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ABSTRACT. In this paper we determine the group of endotrivial modules for cer-
tain symmetric and alternating groups in characteristic p. If p = 2, then the group
is generated by the class of Q" (k) except in a few low degrees. If p > 2, then the
group is only determined for degrees less than p?. In these cases we show that
there are several Young modules which are endotrivial.

1. INTRODUCTION

Endotrivial modules play an important role in the modular representation theory
of finite groups. They are the building blocks of the endo-permutation modules and
are an essential part of the Picard group of self equivalences of the stable category
of kG-modules in the case that G is a finite group and k is a field of characteristic
p. A few years ago, the first author and Jacques Thévenaz completed a program
to classify the endotrivial kG-modules over p-groups [10]. Building on this result,
Bouc [7] has completed a similar program to classify the endo-permutation modules
over p-groups.

More recently, using the classification for p-groups, the authors of this paper
started a project to classify the endotrivial modules over families of finite simple
groups and related groups (cf. [8]). For a finite group of Lie type in the defining
characteristic, we have found the structure of the group of endotrivial modules and
explicit generators for the group in many cases. The group of endotrivial modules
is cyclic, generated by the class of the syzygy module €2(k), except in the cases that
the group has Lie rank 1, or that the Lie rank is 2 and the field of definition of the
group is small.

The natural next case, which we introduce with this paper, are the groups of en-
dotrivial modules for the symmetric and alternating groups. In spite of the advanced
nature of the representation theory of symmetric groups, determining the torsion in
the endotrivial group is considerably more difficult than the case for groups of Lie
type. To this point, we have only partial results. In particular, we give complete
classifications with generators for the symmetric and the alternating groups, >,, and
A, on n letters, in the cases that p = 2, or that p > 2 and n < p?.
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Let k£ be a field of characteristic p which is a splitting field for a given finite group
G and all its subgroups, and let T'(G) denote the group of endotrivial kG-modules.
In this paper we prove the following.

Theorem A: Let ¥, be the symmetric group on n letters.
(a) If p = 2, then

{0} if n<3,
772 if n=4,5,
7 if n>6.

(b) If p >3 and 1 <n < 2p, then

{0} if n<p,
T(En)=q Z/2(p—1)Z if n=p, p+1,
ZR2p—1)Ze®(2)2Z) if p+2<n<2p.

T(%,) =

(c) If p> 3 and 2p < n < p?, then
T(5,) = Z® (Z)2Z)* if2p<n<3p,
VT 28 (Z)27) if 3p<n<p’.
(d) If p > 3 and p* < n, then

2 ifp?<n<p*+p,

the torsion free rank of T'(%,,) is { | i pip<n.

Theorem B: Let A, be the alternating group on n letters.
(a) If p = 2, then

(0} it n<3
) zew@sz) it n=4 5,
T(An) =\ 72 it =6 7.
Z if n>8.

(b) If p >3 and 1 <n < 2p, then

{0} if n<p,
T(A) 2] 2/p- 120 @/22) i n=pp+1,
Z)2(p—1)Z if p+2<n<2p.

(c) If p >3 and 2p < n < p?, then

7Z®(Z/AZ) ifp=3andn=6, 7,

7Z® (2/22)? ifp>3andn=2p, 2p+1,
7 (Z/)22)  if2+2<n<3p,

) if 3p <n<p?.

T(A,) =

(d) If p > 3 and p* < n, then

2 ifpP<n<p’+4p,

the torsion free rank of T'(4,,) is { 1 ifpl+p<n.
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In the case that p = 2, the problem is reasonably straightforward because the
Sylow 2-subgroups are self normalizing except in a couple of well known cases.
These results are found in Section 4. A surprise in the odd characteristic case for
the symmetric groups is that there are several Young modules which are endotrivial.

We strongly suspect that for p > 2 and n > p?, the groups T(%,) and T'(A4,,) have
no torsion, beyond that coming from the sign representation. The torsion free ranks
of these groups are known from general principals that give us the results stated
above. That is, the torsion free rank of 7'(G) depends only on the number of G-
conjugacy classes of maximal elementary abelian p-subgroups of order p?. However,
we do not know (yet) how to determine generators for the torsion free part of 7'(G)
unless this rank is 1, or, if p = 2 and the Sylow 2-subgroups are dihedral. For our
purposes, this concerns the groups T'(%,) and T'(4,) for p > 3 and p* < n < p* +p.
In addition, finding the torsion elements of T'(3,) and T'(A,,) for p > 3 and p* < n
have not been completed as of this writing. We plan to investigate these issues in
future work.

Several of our calculations for small groups relied on the algebra software MAGMA
(cf. [6]). The computations turned out to be very effective in revealing to us that
there are nontrivial endotrivial modules whose class is a torsion element in the
group of endotrivial modules. This led us to understand and prove the underlying
theoretical facts.

We are grateful to David Hemmer for providing us with several useful insights
about symmetric group representations during an Oberwolfach meeting in March
2006.

2. SETTING

Throughout the paper, let G be a finite group, usually the symmetric group 3, or
the alternating group A,, acting on the set {1,...,n}, for some n, and let k be a field
of characteristic p which is a splitting field for G' and all of its subgroups. For this, it
is sufficient that k& contains all m' roots of unity where m is the order of G. When
defining subgroups of the symmetric or alternating groups we assume the natural
ordering on the letters unless otherwise indicated. For example, we write H =
Yo X 2 C 3, to mean the subgroup where ¥, is the collection of all permutations
on {1,...,a} and ¥, is the set of all permutations in ¥, on {a + 1,...,a + b}
(a+b<n).

For two subgroups H and K of G let [G/H| denote a complete set of representa-
tives for the left H-cosets in G and let [H\G /K] be a complete set of representatives
for the H-K double cosets in G. Normally, we assume that the identity element 1
of G is one of the representatives, so that [G/H]\ {1} means a set of representatives
of the nonidentity cosets.

