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‘Remarks on Solutions of a Coupled Semilinear
| Parabolic System

Tokumori NANBU‘

1 Introduction

We are interested in the global solution U(z,t) = (u(z,t),v(z,t)) of the initial-
_ Dirichlet problem (1.1)-(1.3) for a coupled semilinear parabolic system

(1.1); i uy = Au+ flu,v), ©w>0 in Q=QxR",

(1.1)2 ve=Av+g(u,v), v>0 in Q=0xR'

with the initial condition

- (L.2) (u(z,0),v(z,0)) = (vo(z),vo(z))  in €
and the Boundary condition '

(13) (u(zt),v(z,1)) = (0,00 on QxRT.

Here Q is a smoothly bounded domain in RV (3 < N), Rt = (0, +00),the
functions ug(z) and vo(z) are of class C}(Q2) and nonnegative in . f(u,v) and
"g(u,v) (f, g € C}(R* x R')) satisfy some conditions which will be given later.
We state some known results on the asymptotic behaviour of solution of the
initial-Dirichlet problem (1.1)-(1.3) for a semilinear parabolic system.
Lemma.([PW(p.190, Th.13)]) Let u and v be a pair of functions

C*MQx (0,T)NC(x (0, T))
satisfying the inequalitieé
—u; +alAu < au+ v

—v; + bAv < yu + dv

in Q@ x(0,T), where a and b are positive constants and a, 3,7 and ¢ are bounded
in  x (0,T). Suppose further that -

B <0, v<0.. .
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Then the nonnegativity of u and v on P implies the nonnegativity of v and v in
Q x (0,T). Here P=(09 x [0, T}) U (€ x {0}).

C.S.Kahane considered the existence, uniqueness and asymptotic behaviour
for solutions of the initial-boundary value problem

(1.4)3 ur = aldu — juv, u >0 in Qr=0x(0,T),

(1.4)9 vy = bAv — kuv, v >0 in Qr=Qx(0,T)
with the nonnegative initial condition

(1.5) (u(z,0),v(x,0)) = (uo(z),vo(z))  in Q

and the boundary condition |

(1.6) w(z,t) = di(z,t), o(z,t)=va(z,t) on 89 x(0,T)

where a,b,7, and k are positive constants,yy, s, ug and vy are nonnegative
functions which satisfy ¥, (z,0) = wo(z), 92(z,0) = vo(z) on I , and 0 < T <
00.

C.S Kahane(|[KA]) proved the existence of a local solution in time by using
Green’s function.

Theorem 1.1.([KA]) Let u and v be a pair of functions

C*HQx (0,T)NC(Qx (0,T))

satisfying (1.4)-(1.6).
Then the nonnegativity of v and v on P implies

0 < u(z,t) <supu, 0 <wv(z,t) <supv
P P

for (z,t) € Q x (0,T) . Here P=(8% x [0,T]) U (2 x {0}).

Theorem 1.2.([KA]) The problem (1.4)-(1.6) has a unique nonnegative
solution in © x (0,7T") assuming given nonnegative continuous data prescribed
for »w and v on (89 x [0,T]) U (2 x {0}).

R.Martin posed a problem on the existence and uniform bounds of solution
U = (u,v) for the system :

w=Au—uw’, wu>0 in Q=QxR"

'vt:Av+uvﬁ, v>0 in Q=QXR+

with the nonnegative initial condition

(u(z,0),v(x,0)) = (uo(x), vo(z)) in Q
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and the boundary condition
u(z,t) =0, wv(z,t)=0 on 90 x RY.
Here 8 > 1,uq and v are nonnegative functions in €.

K.Masuda([MAS]). extented the Martin’s problem to the more general equa-
tions. He proved the existence and asymptotic behaviour of solutions of the
following system :

(17, utzAu—f(u,v)A in Q=QxR",

A‘(l 7)o o Av+g(u v) in QzﬂxR%
with the initial condition | | : _
(18) (u(z,0),0(z,0)) = (uo(e),wolx))  in 0
and the boundary condition |

(1.9) w(z,t) =0, wv(z,t)=0 on 89 xR,

Here Masuda assumed that the functions f(u, v), g(u, v) are non-negative, f(0,s) =
9(5,0) =0(s € R") and f(u,v), g(u, v) satisfy some additional conditions: there
- is a monotonically increasing function w(s) (s > 0) and a positive constant r with
9(u,v) Swi(u)(v+v7), and g(u,v) <wi(u)f(u,v) ( (v,v) € R x RY) .

