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Some extensions of Griiss’ inequality

Saichi Izumino*, Josip E. Pecari¢** and Bozidar Tepes!

Abstract. We give some extensions of Griiss’ inequalities of discrete
and integral types, which refine or generalize recent results due to P.
Cerone and S. S. Dragomir and those due to some other authors.

1. Introduction

Let a = (ai,...,a,) and b = (by,...,b,) be n-tuples (sequences) of real
numbers, and let p = (p1,...,pn) be an n-tuple of positive numbers. Then
we define T'(a, b;p) by

1 < 1O 1 <
T(a,b;p) := B, > piaib; — B, Zpiaiﬁn > pibi, (1.1)
i=1 i=1 i=1

where P, = Y " | p;. It is (discrete) Griiss’ inequality that estimates this
difference under certain conditions. Cebysev’s inequality [7, p.240] is well-

known; it asserts that

n n n n
T(a,b;p) =0 or Zpi Zpiaibi > Zpiai Zpibi (1.2)
i=1 =1 i=1 i=1
under the condition that both a and b are nonincreasing (or nondecreasing),
ie.,

ap>-->apand by > -+ >b, (or a3 <---<a,andb <--- < by).
(1.3)
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As a complement of this inequality, Pecari¢ [8] proved:

Theorem A ([8, Theorem 8|, [7, p. 302]). Let a and b be nondecreasing
(or nonincreasing) n-tuples of real numbers, and let p be an n-tuple of

positive numbers. Then

Py (P — Py)
’T(Cb,b,p)‘ - ’a’n alen bl‘lgrl?gr)f—l PQ ?

n

where P, = Zlepi.

Without any assumption of monotonicity on n-tuples a and b, the fol-

lowing extension of Theorem A was given by Andrica and Badea [1]:

Theorem B ([1, Theorem 2]). Let a and b be n-tuples of real numbers
satisfying

mi S a; S Ml and mo S bl S M2 (Z = 1, ...,n), (14)

and let p be an n-tuple of positive numbers. Then

T(a,b;p)| < (M — my)(Ms — ms) max P(J)((P, — P(J))

JCIy P2 ’

where I, = {1,...,n} and P(J) =3, ;pi for J C I,. (cf. P, = P(I,).)

(1.5)

Using convexity of functions related to Griiss’ inequality, Izumino and
Pecari¢ [5] recently gave the following fact, from which Theorems A and B

were induced:

Lemma C ([5, Corollary 2.4 and Lemma 2.2]). Let a be an n-tuple of real
numbers satisfying m < a; < M (i = 1,...,n), and let p be an n-tuple of
positive numbers with Y ;- p; = 1. Then

> ppslac— o < (M —m)max PU)(1 = P, (16)

1<i<j<n

and in particular, if a is assumed to be nonincreasing,

Z pipj(a; — aj;) < (My —myq)

max Pk(l - Pk) (17)
1<i<j<n n-l

1<k<
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Concerning the integral form of Griiss’ inequality, recently Cheng and
Sun [3] (and Mati¢ [6]), as an improvement of the inequality due to Griiss

himself [4] gave the following result:

Theorem D ([3, Theorem 1.1], [6, Theorem 3]). Let h and g be integrable
functions on an interval [a,b] and let ¢p2 < g(z) < P9 (x € [a,b]) for some
constants ¢ < ®o. Then

‘b i p /ab h(z)g(z)dx — a2 /ab h(zx)dzx /abg(x)dx
b

B b
<¢2 ¢2 1

1
—a)2
<— o | @)= | hy)dy|dz

1
b—a

a

b
h(y)dy

h(x)

T b—a o

1/2
<(I)2_¢2 1 /b de :
- 2 b—a\J,

Let us note that the first inequality of the above theorem was shown by
Sokolov [10] in 1963. Corresponding to Theorem D, the following discrete

analogue has been shown by Cerone and Dragomir [2]:

Theorem E ([2, p. 376]). Leta and b be two n-tuples of real numbers with
me < b < M (i=1,...,n) for some constants ma < Ma, and let p be an
n-tuple of positive numbers such that " | p; = 1. Then

T(a.b: < My —ma - s - iy
‘ (a'7 7p)’ = 9 sz’az_zpja]’
=1 J=1

[V n n 1/q

2 — My

—5 > pilai =Y pja |t (¢>1) (1.8)
i=1 =1

n
M2 — mo
< —— max |a; — E Dja;| .
2 1<i<n —
J:

Now let 2 be a measurable space with respect to a positive measure p

on the set. For a measurable function w(z) > 0 on Q such that

00 > /Qw(x)du(x) > 0,
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we write L, (€, ) the Lebesgue space of (real-valued) p-measurable func-
tions f on €2 such that

[ 1@ ut)duta) < .
Q

Put
790 = ( [ w(x)dmm)_l [ w)f@gte)dute)
-(/ w(fﬂ)du(x)>_2 [ w)s@auta) [ wiagta)iuto)

Q

Then the following result was shown by Cerone and Dragomir [2], as an
extension of Theorem D and also integral analogue of Theorem E at the

same time:

Theorem F ([2, Theorem 2.1)). Let f, g € Ly, (Q, p) and let po < g(z) <
Oy (x € Q). Then

e (/Q w(w)du(x)> i

2
< [ wia)

In this paper, applying Lemma C and making use of the idea of Cerone

(1.9)

o w(az)du(x))_l [ 0 £t duo).

and Dragomir [2], we give some refinements and generalizations of all the-

orems mentioned before.