We consider only finitely generated left modules over group algebras. If M is a
kG-module, we write Res% M, or M 1& | for the restriction of M to kH where H is
a subgroup of G. If N is another kG-module, we denote by Homy (M, N) the kG-
module of all k-linear maps M — N . We let End;, M = Homy (M, M) denote the
k-endomorphism ring of M. The k-dual of M is M* = Homy(M, k), where k also
denotes the trivial kG-module. Let M ® N be the tensor product of two modules M
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and N over the base field k£ with diagonal action of the group G. We write M | N
to mean that the module M is a direct summand of V.

For M a kG-module, we denote the kernel of the projective cover P — M by
Q(M) and the cokernel of the injective hull M —= @ by Q~'(M). Inductively, we
define for any n > 1, Q"(M) = Q(Q"1(M)) and Q"(M) = Q1 (Q'""(M)). The
combinatorics are that (Q"(M))* = Q™"(M*) and that, for any module NV, there
exists a projective module P such that Q"(M)®@ N 2 Q"(M ® N) @ P.

We write mod(kG) for the category of all finitely generated kG-modules and
stmod(kG) for the stable module category, namely the quotient of mod(kG) by the
subcategory of projective modules. That is, the stable category has the same objects
as mod(kG). For two finitely generated kG-modules M and N, the morphisms from
M to N in the stable category are given by

Hom, (M, N) = Homyg(M, N)/ PHomys(M, N) |

where PHomyg (M, N) is the subspace of homomorphisms that factor through a
projective module.

Definition 2.1. A kG-module M is endotrivial provided Endy M = k @ (proj), or
equivalently, End, M = k in stmod(kG).

Recall that Homy (M, N) = M* ® N as kG-modules. Consequently, the tensor
product of two endotrivial modules is endotrivial. This allows us to define the group
of endotrivial modules, whose elements are classes [M] as follows.

Definition 2.2. Two endotrivial kG-modules are equivalent if they are isomorphic
instmod(kG). Thatis, [M] = [N] if M&P = N&Q for projective modules P and
Q. The group of endotrivial kG-modules is the set T(G) of equivalence classes [M] of
endotrivial kG-modules M , with the operation given by the rule [M]+[N] = [M @ N].

Clearly, T'(G) is abelian, and we have that 0 = [k] and —[M] = [M*]. Further-
more, if p does not divide the order of G, then every module is projective. In this
case, the definition of an endotrivial module does not have much meaning, as every
object in the stable category is equivalent to the zero object, and also every module
is an endotrivial module, by a strict interpretation of the definition. In that case,
we set T'(G) = {0}.

The next theorem collects some useful properties of the group T'(G).

Theorem 2.3. Let G be any finite group. The group T(G) is finitely generated.
Thus, there is a torsion-free subgroup TF(G) of finite rank, such that T'(G) =
TT(G) ® TF(G), where TT(G) denotes the torsion subgroup of T(G).

(a) The modules Q"(k) are endotrivial and their classes generate a cyclic direct
summand of T(G) [1, 11, 12, 10].

(b) Let n denote the number of conjugacy classes of mazimal elementary abelian
p-subgroups of p-rank 2 in G. Then the rank of TF(G) is n if G has p-rank
at most 2 and is n + 1 if the p-rank of G is greater than 2 [1, §].

(c) If E is an abelian p-group having p-rank at least 2, then T(E) = Z and is
generated by the class of Q(k) [11, 12].
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(i) If G has p-rank at least 2, then the product of the restriction maps
Res: TF(G) — [[z T(E)

from TF(G) to all of the elementary abelian p-subgroups E of p-rank 2
of G, is injective [1, 8].

(ii) A kG-module is endotrivial if and only if its restriction to every elemen-
tary abelian p-subgroup of G is endotrivial [10].

(d) Let P be a Sylow p-subgroup of G.

(i) The torsion subgroup TT(P) is trivial except in the case that P is cyclic,
quaternion or semidihedral [10].

(ii) If TT(P) is trivial, then TT(G) is generated by the classes [M] of inde-
composable endotrivial kG-modules M such that M|$ = k & (proj), for
a projective kP-module (proj) [8]. (Note that in general, a module with
vertex P and trivial source is not endotrivial.)

(e) The restriction map Res$ : T(G) —=T(H) is injective, provided the sub-
group H of G contains the normalizer of a Sylow p-subgroup of G [8].

It follows from (d) in the above theorem that the torsion subgroup TT(P) of T'(P)
is often trivial. We will show in the next sections that, as a consequence of this,
then TT(G) is generated by the equivalence classes of the indecomposable trivial
source modules that are endotrivial, for an arbitrary finite group G having a Sylow
p-subgroup isomorphic to P. If G is the symmetric group, it turns out that some of
these modules can be found among the Young modules. We refer the reader to [18]
for the basic background on the representation theory of the symmetric groups,
and to [14], [16] and [17] for deeper investigations of the Young modules. Some
computer computations of Young module can be found on the first author’s web
page (http://www.math.uga.edu/ jfc/hecke.html).

Definition 2.4. Let A = (A, ..., \x) be the a partition of n and let G = %,,.

(a) A Young subgroup X, associated to A is a subgroup of G that is conjugate
to Z)\l X XZ/\k.

(b) The Specht module S* associated to A is the kG-module with k-basis the
set of standards polytabloids (cf. [18]). It is a submodule of the permutation
module M* = k7§ .

(c) The Young module Y* associated to \ is the unique (up to isomorphism)
indecomposable direct summand of M* that contains S*.

It should also be mentioned that all of the indecomposable direct summands of
the permutation modules M?* are Young modules Y* for some partitions p which
are greater than or equal to A in the dominance ordering. In particular, we will call
upon the following observation.

Lemma 2.5. Suppose that S is a Young subgroup of G = %, that contains a Sylow
p-subgroup of G. Suppose that N is an indecomposable kG-module such that N|§ =
k @ (proj). Then N is a Young module with vertex a Sylow p-subgroup of G.
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Proof. Because S contains a Sylow p-subgroup, N is relatively S-projective. Con-
sequently, N is a direct summand of N [§1¢ . Since k is a direct summand of

N|$ | then a vertex of N is a Sylow p-subgroup of G, and N is a direct summand
of k1§ . O

Remark 2.6. Note that in the proof of the above lemma, N is a Young module
simply because every indecomposable summand of k1§ is a Young module. We can
not conclude that N is the Young module corresponding to the same partition as
the Young subgroup S. Indeed, the trivial module N = k satisifies the hypotheses
of the Lemma, even when the subgroup S corresponds to a non-trivial partition.

