Univerza v Mariboru

E= tets 7 aravosoye
akulteta za naravoslovje

UNIVERZA V MARIBORU
FAKULTETA ZA NARAVOSLOVJE IN MATEMATIKO

DOKTORSKA DISERTACIJA

VPLIV TOPOLOSKIH LASTNOSTI KOMPLEKSNIH MREZ IN DINAMICNIH
LASTNOSTI SKLOPLJENIH CELICNIH OSCILATORJEV NA KOLEKTIVNO
DINAMIKO

Rene Markovic
Mentor: red. prof. dr. Marko Marhl
Februar, 2015 Somentor: doc. dr. Marko Gosak






Zahvala

Iskreno se zahvaljujem mentorju in somentorju
za vse strokovne napotke, vodenja, pomoc in
usmeritve pri Studiju ter raziskovalnem delu.
Posebna zahvala gre tudi kolegom s
Fizioloskega instituta Medicinske fakultete

Univerze v Mariboru.

Zahvala gre tudi vsem, ki ste me podpirali in mi

kakorkoli pomagali pri nastajanju dela.






KAZALO

070 Yo PP 9
2 Matematicni Modeli iN METOAE ...t 15
2.1 KOMPIEKSNE IMIEZE ... ssssssssssssssssssssssssssssssssssns 19
2.1.1 Dolocanje strukturnih lastnost kompleksnih mrez..........onnennessiniennenns 22
2.1.2 Model prostorsko VPELE MICZE .....umnenenineninsnssssssssssssssssssssssssssssssssssssssssssssnes 26

2.2 Matematic¢ni modeli dinamike posameznih VOZIiSC........cooveirinrrenernsenineesirnsnenn, 30
0 O S0 o Lor= Y < LA VA0 Ty ot 1 U0 ) PP 33
2.2.2 MOdE] BruSSElator ... sses s ssssssssssss s sssssssssssssssssssssssssssssssees 35
2.2.3 RULIKOVA MAPA .ot ssssssssssassens 37
2.2.4 ROSSIEIJEV OSCIIatOT ..t ssssnen 39

2.3 Orodja za dolocanje ravni SINhroNiZacije ... 44
2.3.1 Korelacija in koeficient determiniranosti ... 45
2.3.2 Fazna SiNhronizacija.......osssssssssssssssssssssssssssssssssssssssssssseens 46

3 Analiza kolektivne dinamike difuzivno sklopljenih oscilatorjev v mreZi.......ccouun. 49
3.1 Vpliv dinamicnih lastnosti vozliS¢ in topoloskih lastnosti mreZe na globalno
FavVenN SINNTONIZACIE i s 50
3.1.1 Difuzivno sklopljen Brusselator ... 58
3.1.2 Difuzivno sklopljene RUIKOVE MAPE....ccrvrererernenensineninsesssssssssssssessssssesssseses 60
3.1.3 Difuzivno sklopljeni Rosslerjevi 0SCilatorji ... 61

3.2 Vpliv hitrosti Sirjenja signala na raven sinhronizacije kolektivne dinamike
fleksibilnih oscilatorjev v prostorsko vpeti MreZi.........nneneeesesseesnennes 63

4 Analiza topoloskih lastnosti funkcionalnih mrez celic beta ......couvnvennenensnsnnens 67
4.1 Postopek konstruiranja funkcionalne mreze...........cvnnenencennsneensensesseneseens 67
4.1.1 Obdelava ¢asovnih vrst Z EEMD Metodo ......cocoenenencenserceneeseeseeseesessessesseesseseens 68
4.1.2 Izgradnja funkcionalne MrezZe ... sessssssssesssens 71

4.2 TopoloSke lastnosti funkcionalnih mrez celic beta ... 73
4.2.1 Struktura funkcionalnih skupnosti celic beta znotraj fizioloSkih
KONCENTTaAC] GIUKOZE ..o 73
4.2.2 Funkcionalna povezanosti celic beta znotraj fiziolosSkih koncentracij
BIUKROZE. ..o 78

5 ZAKIJUCEK .ottt 79
DR =) o= 0 o L TP 83
PrIIOZE oot 90






Povzetek

Doktorska disertacija zajema raziskave na podrocju kolektivne dinamike mreZno
sklopljenih oscilatorjev. Razdeljena je na dva dela. V prvem delu analiziramo, kako
dinamicne lastnosti oscilatorjev in struktura mreZe sovisno vplivata na kolektivno
dinamiko. PokaZemo, da je kolektivna dinamika fleksibilnih oscilatorjev najbolje
koordinirana, ko so oscilatorji povezani v primeru Siroko skalno mreZo. Oscilatorji z
mocno disipativno dinamiko, ki implicira rigidnost, pa doseZejo najviSjo raven
sinhronizacije v skalno neodvisnih mrezah. Pojav analiti¢no razlozimo in rezultate
ponazorimo z razlicnimi matemati¢nimi modeli, ki vkljucujejo tako zvezne kakor
tudi diskretne oscilatorje, ter izkazujejo razlicne stopnje dinami¢ne kompleksnosti.
Pri analizi kolektivne dinamike upoStevamo tudi hitrost Sirjenja signalov med
vozlis¢i v mrezi. Ugotovimo, da obstaja tako optimalna mreZna topologija kakor tudi
optimalna hitrost Sirjenja signalov med vozliS¢i mreZe, pri kateri je raven kolektivne
sinhronizacije najvi$ja. Ugotovitve in metodologijo iz naSih teoreti¢nih Studij v
drugem delu disertacije apliciramo na sistem povezanih celic beta v Langerhansovih
otoCkih trebusne slinavke miSi, ki predstavlja z vidika fiziologije metabolnih
procesov izredno pomemben predmet preucevanja. Mrezno povezane celice beta,
katerih poglavitna naloga je izlo¢anje inzulina in s tem uravnavanje koncentracije
glukoze v krvi, analiziramo ob podpori eksperimentalnih podatkov, izmerjenih pri
razli¢nih koncentracijah glukoze. NasSi rezultati kaZejo, da se celice beta povezujejo v
lokalne funkcionalne skupnosti. Njihova segregiranost pa se v sploSnem manjsa z
narascajoco koncentracijo glukoze. S postopnim povecevanjem koncentracije
glukoze postanejo v otoCku tudi vse bolj izraZene lastnosti Siroko skalnih mrez
malega sveta. S tem rezultati doktorske disertacije prispevajo k razlagi fizioloSkega
pomena ucinkovitost mreZne povezanosti celic beta in nakazujejo moZnosti

patolosSkih sprememb, ki so posledica sprememb v medceli¢ni komunikaciji.
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THE INFLUENCE OF TOPOLOGICAL FEATURES OF COMPLEX NETWORKS
AND DYNAMICAL PROPERTIES OF COUPLED CELLULAR OSCILLATORS
ON COLLECTIVE DYNAMICS

Abstract

This doctor thesis is both theoretical and applicative. In the theoretical part of the
thesis, we examine how the interplay of dynamical features of oscillators and
structural properties of complex networks affect the collective behavior of the
system. We show, that weakly dissipative and flexible oscillators synchronize best in
a broad scale network topology, whereas on the other hand strongly dissipative and
rigid oscillators exhibit maximal synchronization in a scale-free network topology.
We provide an analytical explanation for this phenomenon and validate it by
implementing various continuous as well as discrete mathematical models that
exhibit different levels of dynamical complexity. In the continuation, we additionally
investigate how speed of signal transmission in the network affects the collective
dynamic of the system. Our results show that besides an optimal network topology,
also an optimal information transmission speed exists, at which the system reaches
the highest degree of global synchronization. In the second part we apply the
findings and the methodology from our theoretical studies to the examination of the
collective pancreatic beta cell activity in the islets of Langerhans, which represents
the main mechanism for the regulation of blood glucose homeostasis by the
secretion of the hormone insulin. We show that the beta cells dynamics is not
synchronized on the global scale of the whole islets. Instead, the cells form local
clusters of synchronized activity which tend to get less segregated under higher
stimulatory glucose concentrations. Furthermore, higher glucose concentrations
also lead to the presence of broad scale small world connectivity patterns in the
functional beta cell network. The main findings thereby shed light on the physiology
and collective behavior of the islets of Langerhans and point out the possibilities of
pathological changes associated with changes in the intercellular communication

pathways.
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1UVOD

Raziskovalno podrocje kompleksnih mrez je od odkritja lastnosti mrez malega sveta
in skalno neodvisnih mrez v Stevilnih realnih sistemih delezno velike pozornosti
raziskovalcev iz razli¢nih znanstvenih disciplin [1, 2]. ZnacCilnosti teh dveh mreZnih
struktur so bile prepoznane v Stevilnih mrezah, ki smo jih oblikovali ljudje, ali pa so
se razvile v teku evolucije bioloskih sistemov. Raziskovanje njihovih strukturnih
lastnosti in pravil, ki so omogocila razvoj tako kompleksnih struktur, predstavlja
trenutno paradigmo na tem raziskovalnem podroéju [3, 4]. Ze dolgo je tako znano,
da porazdeljenost Stevila povezav vozliS¢ v realnih mrezah odstopa od Poissonove
porazdelitve, ki jo lahko zaznamo v modelih naklju¢nih grafov. Amaral s sodelavci
[5] natancno opredeli pojem mreZe malega sveta in to mreZno topologijo raz¢leni na
tri podtipe (skalno neodvisne mreZe, Siroko skalne mreZe in eno skalne mreZe).
Izkazalo se je, da so sistemom, kot so elektricna distribucijska mreza, mreza
sodelovanja filmskih igralcev, nevronska mreza, WWW in citiranost znanstvenih
objav, skupne lastnosti mrezZ malega sveta [6-9]. V Stevilnih mreZah je prav tako
moZno zaslediti lastnosti skalno neodvisnih mrez, katerih porazdelitev povezav sledi
potencno padajoci funkciji. V takSnih mreZah se oblikuje malo Stevilo centralnih
vozlis¢ (t.i. hubov), ki predstavljajo izredno povezana vozlis¢a. Po drugi strani pa
ima vecji del vozliS¢ mreZe dokaj majhno povezanost. Za mreZe malega sveta so
znacilne tudi daljnoseZne povezave, ki mocno prispevajo k bolj ucinkoviti
komunikaciji med vozliS¢i [10, 11]. V Stevilnih realnih sistemih, ki so vpeti v prostor,
pa obstajajo omejitve, ki preprecujejo vzpostavitve zelo dolgih povezav oz.
prevelikega Stevila daljnoseznih povezav. Te omejitve posledicno zavirajo
oblikovanje izrazito centralnih vozlis¢, kot jih je moZno zaznati v skalno neodvisni
mrezni topologiji. To se odraza v prelomu potenc¢no padajoCe porazdeljenosti
povezanosti vozlis¢. Tovrstne mreZe imenujemo Siroko skalne mreze. Ob teh dveh
mreznih topologijah pogosto sreCcamo Se naklju¢ne mreZe, katerih porazdeljenost
povezav sledi Poissonovi porazdelitvi, ki ima maksimum pri povprecni povezanosti
mreZe [12], in regularno mreZo, kjer ima vsako vozliSce enako Stevilo povezav [13].
Tako naklju¢ne kakor tudi regularne mreZe pa uvrS€amo v skupino eno skalnih
mreZ. Za razliko od mreZ malega sveta, so regularne mreZe zelo neucinkovite pri

prenosu informacij.
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Z razvojem tega raziskovalnega podroCja se je pogled na vozlis¢a, kot zgolj
transdukcijske tocke v mreZi, postopoma spremenil. VozliS¢em je bila dodeljena
dinamika, generirana z razlicnimi matemati¢nimi modeli, ki so bili med seboj
sklopljeni, kot je to narekovala mrezna struktura. To pa klju¢no vpliva na kolektivno
obnasanje sistema. Verjetno najbolj raziskan pojav v tem kontekstu je sinhronizacija
kolektivne dinamike v mrezZi. S tem pojavom se pogosto srecamo v Stevilnih realnih
sistemih [14, 15]. Pokazano je bilo, da so sinhronizacijske lastnosti mreZ mocno
pogojene z njihovimi strukturnimi lastnostmi. Heterogenost mreZe tako do dolocene
mere pozitivno vpliva na raven sinhronizacije kolektivne dinamike [16]. Negativen
ucinek heterogenosti mrezZne strukture pa je moZno uravnovesiti z obteZitvijo
sklopitve med vozlis¢i [17]. Metodologija raziskovanja tovrstnih pojavov je
napredovala tudi do te mere, da je bilo moZno pokazati, da je pot do
sinhroniziranega obnaSanja v heterogenih mrezah razlicna od poti v homogenih
mreZah [18, 19]. Dodatno je bilo pokazano tudi, da lahko skupnosti v mrezi zavirajo
kolektivno sinhronizacijo oscilatorjev v mreZi [20, 21]. Iz preglednega c¢lanka o
sinhronizaciji v kompleksnih mrezah [14] je razvidno, da so vplivi topoloSkih
lastnosti mreZ na raven kolektivne sinhronizacije dobro raziskane, kar pa ne drzi
tudi za dinamicne lastnosti oscilatorjev, ki poseljujejo vozliS¢a mreZe. Sovisen vpliv
dinamicnih lastnosti vozlis¢ in strukture mreZe Se ni bil raziskan. 1z tega razloga se v
tem delu podrobneje posvecamo prepletanju topoloskih lastnosti mrez in dinamic¢ne
narave oscilatorjev, ki krojijo njihovo lokalno dinamiko. Dinamic¢na lastnost, za
katero je znano, da znatno vpliva na sinhronizacijske lastnosti sklopljenih
oscilatorjev, je disipativnost [22]. Ta lastnost dinami¢nega sistema odraza, kako
hitro se ta po manjsi perturbaciji vraca v prostor atraktorja. V splosnem se
dinamic¢ni sistemi, ki so moc¢no disipativni, po perturbaciji hitro vrnejo nazaj k
atraktorju, medtem ko Sibko disipativni dinamic¢ni sistemi za to potrebujejo vec Casa.
Eksperimentalno in teoreticno je bilo pokazano, da na disipativnost dinamic¢nih
elementov mreZe vpliva tudi jakost sklopitve med njimi. Natancneje, pokazano je
bilo, da Sibkeje sklopljeni oscilatorji bolje sledijo zunanjemu periodi¢cnemu signalu
[23, 24]. Klju¢na zveza med strukturo sklopitvenih vzorcev v mreZi in disipativnostjo
pa je ostala neznanka. V luci tega smo se v naSih raziskavah posvetili preucevanju