M.Escobedo and M.A Herrero ([EH]) considered the following equation
—Au+tv?, w20 in Q=0x(0,T),

;=Av+ud, v>0 in Q=Qx(0,T).

Here p(> 0) and g(> 0) are positive constants and 0 < T < oo.
Recently , N.Bedjaoui and P. Souplet([BS]) considered the existence of the
solution (u,v) of the followmg initial-Dirichlet problem

=Au+vp—au, v>0 in QT—QX(Ooo)
=Av+uq—‘bvs, v>0 in Qr =Qx(0,00)

~ with the nonnegative initial conditidns and the zero boundary condition.

Pao([PAO]) considered t;he existence of solution of the following coupled
parabohc systern

(110)1 . 1t_:(Au1+f1(:z:,t,u1,u2) ‘in . QT:Q X (OvT)7

' (110)2 . Ug, = A’U,g-l- fg(.’l), t,ul,uz) in QT = x (O, T)
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with the initial condition

(1.11) (ui(z,0), us(z,0)) = (u10(z), u20(x)) in Q
and the boundary condition -

(1.12) uy(z,t) = ug(z,t) =0 on 0Qx (0,T).

Here 0 < T < c0.The functions fi(z,t, u1, ua), fa(z,t, v, ue) satisfy some mono-
tone conditions which will be given later.

Pao([PAOQ]) states the following definitions.

Definition 1 ([PAO]) Let J; x J be a bounded subset in R%. A vector
function (f1(u1, u2), f2(u1,up)) is defined in a bounded subset in R2.

(i) A function fi(u1,usg) is said to be quasimonotone nonincreasing if
for fixed uy, the function f(w1,us) is nonincreasing in u; for j # k .

(ii) A function fr(u1,us) is said to be quasimonotone nondecreasing if
for fixed wuy, the function fi(u1,us) is nondecreasing in u; for j # k .

Definition 2 ([PAO]) Let J; x Jo be a bounded subset in R?.

(i) A function F' = (fy, f2) is called quasimonotone nonincreasing in
J1 x Jy if both f; and f, are quasimonotone nonincreasing for (uy,uq) € Jy X Js.

(ii)) A function F = (fi, fp) is called quasimonotone nondecreasing in
Ji x Jo if both f; and f, are quasimonotone nondecreasing for (uy, us) € Jy X Js.

(iii) A function F' = (fi, f2) is called mixed quasimonotone in J; x J3 if
f1 is quasimonotone nonincreasing and f, is quasimonotone nondecreasing for
(u1,u2) € J1 x Jo (or vice versa).

Pao([PAO]) gives the definition on the ordered upper solution and lower
solution for the problem (1.10)-(1.12) as follows:

Definition 3. ([PAO] p.383) A pair of function ©w = (u1,%), v =
(uy,us) in C(QT)NCY2(QT) are called ordered upper and lower solutions
of (1.10)-(1.12) if they satisfy the relation = > wu and

ﬁkZQﬁkZQk (k=1,2) on BQX(O,T),

Uk (z,0) > uro(z) > up(z,0) (k=1,2) in
and if
(i)
T, — AUy — f1(T,T2) 20 > uy, — Auy — f1(uy,us)
Uy, — ATy — fo(U1,U2) 2 0 2> uy, — Duy — fa(uy,uy)

when (f1, f2) is quasimonotone nondencreasing,

(i)

w1, — ATy — f1(T1,u9) > 0 > uy, — Auy — fi(yy, 72)

Uy, — Ag — fo(uy, U2) 2 0 > uy, — Auy — fo(u1,uy)
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when (f1, f2) is quasimonotone nonincreasing,
and

(iii)

T, — ATy — f1(T@1,u9) > 0 > uy, — Auy — f1(uy, @)
Uy, — AUy — fao(u1,Ug) > 0 > uy, — Auy — fo(uy,us)

when (f1, f2) is mixed quasimonotone.