3. SOME GENERALITIES

In this section we present a few general results that will be used in the course of
this paper.

Proposition 3.1. Suppose that H is a normal subgroup of G and that p does not
divide the index of H in GG. Let M be an indecomposable endotrivial kG-module.
Then M|$ is endotrivial and indecomposable.

Proof. Assume that H is normal in G and that M is an endotrivial indecomposable
kG-module. Then M|% = My @ @, with M, an indecomposable endotrivial module
and () a projective module. Since p does not divide |G : H|, M is projective relative
to H and we deduce that M is a direct summand of My1% . It follows that M |%
is a direct summand of My1% |4 = EBQG[G/H] 9M, since H < G. The only way that
this can happen is if () is the zero module. Il

Lemma 3.2. Let H be a subgroup of G that contains a Sylow p-subgroup P of G.
If |P| > |G : H|, then the kernel of the restriction map Res% : T(G) —T(H) is

generated by the classes of the one dimensional kG-modules M such that M|% = k.
In particular, if G = 3,, H = %,_1, n > 2p and if p{ n, then the restriction map

Res$ : T(G) —=T(H) s injective. The same applies if G = A, and H = A,_;.

Similarly, if p > 2, then the kernel of the restriction map T(3,) — T(A,) has
order 2 and is generated by the class of the sign representation.

Proof. Let M be an indecomposable endotrivial kG-module such that M| = k @
(proj). Then, by relative projectivity and a vertex argument, we have that M | k1% .
Since Dim(k1$ ) = |G : H| < |P|, the kH-module M|% has no nonzero projective
summand. Therefore, Dim(M) = 1.

Assume that G =X, and H =%, (resp. G = A, and H = A, ), with n > 2p.
Assume also that p { n. Then, the index |G : H| = n < |P|, where P is a common
Sylow p-subgroup of G and H. Hence, Ker(Res%) consists of the isomorphism
classes (in stmod(kH)) of the 1-dimensional kG-modules that restrict trivially to
H. If G =%, or G = A,, then there is exactly one such module: the trivial
module. Likewise, Ker(Resﬁz) is generated by the class of the sign representation if
p > 2. U
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We will now provide some general information about the situation when the field
has characteristic 2. The following proposition is recorded in [3, Lemma 5.4, Theo-
rem 5.5].

Proposition 3.3. Suppose that G is a finite group whose Sylow 2-subgroups are
dihedral. Then G has two conjugacy classes of elementary abelian 2-subgroups of
rank 2, represented by subgroups E, and E,. Let Py be the projective cover of the
trivial kG-module k. Then taking the radical modulo the socle of Py (i.e. the “heart”
of Py) we get
Rad(Py)/ Soc(FPy) = M & M™* |
where M|, = Q(k) and M|$, = Q (k). Hence, M is an endotrivial module and
TF(G) = ([Q(k)], [M]) = 2.

Moreover, if a dihedral group D is a Sylow 2-subgroup of G, then the restriction map
Res$ : TF(G) —=T(D) is an isomorphism.

Proposition 3.3 provides the answer to a question that was left open in [8]. Namely,
in the case that G =PSL3(F2) (i.e. the finite group of Lie type A2(2)), we have that
the Sylow 2-subgroups are dihedral of order 8. In [8, Theorem 8.1], we demonstrated
that T(G) = Z*. Now, the diagram of the projective cover Py of the trivial module
is (cf. [5, Section 11})

k
M M* . with M of dimension 3 .
k

So, we have Rad(Fp)/ Soc(F) = M & M*. By Proposition 3.3, M is endotrivial and
we have T'(G) = ([Q(k)], [M]).

We end this section with a known result about the normalizers of the Sylow 2-
subgroups of the symmetric and alternating groups.
Proposition 3.4. Let n be a positive integer.

(a) The Sylow 2-subgroups of ¥, are self normalizing for all n.
(b) The Sylow 2-subgroups of A, are self normalizing for all n > 6.

Proof. This is a result due to Louis Weisner, cf. [21, Corollary 2, Theorem p.124]. O

4. THE CASE p =2

In this section, we give a complete characterization of the group 7'(G) in the case
that G = %, and G = A, for p = 2. For each family of groups, we first determine
the isomorphism type of T'(G), and then describe the generators in detail.

Theorem 4.1. Suppose that G = %, andp = 2. Then TT(G) = {0}, for all positive
integers n. We have that

{0} if n<3,
T(G)2TF(G)~=<{ Z? if n=4,5,
7 if n>6.
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Proof. Let P be a Sylow p-subgroup of G. In this case, N := Ng(P) = P, by
Proposition 3.4. By the classification of endotrivial modules of a p-group (cf. [10]),
we know that TT(P) = {0}. Indeed, P is either cyclic of order 2, dihedral of order
8, or has all maximal elementary abelian 2-subgroups of 2-rank at least 3, in the
three cases. The last statement is an exercise for the reader. If n = 6 or 7, then
P is a direct product of a cyclic group of order 2 with a dihedral group of order 8,
and the conclusion about the ranks of the maximal elementary abelian subgroups is
obvious. If n =8 or 9, then P is a wreath product of a dihedral group of order 8 and
a cyclic group of order 2, and again the conclusion holds. For larger n, we always
have that P is a direct product of wreath products of Sylow subgroups of smaller
symmetric groups.

Because N = P, we have that TT(N) = {0}, and so TT(G) = {0}. The result
for T'(G) is then a direct consequence of Theorem 2.3 and of [8, Corollary 3.2]. O

Let us now explore the group T'(G) further. First, note that in the theorem, if
T(G) is cyclic, then T(G) = ([Q2(k)]), and this tells us all about T'(G), for n > 6 or
n < 3. When n = 4 or 5, the class [Q(k)] generates one summand of T(G), and,
because P is dihedral, there are at least two ways of finding a generator for the other
summand. For one we know the structure of the projective cover Fy of the trivial
module k, as in Proposition 3.3. The structure of these modules can be seen from
the diagrams in [5]. The other method is to draw on the classical representation
theory of the symmetric group, which turns out to be a matter of linear algebra.