mreznih struktur, ki zagotavljajo najboljSo sinhronizacijo razlicnim tipom
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oscilatorjev, t.j. moc¢no in Sibko disipativnim [25]. IzkaZe se, da se moc¢no disipativni
sistemi najbolje sinhronizirajo v zelo heterogenih skalno neodvisnih mrezah,
medtem ko Sibko disipativni doseZejo najvecjo raven koherentnosti v manj
heterogeni Siroko skalni mrezni topologiji. Fenomen smo dodatno raziskali in
pokazali veljavnost za razlicne tipe modelov, ki krojijo dinamiko posameznih vozlisSc.
Matemati¢ni modeli so lahko tudi bolj kompleksni, tako da je njihova reSitev
kaoti¢na, ali pa tudi diskretni [10, 25]. Omenjen pojav smo uspeli razloziti in
pokazati, na kakSen nacin mreZna topologija vpliva na dinamic¢ne lastnosti
posameznih oscilatorjev, ter napovedati, kakSna mreZna struktura danih dinamic¢nih
lastnosti oscilatorjev omogoca najviSjo raven sinhronizacije kolektivne dinamike

[11].

Koncepti s podro¢ja kompleksnih mreZ so se izkazali kot izredno uporabni za
proucevanje delovanja Zivih organizmov na velikostnem redu posamezne celice [26]
do velikostnega reda celotnega ekosistema [27]. Zelo pogosto se ti koncepti
uporabljajo na podro¢ju nevroznanosti, tudi z vidika klini¢nih aplikacij [28].
Sodobne tehnologije nevroloSkega upodabljanja namre¢ omogocajo zajemanje
obseZnih podatkov o anatomski ali funkcionalni povezanosti ¢loveskih mozganov.
Tovrstne Studije dajejo nova spoznanja o strukturi in funkcionalnosti zdravih in
obolelih moZganov. Oslabljena in motena kompleksna moZganska mreZa je bila

zaznana v primerih avtizma [29], shizofrenije [30, 31] in multiple skleroze [32].

Na nivoju tkiv pa je tovrstnih raziskav izredno malo, Ceprav so Stevilna tkiva
organizirana v mreZe, katerih celice lahko obravnavamo kot dinami¢ni sistemi, ki so
med seboj sklopljeni. Eden izmed glavnih razlogov je pomanjkanje ustreznih
eksperimentalnih metod, ki bi omogocale neinvazivne in dolgotrajne meritve v
intaktnih tkivih. V nekaterih najnovejSih Studijah pa je bila predstavljena tehnika, ki
omogoca ekstrakcijo funkcionalne povezanosti na nivoju tkivnih rezin, s poudarkom
na celicah beta iz Langerhansovih otoc¢kov trebusSne slinavke miSi [33, 34].
Eksperimentalni preboj na tem podrocju je uspel tudi naSim sodelavcem iz InStituta
za fiziologijo Medicinske fakultete Univerze v Mariboru [35]. Celice beta, katere
predstavljajo prevladujoc tip celic v Langerhansovih otockih, proizvajajo in izlocajo

inzulin, ki igra kljutno vlogo pri uravnavanju koncentracije glukoze v krvi.
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Funkcionalna povezanost med celicami je bila dolo¢ena na podlagi korelacije med
eksperimentalno izmerjenimi kalcijevimi signali v celicah beta, ki so bili posneti s

konfokalnim mikroskopom z laserskim skenerjem [33, 35].

Doktorska disertacija temelji na nadgradnji in poglobitvi raziskav tako s podrocja
sinhronizacijskih pojavov v kompleksnih mreZah kakor tudi analizi funkcionalne
povezanosti v Zivih tkivih. V delu pokaZemo, kako razlicne topoloske lastnosti mrez,
razlicne jakosti sklopitve med heterogenimi oscilatorji in njihova disipativnost,
sovisno dolocajo raven sinhronizacije, ki jo dana kompleksna mreza lahko doseZe.
Teoretske pristope, ki smo jih razvili za dolocanje in preucevanje topoloskih
lastnosti mreZ in dolocanje ravni sinhronizacije sklopljenih sistemov, uporabimo v

nadaljevanju tudi za izgradnjo in analize funkcionalne mreZe celic beta.

Teze doktorske disertacije so naslednje:

1. Intrinzi¢no rigidni oscilatorji dosegajo maksimum usklajene kolektivne
dinamike znotraj zelo ucinkovitih in heterogenih skalno neodvisnih mrez,
medtem ko intrinzi¢no fleksibilni oscilatorji dosegajo najveljo raven
sinhronizacije v manj heterogenih Siroko skalnih mreZnih topologijah malega
sveta.

2. Optimalno sinhronizacijo mrezno povezanih oscilatorjev glede na njihovo
fleksibilnost lahko razloZzimo s stopnjo frekvencne prilagodljivosti in globalno
ucinkovitostjo mrezne strukture.

3. V prostorsko vpetih mrezah obstajata tako optimalna mreZna topologija
kakor tudi optimalna hitrost Sirjenja signala, pri kateri sistem sklopljenih
oscilatorjev doseze maksimalno raven sinhronizacije.

4, V mreZi funkcionalne povezanosti celic beta iniciatorske in mediatorske
celice ohranjajo svojo vlogo pri razli¢nih ravneh stimulacije celic z glukozo.

5. V tkivnih rezinah trebusSne slinavke misi tvorijo celice beta lokalne skupnosti
oziroma gosto povezane pod-enote, katerih pojavnost in porazdelitev je

odvisna od koncentracije glukoze.
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Disertacija je razdeljena na tri dele. Najprej je predstavljena metodologija, ki jo
uporabljamo pri raziskovalnem delu. Tukaj predstavimo osnovne pojme s podrocja
kompleksnih mreZ in mere, ki jih uporabimo za karakterizacijo njihovih struktur.
Predstavimo model prostorsko vpete mreZe [36], ki ga uporabimo za generiranje
razlicnih mreZnih struktur. Mrezni model analiziramo glede na njegove lokalne in
globalne topolosSke lastnosti ter graficno prikaZzemo karakteristi¢no prostorsko
porazdeljenost vozliS¢ in povezav za razlicne izbrane mreZne topologije. Sledi
predstavitev Stirih matemati¢nih modelov, ki jih uporabimo za opis dinamike vozliS¢
v mreZah. Podrobneje predstavimo njihove dinamicne lastnosti, za tri primere pa
analiziramo tudi, kako se njihova vodljivost spreminja s stopnjo njihove
disipativnosti. V ta namen naredimo stabilnostno analizo ter dolo¢imo disipativnost
oscilatorja in izdelamo bifurkacijske diagrame. V primerih, kjer stabilnostne analize
ni mogoce izvesti analiti¢no, disipativnost dinami¢nega sistema doloimo numeri¢no
z izraCunom spektra Ljapunovih eksponentov [20,21]. Glede na izracunano raven
disipativnosti oscilatorje razdelimo na fleksibilne in rigidne. Obravnavamo tako
zvezne kot tudi diskretne dinamicne sisteme. V zadnjem delu poglavja vpeljemo Se

razlicne mere za dolocCitev ravni sinhronizacije kolektivne dinamike.

Naslednje poglavje je namenjeno predstavitvi rezultatov nasih raziskav [10, 11, 25,
37], s poudarkom na vpliv dinami¢nih lastnosti oscilatorjev na raven kolektivne
sinhronizacije v mreZah razli¢nih topologij. Disipativnost nesklopljenih oscilatorjev
poimenujemo intrinzi¢cna disipativnost. PokaZzemo, da se intrinzi¢no fleksibilni
oscilatorji najbolje sinhronizirajo v Siroko skalni mrezi malega sveta, medtem ko so
intrinzi¢no rigidni oscilatorji najbolje sinhronizirani v skalno neodvisni mrezi. Na
izbranem primeru izvedemo stabilnostno analizo, s katero pokazemo, v kolik$ni
meri lahko mrezZna topologija spremeni disipativnost posameznih oscilatorjev. Za
disipativnost mreZzno vpetega oscilatorja vpeljemo pojem dinamicne fleksibilnosti.
Posebno pozornost namenimo tudi preuCevanju vpliva hitrosti Sirjenja signala po
mreZi na sinhronizacijo sklopljenih oscilatorjev. Dobljene rezultate poveZzemo z

dolocenimi patoloskimi stanji v bioloSkih nevronskih mreZah.

Rezultate teoreti¢nih raziskav nato uporabimo za analizo funkcionalne povezanosti

celic beta v Langerhansovih otockih trebusSne slinavke miSi. ObstojecCi protokol
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konstrukcije  funkcionalne mreZe nadgradimo s predhodno obdelavo
eksperimentalno dobljenih Casovni sledi s ti. EEMD dekompozicijo ( “Ensemble
Empirical Mode Decomposition”), ki temelji na Hilbert-Huangovi transformaciji [38].
Predhodna obdelava ¢asovnih vrst nam omogoca zanesljivo ekstrakcijo dinamike na
razlicnih ¢asovnih skalah in posledi¢no bolj natan¢no ter podrobno preucevanje
evolucije medcelicne komunikacije. Analiziramo vpliv razli¢nih koncentracij glukoze
na topoloSke lastnosti mreZ celic beta, Se posebej zgradbo skupnosti in globalno ter
povprecno skupinsko sinhronizacijo v funkcionalni mrezi. Pokazemo, da aktivnost
celic beta v Langerhansovem otocku ni sinhrona na globalni ravni celega sincicija,
temvec se celice zdruZujejo v skupnosti, znotraj katerih je raven usklajenosti mnogo

vecja kot na ravni celotnega Langerhansovega otocka.
V sklepnem delu disertacije povzamemo in izpostavimo klju¢ne ugotovitve nasih

raziskav. Na koncu nakaZemo tudi smer nadaljnih raziskav ter moZnosti nadaljnjih

aplikacije naSih rezultatov.
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2 MATEMATICNI MODELI IN METODE

V doktorski disertaciji obravnavamo pojav kolektivne sinhronizacije v kompleksnih
mreZah. V ta namen so uporabljena razlicna matemati¢na orodja, s katerimi lahko
proucujemo strukturne lastnosti mreZ, dinamicne lastnosti oscilatorjev in raven
sinhronizacije. Posamezna orodja, ki nam to omogocajo, so predstavljena v tem

poglavju.

VozliS¢a mreZze obravnavamo sprva kot statiCne tocke, brez lastne dinamike. Na
primeru treh realnih mreZ predstavimo tri tipe mreZ malega sveta (skalno
neodvisne, Siroko skalne in eno skalne), kot jih je opredelil Amaral s sodelavci [5].
Omenjenim mrezam izriSemo tudi pripadajocCe verjetnostne porazdelitve povezav.
Za potrebe nadaljnjih analiz pa predstavimo Se druge mere, ki so pomembne za
dolocanje lokalnih in globalnih lastnosti mrez. Kot osnova za izvedbo teoreti¢nih
analiz kompleksnih mreZ predstavimo algoritem za konstrukcijo prostorsko vpete
mreZe. TipiCne mreZne strukture, generirane s tem algoritmom, primerjamo s tremi
realnimi mreZami. Iz primerjave je razvidno, da lahko z numeri¢nim algoritmom
prostorsko vpete mreZe reproduciramo tri tipicne mreZne strukture, zaznane v
realnih sistemih. Velika prednost uporabljenega mreZnega modela je, da lahko s
spreminjanjem enega parametra zvezno dolo¢amo tip mreZe, ki ga Zelimo upodobiti.
Odvisnost strukturnih lastnosti uporabljenega mreZnega modela od parametra
topologije je tudi izraCunana. Za posamezne celice, 0z. v sploSnem za posamezne
oscilatorje, ki jih poselimo v vozliS¢a mrez, predstavimo matematicne modele, s
katerimi opiSemo njihovo dinamiko. Dinami¢ne lastnosti posameznih modelov so
podrobneje predstavljene. Poseben poudarek je namenjen disipacijskim lastnostim
teh matematicnih modelov. Za vsak model naredimo stabilnostno analizo. Pomen
disipacije ponazorimo Se z analizo, ki kaze, kako je vodljivost izbranih matemati¢nih
modelov odvisna od nje. V zaklju¢nem delu tega poglavja predstavimo Se metode, s

katerimi dolocamo raven sinhronizacije med ¢asovnimi vrstami.
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2.1 Kompleksne mreze

Osnovni gradniki mreZ so vozli§¢a in povezave med njimi. Vozli§¢a lahko ponazarjajo
poljubne elemente doloCenega sistema (celice, ljudi, letalis¢a, transformatorske
postaje ...), povezave med vozlis¢i pa interakcije med temi elementi (presledkovni
stiki med celicami, poznanstva, direktni leti, daljnovodi ...). Strukturne lastnosti
mreZe so popolnoma odvisne od nacdina povezanosti vozliS¢. Informacija o
povezanosti mreZe je navadno zajeta v matriki sosednostid, ki predstavlja
numeri¢no upodobitev mreZe. RazseZnost matrike d je enaka N X N, kjer je N Stevilo
vozlis¢. Ker ne bomo upostevali usmerjenosti in obteZenosti povezav med vozliSci,
bo ta matrika simetri¢na. Matrika d je binarna, saj njeni elementi zavzemajo le
vrednost 0 ali 1. Kadar sta vozliS¢i i in j med seboj povezani, bosta ij-ti kot tudi ji-ti
element matrike sosednosti enaka 1 (di j=dy = 1). V nasprotnem primeru, ko i-ti
in j-ti vozliS¢i nista povezani, pa sta ij-ti kot tudi ji-ti element matrike sosednosti
enka 0 (dij =dj; = O). Na sliki (2.1) je prikazana oblika zapisa matrike d in izrisana
pripadajoca mreZa.

a) b)

1000
0110
1001
1000
0100 o o

Slika 2.1: Upodobitev matrike sosednosti (a) in pripadajo¢a mreZza (b).