Let U, u be the lower solutlon and upper solution.
Define the sector

<u,u>= {(uv1,u2) € C(Dr) x C(Dr); (%1, uy) < (ul,ug) < (ﬂl,ﬂg)}

Pao([PAO]) -assumed that there exist bounded contlnuous function K; =
K (t z) such that (fy, f2) shtisfies the Lipshitz condition o

- (HF) |f1(t T Ul,u2) f,(t z,v1,0)| < Ki(juy _'Ull + |ug — vgl)

- for (ug,wy), (vl,vg) €<w, u>and (¢,z) € Dy (i=1,2).
Pao([PAO]) proved the existence of solution for the problem (1.10)-(1. 12)
Theorem 1.3. (Theorem 3.1 of Chapter 8 in [PAO]) Let (@, %) , (u;, up)
be ordered upper and lower solutions of (1.10)-(1.12) , and let (fy, f2) be quasi-
monotone nondecreasing in < @ ,w > and satisfy the condition (HF).Then the
problem has a unique solution u = (yl, ug) in < W , w > such that

(ug, ug) < (ug,u2) < (U, u) in ET,'

" Theorem 1.4. (Theorem 3.2 of Chapter 8 in [PAO]) Let (u1,%2) , (uy, uy)
‘be ordered upper and lower solutions of (1.10)-(1.12) , and let (f1, f2) be quasi-
monotone nonincreasing in < % , u > and satisfy the condition (HF).Then the
problem has a unique solution v = (u1,us) in < @ ,u > such that

(w1,u9) < (u1,u) < (U1,%2) in" Dr.

Theorem 1.5. (Theorem 3.3 of Chapter 8 in [PAO]) Let (@, %2) , (uy,us)
be ordered upper and lower solutions of (1.10)-(1.12) , and let (f1, f) be mixed
quasimonotone in < % ,u > and satisfy the condition (HF).Then the problem
has a unique solution u = (uy,u9) in < & ,u > such that

(u1,u9) < (u1,u2) < (¥1,) in Dr.

2 Semilinear parabolic system of the qua‘simono—
tone nonincreasing type |

We consider the existence and the asymptotic behaviour of solution U (z,t) =
(u(z,t),v(z,t)) of the initial-Dirichlet problem for a semilinear parabolic system

C(@2.1) wp=Au—juPv?, w>0 in Q=0xR",
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(2.1)9 v=Av—kuv®, v>0 in Q=QxR"

with the initial condition

(2.2) (u(z,0),v(z,0)) = (uo(z), vo(z)) in Q

and the boundary condition

(2.3) u(z,t) =0, wv(z,t)=0 on 90 x RT.

Here ug and vg are nonnegative functions which belong to C(Q), and
j>0,k>0,p2.1,q21,r_>_1<,s_>_1

are constants.

The case f(u,v) = —juPv?, g(u,v) = —ku"v® is quasimonotone nonincreas-
ing.
Theorem 2.1. The problem (2.1)-(2.3) has a unique nonnegative solution
in 2 x R* | and the solution (u, v) satisfies

[u(-y ) |oo + (-, t) oo g Cirexp(—Xot) (0<t)

where C'; depends only on ug, vg.
Here \g is the smallest eivenvalue of the problem

—Agg = Moo, gbo(m) >0 in €

with
do(z) =0 (z € 9N).

proof. For suitable constants Cy, C; the functions @ = (Cy exp(—MAotdo(z),
Caexp(—Aot)do(z)), u = (0,0) are ordered upper and lower solutions for the
problem (2.1)-(2.3). The existence of solution of the problem (2.1)-(2.3) is
proved by the theorem 1.4. The decay estimate is obtained by the upperso-
lution method.

