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Numerical Simulation of Immiscible Two-fluid
Flows by Flux-free Finite Element Method

Katsushi Ohmori and Hiroshi Okumura

Abstract

The purpose of this paper is to present a numerical model for immis-
cible incompressible two-fluid flows, which preserves the discrete mass of
the fluid more highly. This method is derived from the variational formu-
lation including the flux-free constraint for the Navier-Stokes equations by
the Lagrange multiplier technique and is implemented by the fractional
projection finite element scheme. The interface is expressed by the level
set of the pseudo-density function, so that we also solve the transport
equation by the finite element method. Finally we give some numerical
results to validate our proposed method.

Keywords : flux-free, finite element method, Lagrange multiplier, immiscible
two-fluid flows, mass preserving

1 Introduction

In numerical simulations for the free interface flow problems, it is needless to
say that it is important to reproduce the interface precisely, however, there is
also another important issue concerning the mass preserving. In fact, although
in the immiscible incompressible two-fluid flows the mass of the fluid should be
preserved in all time due to the incompressibility and immiscibility, we have
often experienced the gain or loss of the mass of both fluids in the numerical
simulation of such problems [9]. Therefore in this paper we are concerned with
the new finite element method for immiscible incompressible two-fluid flows
which ensures the good mass preserving. One of the cause of such phenomena
is that the numerical flux of the velocity of each fluid through the interface does
not equal zero. So that, introducing the flux functional on the interface, we
propose the flux-free finite element method in the Fulerlian framework, which
is derived from the variational formulation including the flux-free constraint
for the Navier-Stokes equations by the Lagrange multiplier technique. For the
mathematical foundation for this method we refer to Ohmori and Saito [11],
where the well-posedness of the stationary Stokes problem under the discrete inf-
sup condition and the basic error estimates have been shown. Similar idear using
the Lagrange multiplier technique with flux functional have already proposed
by Formaggia et al. [4] to ensure the mass preserving of the fluid for the free


https://core.ac.uk/display/70318603?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

interface problems as an application of the numerical method for the blood flow
problems in the cardiovascular system. However, their method is essentially
based on the Lagrangian approach. In the method of this type, since the location
of the interface is explicitly tracked using meshes moving with the interface, it
needs a costly resoning mesh procedure when the mesh become distorted. On the
contrary, in Eulerian approach the interface is captured on a simple fixed mesh
by the pseudo-density function or level set function. Then large deformations
and topological changes can also be handled easily. Therefore it is meaningful to
consider the mass preserving finite element method in the Fulerian framework.

This paper is organized as follows. In Sect.2 we present a model problem for
immiscible incompressible two-fluid flows. In Sect.3 we consider the flux-free
finite element method and show the numerical algorithm of our method. In
Sect.4 we show the approximation of the flux-functional. Finally, Sect.5 shows
the numrical results illustrating the effectiveness of our proposed method.

2 Mathematical model

Let © be a bounded domain of R? with the boundary I'. The domain €2 consisits
of two time-dependent subdomains Q, = Q,(t),a = 1, 2, such that

Q=0Q1(t)UQ(t) and Q) NQ(t) =0 for 0<t < T, (2.1)

where 1" is a constant. Subdomain €2, is filled with the fluid#« with density
Pa and viscosity po. We assume that two fluids are both viscous, incompressible
and immiscible. Furthermore, we assume that the physical effects of the surface
tension on the interface are negligible for simplicity. For any 0 <t < T let X
be the interface between the two fluids :

S = 3(t) = 0 () N (D). (2.2)

Here we set 'y, = 0Q,\X. Let n(® and 7(% be the outward unit normal vector
and the unit tangential vector to the boundary 0€),, respectively. It is clear
that n® = —n on the interface ¥. The governing equations for immiscible
incompressible two-fluid flows can be written by the Navier-Stokes equations :