Kot je razvidno iz slike (2.1), so vse informacije, ki jih potrebujemo za proucevanje
lastnosti mreZene strukture, zajete v matriki sosednosti d. KakrSnakoli analiza
mreZzne strukture je pogojena z analizo te matrike. Ena izmed verjetno
najpreprostejsih, a hkrati izredno pomembnih lastnosti, je povezanost posameznih
vozlis¢ mreZe. OznaCujemo jo s k;, kjer podpisani i ponazarja, da je to lastnost i-tega
vozlisc¢a. Vedji kot je faktor k; doloCenega vozliS¢a, ve¢ povezav ima in s tem se
povecuje tudi njegova pomembnost v mreZi [39]. Povezanost posameznih vozliS¢ pa
dolo¢imo tako, da seStejemo vse pripadajoce vodoravne elemente v matriki

sosednosti d:
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1 N
k; = ini,- d;;. 2.1)

Za globalni opis povezanosti mreze dolo¢imo povprecno povezanost mreze k,yg, kKjer

je povpreéna povezanost mreZe definirana z enacbo:
k =2 > Nk 2.2
avg = &l i ( : )

Vedji Kot je kayg, bolj gosto so vozliS€a med seboj povezana. Omeniti je potrebno, da
povprecna povezanost ne odraza nujno tudi Kkarakteristicne povezanosti
posameznih vozliS¢ zaradi mozne variabilnosti v povezanosti posameznih vozlisc.
Tako podatek o povprecni povezanosti navadno uporabljamo skupaj z verjetnostno
porazdelitvijo povezav, ki jo oznac¢ujemo s P(k) [40]. Za dano mreZo dolo¢imo P (k)
tako, da prestejemo, koliko vozliS¢ v mreZi ima k povezav, in dobljeno porazdelitev
delimo s skupnim $tevilom vozli§¢ N. Porazdeljenost P (k) predstavlja verjetnost, da
bi naklju¢no izbrano vozliS¢e mreZe imelo k povezav. V sploSnem lahko, glede na
potek P(k), mreze Klasificiramo kot skalno neodvisne mreze, Siroko skalne mreze in

eno skalne mreze [5].

Za skalno neodvisne mreze je znacilno, da P(k) sledi poten¢no padajoci funkciji
P(k)~k?, Kkjer so tipi¢ne vrednosti eksponenta v intervalu 9 € [2,3] [1]. Zaradi
takSne porazdelitve povezav so prisotna velika odstopanja v povezanosti
posameznih vozlis¢ glede na povprec¢no vrednost. V mreZi se pojavi malo Stevilo
vozlis¢, ki imajo veliko povezanost (t.i. centralnih vozlis¢), in vse vec vozliS¢, ki imajo
malo povezav. Zaradi velikih razlik v povezanosti, ki se pogosto razpredajo ¢ez vec
velikostnih redov, so skalno neodvisne mrezZe izredno heterogene. Primer taksSne
mreze je prikazan na sliki (2.2a), pripadajoca P(k) pa na sliki (2.2d). Razlicne
omejitve, ki so pogosto povezane s ceno povezav, v mnogo prostorsko vpetih mrezah
preprecujejo nastajanje izrazitih centralnih vozliS¢, kot jih opazimo v skalno
neodvisnih mrezah. Ta omejitev se odraza v porazdelitvi P(k), kjer od dolo¢ene
mejne vrednosti povezanosti dalje krivulja hitreje pada. Tovrstne mreZe so manj

heterogene od skalno neodvisnih mreZ in jih imenujemo Siroko skalne mreZe.
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Primer Siroko skalne mrezZe je prikazan na sliki (2.2b), pripadajo¢ P(k) pa s sliko
(2.2e). Zadnji tip mreZe so eno skalne mreze. V ta tip mrez sodijo tako nakljucne kot
tudi regularne mreZe, v Kkaterih ima vsako vozli§¢e enako Stevilo povezav k. V
primeru regularne mreze lahko P(k) ponazorimo z delta funkcijo [13]. V primeru
naklju¢ne mreZe pa ima P (k) obliko Poissonove porazdelitve, ki ima maksimum pri
povprecni povezanosti mreze k,,. TakSne mreze so homogene, saj ni velikih razlik v
povezanosti posameznih vozliS¢. Primer realne naklju¢ne mreze je prikazan na sliki
(2.2c), pripadajo¢ P(k) pa na sliki (2.2f). Podatki za izris mrez so vzeti s spletne
strani SNAP [41]. Omeniti je potrebno, da vecina tovrstnih podatkovnih baz Se ne
vsebuje informacij o geografskih lokacijah posameznih vozlis¢. Za potrebe
postavitve vozliS¢ smo v mreZi uporabili pristop, ki sta ga opisala Fruchterma in
Reingold [42]. Lokacije vozliS¢ v mreZi tako ne odraZajo njihove dejanske geografske

lokacije.

Slika 2.2: Upodobitev treh realnih mreZ. a) spletnih strani Univerze v Stanfordu,
b) citiranost ¢lankov in c) cestne mreZe Kalifornije v ZDA ter verjetnostne
porazdelitve povezav za primere d) spletnih strani Univerze v Stanfordu, e)

citiranost ¢lankov in f) cestne mreZe Kalifornije v ZDA.

21



Postavlja se vpraSanje, kaksne so razlike med tipi mreZ ob ocitni razliki v obliki
poteka P (k). V ta namen so se znotraj podroc¢ja teorije grafov in kompleksnih mreZ
razvile mere, s katerimi lahko podamo ucinkovitost komunikacijskih lastnosti
mreZe, integriranost ali segregiranost vozliS¢ v mreZo, njihove ranljivosti,
heterogenosti oz. homogenosti, itd. PodrobnejSi pomen teh mer ter algoritme, s

katerimi jih lahko izrac¢unamo, predstavljamo v nadaljevanju.
2.1.1 Dolocanje strukturnih lastnost kompleksnih mrez

Kadar Zelimo ovrednoti komunikacijske lastnosti mreze, to podamo z ucinkovitostjo,

ki jo oznacujemo z E,.,. Ta mera podaja stopnjo vkljuCenosti oz. integriranosti
vozliS¢ v mrezZi [43]. U¢inkovitost mreZe dolo¢imo tako, da izra¢unamo vse najkrajse
poti med vsemi pari vozliS¢ mreZe. Tukaj se najkrajsa pot, ki jo bomo oznacevali s [;;,
nanasa na najkrajSo geodetsko razdaljo med dvema vozliS¢ema oz. na najmanjse
Stevilo povezav, ki jih je potrebno preckati med dvema poljubnima vozliS¢ema. Za
dolocanje najkrajSe geodetske poti [;; med vozliSCema i in j bomo uporabili
Dijkstratov algoritem [44]. V primeru, ko ne obstaja posredna ali neposredna pot, ki

bi povezovala i-to in j-to vozliSCe, upoStevamo, da je [;; = co. UCinkovitost mreZe je

nato definirana kot vsota inverznih najkrajsih poti v dani mrezi:

E.vo = ! il 2.3
an_N(N—l) ,i,lij. ( . )
i#]

UcCinkovitost mreZe E,,, zavzema vrednosti med 0 in 1. Vecja ucinkovitost pomeni,

da je v povprecju potrebno preckati manjSe povezav, da pridemo od enega do
drugega vozla. V posebnem primeru popolnega grafa, kjer je vsako vozlisce

povezano z vsakim, je povpre¢na povezanost enaka 1.

Naslednja uporabljena mera, je povprecna grucCavost mreze (... Ta podaja
verjetnost, da tri vozliS€a tvorijo med seboj popoln podgraf [45]. Za dolocanje C,yq

bomo uporabili pristop, ki sta ga vpeljala avtorja Watts in Strogatz [2]. V prvem

koraku doloc¢imo lokalne koeficiente grucavosti C;, ki so definirani kot razmerje
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dejanskega Stevila povezav K; med sosedi i-tega vozliS¢a in najvejim moZnim

Stevilom povezav. Omenjeno lahko zapiSemo kot:

2K;

G D

(2.4)

Povprecni koeficient grucCavosti C,,, nato preprosto dolofimo z izraCunom

povprecja cele mreZe:

N
1
Cavg = Nz C. (2.5)
i=1

Karakteristicne konfiguracije in pripadajo¢e povprecne vrednosti koeficienta

grucavosti so prikazane na sliki (2.3).

Slika 2.3: Shematski prikaz pomena povprecne grucavosti.

Grucavost odraza, kako gosto so med seboj povezani neposredni sosedje. Da bi
prepoznali skupino vozliS¢, ki so gosteje medsebojno povezani, razporedimo
vozlis¢a v skupnosti. Beseda skupnost se v teoriji grafov nanaSa na particijo mreZe
ali tudi podmreze, znotraj katere so vozliS¢a bolj gosto povezana kot v preostali
mreZi. Za prepoznavanje skupnosti v mreZah uporabimo algoritem, ki ga je predlagal
Blondel s sodelavci [46]. V nadaljevanju bomo i-to skupnost vozliS¢ oznacevali s c;.
Da lahko vozliS¢a razporejamo po skupnostih, skuSamo maksimizirati mero, ki jo
imenujemo modularnost Q. Njena vrednost podaja, kako uspesno lahko mrezo

razdelimo na skupnosti [47, 48] in je definirana kot:
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1 kik;

Q= %Z (dij - %) 8(cucp), (2.6)

i,j

kjer je Clen §(c; ¢;) enak 1, kadar je ¢; = ¢; in 0 v nasprotnem primeru. Namen
algoritma je maksimirati modularnost mreze z zveznim preoblikovanjem strukture
skupnosti. Nova oblika skupnosti vozliS¢ je sprejeta le, ¢e je sprememba v
modularnosti AQ med trenutno in predhodno konfiguracijo pozitivna. Proces
prerazporejanja vozliS¢ med skupnostmi ponavljamo toliko c¢asa, dokler ne
postanejo spremembe v AQ neznatne in smo posledicno oblikovali najverjetnejSo
porazdelitev vozliS¢ v skupnosti. Omenjen algoritem smo uporabili na primeru
lastne spletne socialne mreZe. Rezultati so prikazani na sliki (2.4). Obarvanost
vozliS¢ ponazarja njihovo pripadnost doloCeni skupnosti. Tako so rdeca vozlisca
osebe, s katerimi smo navezali stike v ¢asu Studija, v zeleni skupnosti pa so osebe iz

¢asov Solanja v srednji Soli ipd.

Slika 2.4: Mrezni prikaz spletnega socialnega omrezZja. Barve vozlis¢ ponazarjajo
pripadnost doloceni skupnosti in njihova velikost odraza povezanost

posameznega vozliSca.
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DoloCena vozliS¢a mreZe predstavljajo osrednje enote, preko katerih poljubni pari
posredno povezanih vozliS¢ ucinkovito izmenjujejo informacije. V modularnih
mreZah se lahko zgodi, da vozliS¢a ene skupnosti komunicirajo z vozliS¢i druge
skupnosti zgolj preko enega vozliS¢a. TakSna vozliS¢a imajo zelo veliko osrednjost, ki
jo za i-to vozliS¢e oznacujemo kot B;. Osrednjost vozliS¢a dolo¢imo na podlagi vsote
najkrajsih poti med poljubnima dvema posredno povezanima vozliS¢ema mreZze, ki
potekajo preko i-tega vozlis¢a. Stevilo najkrajsih povezav, ki potekajo preko i-tega
vozliS§€a, oznacimo s g;. To Stevilo nato delimo s Stevilom vseh najkrajsih poti v

mrezi g:

B; =—. 2.7

Za bolj nazorno predstavitev te lokalne mere, je v sliki (2.5) prikaz mreZe Sestih

vozliS¢ ter upodobitev 3 najkrajsih poti preko izbranega vozlisc.