3 Semilinear parabolic system of the mixed quasi-
monotone typ '

We consider the existence and the asymptotic behaviour of solution U (z,t) =
(u(z,t), v(z,t)) of the initial- Dirichlet problem for a quasilinear parabolic system

(3.1), g =Au—juPv? —v¥ u>0 in Q:QXR+,
(3.1)9 vw=Av+uP+kuv’, v>0 in Q=QxR*
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with the initial condition

(3.2) (ula,0),(x,0)) = (wo(), v0(x))  n D,
and the boundary condition ‘
33)  w=zt)=0, v(z,t)=0 on xR
. ~ Here ug and o are nonnegative functions which belong to Cj (€),and
' | - . . N+2
(H.3.1) j}O,k>O,p_>_ lL,g>lL,a>1,8>21,r>1,1<s< N+2'

We remark that the case (f,g) = (=7 uPv? — v ku'v® + uP) is mixed
quasimonotone . '
For u € H}(Q), we define.

1 1
Jo(u) = §||VU||% - km”u”iii
and '

Jy(w) = Jlull3 = lulliLs.

By Sobolev’s Lemma, we can define

d= inf sup Jo(Au)(> 0
' uEHl(Q)u;éO)‘>I()) o(du)( )

Since s (e 1, %)), we set the potential well set as

W = {ulu € H}(Q),0 < Ji(u), 0 < Jo(Mu) < d, for A € [0,1]}.

);
Theorem 3.1. Assume that vg(z) is small enough in the sense of potential
well. Under (H.3.1) the problem (3.1)-(3.3) has a unique nonnegative solutlon
in Q@ x R, and the solution(u, v) satisfies

(3.4) [u(t)]oo < Crexp(=Aot) (0 < 1)
and |
CONE IVe(@)llz < Cexp(=A*t) (0 <),

Here g is the smallest eivenvalue of the problem
| —Ado = Xogo, o(z) >0 .in - Q
with |
| po(z)=0 (z € 09).
A* is a constant which is determined by the given data.

proof. By the standard way (Cf.[LSU]) we can show the existence of a local
solution in time for the problem (3.1)-(3.3). Then from (3.1); we can obtain

(1) [u(t)]oo < Ciexp(—Aot) (0<t).

From (3.1), using the estimate (i) and the LP method (Cf.[NAN1] ,[NANZ] and
[NAN3] ), we can prove that ' - S

V@)l < Cexp(=A"t) (0 < 1).
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4 Semilinear parabolic system of the quasimono-

tone nondecreasing type
We consider the existence and the asymptotic behaviour of solution U(z,t) =
(u(z,t), v(z,t)) of the initial- Dirichlet problem for a quasilinear parabolic sys-

tem

(4.1), us = Au+avP —bu”, u>0 in Qr =Q xR,

(4.1)7 vw=Av+cul —dv®, v>0 in QT-—‘—QXR+
with the initial condition

(4.2) (u(z,0),v(z,0)) = (uo(z),v0(z)) in Q

and the boundary condition

(4.3) w(z,t) =0, wv(z,t)=0 on 0 x R*.

Here ug and v, are nonnegative functions which belong to C}(f), and

(H4.1.) p>2lg¢g>1r>1,5>1a>0,b>0,c>0,d>0

are constants. We assume that

(H.4.2) 1<pg<rs
and
(H.4.3) 1<pg=rs, bld >bid".

We remark that the case (f(u,v), g(u,v)) = (av? — bu", cu? — dv®) is quasi-
monotone nondecreasing.

Theorem 4.1. Under (H.4.1) ,(H.4.2), the problem (4.1)-(4.3) has a unique
nonnegative solution in  x (0,00) .

Proof. We can easily construct ordered upper and lower solutions for the
problem (4.1)-(4.3). Then by Theorem 1.3 we can prove Theorem4.1.

Theorem 4.2. Under (H.4.1),(H.4.3), the problem (4,1)-(4,3) has a unique
nonnegative solution and we have

|u(:, t)]oo + [v(+, t)]oo < Cexp(—Aot) (0 < t).

Proof. We can easily construct ordered upper and lower solutions for the
problem (4.1)-(4.3). The decay estimate can be proved by the uppersolution
method.
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