( o (a)
Do ( gt +(u®. v)u<“>) = V-0 4+ p, F@ inQ,,

divu(® =0 in Qq,
ul® .pl =0 on Iy, (2.3)
(@ n(@). 7l =g on Ty,

()

ul®|_g = ug in Q,

where u'® is the velocity vector, p'® is the pressure, F(®) is the body force

per unit volume and u(()a) is the prescribed divergence-free velocity. The stress
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Figure 1: Two-fluid flow problem

tensor o(@ is defined as
o = —pT+ 20, D(u), (2.4)

where I is the identity tensor and D(u(®)) is the deformation tensor :
D) = %(vu@ + (V@) (2.5)

Furthermore we assume the following transmission condition on the interface :

uld = u®@ on X,
(2.6)
oW .n® @ .nM —5xn® ony,

where o is the surface tension coefficient and x is the curvature of the interface
Y. Condition (2.6) shows the continuity of the velocity and of the normal
component of the stress tensor at the interface, respectively. For simplicity we
assume that the surface tension effects are negligible, that is ¢ = 0.

In order to describe the evolution of the interface we assume that the in-
terface . = X(t) is defined by the level set of the pseudo-density function
© = p(x,t) as follows

Y ={x=(r1,22) | p(x,t) = 1/2}, for 0 <t <T. (2.7)

Since a particle on the interface remains on the interface for any time t &€
[0,7) by the immiscibility, the pseudo-density function ¢ satisfies the following
transport equation :

dp

— 4+u-Vo=0 inQx(0,17),

Y @ (0, T) 2.8)
@’t:O:(po an,



where u|g, = ul®. As for the initial condition @o we shall take the smooth
function such that

1 in Ql,
0o = 1/2 on ¥, (2.9)
0 in QQ,

Furthermore the unit normal vector on the interface 3 can be expressed by the
pseudo-density function ¢ as follows :

L VP

. 2.10
Vepllp=1/2 (2.10)

Thus we find that immiscible incompressible two-fluid flows are the problem
coupling the Navier-Stokes equations (2.3) and the transport equation (2.8).

On the other hand, it is clear that the flux of the velocity of each fluid through
the interface ¥ equals 0 in immiscible two-fluid flows by the incompressibility
condition and the free-slip boundary condition, (i.e.)

/ u® . n¥dy = 0. (2.11)
)

Since it holds that for 0 < t1 < to < T

t2
Po meas(Qq(t2)) — po meas(Q,(t1)) = / pa/ u® . n(® dydt, (2.12)
t1 by

the mass of each fluid should be preserved on any time ¢ € [0,7") by (2.11),
however, in many numerical simulations of these problems we have often expe-
rienced the gain or loss of the mass of the fluid. This is caused by the fact that
the discrete flux of the velocity on the interface ¥ does not vanish.

Therefore, introducing the flux functional (¢, u(®)s; by

(¢, u)y = / u® . n(® dy, (2.13)
b

we propose the flux-free finite element method which is derived from the varia-
tional formulation including the flux-free constraint for the Navier-Stokes equa-
tions by the Lagrange multiplier technique.

3 Flux-free finite element method

3.1 Variational formulation

In this section, we consider the flux-free finite element method for the Navier-
Stokes equations (2.3). Let {75} be a family of triangulations for the domain Q
such that

Q = Uger, K. (3.1)
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Let X = HY(Q)? and Q = L3(£) be two real Hilbert space with the norms ||- || x
and | - ||, respectively, Furthermore, let X; and @ be the conforming finite
element spaces such that a usual inf-sup condition. Here we set

X9 ={v,€Xy, | vy -n, =0o0nT} (3.2)

where ny, is the approximation of n(V).
Then we consider the following semi-discrete finite element approximation :

Find (up, pr, An) € X9 x Qp x R such that for 0 <t < T

ouy,

MW +up - Vug), vi) +2(p D(up), D(vn))

) —(ph, divve) + Ap(d, vi)s = (pF, vi) Vv, € X9, (3.3)
(gn, divuy) =0 Yan € Qn,
$n(9, up)s =0 Vén € R,

On the other hand, we also consider the finite element approximation for the

transport equation (2.8):
Find ¢p, € X}, such that for 0 <t < T

8A
(%, On) + (un - Vion, 0p) =0 V), € Xp, )

@h\t:o = $0h,

where g, is some approximation of yg.