Slika 2.5: Prikaz osrednjosti vozliS¢. MreZa Sestih vozliS¢ (a) in prikaz najkrajsih
poti med posredno povezanimi pari vozlis¢ (b). Vidimo lahko, da ima vozlisce,

oznaceno s Stevilko 3, najvecjo osrednjost.

Kot zadnjo mero omenimo Se asortativnost mreze 7,5. Ta odraza, v kolikSni meri se
vozliS€a preferencno povezujejo s seboj podobnimi oz. druga¢nimi [49]. Vrednosti
tega parametra se nahajajo v razponu od —1 (vozlis¢a z nizko povezanostjo so
pogosto povezana z vozliSci, ki imajo veliko Stevilo povezav) do 1 (vozliSc¢a, ki imajo
enako ali podobno Stevilo povezav so pogosto povezana med seboj). MreZe, katerih

asortativnost je mo¢no negativna, so pogosto hierarhi¢no organizirane, kjer je malo
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Stevilo mo¢no povezanih vozliS¢ povezano z velikim Stevilom vozlisS¢, ki imajo zgolj
malo povezav. Moc¢no pozitivha vrednost parametra 7,5 pa je znacilna za regularne
mreZe, kjer imajo vozliS¢a v povprecju podobno Stevilo povezav. Asortativnost

mreZe je v primeru neusmerjenega grafa definira kot:

N N 2

- i=1€ii — Di=19
as = _yN 2
1 i=1 4

2.8

kjer e;; ponazarja deleZ povezav mreZe, ki povezujejo vozliSce tipa i z vozliS¢em tipa
j. Tukaj se v sploSnem tip nanaSa na poljubno skalarno koli¢ino, ki jo lahko
pripiSemo vozliS¢em mreze [50]. Parameter a; pa predstavlja, kolikSen delez

direktnih sosedov i-tega vozliS¢a ima enako Stevilo povezav kot vozliSce i.
2.1.2 Model prostorsko vpete mreze

Razli¢ne tipe mreZ generiramo z algoritmom prostorsko vpete mreZe [36]. Model je
primeren za modeliranje mreZnih sistemov, pri katerih obstaja omejitev pri
kreiranju daljnoseZnih povezav. Uporabljen je na primer bil za model tkiva gladkih
miSi¢nih celic plju¢ne arterije [51]. V prvem koraku tega algoritma nakljucno
porazdelimo N vozliS¢ v prostoru, ki ima obliko kvadrata s stranicami dolZine 1.
Vsakemu od vozliS¢ dodelimo tudi naravno S$tevilo i. V naslednjem koraku vozliS¢em
predpiSemo pomembnosti (ti. fitnes vrednosti) f;. Te porazdelimo v skladu s
poten¢no funkcijo P(f)~f 7, Kjer je bil skalni parameter 9 = 2,5. Povezava med i-

tim in j-tim vozliS¢em je ustvarjena, Ce je izpolnjen naslednji pogoj:

fif

% > 6, (2.9)
ij

kjer je 6 prag, s katerim nastavimo povprefno povezanost mreze k,,q, ki jo v

nadaljevanju postavimo na k,,; = 5. Faktor Il-‘j- predstavlja evklidsko razdaljo med i-

tim in j-tim vozliS¢em. Klju¢ni Clen, s katerim lahko zvezno spreminjamo tip
generirane mreZe, je parameter §. V primeru, ko ta zavzema majhne vrednosti

(6 K€ 1) to izzove, da je faktor Ii‘sj~1. Pogoj, s katerim sprejemamo povezave med
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vozlis¢i in je zapisan v enacbi (2.9), postane neodvisen od evklidske razdalje med
vozliS¢i mreZe. Povezave se sprejemajo zgolj na podlagi predpisanih pomembnostih
posameznih vozliS¢ f;. Ker pa te sledijo poten¢no padajoci funkciji, ima le malo
Stevilo vozliS¢, ki vzpostavijo v mreZi veliko povezav, velik f;. Ve¢ji del vozliS¢ v
mreZi, ki pa ima majhno vrednost f;, vzpostavi zgolj par povezav. Ker v primeru
6 < 1 ni nobenih prostorskih omejitev, je mreZa prekomerno sestavljena iz dolgih
povezav in je izredno heterogena. Prednost tovrstnih mreZ je predvsem njihova
ucinkovitost, ki je posledica izredno kratke geodetske razdalje. V drugi skrajnosti, ko
je & » 1, je kljucni ¢len pri vzpostavitvi povezav med vozliS¢i dolZina povezav.
Povezave, ki se sprejemajo, so kratkega dosega. Pomanjkanje daljnoseznih povezav
ima za posledico izredno neucinkovito mrezo. Ker so povezani bolj ali manj le bliZnji
sosedi, je mreZza homogena. Porazdelitev Stevila povezav posameznih vozlis¢ P (k)
ima v tem primeru obliko Poissonove porazdelitve, kar je znacilnost tudi naklju¢nih
geometricnih mreZ. Pri srednjih vrednostih topoloskega parametra § ima mreZa
znacilnosti Siroko skalne mreZe. Povezave med oscilatorji se tvorijo tako med
bliznjimi kot tudi med oddaljenimi oscilatorji. BliZnje povezave so posledica veljega
vpliva parametra evklidske razdalje. Slednja ima za posledico tudi preprecitev
nastanka zelo izrazitih centralnih vozliS¢. Porazdelitev Stevila povezav P (k) pri teh
mreZah se ve¢ ne ujema s potenéno padajoco obliko P (k) skalno neodvisnih mrez. Ce
primerjamo sliki (2.5d in 2.5e), lahko opazimo razliko med poloznim vrhom za
Siroko skalno mrezo in linearno padajoco krivuljo v log-log grafu za skalno
neodvisno mrezo. Za tovrstne mrezZne tipe je znacilna manjsa ucinkovitost kot v
skalno neodvisnih mrezah, relativno velik koeficient grucavosti ter sestava mreze

tako iz kratkih kot tudi dolgih povezav.
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Slika 2.6: Karakteristicne numeri¢no generirane mrezne strukture, za vrednosti
parametrov a) § =0,1, b)d =13 in c) § =5,1 ter ustrezne verjetnostne
porazdelitve povezav d) - f). Za § = 0,1 je tockam prilagojena najbliZja potencna
funkcija, prikazana z rdeco ¢rtkano Crto. Za 6 = 5,1 je tockam prilagojena

funkcija, ki ustreza najblizji Poissonovi porazdelitvi (zelena Crtkasta ¢rta).

[z rezultatov, ki so prikazani na sliki (2.6), lahko vidimo, da je moZno s tem mrezZnim

modelom zelo dobro posnemati spekter realnih mreZnih struktur (glej sliko 2.2).

Za dan mrezni model izracunamo ucinkovitost, povpre¢no grucavost, povprec¢no
evklidsko dolZzino povezav, asortativnost, modularnost in Stevilo skupnosti v
odvisnosti od topoloskega parametra §. Rezultati, prikazani na sliki (2.7), so dobljeni
na podlagi 1000 realizacij algoritma prostorsko vpete mreZe, sestavljene iz 100
vozlis¢. V vsaki realizaciji smo topoloski parameter § povecevali za 0,2 v intervalu od

0,1 do 5,1.
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Slika 2.7: Karakterizacije mreznih lastnsoti numeri¢nega modela. Odvisnost
uCinkovitosti (a), povpretne gucavosti (b), povprecne evklidske razdalje (c),
povprecne asortativnosti (d), povpre¢ne modularnosti (e) in Stevila skupnosti

(f) od topoloskega parametra 4.

Vidimo lahko, da se wuclinkovitost mreZe monotono zmanjSuje z veCanjem
topoloskega parametra § (slika 2.7a). Povprecni koeficient gruc¢avosti sprva narasca
za manjSe vrednosti topoloSkega parametra §. Nato doseZe najvisjo vrednost in od te
vrednosti dalje zelo polozno pada (slika 2.7b). Z veCanjem topoloskega parametra,
kakor smo napovedali, se v sploSnem dolZina povezav v mreZi manjsa (slika 2.7c).
Vidimo lahko, da so v obmodju nizkih vrednostih topoloSkega parametra &
preferencno povezana vozlisca, ki imajo izrazito razlicno povezanost. Ta preferenca
se z veCanjem parametra § tudi zniZuje in je pri srednjih vrednosti parametra 6 tudi
pozitivna (glej sliko 2.7d). Oglejmo si Se odvisnost modularnosti in Stevila skupnosti
mreZe od topoloSkega parametra. Modulatnost Q generiranih mreZ v sploSnem
monotono naras¢a v odvisnosti od parametra § (glej sliko 2.7e). Nizka vrednost
modularnosti odraZa manj uspeSno razvrstitev vozlis¢ v skupnosti oz. manjSo razliko
v gostoti povezav med vozliS¢i znotraj ene skupnosti v primerjavi s celotno mrezo.
Tudi Stevilo M. skupnosti (glej sliko 2.7f), v katere so razvrSeni oscilatorji, narasca. V

primeru nizkih vrednosti topoSkega parametra imamo izredno heterogene mreze, ki
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omogocajo izredno ucinkovito komikacijo in so ne-segregirane. Z viSanjem
topoloskega parametra pa postajajo mreZe vse bolj homogene, manj ucinkovite in

segregirane.

VozliS¢a v sploSnem niso zgolj stati¢ne tocke, ki so med seboj povezane, temvec
imajo svojo lastno dinamiko. V nasih analizah nas Se posebej zanima, kako razli¢cne
mrezne stukture in dinamicne lastnosti oscilatorjev, ki vozlis¢a poseljujejo, vplivajo
na raven kolektivne sinhronizacije v mreZi. Za opis dinamike posameznih vozliS¢

uporabimo matemati¢ne modele, ki so predstavljeni v nadaljevanju.
2.2 Matemati¢ni modeli dinamike posameznih vozli$¢

Lastnosti dolo¢enega sistema se odraZajo tudi v njegovi dinamiki. V sploSnem so vsi
sistemi do dolocenega velikostnega reda vedno sestavljeni iz vecjega Stevila
elementov, ki vzajemno delujejo drug na drugega. Z namenom bolj poglobljenega
razumevanja njihovega delovanja pogosto pricnemo z raziskovanjem lastnosti
njihovih osnovnih gradnikov. V ta namen so se in se Se zmeraj oblikujejo
matemati¢ni modeli, ki tako na kvalitativni kot tudi na kvantitativni ravni dobro
posnemajo dinamiko posameznih gradnikov. Obicajno zapiSemo dinamicen model v

obliki diferencialne enacbe, ki ima obliko:

Sz=1=f(2), 2.10
kjer je z v sploSnem [ dimenzionalni vektor stanja in z pripadajoci ¢asovni odvod. V
mnogih primerih ni moZno podati eksplicitne reSitve takSnega sistema. S slednjo bi
podali ¢asovni razvoj trajektorije v faznem prostoru pri danih zacetnih pogojih z,.
Vendar v dana$njih Casih to ni ovira, saj lahko z zmogljivimi racunalniki v zmernem
¢asu numericno izracunamo casovni razvoj sistema z vec¢ tiso¢imi diferencialnimi

enacbami.

Poseben poudarek bomo namenili lokalni disipaciji danega matematicnega sistema,

ki odraZa, kako mo¢no njegov atraktor privlaci svojo okolico v faznem prostoru [22].
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Zaradi disipacije se namrec¢ fazni prostor kréi v mnoZzico tock, ki predstavljajo
atraktor faznega prostora. Trajektorija disipativnega dinami¢nega sistema se tako za
poljuben izbor zacCetnih pogojev pribliZuje atraktorju. Lokalno disipacijo lahko po
analiti¢ni poti dolo¢imo le v primeru, ko lahko podamo tudi eksplicitni zapis
atraktorja. Tako je v prvi vrsti potrebno dolociti fiksne tocke z* matemati¢nega

sistema, Kkjer velja:

d *
az z=zx — f(Z ) = 0. 2.11

Resitev z* predstavlja tocke v faznem prostoru, Kkjer je ¢asovni odvod funkcije enak 0
0z. se stanje sistema s casom ne spreminja. Ker je lahko to stanje stabilno oz.
nestabilno, analiziramo obnaSanje sistema v bliZini ravnovesnega staja z* + §z. V
sploSnem se lahko sistem v takSnem primeru odzove na dva nacina, kot je to
prikazano na sliki (2.8). Ob manjSi motnji §z, se lahko sistem ali vrne k resitvi z*, ali
pa se pri¢ne od nje oddaljevati. V kolikor se dinamicni sistem vrne k resitvi, reSitev
predstavlja mnoZico tock, ki oblikujejo atraktor faznega prostora, je reSitev stabilna.
V nasprotnem primeru pa reSitev predstavlja nestabilno fiksno tocko faznega

prostora.

a) b)

Slika 2.8: MoZni odzivi dinami¢nega sistema na perturbacijo 6z: a) primer
privlatnega atraktorja. BliZnje trajektorije se po perturbaciji pribliZujejo
atraktorju. Slika b) pa prikazuje primer nestabilnega atraktorja, kjer se bliZnje

trajektorije oddaljujejo od njega.