Say P = (x,y | * = y*> = (zy)* = 1), so that the center of P is generated by the
element (zy)?. By [9, Theorem 5.4], we have that T'(P) = ([Q(k)], [Qp/w(k)]) = Z2,
where Qp),y(k) is the kernel of the map k[P/(x)] — k sending each coset u(x)
to 1, and k[P/(x)] is the permutation kP-module with k-basis the cosets of P/(x),
on which P acts by left multiplication.

On the other hand, the Specht module SV has dimension 3 and we can take as
k-basis the set of (3, 1)-polytabloids, i.e. the row equivalence classes of the standard
(3, 1)-tableaux. We refer the reader to [18] for the details.

A direct computation shows that the kP-modules S&Y |§ and Qp,. (k) are
isomorphic, and hence it proves that

T(G) = (k)] [SV]) .
Let us now consider G = X5 and let G’ = ¥4 < G. Then, by [20, Lemma 1.5], we
have that 8(3’1)Tg, =~ S @ M, where M is an extension

00— gBL) — = N[ —> g2 —>( .

Thus, M has dimension 11, and is the Green correspondent of S over kG. It
is also the Green correspondent of Qp/(,y (k). Thus, by [3, §6], we have that M is
endotrivial and M|§ = Qp/(,y (k) & kP. This shows that

T(G) = ([Qk)], [M])

where M is the above module.
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For the alternating groups we have the following. Again, the case of n < 3 is
trivial, since then 2 does not divide the order of A,,.

Theorem 4.2. Suppose that G = A,,, the alternating group on n letters, and p = 2.
The group of endotrivial modules has the form

{0} if n <3
o ) Z® (Z/3Z) ifn=4,5,
TG = Z? ifn==6, 1,
/ ifn > 8.

Proof. Let P be a Sylow 2-subgroup of G. If n = 4 or 5, then P is isomorphic to
a Klein four group and the normalizer N of P has the form P x C5, where Cj is a
cyclic group of order 3. Hence TF(G) = TF(N) = 7Z and so

T(N)=TF(N)& TT(N) 2 Z & (Z/3Z) .

Indeed, since k is a splitting field for N, the group TT(NV) identifies with the char-
acter group of N, which is isomorphic to Z/37Z. Now, in both cases, P is a TI
(trivial intersection) subgroup of G. That is, if # € G and = ¢ Ng(P), then
rPr~' N P = {1}. In such a situation, the stable module categories stmod(kG)
and stmod(kN) are equivalent, by the induction and restriction functors, and these
functors induce isomorphisms 7'(G) = T'(N) (cf. [8, Proposition 2.8]). Hence we
have that T(G) = Z & (Z/3Z).

For n > 5, the Sylow 2-subgroups P of G are self normalizing (cf. Proposition 3.4).
Consequently, there are no nontrivial one dimensional representations of the nor-
malizer N = P of P. It follows that TT(G) = TT(N) = {0}. In the cases that
n = 6 or 7, the Sylow 2-subgroups are dihedral of order 8 and hence we have that
T(G) = TF(G) = Z* by Theorem 2.3. In all other cases, G has no maximal
elementary abelian 2-subgroup of rank 2. Il

As for the symmetric group, let us look for the additional generator of T'F(A,)
needed when n = 6, 7. For this, we use Proposition 3.3, since P is dihedral,
and we consider the diagrams of the projective cover of the trivial module given
in [4, Appendix pp. 206 and 213|. It turns out that there are endotrivial modules
of dimension 19 if n = 6, and of dimension 35 if n = 7 that are the kA,-Green
correspondents of the kP-module Qp/y(k), as defined above. In particular, we

observe that the restriction map Res$ : T(G) —= T(P) is an isomorphism.

5. THE CASE n < 2p, FOR p > 3

From this point on we assume that p > 3 (i.e. pis an odd prime). Notice first
that if n < p then p does not divide the order of G = ¥,,, nor of A,, and every
module is projective. Thus, T(G) = {0} if n < p, as mentioned in Section 2. We
now consider the case when p < n < 2p.

Proposition 5.1. Let G = X, and let N = Ng(P), where P is a Sylow p-subgroup
of G.



10 JON CARLSON, NADIA MAZZA, AND DANIEL K. NAKANO
(a) If n=p orn=p-+1, then
T(G) = TT(G) = TT(N) = Z/2(p — 1)Z.
(b) If n=p+0b, with 1 <b < p, then
T(Q) = TT(G) = TT(N) = Z/2(p — 1)Z & (Z,/27).

Proof. Suppose that p < n < 2p. Then P is cyclic of order p, and so T(P) =
TT(P) = ([Q(k)]) = Z/27Z. The subgroup P is a TI subgroup of G. Hence the
restriction functor induces an isomorphism 7'(G) = T(N) (cf. [8, Proposition 2.8]).

In the case that n = p or n = p+ 1, we have that N = C, x C,_;, and TT(N) =
Z/2(p — 1)Z, since we assume that k is a splitting field for N. That is, by a
routine calculation it can be shown that Q%(k) is a one dimensional kN-module
which is a generator for the multiplicative group of one dimensional £N-modules
(one dimensional characters of N). Consequently, the class of Q(k) generates a
cyclic subgroup of order 2(p — 1) in T(/N). But this must be all of T(NNV) since
we know that the kernel of the restriction map from T(N) to T(P) is the group
generated by the one dimensional kN-modules and that T'(P) has order 2.

When n = p + b, for an integer 1 < b < p, we have that N = (C}, x Cp_1) X Xy,
and so TT(N) =2 Z/2(p — 1)Z @ (Z/27Z), where the Z/27 factor is the subgroup

generated by the class of the inflation of the sign representation of ¥, to N. O

Similar arguments apply to the alternating groups, and they lead us to the fol-
lowing result.

Proposition 5.2. Let A = A,,, and let Ny = Na(P), where P is a Sylow p-subgroup
of A.

(a) Ifn=p orn=p+1, then
T(A) =TT(A) = TT(N,) = Z/)(p— 1)Z.
(b) If n =p+0b, with 1 <b < p, then
T(A) =TT(A) 2 TT(N4) 2 Z/2(p — 1)Z.