In order to resolve such a nonlinear interaction we first resolve the Navier-
Stokes equations (3.3) with a fixed known interface, then, using computed ve-
locity fields, we resolve the transport equation (3.4). Having found the new
interface position we can calculate its normal vector, and, thus the density and
viscosity to be used on the next time step in the Navier-Stokes equations. For
more detail of the computational algorithm we discuss in the following subsec-
tion.

3.2 Flux-free finite element approximation

For the finite element approximration for the Navier-Stokes equations and the
transport equation we use the MINI element (P; ¢ Bubble/P;) and P, & Bubble,
respectively.

First, we define the finite element spaces using the MINI element as follows

Xp ={vn € CQ) | valx € PY(K) VK € T,} 5 B(K),
KET, (3.5)
Qn =1, €C(Q) | qn|x € PY(K) VK € T, /Qqhdx =0},



where P(K) is a set of linear polynomials on K € 7, and B(K) is spanned by
a bubble function b(K) = A\ A2A3 € H}(K). In practical computation we use
the bubble function with a scaling parameter [13]. Here we set X;, = Xp, x Xp,.

In order to define a full discretization of (IIj ), we consider the uniform mesh
for the time variable ¢ and define

tn =nAt forn=0,1,2, -, [T/At], (3.6)

where At > 0 is a time-step. We introduce the following bilinear form a(-, -) on
Xy X Xh :

a(up, vp) =2(p D(up), D(vy)). (3.7)

Furthermore, we define a tri-linear form ¢(-; -, -) on Xy, x X, x X, as follows :
1

c(Whs un, Vi) = 5{(p(Wh - Vun), va) = (p(Wn - Vi), un)}- (3.8)

Then we consider the following fractional-step projection finite element scheme
[10, 12] :

w, g +1/2
(phTth, vi) 4 c(uf; uf T2 vy
+a<uz+1/2’ Vh) — (pF’ Vh) \v/vh [= X?L’ (39)
uZ+1/2 =0 onT,
un—|—1 o un+1/2 .
(p%u Vh) — (pZ-H, dlvvh)
)\nJrl —0 v c XO’
+ART {0, Va)s vi € X9 3.10)
(gn, divuj™) =0 Yan € Qn,
En (@, UZ“>2 =0 Vé, € R
This projection method consists of the viscous step (3.9) and the projection step

(3.10). Equation (3.9) shows that the intermediate velocity uZH/ ? is computed

as the solution of a discretized momentum equation without the pressure term.
Ignoring the flux functional term, equation (3.10) shows that the intermediate

velocity uZH/ s decomposed into the sum of a solenoidal velocity u’[frl and

the gradient of a scaler function propotional to the pressure pZ'H.

On the other hand, we have to solve the transport equation in order to
determine the density p and viscosity p. In this paper we consider the following
pure advection problem with fixed velocity in each time interval (¢, tp4+1] :

n+l  n
(%, Oh) + () - VIt 0,) =0 Y0, €X),.

902 is given,

(3.11)
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where uj is a given constant vector and ¢ is an approximation of ¢¢ shown in

Figure 2. In practice, for example, we take uj = uZH.

Figure 2: Initial value )

The values of p and p in equations (3.9)-(3.10) are approximated by the
piecewise constant on K € 7p,, respectively :

plx =P p1+ (1 —Pk) p2,
(3.12)

plr =Pk p+ (1 —Pk) pe,
where T3 = ${H (9] ) + He(#h i) + He(¢h 1) }s @7 ges1 < i < 3, is the
approximation of ¢} at the vertex K; of K € 7Tj, and H,(-) is a cut-off function
defined by

1 (p>1),
He(p) =9 ¢ (0<p<1), (3.13)
0 (p<0).