2. Discrete Griiss’ inequality

Hereafter we assume that an n-tuple p = (p1, - -+ , pp,) of positive numbers

satisfies

> pi=1 (2.1)

for convenience sake. Then T'(a, b;p) is rewritten as follows:

T(a,b;p) = Zpiaibi — Zpiai sz‘bi (2.2)
=1 =1 =1
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for n-tuples a = (aq,...,a,) and b = (by,...,b,). We often make use of the

following expression of T'(a, b; p).

T(a,b;p) = Y pipjla; —a;)(bi — b)), (2.3)

1<i<j<n
which is obtained from Binet-Cauchy identity [7, p. 85]:
n n n n
Z a;C; Z bldz — Z aidi Z bici = Z (aibj — ajbi)(cidj — dei)
i=1 i=1 i=1 i=1 1<i<j<n
or by a direct computation. The following fact is also useful for our discus-

sion.

Lemma 2.1 (cf. [7, p. 296]).

|T(a,b;p)| < T(a, a;p)l/QT(b, b; 110)1/2 (Cauchy’s inequality). (2.4)

Now we give a refinement of Theorems B, E (for ¢ = 2) (and also a result

due to Pecari¢ and Tepes [9, Theorem 2.4]):

Theorem 2.2. Let a and b be n-tuples of real numbers satisfying (1.4), and
let p be an n-tuple of positive numbers satisfying (2.1). Writea =Y ;| pia;
and b=3"" | pib;. Then

|T'(a, b;p)|
My — my — _
< % Zpﬂai —al
i=1
< (Mz —mo) Z pipjlai — a;| (2.5)

1<i<j<n

< (My —mq)(Mz —ma) JmCE}ifP(J)(l —P(J))



66 Saichi Izumino, Josip E. Pecari¢ and Bozidar Tepes

and
T(a, b p)]
) n 12 / n 1/2
< 5 (My = ma) V(M — mg)'/? (;mai - a\> <2mb¢ - b|>
1/2
< (My —my)Y2 (Mg — mg)'/? Z pipjla; — aj]
1<i<j<n
1/2
x| Y pipslai - ayl
1<i<j<n
< (M7 —mq)(Ma — ma) (Ijnca}xP(J)(l — P(J)).
(2.6)

Proof. For (2.5), the first inequality is nothing but the one in Theorem E.

For the second inequality, note that by the triangular inequality we have
n n n
> pilai—al =Y pil > pila;
i=1 i=1  j=1
<2 > pipjlai — a4,

1<i<j<n

(2.7)

Hence we have the desired inequality. For the third inequality, we obtain
it from (1.6) in Lemma C. (The last inequality is obtained easily.)

Next for (2.6), we have, by Lemma 2.1 and the first inequality of (2.5)
(or Theorem E),

|T(a,b;p)| < T(a, a;p)l/QT(b, b;p)l/2

1 n 1/2 1/2
< {2(M1—m1) (Zpi|ai_a|>} { (Mz —mg) (sz\b —b|>} :
i=1

(2.8)

This shows the first inequality. For the second inequality, we obtain, in
(2.7), that (for a)

n
> pilai—al <2 Y pipjlai —a,
i=1

1<i<j<n
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Similarly we have, for b,
n —
D pilbi =Bl <2 > pipslbi — byl.
i=1 1<i<j<n

Hence we have the desired inequality. For the third inequality, we obtain,

from (1.6) in Lemma C,

> pinglas—ag] < (M) —my) maxP(J)(1 = P(J))

1<i<j<n "

and similarly for b

Z pipj’bi — bj‘ S (MQ — mg) JmaxP(J)(l —P(J))

cI
1<i<j<n "

Hence we can obtain the desired inequality. O

Applying Cauchy’s inequality, we have a variant of (2.5) in the above
theorem:
Theorem 2.3. With the same assumptions as in Theorem 2.2,

T (a, b; p)

My — ma _
< 2Z;Pi|ai —al
1=

M n 1/2
My —mp (Z s — a)2>
=1

X 1/2 (2.9)
< E(MQ — mg) 1§;§npipj(ai —a;)?
1/2
< (00— m)(Ma = ma) (s UYL - P )

(S 2\1@(1\4’1 —my) (M2 — m2)> :

Proof. The second inequality is obtained from Cauchy’s inequality. For the

third and the fourth inequalities, using Cauchy’s inequality again and the
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fact |a; — aj| < My —my, we have

n
D pilai—a)* <2 > pipjlai — a;)?
i=1 1<i<j<n (2.10)

<2(My—mi) Y pipjlai —ag].
1<i<j<n

Hence, we obtain the desired inequalities (by applying (1.6) in Lemma C
to the last term of (2.10)). O

Now we have a refinement of Theorem A from the above theorems and
(1.7).