Proof. We have, as above, T'(P) = TT(P) = ([Q(k)]) = Z/27Z. Because P is a TI
subgroup of A, we get that T(A) = T(N4). Now, embed A into G = X, and
consider N = Ng(P) as in the previous proposition. By Lemma 3.2, the restriction
map T(N)—=T(N4) has kernel equal to Z/2Z. That is, the class of the sign
representation is the only nontrivial element of the kernel. In the case that b =0, 1,
we get immediately that T'(N4) = Z/(p — 1)Z as asserted. Now suppose that
1 <b<p. Then, N = (C, xCp_q) x 5. Let J = A, N3, where here, the ¥, means
the 3, factor in NV as we have expressed it. Note first that J is in the kernel of every
one dimensional representation of N4 since it is in the commutator subgroup of X,.
Hence, T(N4/J) = T(N4) by the inflation map. But now Ns/J = C, x C,_y. This
proves the last statement. O
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6. THE CASE n = ap, FOR AN INTEGER 2 < a < p

We begin this section with the description of the p-local group structure of the
groups G = ¥, and A = A,,, in the case that 2p < n < p?. Write n = ap + b, with
2<a<pand 0 <b< p Note that p must be an odd prime. We assume that
G acts on the set {1,...,n}. Let P be a common Sylow p-subgroup of G and of A
having the form

P={((1,...,p), (p+1,....2p), ..., ((a—Dp+1,...,ap) )

and let N = Ng(P) be the normalizer of P in G and Ny = N4(P) = NN A. For
simplicity, if X C G, we denote by X4 the intersection X N A.

Let us describe certain subgroups of G. We leave it to the reader to determine
the structure of the corresponding subgroups for the alternating groups. The group
P is elementary abelian of p-rank a, and N = N, Y, x X3, where N, = C, x C},_4
is the normalizer in ¥, of a Sylow p-subgroup of ¥,. Here, “" denotes the wreath
product, and for a positive integer ¢, we denote by Cy a (multiplicative) cyclic group
of order ¢. We will also use the notation X for the direct product of a copies of
a group X. Let S denote the Young subgroup containing P and corresponding to
the partition (p,...,p,b) of n. Then H = NS is the normalizer of S in G and it is
isomorphic to X, 1 X, X 3.

Hence, we have the following (3-dimensional) diagram of the inclusions of these
subgroups (with obvious identifications of the subgroups of G):

PN
)0 za/ ™
\wp)a -
P

In this section, we consider the case in which n = ap, for an integer 2 < a < p.
For convenience, we will denote by Ng = Ng(P) = (N,)*.

Because P is elementary abelian of p-rank at least 2, TT(P) is trivial. Thus,
TT(N) and TT(Na) are generated by the isomorphism classes of 1-dimensional
kN- and kN s-modules, respectively, by Theorem 2.3. Since the arguments for A
and for G are alike, we will only work through the case of the symmetric group
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and state the corresponding results for the alternating groups, without rewriting
the reasoning.

From N = N, %,, we deduce that TT(N) = Z/(p — 1)Z & (Z/2Z), where the
Z/(p—1)Z and Z /27 factors correspond to the subgroups generated by the k-linear
characters of IV, and by the sign representation of X, respectively.

Let X be a kN-module of dimension one, and let Y be the kH-Green correspon-
dent of X. This makes sense because N C H. Then let Xy, = X l%s , and since
Ng = Ng(P), it makes sense to consider the k£S-Green correspondent Yg of Xy.
Matching the modules with the corresponding groups, we get the following pictures
(where the double headed dotted arrows stand for the Green correspondence between
the indicated modules and groups)

G ?
H Y
/ \ T (H,N)
: =N
S N Ys X
\ / Y. (S\Ns)
EN LR
NS XNS e
P k

Our aim now is to limit the choices for the module Y.

Lemma 6.1. IfY s an endotrivial kH-module, then Yg is an endotrivial kS-module
and Y| ¥ > Yq.

Proof. By a property of the Green correspondence Y is a direct summand of the
induced module X T4 . Thus, using the Mackey formula and the equality H = NS,
we get that Y|¥ is a direct summand of

Xiyly = @ IX | onnsTonns = XnsTh, X Ys® Z
g€[S\H/N]

where Z is a direct sum of indecomposable £S-modules each having vertex strictly
contained in P. We remind the reader that [S\H/N] is a complete set of represen-
tative of the S-NN double cosets in H. Since Y is indecomposable with vertex P, its
restriction Y| to S must have Yy as direct summand. Consequently, if we assume
that Y is endotrivial, then Ys must also be endotrivial and the other direct sum-
mands appearing in the decomposition of Y| ¥ are projective. That is, because Y is
endotrivial, its restriction to S is endotrivial and can have only one non-projective
indecomposable component. Now, the facts that S < H and p { |H : S| imply, by
Proposition 3.1, that Y| § 2 Y. O
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By the contrapositive of the lemma, if Ys is not endotrivial, then neither is Y. So
we are down to the question of finding criteria for Ys to be endotrivial. This is the
main result of the section.

Proposition 6.2. The module Yg is endotrivial if and only if Dim(Ys) = 1.

Proof. The “if” part is clear. So now assume that Ygs is endotrivial. Let K =
N,x%,* ! C G, where the it factor Y, actson {ip+1,...,(i+1)p}, for1 <i<a—1
and where N, is the normalizer of ((1...p)) in the subgroup ¥, of S that acts on
{1,...,p}. Thus, we have Ny < K < S. Because Y5 is an endotrivial module,
we may write Yg |7 = U @ V for kK-modules U and V with U indecomposable
endotrivial and V' projective. Moreover, the Green correspondence implies that
Ul . = Xng @ W for some projective kNg-module W (since U is endotrivial). We
also have that U is a direct summand of Xy,17, . Moreover,

~ IN N
XNST]I\(]SlI]\gS = XNs S @ gXNslgszNngl\sfsmNs :
g€[Ns\K/Ns\{1}

Since the largest normal p-subgroup O,(K) of K is nontrivial and is contained in
Ng, none of the indecomposable factors of the right hand side is projective. From
the fact that U is endotrivial, we deduce that U]} = Xy,. Therefore, Dim(U) = 1.