4 Approximation of flux functional

As for the approximation of the flux functional, it is necesarry to clarify the
definitions of the approximate interface X5, and the approximation of the normal
vector n, respectively. From the definition of the interface > it is natural to
define the approximate interface X5 by the 1/2-level set of ¢}. Since ¢} is
approximated by P, @& Bubble-element, we may assume that the approximate
interface Y, is piecewise linear on K € 7y,. If we approximate n using (2.10) as
follows;

_ Vi
Vi

ny, on Xy, (4.1)

then ny, is a constant vector on K € 7. So that, we extend ny|x into nj|x €
Py (K) for K € Tp, by considering the following auxiliary variational problem :



Find n; € Wy, such that

(np, wp) = (0, wp)  Ywy € Wh, (4.2)
where
Wi, ={w;, € (C(Q)* | w, € (P (K))* VK €Ty}, (4.3)
and
~ n,lxk (EpnNK #0 VK €Ty),
ho { 0 (otherwise). (44
Thus we define the approximate flux functional as follows:
(P, up)y, = /2 up -nypdy Vu, € Xp,. (4.5)

Evaluating the line integral by the trapezoidal method, we have the following :
(@, un)s, = > / up, - ny dy
Ker]’h Z}LHK

~ Z @(Uhﬂxa)‘nik(xa) + un| (%) - 13, |1 (%0))
KeT,

where x,, x;, € 0K N Yy, and || - || denotes the Euclidean norm.

Figure 3: An approximate interface >p,

Remark 4.1 Since in the fluz-free finite element method we have to evaluate
the flux functional (¢, up)x, on all elements K € Tp, and then be assembled into
the whole finite element matriz even if the interface 3. is located anywhere in
the domain  and has any large deformation and topological change.
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5 Numerical experiments

In this section, we give some numerical results to validate our proposed method.
The first example is an immiscible two-fluid interface problem [3] and the second
one is a sloshing problem [3] in a closed container filled with an immiscible
two-fluid which is subjected to a horizontal periodic vibration and the gravity
acceleration.

5.1 Two-fluid interface problem

We consider a simple two-fluid flows where two immiscible fluids are initially at
rest in a closed container 2 = (0,1) x (0,1) and the initial interface is stepped
with the elevation An from an average height 7. The definition of the problem is
illustrated in Figure 4. Fluid properties are shown in Table 1. The computaions
were performed on the triangulations based on 20 x 20 and 40 x 40 regular
meshes of the union-jack type. We impose the free-slip condition on the domain
boundary. Parameters and conditions are summarized in table 5.1.

l g Q>
>
L T
\ 4 An \\\
A ~’~\t =0
...... ]
n t=0 R
Qi

Figure 4: Two—fluid interface problem with initial stepped interface

Table 1: Fluid properties

set  p1 o1 p2 2 An:np
A 1.0 0005 09 0.005 2:5

B 40 001 1.0 0.01 1:5

Table 2: Cases computed for two-fluid interface problem



case Mesh Total time Time steps Flux Property

(Union-Jack) T T/ At] functional set
Al 20 x 20 100 2500 Yes A
A2 20 x 20 100 2500 No A
A3 40 x 40 100 5000 Yes A
A4 40 x 40 100 5000 No A
B1 40 x 40 80 8000 Yes B
B2 40 x 40 80 8000 No B
B3 40 x 40 80 16000 Yes B
B4 40 x 40 80 16000 No B

Figure 5 shows the time histories of elevation of the interface at the left and
right sides of container, denoted respectively as L and R, where "with flux
functional” denotes the results obtained by our proposed method and ”"w/o
flux functional” denotes the results obtained by the method without the flux
functional. From this result we observe that our method gives almost same
phenomena as the method without flux functional at least in the behavior at
the left and right sides, however, we find that there is a crucial difference between
two method from Figure 6. In fact, from this result we can observe that our
method gives almost zero flux, while the method without flux functional gives
negative flux in almost computation time. That is, there is a strong possibility
that in the method without flux functional the mass of the fluid#1 increase
during the computation time by the sign of the flux. The similar phenomena can
be seen in the case of the 40 x 40 mesh shown in Figure 7. Such phenomena are
remarkable in the case of relative high density ratio (the set B). From Figure 8,
we find also the negative flux during almost computation time. This also implies
the possibility of the mass increasing of fluid#1. In fact from Figure 9 we can
observe that the elevation of the interface at right side R keeps up about 2%
from the average height since ¢ = 40. This means exactly that the mass of the
fluid#1 increase. Figure 10 shows the time histories of the Lagrange multiplier
for the set A using 20 x 20 and 40 x 40 meshes, respectively. We find that the
absolute value of the Lagrange multiplier is about 1076 - 10=7, and it seems
that |An| converges to 0 very slowly. Figure 11 shows the velocity vector and
the interface and Figure 12 shows iso-contours of the pressure obtained by the
proposed method.