ObnasSanje dinamicnega sistema v blizini fiksne tocke analiziramo tako, da sistem
lineariziramo v majhni okolici 6z okoli toCcke z*. To naredimo tako, da zapiSemo

Jacobijevo matriko sistema za stanje z*:
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Stabilnost stacionarnega stanja je pogojena s sledjo Jacobijeve matrike. Ce je le ta
negativna, je stacionarno stanje stabilno. Tovrstne matematicne sisteme imenujemo
tudi disipativni sistemi. V nasprotnem primeru, Ce je sled matrike pozitivna, pa se
trajektorije v bliZnji okolici stacionarnega stanja od njega oddaljujejo. Sled Jacobijeve
matrike oznacujemo s Tr(J). Pogosto je ta imenovana tudi divergenca. ZapiSemo jo

lahko kot vsoto diagonalnih elementov Jacobijeve matrike:

l
az
Tr(J|,eg) = a_zz' 2.13
i=0

Tako lahko obnasanje trajektorije v bliZini fiksne tocke zapiSemo kot:
z(t) = CeTUl=")t, 2.14

Kadar tovrstne analize ne moremo narediti analiticno, za dolocanje lokalne
disipativnosti atraktorja uporabimo numeri¢ne pristope. V nadaljevanju so
predstavljeni Stirje matemati¢ni modeli, ki krojijo dinamiko posameznih vozlisc.
Prvi model je preprost, kar omogoca analiticno analizo. Ostali trije so bolj zapleteni
in predvidevajo tudi bolj kompleksno dinamiko. Eden izmed njih je diskreten. Za
vsak oscilator bomo napravili stabilnostno analizo in tako podali, kako se njegova
povprecna lokalna disipativnost spreminja v odvisnosti od izbranega parametra.
Samo disipativnost danega matematicnega modela bomo dolocali tako analiti¢no kot

tudi numericno.
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2.2.1 Poincaréjev oscilator

Za Stevilne bioloske sisteme je znacilna oscilirajoc¢a dinamika, ki je do dolocene mere
robustna na zunanje draZljaje [52]. Kot preprost model, s katerim lahko
matemati¢no simuliramo tovrstno dinamiko, se pogosto uporablja Poincaréjev

oscilator [24, 53]. V matematic¢ni obliki ga zapiSemo kot:

px = —y(Ro, — A)px — 2mvpy, 2.15
py = —yY(Ry — A)py + 2mvpx. 2.16

Clena px in py ponazarjata ¢asovni odvod dinami¢nih spremenljivk px in py, ki
predstavljata koordinati v kartezicnem koordinatnem sistemu, 4 je polmer limitnega
cikla v faznem prostoru in Ry = W, razdalja od izhodisc¢a faznega prostora
do tocke trenutnega poloZaja v faznem prostoru. Parameter v je enak frekvenci
periodi¢ne dinamike. Vidimo lahko, da je matemati¢ni model relativno enostaven in
nam kot takSen omogoca izvedbo stabilnostne analize po analiti¢cni poti. Sled

Jacobijeve matrike za Poincaréjev oscilator ima sledeco obliko:
Tr()) = —y(3R, — 24). 2.17

Sistem enacb (2.15 in 2.16) ima dve resitvi. Prva resitev je (0,0). Ce vstavimo to

reSitev v enacbo (2.17), dobimo, da je Tr(J),0) = 24y. Vrednost sledi Jacobijeve
matrike je tako pozitivna in se posledi¢no bliznje trajektorije oddaljujejo od te

nestabilne tocke. Izpeljava druge reSitve pa vrne izraz \/m = A oz. krozZnico.
Sled Jacobijeve matrike je posledicno enaka Tr(J)g,) = — y. Tako parameter y poda
hitrost pribliZevanja bliZnjih trajektorij k atraktorju. Na slikah (2.9a, 2.9b in 2.9¢) so
prikazane trajektorije za tri razlicne vrednosti parametra y. Vidimo lahko, kako se v
primeru, ko je y = 1, trajektorije pocasi pribliZujejo limitnemu ciklu, v primerjavi s
primerom, ko je y = 1000, in se trajektorije zelo hitro vrnejo k atraktorju. Privlak
atraktorja oz. lokalna disipativnost vpliva tudi na rigidnost sistema oz. njegovo
vodljivost. Da bi prikazali ta koncept, smo Poincaréjev oscilator vzbujali s periodi¢no

funkcijo ¢ sin(2mv,t), kjer € ponazarja amplitudo zunanjega vzbujanja in v,
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frekvenco, ki jo Zelimo sistemu vsiliti. Dinamiko oscilatorja obravnavamo kot
sinhrono z zunanjim vzbujanjem, ko pade razlika med frekvenco oscilatorja in
frekvenco zunanjega vzbujanja pod vrednost 10-3. Rezultati simulacije za primera

y = 1liny = 1000 so prikazani s slikama (2.9d in 2.9e).

a) b)

12 08

0.8 1.2
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Slika 2.9: Prikaz trajektorij Poincaréjevega oscilatorja in lokalne disipativnosti
faznega prostora za primere a) y = 1, b) y = 10 in c¢) y = 1000 ter prikaz
obmocja frekvenctne prilagojenosti oscilatorja z zunanjim vzbujanjem v od
frekvence v,, in amplitude € zunanjega vzbujanja za primerad) y = line) y =
1000. Rdece obarvano obmocje v d) in e) ponazarja obmocje, kjer je razlika med

frekvenco oscilatorja in frekvenco zunanjega vzbujanja manjsa od 10-3.

Iz prikazanega na sliki (2.9) je zelo nazorno razvidno, kako parameter y, ki odraza
stopnjo disipativnosti sistema, vpliva na odzivanje sistema na doloCeno zunanje
vzbujanje. V primeru, ko je vrednost parametra y velika in je sistem tudi bolj
disipativen, bo zunanja perturbacija hitro izzvenela (glej sliko 2.9c). V primeru
majhne vrednosti parametra y pa potrebuje sistem daljsi ¢as, da se po zunanji motnji
vrne k atraktorju (glej sliko 2.9a). Vidimo, da so Sibko disipativni sistemi bolj

dovzetni na zunanje vplive in so zato tudi bolj vodljivi [24].
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2.2.2 Model Brusselator

Naslednji matemati¢ni model, ki ga bomo kasneje uporabili v naSih simulacijah, je
Brusselator. Ta model se pogosto uporablja kot paradigmaticni teoreti¢ni model za

avtokatalitiCne reakcije [54, 55]. Matematic¢en zapis modela ima obliko:

u=a+u*v—u(b+1), 2.18

v = bu — u?v, 2.19

Kjer sta u in v dinamic¢ni spremenljivki sistema, a ter b pa parametra, ki dolocata
dinamic¢ne lastnosti tega matemati¢nega modela. V vseh nadaljnjih simulacijah bomo
vrednost drugega parametra postavili na b = 2,5. V nasprotju s Poincaréjevim
oscilatorjem, katerega dinamika se zmeraj ujame v limitni cikel, se lahko Brusselator
nahaja v dveh dinamic¢nih rezimih. Zaradi relativno preproste oblike modela lahko
tudi v tem primeru napravimo stabilnostno analizo sistema z analiticnimi pristopi.
Sistem ima eno fiksno tocko, ki je enaka (a, b/a). Da dolo¢imo stabilnost le-te,

izrazimo sled Jacobijeve matrike Tr(J), ki ima obliko:
Tr()) = —u?® + 2uv — (b + 1). 2.20

Ce upostevamo fiksno tocko sistema (a, b/a) v izrazu za sled Jacobijeve matrike,

zapiSemo Tr(J)ap/a) = —a? + b — 1. Iz zapisanega lahko v nadaljevanju napovemo,

da je fiksna to¢ka nestabilna tako dolgo, dokler velja a < Vb — 1. V tem primeru je
atraktor limitni cikel. Ko pa parameter a preseZe mejno vrednosta < vb —1,
postane fiksna tocka (a, b/a) stabilna. Ker tocke, ki sestavljajo atraktor, ne moremo
podati eksplicitno, odvisnost lokalne disipativnosti od parametra a dolo¢imo
numeri¢no. Z numeri¢no simulacijo tako reSimo sistem enacb (2.18) in (2.19). V
teku simulacije sistemu dovolimo, da se relaksira k atraktorju, in sprotno racunamo
vrednost sledi Jacobijeve matrike, zapisane v enacbi (2.20), stacionarne tocke u*
spremenljivke u. Bifurkacijski diagram je skupaj s potekom lokalne disipativnosti
prikazan na sliki (2.10a). Opazimo lahko, da zavzema povprecna lokalna
disipativnost najvi$jo vrednost v bliZini to¢ke bifurkacije, kjer je a = vb — 1. Kadar

je parameter manjSi od te mejne vrednosti, se sistem ujame v limitni cikel, kjer
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sistem oscilira okoli fiksne tocke (a, b/a). Za velje vrednosti parametra a pa
postane fiksna tocka (a, b/a) stabilna. Trajektorija, ki bi izvirala iz poljubne tocke v
faznem prostoru, bi tako konvergirala k stacionarni tocki (a, b/a), ki predstavlja
tudi atraktor. Karakteristicna dinamika za ta dva dinamic¢na rezZima je prikazana na
slikah (2.10 b in c). Opazimo lahko, da je pribliZevanje atraktorju mnogo pocasnejse

v primeru majhne disipacije (slika 2.10c).

04 08 12 16 20
a
Slika 2.10: Predstavitev dinamic¢nih lastnosti Brusselatroja: a) bifurkacijskega

diagrama skupaj s povprecno lokalno divergenco v odvisnosti od parametra a

ter prikaz dveh karakteristi¢nih trajektorij za primerab) a = 0,8inc)a = 1,2.

Da prou¢imo frekvencno prilagodljivost sistema v odvisnosti od njegove
disipativnosti, tudi v tem primeru sistem vzbujamo z zunanjo funkcijo ¢ sin(2mv,t).
Dinamiko oscilatorja obravnavamo kot sinhrono z zunanjim vzbujanjem, ko pade
razlika med frekvenco oscilatorja in frekvenco zunanjega vzbujanja pod vrednost
10-3. Rezultati simulacije za dve izbrani vrednosti parametra a so prikazani na slikah

(2.11ain 2.11b).
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Slika 2.11: Karakterizacija prilagodljivosti Brusselatorja na zunanje vzbujanje.
Barvno kodirana odvisnost vrednosti korelacije od kotne hitrosti w in amplitude ¢

zunanjega vzbujanja za primeraa) a = 0,8terb)a = 1,2.

Tudi v tem primeru lahko opazimo, da je sistem, ki ima manj negativno lokalno
disipativnost, lazje vodljiv oz. vodljiv v SirSem frekven¢nem obmocju tudi pri manjsi

amplitudi zunanjega signala.
2.2.3 Rulkova mapa

Leta 2001 je N. F. Rulkov predstavil dvodimenzionalni diskretni sistem, imenovan
Rulkova mapa [56]. Ta matemati¢en model ima zelo bogato dinamiko in omogoca
generiranje brsti¢nih oscilacij, ki so med drugim znacilne za nekatere Zivcne celice
[10]. Mapa je bila veckrat uporabljena za fenomenoloski opis nevronske dinamike
[56-59]. Prednost uporabe tega diskretnega sistema je predvsem v numericni
ucinkovitosti, kar omogoca racunalniSke simulacije na vecjih sistemih v relativno

kratkem c¢asu. Rulkova mapa ima obliko:

rx(t+1) = + ry(t), 2.21

a
1+ rx(t)?
ry(t+ 1) =ry(t) —orx(t) — B, 2.22

Kjer je rx(t) hitra in ry(t) pocasna spremenljivka ter t diskreten ¢as. Parametra f in
o vplivata na frekvenco oscilacij in stacionarna stanja sistema [60]. Za ta dva

parametra se navadno uporabljajo majhne vrednosti reda 10-3. Vlogo kontrolnega
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parametra ima «, ki se v simulacijah giblje v intervalu a € [0,5]. Celotno dinamiko
sistema v tem intervalu ponazorimo z bifurkacijkim diagramom, ki je prikazan na

sliki (2.12).

a) b)
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Slika 2.12: Dinamicne lastnosti Rulkove mape: bifurkacijski diagram a) hitre in

b) pocasne spremenljivke Rulkove mape.

Kot je razvidno iz bifurkacijskega diagrama, prikazanega na sliki (2.11), se lahko
sistem nahaja v treh dinami¢nih reZimih glede na parameter a. V primeru, ko je

vrednost kontrolnega parametra v intervalu a € [0,2], je ravnovesno stanje ena
sama tocka (—1,1 - %) h kateri sistem konvergira po zadostnem Stevilu iteracij.