Now, Ys is a direct summand of U179 , by the Green correspondence, which applies
since Ng C K. Therefore, Ys|% is a direct summand of

Uil =2U® P Ulmioxlinx -
gelK\S/KN {1}

Again, g runs over a set of representatives of the K-K-double cosets in S, such
that g ¢ K. Now, notice that we may take for K-coset representatives [S/K] in S
the N,-cosets representatives [X,/N,] in ¥, of the corresponding normal subgroups
of S and K respectively. Thus, we may assume that every coset representative
centralizes the subgroup (X,)*! of K. It follows that every intersection 9K N K |
for ¢ € [K\S/K] contains a nontrivial p-subgroup. Hence, the right hand side in
the displayed isomorphism does not contain any projective summands. Since Yy is
endotrivial, we deduce that Ys|3 = U. Hence Dim(Ys) = 1 as claimed. 0

The last two results have an immediate consequence.

Corollary 6.3. Let M be an indecomposable endotrivial kG-module (where G = X,
2 < a < p) whose class belongs to the torsion subgroup TT(G). Then, M | =
Y @ (proj), where Y is an endotrivial kH-module of dimension 1.

By very similar arguments for the alternating group A = A,,, with 2 <a < p, we
prove the following.

Corollary 6.4. Let M be an indecomposable endotrivial kA-module whose class
belongs to the torsion subgroup TT(A). Then, M|3, =Y & (proj), where Y is an
endotrivial kH 4-module of dimension 1.



14 JON CARLSON, NADIA MAZZA, AND DANIEL K. NAKANO

7. THE CASE n =2p

In this section, we apply the results of Section 6 in the case that G = ¥4, and
A = Ay, Asnoted, T(P) = ([Q(k)]) = Z. We assume the notation of Section 6 for
G and for A, and since the reasonings for A and for GG are alike, we only give the
details for G and leave the alternating case as exercise for the reader.

By [2, 6.1-2] the subgroup H is strongly p-embedded in G, that is 9H N H is a
p/-group for any g € G\ H. Therefore, for any kH-module Y of dimension 1 we
have that

YIGe2YiE & P Videelwe=ke B ki = k&(proj)
g€[P\G/H]\{1} g€[P\G/H\{1}

where the sums are over representatives of the nonidentity P-H-double cosets. The
isomorphism holds because for g ¢ H the intersection 9H N P is trivial. Moreover,
the one dimensional modules for H = 3,1 ¥, form a Klein four group. We may take
for generators the kH-modules ey and Y = ks, ex,, where i denotes the sign
representation of the group K.

Observe that the isomorphism Y| # = k forces the kG-Green correspondent M of
Y to be the Young module Y PP) associated to the partition (p,p) of 2p. Indeed, M
is an indecomposable nontrivial direct summand with vertex P of the permutation

module k7§ (cf. [18] and [14]).

Proposition 7.1. Let G = Xy, for p an odd prime. Then any one dimensional
kH -module induced to G is endotrivial. The group T'(G) is given by

T(G) = ([2K)), [ec], Y"P)) 2 Z @ (2/22)* .
Using this result we get the following.

Proposition 7.2. Let A = Ay, for p an odd prime. Then any one dimensional
kH 4-module, when induced to A, is endotrivial. The group T'(A) is given by

T() = (), g ey = { G20 2

where M is an indecomposable endotrivial kA-module such that M1S s indecom-
posable.

The last claim above comes from the nature of the 1-dimensional kH 4-modules.
Namely, if = A, x A, then E C H and is also a subgroup of H4. It is easy to see
that the restriction of any one dimensional kH 4-module Y to F is trivial. Thus, Y
is a k[H4/FE]-module. Since the quotient H/E is a dihedral group of order 8 and
H, has index 2 in H, we have either that Y extends to H, or that the induction
Y& . 1s indecomposable. In the first case, this means that Y is the restriction of a
kH-module, and so we get YPP) |G as kA-Green correspondent. Otherwise, YTgA
is indecomposable, which implies that the kA-Green correspondent M of Y has the
property that M1§ is indecomposable. We refer the reader to Section 8 for further
details on the structure of M.
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Note that, if p = 3, then H,/FE is cyclic of order 4, and so TT(A) = TT(H,) =
Z /A7, since we assume that k is a splitting field for H4. In particular, this shows
that Y®P) | =~ M ® M in stmod(kA).

Before leaving this case we record the following fact for later application.

Proposition 7.3. For the group H = ¥, 1 Y5, we have that
TT(H) = ([en), [Y]) = (2/22)°

where e 1s the sign representation on H and Y s the one dimensional module on
which X, x ¥, acts trivially and X9 acts by the sign representation.

Proof. 1t is clear that ey and Y are endotrivial modules, and moreover, they gener-
ate the group of one dimensional kH-modules. The only question is whether there
are other endotrivial modules generating TT'(H). So, suppose that U is an indecom-
posable endotrivial kH-module whose restriction to P is isomorphic to k & (proj).
By Lemma 6.1 and Proposition 6.2, the kS-module U |¥ is an indecomposable
endotrivial module and has dimension 1. Hence the class [U] is in the subgroup of
T(G) genereated by g and [Y]. O

8. CASEn=2p+bFOR0O<b<Dp

In this section, we consider the cases G = Y,y and A = Ay, for an integer b
with 0 < b < p. Throughout this section we use the notation for G and for A given
at the beginning of Section 6.

Again, TF(G) = ([Q2(k)]) and TF(A) = ([Q2(k)]) are infinite cyclic, because the
Sylow p-subgroup P is elementary abelian of order p?. By Theorem 2.3, since
T(P) is torsion-free, the groups TT(G) and TT(A) are generated by the classes
of indecomposable modules whose restriction to N = Ng(P) and N4 respectively,
are isomorphic to the direct sum of a one dimensional module and a projective
module. In the case of the symmetric group, we show that these modules are Young
modules, or the sign representation. Then, we will easily deduce a set of generators
for T(G). The situation for the alternating groups is more complicated and hence it
is handled separately. Before splitting the question into subcases, we point out the
following fact which shows that 77(G) and TT(A) have at most order 4.