5.2 Sloshing problem

Sloshing problem consists of looking at the oscillations of the interface between
two immiscible fluids in a two-dimensional container € = (0,1) x (0, 1) as shown
Figure 13. The initial interface is at rest with a flat interface with an average
height 0.5. The system is subjected to gravity g = 9.8 and a horizontal periodic
acceleration with amplitude A = ag and frequency w = 27 3. In this example
we plan to evaluate the performance of the proposed method for low and high
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Figure 5: Time history of elevation of the interface at the sides L and R(Case
Al and A2).
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Figure 6: Time history of flux of velocity through the interface.(Case Al and
A2)
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Figure 9: Time history of elevation of the interface at the side R(Case B1 and
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Figure 10: Time history of Lagrange multiplier [A;|(Case A1l and A3).
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Figure 12: Pressure contours at (a) t = 0.1, (b) t = 0.3, (¢) t = 0.5, (d) t =

(Case B1).
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Figure 13: Sloshing tank problem

Reynolds number flows. Here we assume that p1 = p2 and p1 > po. Fluid prop-
erties and other parameters are summarized in table 5.2 and 5.2, respectively.
We also impose the free-slip condition on the boundary of the domain §2. The
computations were performed on the same triangulations in Sect. 5.1.

Table 3: Fluid properties

set  p1 1 P2 M2 a B
C 10 0.01 091 0.01 0.05 0.0625

D 1.0 0.001 091 0.001 0.25 0.125

Table 4: Cases computed for sloshing problem

case Mesh Total time Time steps Flux Property
(Union-Jack) T [T/ At] functional set

C1 20 x 20 200 5000 Yes C

C2 20 x 20 200 5000 No C

C3 40 x 40 200 10000 Yes C

C4 40 x 40 200 10000 No C

D1 20 x 20 100 5000 Yes D

D2 20 x 20 100 5000 No D

D3 40 x 40 100 10000 Yes D

D4 40 x 40 100 10000 No D

Figure 14 shows the time histories of the elevation of the interface at the
left and right sides of container for both our proposed method and the method
without flux functional in a low Reynolds number flow (the set C). As well as
the results in previous problem, we observe that our method gives almost same
phenomena as the method without flux functional at least in the behavior at
the left and right sides, however, we also find that the method without the flux
functional gives non-zero flux during the computation time as shown in Figures
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Figure 14: Time history of elevation of the interface at the sides L and R(Case
C1 and C2).

15 and 16. Figure 17 shows the time histories of the Lagrange multiplier for
the case C1 and C2. From this results, we also observe that the Lagrangian
multiplier converges to 0 very slowly.

On the other hand, the results in high Reynolds number case D are very
interesting. We can observe some difference between two methods for the time
histories of elevation of the interface as shown in Figures 18 and 19. Further-
more, we can observe considerably disrupted flux in Figures 20 and 21. In fact
these phenomena may be proved by the large deformation of the interface as
shown in Figure 23. This suggests that in high Reynolds number flows the usual
method without the flux functional may not preserve the mass of the fluid, but
our proposed method may withstand the large deformation of the interface with
good mass preserving.

6 Conclusion

We have introduced the flux-free finite element method using Lagrange multi-
plier for immiscible two-fluid flows. The study was focused on the numerical
scheme of this method and its numerical performance. In such a context, three
main points have been addressed: (1) our proposed method shows the good
mass preserving by the almost zero numerical flux and (2) the cause of the gain
or loss of the fluid mass is the producing the numerical flux on the interface
during the numerical computations, and (3) the algorithm is easy to code the
initial Eulerlian mesh remains the same throughout computation.
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