norm
1/2

B2 ,
lull = llulls = /Z\u(”(t)!2dt (15)
=0

67

of the class C§°((a, 3)) of infinitely differentiable functions with compact
support in («, 3). Let {un,(t)} be a sequence of functions in C5°((«, 3))
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converging to u in norm (15). Then, the Picone identity (2) with u = w,,
holds. Integrating (2) with u = w,, over («, 3), we find that

Mlup] = /j

> 0.

v

A(t) (u;;l — Uva”f + v(B(t)v — 2A(t)v") {(%)’}2] dt

Since A(t), B(t) and C(t) are uniformly bounded on [a, (], there is a con-
stant K > 0 such that

| Mum] — Mlu]]

B
< K/ |y, (i, — )" 4 " (g — )" | dt
(0%
B
+ K/ [ul, (um, — )+ (g, — u)'|dt
(03

B
+ K/ [t (U, — w) + w(ty, — w)|dt.
Application of Schwarz inequality yields
| M ] — Mu]| < 3K (lum| + [[ul]) llum —ul].

Since lim ||um —u|| =0, we observe that lim Mluy,] = M[u] > 0, and
m—00 m—0o0

hence M[u] = 0 in view of (14). Let J denote an arbitrary interval with

J C (a,8) and define

H jlu] :/J

for u € C?[a, B]. We easily see that

2
" U 4 2 14 U !
A (u" - v ) +o(B(tw — 24t ){(U) } ] dt
0 < Hjlum] < Mup,]
and that the inequality

[H jlum] = Hylu]| < Kr([wmlls + [wl[ ) lwm = wlls
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holds, where K is a positive constant, w,, = t,,/v, w = u/v and the sub-
script J indicates the integrals involved in the norm (15) are taken over J.
As v # 0 on J, we see that lim |lw,, —w| =0 when lim |ju;, —ul =0,
m—0o0 m—0o0
and therefore lim Hjup,] = Hju]. Since lm Mlu,,] = M[u] = 0, we
m— 00 1100
obtain lim Hj[u,] = Hjlu] = 0. Hence, (¥)" = 0 in J, that is, u = kv
m—00
in J for some nonzero constant k. We conclude that v = kv in (o, 5) by

continuity, or u is a constant multiple of v. This completes the proof.

Theorem 7. Assume that A(t) > 0 in (a, 3). If there exists a nontrivial
solution u € Dy((e, B)) of l[u] =0 in (a, B) such that

then every solution v € Dp((a, B)) of Llv] =0 in («, B) satisfying (11) and

(12) has a zero in («a, 3) unless u is a constant multiple of v.

Proof. Using (6), we find that

B
V[u]:/ wllu] dt — MTu]

for any u € D;((a, B)) satisfying (13). Hence, we conclude that V]u] =
— M u)] for the solution u of {[u] = 0 satisfying (13). The conclusion follows

from Theorem 6.

Remark 2. The condition (11) holds true if B(t) > 0 and vv” < 0 in
(a, B).
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