Lemma 8.1. In the above notation, the restriction maps ResSQP :T(G) —T(Zg)
and Resﬁ% 1 T(A) —T(As,) are injective, for all1 <b<p—1.

Proof. The proof is immediate, by the transitivity of the restriction map and by
Lemma 3.2.
O

At this point, we handle separately the groups G and A, and for simplicity, we
start with G. Namely, we exhibit a nontrivial endotrivial module whose class is in
TT(G), and this will prove that TT(G) is a Klein four group.

For convenience, let us set G, = X415, Hp for the subgroup of the form (X,3) x
Yy, and Sy = EZ X Yy, for 0 < b < p (cf. Section 6).
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Let H and Y be as in Proposition 7.3. We identify H with the quotient H, /X,
and let Y and £, £y be the inflations of Y and g to H,, respectively. Since Yls =k,

the kGy-Green correspondent V' of Y is isomorphic to a direct summand of the
permutation module M PP = /{:Tgbb (cf. Lemma 2.5). Hence V' is a Young module
of the form Y?* for some partition A with A > (p,p,b). By [14, Theorem 2|, the
Young module Y* associated to a partition A of n is projective if and only if \ is
p-restricted. A partition A = (\q,..., ) of a positive integer n is p-restricted (or
p-column regular) if \; — \i11 < p, for all 1 <i < s, and if \; < p. This restricts the
number of possible endotrivial modules among all the Young modules.

Proposition 8.2. Let G, = Xo,14 for an integer b such that 0 < b < p. Consider
the same notation as above and as in the Proposition 7.3. Let i be the partition
(p+0b,p) of n. Then we have the following.

(a) The Young module Y*" is endotrivial.
(b) The kG-Green correspondent of g is not endotrivial, and so

T(G) = ([k)], [ea], [Y",) X Z®(Z/2Z)* , Y O0<b<p.

Proof. Let us first observe that (b) follows immediately from (a), as noted above in
Lemma 8.1, and by Proposition 7.1. Hence, the only thing we need to show is that
Y* is endotrivial.

We proceed by induction on b. We know that the result holds for b = 0, by
Proposition 7.1. Assume b > 1. We apply Theorem 5.1 in [17]. In the notation
of Henke’s article (where k is an index, and not the underlying field), we have
r=2p+b, k=pandt(k) =0, for all 0 < b < p. Thus, again in Henke’s notation,
Vp = 0, implying that

+b,p—1 : _

Ry vy g { S S

Now, the partition (p 4+ b,p — 1) of 2p + b — 1 is p-restricted for all integers b such
that 0 < b < p — 1. In these cases, the kG,_i-module Y ®*t0P=1 is projective
(cf. [14, Theorem 2]), and Y P+*=1P) is endotrivial by the induction hypothesis and
by Proposition 7.1. If b = p — 1, then the kG}_1-module Y ?»=22) is not projective,
since the partition (2p — 2,p) is not p-restricted. However, it is isomorphic to the
Specht module S?=2P) by the computation of [13, (2.6)]. Then, applying the
modular branching rules (cf. [20]), the restricted kGj_s-module Reng:; S@r=2p) g

still indecomposable, and hence, it is isomorphic to the Young module Y @r=3»)
which is endotrivial by the induction hypothesis. This shows that the Young kG-
module we started with, namely Y ?P~1P) is endotrivial. This completes the case for
the symmetric groups. U

We now turn to the alternating groups. Let us first consider the group A = Ay, 4.
Write G = 22p+17 GO = Egp, A(] = Agp, H = ZPZZQ, HA = HﬂA, S =
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Y, xE,, Sa=SNAandV = Ap x Ap. So we have the diagram:

/
\

/\/
/\/

\
/

2

Vv

where a number on an edge indicates the index of the subgroup. Since the quotient
H/V is a dihedral group of order 8, there is a simple kH-module U of dimension 2,
whose restrictions to H4 and S split as a direct sum of two nonisomorphic modules.
That is, a direct summand Uy of U] . is a 1-dimensional module whose kA-Green
correspondent might be endotrivial. We prove that this is indeed the case.

Observe that, by Proposition 7.2, the kAy-Green correspondent of U, is endotriv-
ial, and hence, the kGy-Green correspondent of U restricts to Ay as a direct sum
of two nonisomorphic endotrivial modules. On the other hand, a direct summand
Us of U|# is isomorphic to the outer tensor product ks, ® e, as kX, @ kX,-
module (recall that S = X, x ¥,). Consequently, the induced module Ug 1%
has a direct summand which is the signed Young module Y ®*!P) in the nota-
tion of [15]. Roughly, the signed Young kY,-module Y (@) is defined as a cer-
tain uniquely determined indecomposable direct summand of the signed permuta-
tion module M@ = (15, ® €2b)T§ZXEb , for a 2-parts partition (a,b) of n. Now,
by [15, Proposition 3.6.1], we have that Y (?+1IP) 22 S@+117) “for the (ordinary) Specht
module. By property of the Green correspondence (or by [19, 7.6]), we have that
SP+LIP) |G o Ny oM, for two nonisomorphic kA-modules M and °M, and where we
may assume that M is the kA-Green correspondent of Uy. Upon restriction to Gg
and by the modular branching rules (cf. [20, Lemma 1.5]), we have that S®+11")| &
is an indecomposable module isomorphic to a nonsplit extension X given by the
exact sequence

00— §P1") ——= X —— gp+1177") —— ()

and X is isomorphic to the kGy-Green correspondent of U. Also, X is isomorphic to
the signed Young module Y @P) and Xlig = My® M, with My and “M endotrivial
and nonisomorphic. Relating to the above picture of inclusion of subgroups of G, we
can summarize the situation into a diagram (where the double headed dotted arrows
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stand for the Green correspondence between the indicated modules and groups)

S )
y &4
X

p+1,1P

M M
\ / T (Gon
My ® M, U
o ) lgA
(Ao, Ha) N /
Ua® Uy

In particular, since S®H11") | is indecomposable, the restriction M |4~ is also
indecomposable, and we may assume (without loss of generality) that M |4 = M.
The fact that M, is endotrivial implies that M is also endotrivial (since M extends
My to A). This proves the following.