Corollary 2.4. If we, in Theorems 2.2 and 2.3, add the assumption that a
' ' ing, th l P(J)(1—-P(J) b Pr(1-
is nonincreasing, then we can replace max (J)( (J) by | Jnax | % (

Py) in the theorems.

Applying Cebysev’s inequality, we have:

Corollary 2.5. If we assume, in Corollary 2.4, that b is also nonincreas-
ing, then we can further replace |T(a,b;p)| by T(a,b;p)(> 0) in the theo-

rems.

3. Integral-type Griiss’ inequalities

To show an integral analogue of Griiss’ inequality considered in the pre-
ceding section, we define the Lebesgue space L,(f2) for a finite positive

measure p on ) by

L,(Q) = {f; f is 4 — measurable and /Q|f(:c)|du(:v) < oo}

(in a little more general setting than L,,(€2, u) defined before).  For con-

venience sake, we always assume that

/ dyi(z) = p() = 1.
Q
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Now we define T'(f, g; ) for f, g, fg € L.(2), by

T(f,g 1) = /f dplz) /Q f(2)dp(z) /Q g@)dp(z).  (3.1)

Corresponding to (2.3), we can obtain the representation of T'(f, g; 1) as

follows:
T(f.g: 1) = / / (@) — f@)(9() - g@)du(@)duly).  (3.2)

Integral-type Cebysev’s inequality [7, p. 273]:

T =0 o [ f@@dnta) > [ f@)inte) [ a@inte) 63)
is then induced from the condition that
(f(z) = f(¥)(g(z) —g(y)) = 0 for z, y € Q. (3.4)

(This is the case, say, if  is an interval of the real line R and both f, ¢
are nonincreasing (or nondecreasing.)
From (3.2), we can obtain the following inequality corresponding to

Lemma 2.1.

Lemma 3.1 ([7, p. 296]). For f, g € L%(Q) (= {f; /* € L.(Q)}),

IT(f, ;1) < T(f, f;1)/*T (g, g; 1) "/>. (3.5)

The following result is an integral version of Theorem 2.2 and it extends
Theorem F and also [6, Theorem 3.1]:

Theorem 3.2. Let f,g € L,(2) (or LZ(Q)), and let
my < f(z) < My and mg < g(x) < My (z€Q) (3.6)

for some constants m; < M; (i =1,2). Then

(gl < 225" [ 1) - flauta) (7= [ ine)
mZ//If )ldu(z)dy)
<2z [ i) - P <y>}1/2 o
<= Mo = { /Q 1) - f|2du<x>}1/2>
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and

T(f, 95 1)
(Ml - 7n1)1/2(]\42 . m2)1/2

< ([ 11w - fldu(:v)>1/2 ( / () - g|du(x))”2
< 50t~ 8t ([ [ 1569 et
< ([, [ 1ot = atwants <>)1/2

(S (My —mq)(Ma —mg) sup u(E)(1 — w(E)), if Qis locally compact> .
ECQ

(3.8)

<

N =

Proof. Tt follows from (3.1) that

T(f, g: 1) = /Q ((x) - Pg(@)du(z). (3.9)

First for (3.7), we see, from (3.9), that

fgu\<’/ ( MQ;LmQ)du(x)’

Lo -0 (M5 ) autw).

Mg—mg

_l’_

I(fgu!_ — fldu(z

which is the first inequality. To see the second and the third inequalities,

we have only to notice that

[ 15 - Tt /'/ ()| ute)
< [ [ 156~ swiduto)ante) (3.10)

< { /Q /Q (f(2) - £()) du(y)du<x>}l/2.
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For the identity after the third inequality, we can obtain it by an elementary
computation.
Next for (3.8), by Lemma 3.1 and the first inequality of (3.7), we have

T(f,g; 1) < T(f, f510)"*T (g, g5 1)"/?

1/2
< %(Ml— Y2 (Mg — mg)/? </ () = Fldp( )> (3.11)

(/ 9(z) — gldu( ))1/2,

which is the first inequality. The second inequality is obvious from the first
one of (3.10). Now if 2 is locally compact, then we can assume that f and

g are continuous. Put, for f,

= [ [ 156~ f@ldntwin)

Then Iy is approximated by the sum

Z [f (@) = fap) i EDn(E) =2 Y7 |f () = )l p(E))

i,j=1 1<i<j<n
with respect to a decomposition of measurable sets {E;}, x; € E; (i =
1,...,n) in Q. By (1.6) in Lemma C, we can see that
Y @) = fap)uE)p(Ey) < (My—mi)sup u(E)(L - p(E)),

1<i<j<n EcQ
so that

Iy < (M — ml)z}ép u(E) (1 — p(E)).

Similarly we have

= [ [ 1@ = 1)ldu)dutz) < (M = m)sup w(B)1 = ().

ECQ

Hence we can deduce the third inequality from the second one. O

Corollary 3.3. With the same assumptions as in Theorem 3.2 and the
additional condition (3.4), we can replace |T(f, g; )| by T(f,g; 1) (> 0).
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