Tako v intervalu a € [2,4] sistem periodi¢no oscilira. Omeniti je potrebno, da lahko
pri tem prihaja do neregularnih brsti¢nih vrhov, ki predstavljajo visokofrekvenctno
duseno nihanje okoli stabilne veje reSitev med najvecjo in najmanjSo vrednostjo
hitre spremenljivke. Zadnji interval v bifurkacijskem diagramu je obmocje
kontrolnega parametra a € [4,5]. V tem dinami¢nem obmodju so oscilacije kaoti¢ne.
DolZina trajanja teh brstov je pogojena s pojavom bifurkacije zaradi zunanje krize
[37]. Lastnosti atraktorja pri doloCeni vrednosti kontrolnega parametra a lahko
analiziramo z uporabo Jacobijeve matrike. V ta namen potrebujemo fiksne tocke
sistema. Te so v diskretnih sistemih definirane z izrazom rx(t +m) = rx(t) in
ry(t + m) = ry(t), kjer je m zaporedno 3tevilo iteracij od t-te iteracije. Ce je
atraktor ena tocka v faznem prostoru, bo v stacionarnem stanju veljajo, da je
vrednost vsake nadaljnje iteracije enaka prejSnji. V tem primeru je m=1. V

primerih, ko je stacionarnih stanj vec, pa postane njihova dolocitev izredno
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zapletena in mnogokrat tudi nemogoca. Stabilnostna analiza sistema z analiticnimi
pristopi tako ni izvedljiva. V ta namen uporabimo primerni numericni pristop, ki
nam omogoca izvedbo stabilnostne analize tudi v analiticno neresljivih sistemih.
Numeric¢ni algoritmi, s katerimi lahko izvedeno takSno analizo, temeljijo na
merjenem simuliranju Casovnega razvoja trajektorij, ki se nahajajo v bliZini

atraktorja.

Ena od osnovnih lastnosti stabilnih atraktorjev je namre¢ ta, da privlacijo
trajektorije v svoji blizini. Za kvalitativno oceno stabilnosti atraktorja uporabimo
dve Rulkovi mapi. Oba sistema imata enake zacetne pogoje in vrednosti parametrov.
Eno od dveh map uporabimo kot referencni sistem, ki podaja lokacijo trajektorije v
faznem prostoru. Trajektorijo druge Rulkove mape pa periodi¢no izmikamo glede na
referencni sistem za doloceno majhno vrednost € glede na referencno trajetorijo in
opazujemo, kako se oddaljenost med trajektorijama spreminja s ¢asom |x,(t) —
x;(t)|. Vsoto vseh absolutnih razlik v teku simulacije na koncu normiramo s Stevilom
iteracij in tako dobimo povprecno absolutno rast napake. Razlika je lahko le vecja ali

enaka 0. Iz tega lahko sklepamo:

1. Ce je |x.(t) — x;(t)] > 0, se izmaknjen sistem oddaljuje od referen¢nega
atraktorja (sistem ni disipativen in atraktor ni stabilen).

2. Ce je |x,(t) — x;(t)| = €, izmaknjen sistem ostaja v teku simulacije na isti
oddaljenosti od referencnega (sistem je konservativen in atraktor je
navidezno stabilen).

3. Ce je |x,(t) —x;(t)] =0, se je izmaknjen sistem vrnil k referenénemu
atraktorju (sistem je disipativen in atraktor je stabilen).

Kot je razvidno iz slike (2.13a), se hitra spremenljivka po motnji vraca k
referencnemu sistemu, dokler za kontrolni parameter velja ¢ < 3. Od te tocke naprej
se hitra spremenljivka v povprec¢ju oddaljuje od referencnega sistema. Podrobnejso
analizo stabilnosti sistema lahko izvedemo z dolocitvijo njegovih Ljapunovih
eksponentov, katerih Stevilo je zmeraj enako dimenziji sistema. V primeru diskretne
Rulkove mape lahko sistemu dolo¢imo dva Ljapunova eksponenta. Ti eksponenti, ki
jih lahko dolo€imo numericno, predstavljajo realne dele lastnih vrednosti ustrezne

Jacobijeve matrike v primeru zveznih sistemov. Oznacujemo jih z grSko crtko 4;, kjer

39



podpisan i simbolizira i-ti Ljapunov eksponent. V primeru diskretnih sistemov je
dinamika bliznjih trajektorij sorazmerna z naravnim eksponentom posameznih
Ljapunovih eksponentov A; [61]. S celotnim spektrom Ljapunovih eksponentov
lahko napovemo, kakSno dinamiko ima sistem pri doloceni vrednosti bifurkacijskega
parametra in tudi, ¢e je sistem disipativen ter kako mocno je disipativen [62].
Algoritem za numeri¢no dolocitev Ljapunovega spektra temelji na Wolfovem
algoritmu [63]. Pri tem algoritmu uporabimo dva enaka matemati¢na modela (tj. iste
vrednosti parametrov in vrednosti zacetnih pogojev). Enega od teh dveh modelov
uporabimo za referencnega, drugega pa v konstantnih ¢asovnih intervalih izmikamo
glede na lego referencnega sistema v faznem prostoru. Sprotno ra¢unamo, kako se
razdalja med tema trajektorijama spreminja s casom. Ob vsakem izmiku uporabimo
tudi Gram-Schmidtov algoritem, s katerim sprotno generiramo ortogonalizirane
vektorje v smeri razvoja dinami¢nih spremenljivk ter sprotno beleZimo velikosti
posameznih komponent. Rezultati za naravne eksponente Ljapunovih eksponentov
A; so prikazani na sliki (2.13b). Vidimo lahko, da ima A; (glej sliko 2.13b) podobno
obliko kot povprecna rast napake (glej sliko 2.13a). 1z poteka posameznih krivulj A,
in A, lahko Se dodatno razberemo dve informaciji, in sicer: atraktor pocasne
spremenljivke je v teku celotne simulacije zmeraj disipativen in sistem ima stabilen
atraktor dokler a < 3. V periodicnem oknu pa lahko Se napovemo, da so brsti¢ni

vrhovi regularni za a< 3 in neregularni za a > 3.

b
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1 2
_ —— (4,4,
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Slika 2.13: Rezultati numeric¢ne stabilnostne analize. Potek a) povprecne rasti
napake in b) Ljapunovega spektra ter absolutnega produkta naravnih

eksponentov Ljapunovega spektra v odvisnosti od kontrolnega parametra a.
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Podobno kot sled Tr(]J) odraza disipacijske lastnosti v zveznih zvezni sistemih, v
primeru diskretnega sistema to odraza clen |A;4,|. Ker so posamezni ¢leni doloceni

kot naravni eksponenti, velja [64]:

o |A,A,| < 1 - sistem je disipativen,
o |A,A,| = 1 - sistem je konzervativen,
o |A1A,] > 1 - sistem je kaoticen.

Tudi v tem primeru lahko opazimo, da se disipativnost v bliZini bifurkacij v
sploSnem manjsa. Podobno, kot smo to napravili do sedaj, bomo tudi v tem primeru
preverili frekvencno prilagodljivost tega modela v razlicnih dinami¢nih reZimih.
Hitro spremenljivko vzbujamo s periodi¢nim signalom ¢ sin(2mv,,t), kjer je € jakost
sklopitve in w kotna hitrost zunanjega vzbujanja. V teku simulacije racunamo, kako
se spreminja povpretne frekvence v,,, Rulkove mape v odvisnosti od
bifurkacijskega parametra a in frekvence zunanjega vzbujanja v,. Rezultati

numericne simulacije so prikazani na sliki (2.14).

v (Hz)

v

3

o

Slika 2.14: Frekventna prilagodljivost Rulkove mape. Obmocje, kjer je vayg

Rulkove mapa prilagojena s frekvenco zunanjega vzbujanja, je prikazano z rdeco
barvo. Rumena vrisana krivulja v grafu, ponazarja odvisnost povprecne

frekvence v,y ne-sklopljene Rulkove mape.

V prvem delu, ko je a < 2, se Rulkova mapa prilagodi poljubni frekvenci zunanjega

vzbujanja. ManjSe motnje v tem dinami¢nem obmocju povzrocijo, da se tako hitri
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kakor tudi pocasni spremenljivki poveca oz. zmanjSa vrednost sorazmerno z jakostjo
zunanjega signala. Zaradi stabilne fiksne tocke sistem teZi k njej in tako se vrhovi
pocasne spremenljivke pojavljajo usklajeno z zunanjim vzbujanjem vse dokler ni
frekvenca zunanjega vzbujanja prevelika glede na cas, v katerem se lahko sistem
vrne k stacionarnemu stanju. Ta relaksacijski ¢as je pogojen s produktom |A;4,]. V
drugem delu, ko je 2 < a < 4, je obmocje frekvencne sinhronizacije omejeno na
bliZznjo okolico lastne povprecne frekvence nesklopljene Rulkove mape. To obmocje
postaja tudi oZje z veCanjem bifurkacijskega parametra. V tretjem obmocju, ko je a >
4, se sistem ponovno sinhronizira v okolici lastne frekvence nesklopljene Rulkove
mape, vendar bolj nesimetri¢no. Razlago za obliko sinhroniziranega obmocdja za
periodicno in kaoticno obmocje lahko povezemo z bifurkacijskim diagramom
pocasne spremenljivke na sliki (2.12). Vrednosti, ki so zajete v tem diagramu,
predstavljajo stacionarne tocke, pri katerih v sploSnem sistem preide iz ene veje
stabilnih reSitev v drugo. Opazimo lahko, da se razpon vrednosti veca z
bifurkacijskim parametrom v intervalu 2 < « < 4 in manj$a v intervalu o > 4. Sirina
obmodja je tesno povezana z verjetnostjo, da lahko sistem z manjSo motnjo vrzemo v
drugo vejo stabilnih reSitev in s tem uskladimo njegovo dinamiko z zunanjo motnjo.
Sirsi kot je torej ta interval, manj je verjetno, da lahko z malimi motnjami doseZemo
veCjo spremembo v odzivu sistema. Tudi v tem primeru lahko opazimo, da je v

frekvencna prilagodljivost skladna s potekom produkta |A;4,].

2.2.4 Rosslerjev oscilator

Zadnji matemati¢ni model, ki ga bomo predstavili v tem poglavju, je Rosslerjev
oscilator. Ta dinamiCen sistem je sestavljen iz treh med seboj sklopljenih
diferencialnih enacb in se v sploSnem uporablja v primerih, kjer Zelimo v numeri¢nih
simulacijah generirati kaoticno dinamiko. Matemati¢en zapis tega modela ima

sledeco obliko:

kx = —ky — kz, 2.23
ky = kx + a,ky, 2.24
kz = b, + kz(kx — c,). 2.25
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Zaradi kompleksnosti modela za analizo dinamic¢nih lastnosti tudi tokrat uporabimo

numericni pristop. Povprec¢no lokalno disipativnost atraktorja dolo¢imo z enacbo:
Tr()) = a, + kx — ¢, 2.26

Ker ne poznamo fiksnih tock sistema in tudi ne eksplicitnega zapisa aktraktorja, v

tem koraku ne moremo napraviti analiticne stabilnostne analize.

Ponovno dolo¢imo spekter Ljapunovih eksponentov in preko njih definiramo
dinami¢na obmocja in disipativnost oscilatorja v odvisnosti od bifurkacijskega
parametra, ki bo v tem primeru enak a,. Ljapunove eksponente dolo¢imo na
podoben nacin, ko smo jih dolocili v prejSnjem poglavju (2.2.3), in sicer z uporabo
Wolfovega algoritma [63]. Spekter Ljapunovih eksponentov in bifurkacijski diagram
sta skupaj s povprecno lokalno divergenco, doloCeno kot vsoto Ljapunovih

eksponentov prikazana na sliki prikazana na sliki (2.15).

0,3- 25.
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Slika 2.15: Predstavitev dinamicnih lastnosti Rdsslerjevega oscilatorja: a)
prikazuje odvisnost Ljapunovih eksponentov od bifurkacijskega parametra a, in
b) bifurkacijski diagram in odvisnost vsote Ljapunovih eksponentov od
bifurkacijskega parametra a,. Na bifurkacijskem diagramu so prikazani zaznani

lokalni maksimumi za dano vrednost parametra a,..
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Celotni spekter Ljapunovih eksponentov nam veliko pove o dinamicnih lastnostih
tega matematicnega modela. Tako lahko vidimo, da je prvi Ljapunov eksponent enak
0, dokler je za vrednosti bifurkacijskega parametra a,, < 0,12. Ker sta v tem obmo¢ju
preostala dva Ljapunova eksponenta manjSa od 0, je atraktor limitni cikel. Za
vrednosti bifurkacijskega parametra, ki so vec¢je od a,, > 0,12, pa lahko opazimo, da
postane prvi Ljapunov eksponent izmenicno vecji od 0. V teh intervalih, kjer je 1; >
0, je drugi Ljapunov eksponent A, = 0. Tretji Ljapunov eksponent pa je zmeraj
negativen. Wolf in sodelavci so v ¢lanku tudi Kklasificirali oblike atraktorjev, ki
pripadajo dolo¢enemu spektru Ljapunovih eksponentov (A4,1,,43) [63]. Ti so:
(+,0,0), kaoticen atraktor; (0,0,-), dvojni torus; (0,-,-), limitni cikel; in (-,-,-) fiksna
tocka. Iz prikazanega spektra Ljapunovih eksponentov na sliki (2.15a) je razvidna
bogata dinamika, ki jo je moZno generirati s tem matemati¢cnim modelom. Sama
disipativnost matematicnega modela, ki smo jo dolocili kot vsoto Ljapunovih
eksponentov, pa v sploSnem pada z vecanjem bifurkacijskega parametra a,. V
kaoticnem dinami¢nem reZimu (1; > 0) lahko tudi vidimo, da se disipativnost naglo
poveca v obmocjih, ko postane vrednost 4; = 0. Pokazano je Ze bilo, da se lahko tudi
ta matematicen modeli prilagodi frekvenci zunanjega periodi¢nega signala v okolici
njegove lastne frekvence. To obmocje je mozno tudi do doloCene mere razSiriti s

povecanjem amplitude zunanjega signala [65].