Proposition 8.3. Let A = Ayy1 and G = X9p11. Then,
T(A) = ([Qk)], Y"1, [M])) = Z & (Z/22)

where M is an indecomposable direct summand of the restriction to A of the Specht
kG-module S®+41) . Moreover, Mlﬁgp is indecomposable.

Let us now consider the group A = Ay, 5. Then A contains a group G’ isomorphic
to g, and A is contained in G = Xy,15. We show the following.

Lemma 8.4. The restriction map Ress, : T(A) —= T(G') is injective and the cok-
ernel has order 2, generated by the class of the sign representation eqr of G'.

Proof. Let M be an indecomposable endotrivial kA-module such that M]3, =k @
(proj). By relative projectivity and a vertex argument, we deduce that M is a direct
summand of k14, . Thus, M is a direct summand of

k181G = M(2p’1’1)l(j , since G' =2 ¥,, CG.

Now, M@LL) =~ @ Y# for some partitions u of 2p + 2 such that u > (2p,1,1).
Thus, M is a direct summand of Y* for some such p. Since M has vertex a Sylow p-
subgroup and is a trivial source module, it must be that Y* has complexity 2. By [16,
Theorem 3.3.2], this leaves us with only two candidates, namely Y 272 = k whose
Green correspondent is the trivial module, and Y @P+1D) = gCr+LD (the Specht
module corresponding to the natural permutation representation of G). In the
second case, it is known that the restriction of S@P*L1) to A is indecomposable
(cf. [19, 7.6]) and has dimension 2p + 1 (cf. [18]). Therefore, the latter has no
endotrivial summand. This proves the injectivity of the restriction map Resé,.
The statement for the cokernel can be proved by using a argument similar to the
one used to verify the injectivity of the restriction. Indeed, let M be an indecom-
posable endotrivial kA-module such that M |4, = eo @ (proj). Then, we notice
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that M does not extend to G. Otherwise, we would have that M = N|§ for N
an indecomposable endotrivial kG-module, which would be one of the modules e,
Y#+2P) or eq @ YPH2P) . But e¢l§ =2 eclG18 = k and YP+2P) |G, =2 Y PP) @ (proj),
by transitivity of the restriction. Thus, M1§|§ = M & M, with M % M. Thus,
‘M lé, = k @ (proj) and so, by the above argument, we conclude that if such an M
exists, then M has dimension 1. Hence, M does not exist, as was to be shown. [

Now Lemmas 3.2 and 8.4 imply the following.

Proposition 8.5. Let A = Ay, and G = Xg,1y, for an integer b with 1 < b < p.
Then T(A) is the image of the restriction map Res§ : T(G) —= T(A) , that is

T(A) = (k)] , [YP?*P S~ Z 6 (Z/22) .

9. CASEn=ap+bFOR3<a<pAND0<b<p

In this section we determine 7'(G) and T'(A) for all groups G = ¥,,4p and A =
Agptp, such that 3 < a < pand 0 <b < p. As in most of the work, the two can
be handled alike, and in order to avoid repetitions, we state the results for both
groups and we only make explicit the reasoning for the symmetric groups, leaving
the translation to the alternating group as an exercise for the reader.

Again we have that T'(P) = ([Q(k)]) = Z, since P is an elementary abelian group
of p-rank a. We begin with the case that b = 0.

Proposition 9.1. Let G = X,, and A = A,,, for an integer a such that 3 < a < p.
Then

T(G) = ([Uk). [ec]) = Z® (Z/2Z)  and T(A) =([QF)]) =Z .

Proof. By Proposition 7.3, we have that TT(H) = ([eg|, [Y]) = (Z/27Z)?, where Y =
ks, es,. We also know from Theorem 2.3 that the map Res§, : TT(G) — TT(H)

is injective. Note that the kG-Green correspondent of £y is €4, which is endotrivial.
Let M be the kG-Green correspondent of Y. The only question is whether M is
endotrivial. Note also that Y |# = k implies that M is a Young module that is a
nontrivial direct summand with vertex P of the permutation module M* = k1§ |
where A = (p,...,p).

Let U = X, X Y(q—1) be the subgroup of G containing S, with X, acting on
{1,...,p} and Xp_1p on {p+1,...,ap}. Weset K =UNH =3, x (Ep ! Z(a_l))
and L = K N N. Hence, L = Ny(P) and S C K.

Assume that M is endotrivial. Then, M|% = My @ (proj) for an indecomposable
endotrivial kU-module My, and M|% = Yy @ (proj), where Y = Y| . By transi-
tivity of the restriction, we deduce then that My|Y = Y @ (proj). More precisely,
Y and My are Green correspondents, since K O L = Ny(P). In particular, My is
a direct summand of Yx1% , and by the Mackey formula,

Yilkle 2 Vi @ @ Vicl awnr Torrx -
ge[K\U/K]\{1}
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By choice of the subgroups U and K, we have that p divides | 9K N K|, for any g € U,
and so the right hand side has no projective summand. Therefore, My |% = Yi. In
particular, My has dimension one.

In addition, since p does not divide |G : U|, the kG-module M is a nonprojective
module that is relatively projective to U. Hence, M|& is a direct summand of

MUTﬁlS = My @ EB Myl sov T wnu
g€[UNG/UN\{1}

Note that p divides |U N U], for all g € G, since the intersection U N U contains
a subgroup ¥(,_9), for all g € G. Therefore, the right-hand side has no projective
summand. Hence, the assumption M|§ = My @ (proj) implies that M|% = My, and
so M has dimension one. Since the only one dimensional £G-modules are isomorphic
to k or ¢, we have proved the claim for G.

Now, for A, we observe that the same arguments as for G work. This implies that
TT(A) is trivial, since there is no nontrivial 1-dimensional kA-module. U

We now apply Lemma 8.1 in order to determine the endotrivial modules in the
remaining cases.

Corollary 9.2. Let G =X, and A = Agpip for 3 <a <p and 0 <b < p. Then
T(G) = {([QE),[ec]) 2Z® (Z/2Z) and T(A)=(QUEk))=Z.
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