Omenjene Stiri matematicne modele oscilirajote dinamike uporabimo za
proucevanje vpliva mrezne strukture in dinamicnih lastnosti oscilatorjev na raven
sinhronizacije kolektivne dinamike. V nadaljevanju zato vpeljimo Se mere za

kvantifikacijo sinhronizacije.

2.3 Orodja za dolo¢anje ravni sinhronizacije

Kooperativno sodelovanje znotraj sistemov, sestavljenih iz velikega Stevila
dinamic¢nih elementov, zahteva medsebojno usklajenost gradnikov [14, 40, 66]. Zato
ni presenetljivo, da se v Stevilnih znanstvenih Clankih raziskujejo s teoreticnega
vidika sinhronizacijske lastnosti kompleksnih mrez, z aplikativnega vidika pa,
kakSne lastnosti imajo realne mreZe. V primerih realnih mrez, kjer imajo vozlis¢a

mreZe svojo dinamiko, se pogosto uporablja za upodobitev mreze raven

44



sinhronizacije med izmerjenimi odzivi posameznih elementov sistema [6, 33, 67].
Izhajamo iz primera, kjer poznamo c¢asovne sledi vseh N elementov obravnavanega

sistema. Casovno sled, ki ponazarja dinamiko i-tega elementa, oznac¢imo z x; (t).

V nadaljevanju predstavimo pristope, ki se uporabljajo za opredelitev ravni
sinhronizacije kolektivne dinamike na podlagi individualnih ¢asovnih vrst x;(t).
Posebej izpostavimo tri razlicne mere ter za vsako od njih predstavimo in
opredelimo njihove prednosti in slabosti.

2.3.1 Korelacija in koeficient determiniranosti

Korelacijski koeficient R;; med i-to in j-to ¢asovno vrsto dolo¢imo po enacbi:

o[ Ca(®) = ) (5 (8) — 1))

R. . =
N Sxinj

(2.27)

kjer X, in X, ponazarjata povprecno vrednost i-te in j-te Casovne vrste, le. in ij pa
njuni standardni deviaciji. Da lahko podamo kvantitativno oceno o sinhronizacije
kolektivne dinamike, izracunamo korelacijske koeficiente med vsemi pari ¢asovnih
vrst in ustvarimo korelacijsko matriko R. V tej matriki njen ij-ti element ponazarja
raven sinhronizacije med poljubnim parom casovnih vrst. Globalno stopnjo
sinhronizacije Kkolektivne dinamike lahko izrazimo s povpre¢no vrednostjo

korelacijskih elementov matrike R, kot:

N
1
Ravg = mz Ry, (2.28)

i#j

Velika prednost tega pristopa je, da lahko dolo¢amo raven sinhronizacije med
Casovnimi vrstami, ki so si lahko tako po obliki kot tudi amplitudi razli¢ni. S to mero
namre¢ podamo stopnjo relativne podobnosti med i-to in j-to ¢asovno vrsto, saj
primerjamo njune relativne trende. Razpon vrednosti povprecne korelacije R,y je v

intervalu R,,g € [-1,1]. V primeru R,,, =1 vse Casovne vrste sledijo enakim
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trendom. Kadar je R,,g =0, med Casovnimi vrstami ni mozno zaznati nobene
podobnosti. V tak$nih primerih kolektivna dinamika ni sinhronizirana. V drugi
skrajnosti, ko je Rayg = —1, imajo v povprecju pari casovnih vrst popolnoma
nasprotne lastnosti (porast vrednosti v eni ¢asovni vrsti izzove padec v drugi).
Kvadratno  vrednost povprectne  Kkorelacije Rivg imenujemo  koeficient

determiniranosti, ki predstavlja manj strogi pogoj za sinhronizacijo. Koeficient

determiniranosti zavzema vrednosti v intervalu Rgvg € [0,1]. Da nam informacijo o

ravni kavzalnosti trendov, torej, kolikokrat je doloceni trend v i-ti ¢asovni vrsti

izzval zmeraj enaki trend v j-ti ¢asovni vrsti. Vrednost Rgvg lahko opiSemo tudi kot

vrednost, ki podaja, kolikSen odstotek variacij v i-ti Casovni vrsti lahko razloZimo s

potekom j-te ¢asovne vrste.
2.3.2 Fazna sinhronizacija

Naslednji pristop, uporabljen za dolo¢anje ravni sinhronizacije, je povprecna fazna
sinhronizacija, ki jo oznaimo z 7,,,. Ta mera predstavlja Se SibkejSi pogoj
sinhroniziranosti kot Rgvg. Pri tej meri sinhronizacije je potrebno najprej precesati
posamezne ¢asovne vrste po lokalnih maksimumih ali minimumih ter zabeleziti Case
n;-tih lokalnih ekstremov t;(n;), in to za vse ¢asovne vrste. Med dvema zaporednima
lokalnima ekstremoma i-te ¢asovne sledi nato interpoliramo potek faze, ki se med

njima linearno povecuje. To narekuje naslednja enacba:

2.29

t—t;(n)
0i(©) = 2 [ — 1] + ).
‘ l t;(n;) — t;(n; — 1)
kjer je @;(t) faza i-te Casovne sledi ob Casu f n; zaporedni lokalni maksimum
(n; =0,1,2, ..., Z;) pri ¢emer je Z; najvecje Stevilo lokalnih maksimumov i-te ¢asovne
sledi. Cas, ob katerem je bil zaznan posamezen lokalni maksimum v i-ti ¢asovni vrsti,
je oznacen s t;(n;). Na sliki (2.16) je ponazorjeno, kako na podlagi casovne vrste

dolo¢imo potek faze.
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Slika 2.16: Shematski prikaz dolocanja poteka faze ¢asovne vrste. Modra krivulja
ponazarja casovno vrsto, ki smo ji dolocili lokalne maksimume. Zaporedni
lokalni maksimumi so pripisani nad modro krivuljo. Pod njo je prikazan
pripadajoci potek faze, ki se med dvema zaporednima lokalnima maksimumoma

linearno povecuje.

Po dolocitvi poteka posameznih faz ¢;(t) v naslednjem koraku izracunamo trenutne

vrednosti fazne sinhroniziranosti r(t), ki jo dolo¢imo kot.

N

ol
r(t) = NZ eio(®) 2.30

i=1

Nazornejsi pomen zveze med spremenljivkama ¢;(t) in r(t) je prikazan na sliki
(2.17), ki predstavlja geometri¢no interpretacijo trenutne vrednosti fazne

sinhronizacije r(t).
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Slika 2.17: Prikaz geometricne interpretacije trenutne vrednosti fazne
sinhronizacije r(t). Velikost rdefe puSc¢ice predstavlja stopnjo fazne

sinhronizacije v posameznih primerih.

Raven kolektivne fazne sinhronizacije 7,,; nato doloCimo tako, da seStejemo vse

trenutne vrednosti fazne sinhronizacije in vsoto delimo z dolZino ¢asovnih vrst:

T
1
Tavg = ?Z r(t). 2.31
t=1

Bistvena razlika med povprecno korelacijo R,yg in povprecno fazno sinhronizacijo
Tavg j€ V tem, da R, podaja raven usklajenosti dveh Casovnih vrst v smislu, kako sta
si le-ti podobni. Mera povprecne fazne sinhronizacije pa odraza stopnjo soCasnega
nastopanja lokalnih ekstremov v c¢asovnih vrstah. Vrednosti povprecne fazne
sinhronizacije se enako kot v primeru Rgvg nahajajo v intervalu 7,,, € [0,1]. V
primeru, ko je vrednost 7,,, =1, se lokalni ekstremi v vseh casovnih sledeh
pojavljajo socasno. Vrednost 7, = 0 za povprecno fazno sinhronizacijo pa
ponazarja popolnoma neusklajeno nastopanje lokalnih ekstremom v c¢asovnih

vrstah.

48



3 ANALIZA KOLEKTIVNE DINAMIKE DIFUZIVNO
SKLOPLJENIH OSCILATORJEV V MREZI

V naravi obstaja veliko sistemov, t.i. mnogodel¢nih sistemov, v katerih mnoZica
interakcij med delci dolo¢a pojavno (emergentno) globalno obnasanje sistema. Pri
tem je pomembno, da je zagotovljena usklajena oz. sinhronizirana kolektivna
dinamika [14]. Da lahko tovrstne naravne pojave proucujemo, moramo preiti iz
staticnega modela kompleksnih mreZ, ki je bil predstavljen v poglavju (2.1), na
model, kjer imajo vozliS€a lastno dinamiko. V ta namen vozliS§¢a mreZe poselimo z
matemati¢nimi modeli, katerih dinamika kvalitativno opisuje obnaSanje doloCenega
realnega sistema in so interakcije med vozliS¢i kompleksne mreZe, dolocene z
matriko sosednosti. Danes se s takSnim pristopom proucujejo bioloski [37],
ekonomski [68], socialni [9] in tudi tehni¢ni sistemi [3]. IzkaZe se, da se Kkljub
heterogenim dinami¢nim lastnostim posameznih elementov dolo¢enega sistema v
njem pojavi dolotena usklajena oz. sinhronizirana Kkolektivna dinamika. V
nadaljevanju predstavljamo nase ugotovitve, ki pojasnjujejo, kako mrezna struktura
in dinamicne lastnosti vozliS¢ vplivajo na raven kolektivne sinhronizacije. S
predstavljenimi metodami lahko napovemo, kakSna mreZna topologija zagotavlja
najvisSjo raven sinhronizacije kolektivne dinamike pri danih dinami¢nih pogojih

vozlis¢ [10, 11, 25, 37].
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3.1 Vpliv dinami¢nih lastnosti vozli§¢ in topoloskih lastnosti mreze na

globalno raven sinhronizacije

PodrobnejSo analizo vplivov dinamicnih lastnosti vozliS¢ in topoloskih lastnosti
kompleksne mreze na raven Kkolektivne sinhronizacije naredimo na izbranem
primeru Poincarejevega oscilatorja (poglavje 2.2.1). Prednost tega matemati¢nega
modela je predvsem njegova preprostost, ki nam omogoca analiticen pristop. Enacba

sklopljenega Poincaréjeva oscilatorja ima obliko:

N
px; = —V(Ro,i - A)Pxi — 2mv;py; + SZ dij(ij — DpX;), 3.1
j=1
N
py; = —V(Ro,i - A)PYi + 2mv;px; + gz dij(ry; — Y1), 3.2
j=1

kjer sta px; in py; ¢asovna odvoda spremenljivk px; ter py; i-tega oscilatorja, faktor
€ ponazarja jakost sklopitve med povezanimi oscilatorji, d;; je ij-ti element matrike
sosednosti z vrednostjo 1, Ce sta oscilatorja povezana, ter 0 v nasprotnem primeru in
v; ponazarja frekvenco i-tega oscilatorja. Heterogenost v dinamicnih lastnostih
posameznih oscilatorjev vpeljemo s Gaussovo porazdelitvijo posameznih frekvenc
oscilatorjev, pri ¢emer je povprecna frekvenca sistema zmeraj enaka v = 1,071,
relativna standardna deviacija v porazdelitvi frekvenc pa 0.2v. Jakost sklopitve med
oscilatorji je € = 0,25. Vsi rezultati v nadaljevanju temeljijo na povprecju 300

neodvisnih numeri¢nih simulacij omenjenega sistema. S tolikSnim vzorcem smo

zagotovili statisticno relevantnost dobljenih podatkov.

Odvisnost povprecne korelacije sistema R,y,, od rigidnosti, ki jo za ta model
podajamo s parametrom y in parametra mrezZne topologije §, je prikazan na sliki
(3.1). Opazimo, da je raven sinhronizacije kolektivne dinamike oscilatorjev na
netrivialen nac¢in odvisna od mrezne topologije. Opazno je tudi, da se ta odvisnost

razlikuje med rigidnimi in fleksibilni oscilatorji.
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Slika 3.1: Odvisnost kolektivne sinhronizacije od mreZzne topologije in
disipativnosti oscilatorje. (a) Barvno kodirana vrednost povprecne korelacije
Ravg Vv odvisnosti od mrezne topologije § in rigidnosti oscilatorjev y. (b)
Odvisnost povprecne korelacije R,,5 0d mrezen topologije § za primery = 4

(modri krogi) iny = 2000 (rdeci krogi).

Rigidni oscilatorji (y = 2000) se torej najbolje sinhronizirajo v skalno neodvisni
mreZni topologiji. Ta rezultat sam po sebi ni presenetljiv, saj je bilo Ze v drugih
Studijah pokazano, da je raven sinhronizacije v pozitivnem smislu pogojena tako z
uCinkovitostjo mreZne topologije kakor tudi z njeno heterogenostjo [69-72].
Odvisnost uc¢inkovitosti generiranih mrez od mreZne topologije je prikazana na sliki
(2.16a). Presenetljiva je ugotovitev, da fleksibilni oscilatorji doseZejo najvisjo raven
kolektivne sinhronizacije v manj heterogeni in tudi manj ucinkoviti Siroko skalni
mrezni topologiji. Ti rezultati tako kaZejo, da je sinhronizacija kolektivne dinamike
pogojena z vsaj dvema faktorjema, in sicer z mreZzno topologijo, ki narekuje
strukturno interakcijsko sliko elementov sistema, in dinami¢nimi lastnostmi
posameznih elementov, ki dolocajo, kako se posamezni elementi sistema odzivajo na

draZljaje iz okolice.

Poudariti velja, da so v zacetku simulacij frekvence posameznih oscilatorjev
dolocene naklju¢no v skladu z Gaussovo porazdelitvijo. Visoko raven sinhronizacije
kolektivne dinamike lahko sistem doseZe le v primeru, e se frekvence posameznih

oscilatorjev dovolj prilagodijo med seboj. Z namenom ovrednotenja stopnje
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frekvencne prilagodljivosti sistema tako izracunamo povprecno absolutno

spremembo frekvence sistema kot |Av|:

— 1y Y N
|AU|=WZVZ‘Ui—Ui ) 3.3

kjer je M; Stevilo lokalnih maksimumov i-tega oscilatorja, ¢len |v; — v]*| ponazarja
absolutno razliko med lastno frekvenco i-tega oscilatorjav; in njegovo dejansko
frekvenco v m-tem lokalnem maksimumu v;". Vrednost v{" se v teku simulacije
dolota kot reciprocna vrednost c¢asovnega intervala med m-tim lokalnim
maksimumom in njegovim prvim predhodnikom. Rezultati frekvencne
prilagodljivosti sistema v odvisnosti od topoloSkega parametra § za primer rigidnih
(y = 2000) in fleksibilnih (y = 4) oscilatorjev je prikazana na sliki (3.2a). Vidimo,
da rigidni oscilatorji dosegajo najvisjo raven frekvencne prilagodljivosti v obmocju
parametra 6§, Kkjer se tipiCno generirajo heterogene in ucinkovite mreze. Drugacno
obnaSanje pa opazimo v primeru fleksibilnih oscilatorjev, ki najviSjo raven
frekven¢ne prilagodljivosti dosegajo pri vecjih vrednostih parametra &, torej v
obmocju mnogo bolj homogenih mreZnih struktur. Potek frekvencne prilagodljivosti
v primeru rigidnih oscilatorjev sovpada s potekom krivulje R,,q, prikazane na sliki
(3.1b), in ucinkovitosti mreZene strukture v odvisnosti od parametra § (slika
(2.16a)). Iz rezultatov sklepamo, da je raven sinhronizacije kolektivne dinamike
rigidnih oscilatorjev doloCena z ucinkovitostjo mreZe oz. stopnjo integriranosti
vozlis¢ mreze. V primeru fleksibilnih oscilatorjev pa opazimo moc¢no podobnost med

mreZznimi merami, ki odrazZajo stopnjo njene segregiranosti, kot so C,ye, 735, @ in N

vg»
in potekom frekvencne prilagodljivosti, prikazane na sliki (3.2). Vendar ravno zaradi
velike segregiranosti vozli$¢ je onemogocena visoka raven sinhronizacije kolektivne
dinamike. V primeru fleksibilnih oscilatorjev se raven sinhronizacije kolektivne
dinamike uravnava na podlagi kompromisa med ucinkovitostjo dane mreZne
strukture in zmozZnostjo frekven¢ne prilagodljivosti sistema v danih topoloskih
pogojih. To vzajemno odvisnost kvantificiramo s produktom med normirano

vrednostjo ucinkovitosti E* in normirano vrednostjo povprecne absolutne

spremembe frekvence |Av|*. Rezultati, prikazani na sliki (3.2b), kaZejo, da
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maksimum produkta E*|Av|* sovpada s toc¢ko, kjer na$ sistem tudi dosega najvisjo

vrednost R,y (slika 3.1).

Slika 3.2: Povpre¢ne absolutne spremembe frekvence sistema |Av| v odvisnosti
od parametra topologije § (a) in b) potek normiranega produkta E*|Av|* od

parametra é.

Za bolj poglobljen vpogled v izvor razlik med frekvencno prilagodljivostjo rigidnih in
fleksibilnih oscilatorjev v odvisnosti od mreZne strukture, izracunajmo Se relativne
spremembe povpre¢nih frekvenc posameznih oscilatorjev. IzraCun napravimo
loCeno za rigidne (y =2000) in fleksibilne (y =4) oscilatorje. Rezultat
prilagodljivosti posameznih oscilatorjev v razli¢nih mreZznih strukturah je prikazan

na sliki (3.3).

a)
7= 2000

Slika 3.3: Barvno kodirane vrednosti relativne spremembe povprecne frekvence
posameznih oscilatorjev v odvisnosti od mrezne topologije za primer a) rigidni

in b) fleksibilni oscilatorjev.
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Iz prikazanega lahko opazimo, da je frekven¢no najprilagodljiveSih prvih 30
oscilatorjev pri nizkih vrednostih parametra §. To lahko zaznamo tako v primeru
fleksibilnih kakor tudi rigidnih oscilatorjev. Ocitna razlika pa nastopi pri visjih
vrednostih topoloSkega parametra §, kjer v primeru rigidnih oscilatorjev le-ti
postajajo vse manj frekvencno prilagodljivi, medtem ko je v primeru fleksibilnih
oscilatorjev to ravno obratno. V poglavju 2.2.1 smo predstavili vpliv parametera
disipativnosti na frekvencno prilagodljivost enega Poincarejevega oscilatorja. Vecji
kot je parameter y in s tem rigidnost enega oscilatorja, ve¢ja mora biti amplituda
zunanjega vzbujanja, da se dinamika oscilator prilagodi frekvenci zunanjega
vzbujanja. Zato je po svoje presenetljivo, da najbolj heterogena mreZa ne zagotavlja
hkrati tudi najbolj koordinirano kolektivnho dinamiko tudi v primeru fleksibilnih
oscilatorjev. Na parameter 7 se bomo v nadaljevanju sklicevali kot na intrinzi¢no
fleksibilnost. Predstavili bomo naSe rezultate, s katerimi je moZno razloZiti to
razlicno obnaSanje sklopljenih rigidnih in fleksibilnih oscilatorjev. V ta namen bomo

enacbi (3.1) in (3.2) zapisali v drugac¢ni obliki:

N
px; = —=y(Ro; — A)px; — 2mvipy; — ekipx; + sz dijpx;, 3.4
=
N
py; = —y(Ro; — A)py; + 2mv;px; — ek;py; + EZ dijpy;- 3.5
=

Jacobijeva matrika za i-ti oscilator mreZe ima obliko:

2

PXi pXiDY;i

I[_V(Ro,i —A) —y o —ek; o =y 1|

= 0. 0,
= PXipYi e | 3.6
14 14 i
W — —y(Ry; —A) — — ¢k
| i~Y Ro: Y(Ro; —A)—y R, (|

Zaradi sklopitve se v sledi Jacobijeve matrike i-tega oscilatoraja pojavi novi
Clen: —¢k;, ki vpliva na njegovo disipativnost. Dejanska disipativnost sklopljenega
oscilatorja je v tem primeru odvisna tako od mrezne strukture kot od dinamic¢nih
lastnosti drugih oscilatorjev. Disipativnost sklopljenega oscilatorja poimenujmo

dinamicna disipativnost y 4, ;, Ki jo zapiSemo kot:
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ydyn,i = Tr(]l) = _BVRO,l' + 2)/14 — Zeki. 37

Dobljen rezultat kaze na to, da je zaradi sklopitev med oscilatorji njihova dinami¢na
disipativnost y4,,; v sploSnem vecja od njihove intrinzicne disipativnosti y in jih
posledicno naredi bolj rigidne. V tem konkretnem primeru se tako rigidnost

posameznega oscilatorja poveca sorazmerno s ¢clenom —2¢k;.

Z razumevanjem dinamicne disipativnosti, lahko razloZimo rezultate na sliki (3.3).
Vseh 100 oscilatorjev, ki so prikazani na sliki (3.3), razdelimo v 5 skupin. V prvo
skupinino so zajeti oscilatorji, oznaceni z indeksi i € [1,20], v drugo skupino
i € [21,40], v tretjo skupino i € [41,60], v ¢etrto skupino i € [61,80] in zadnjo peto
skupino i € [81,100]. Za teh 5 skupin oscilatorjev si oglejmo, kako se spreminja
njihova povpretna povezanost Kk,,.;_; in relativna sprememba v rigidnosti
posameznih oscilatorjev v odvisnosti od parametra §. Relativha sprememba v
rigidnosti je doloCema kot razmerje med dinamino y4,,; in intrinzino

disipativnostjo i-tega oscilatorja. Rezultati so prikazani na sliki (3.4).

b) c)
100 100

0126345 1 2 3 4 5 1 2 3 4 5
o o

Slika 3.4: Povprecna povezanost petih skupin vozliS¢ (a) ter barvno kodiran graf
relativne spremembe rigidnosti posameznih oscilatojev (y4yn;/v) za intrinzino

rigidne (b) in intrinzi¢no fleksibilne oscilatoje (c).

V obmodju § < 2 je povezanost oscilatorjev prve skupine (i € [1,20]) mnogo vedja
od povezanosti oscilatorjev v preostalih stirih skupinah. Veliko Stevilo sosednjih

vozlis¢ tako mocno vpliva na njihovo dinamiko. Hkrati iz enacbe (3.7) vidimo, da je
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dinamicna disipativnost y4,,; oscilatorjev prve skupine, zaradi njihove velike
povezanosti vec¢ja in so posledi¢no bolj rigidni. Relativno povecanje rigidnosti je bolj
izraZeno v primeru oscilatorjev, ki imajo manjSo intrinzi¢no disipativnost (y = 4), kot
pri oscilatorjih, ki so intrinzi¢no bolj rigidni (y = 2000). Na sliki (3.4b) vidimo, da so
relativne spremembe dinamicne disipativnosti y4,,; rigidnih oscilatorjev zanemarljive.
V primeru fleksibilnih oscilatorjev, pa se njihova rigidnost poveca tudi za faktor 10 (glej
sliko 3.4c). V procesu frekvencnega prilagajanja posameznega oscilatorja je tako
prisotno tekmovanje med dvema dejavnikoma. Na eni strani so Steviléno povezani
oscilatorji mnogo bolj rigidni in s tem bolj rezistentni na zunanje motnje. Isto¢asno, pa
jih veliko Stevilo zunanjih motenj, ki delujejo na te mo¢no povezane oscilatorje, silijo k
spremembi svoje frekvence. Prevlada enega dejavnika, pa je pogojena z intrinzi¢no
disipativnostjo. Tako so v primeru rigidnih oscilatorjev (y = 2000), spremembe v
relativni dinamic¢ni disipativnosti posameznih oscilatorjev zanemarljive in prakti¢no
neodvisne od mreZene topologije (glej sliko 3.4b). Prevladujoca gonilna sila frekvencne
prilagodljivosti rigidnih oscilatorjev je tako zunanje vsiljevanje frekvence sosednjih
oscilatorjev. Ta pojav opazimo tako v primeru rigidnih kakor tudi v primeru fleksibilnih
oscilatorjev (glej sliko 3.3 a in b). Vendar je v mreZi, poseljeni s fleksibilnimi oscilatorji
(y = 4), relativna sprememba njihove dinamicne disipativnosti bistveno vecéja v
obmocju heterogenih mreznih struktur (6 < 2). Efekt povecanja rigidnosti
posameznih oscilatorjev je veclji od zunanjega vsiljevanja frekvence sosednjih
oscilatorjev. Tako se fleksibilni oscilatorji bolje frekven¢no prilagodijo v bolj homogenih
mreZnih strukturah (6 > 2), kjer je dinamicna disipativnost posameznih oscilatorjev
primerljiva. Vendar, mocno segregirana mrezZna struktura v tem primeru preprecuje
visoko raven sinhronizacije kolektivne dinamike. NajviS§jo raven sinhronizacije
kolektivne dinamike sistem doseZe pri srednjih vrednostih mreZne topologije, kjer je

mreZa manj heterogena a Se zmeraj dovolj uc¢inkovita (glej sliko 3.2).

Omeniti velja, da lahko preveliko povecanje disipativnost oscilatorja izzove t.i.
zamrtje amplitude. Znano je, da lahko do tega pojava pride v primeru prevelike
jakosti sklopitve [73]. Ta pojav nastopi, ko postane sled Jacobijeve matrike za fiksno
tocko (0,0) negativna in postane fiksna tocka stabilna. To se zgodi, ko je izpolnjen
pogoj (ek; > yA), kar implicira zamrtje amplitude zaradi sklopitve. V bliZini pogoja

ek; > yA se pricne polmer limitnega cikla zmanjSevati. Izpeljemo je izraz, ki podaja

56



odvisnost polmera limitnega cikla R; od jakosti sklopitve, Stevila povezav in

intrinzi¢ne disipativnosti oscilatorja:

Ski
RE;:A—T'{—R:IC, 38

kjer Rk odraZa povprecno jakost prilivov sosedov, ki oscilator izmikajo od njegovega
atraktorja. V bliZini mejne vrednosti ek; >yA se pritne amplituda oscilacij
zmanjSevati, dokler slednje popolnoma ne izzvenijo. Z namenom prikaza tega pojava
lahko v teku simulacije sprotno belezimo polmere limitnih ciklov
posameznih oscilatorjev in jih na koncu povpre¢imo (Rg,yg). Pri tej analizi se
osredoto¢imo zgolj na skalno neodvisno mreZno topologijo, znotraj katere pride do
najvecjih razhajanj v povezanosti posameznih vozli$¢. Za primer najbolj povezanega
vozlis¢a in vozliSca, ki ima zgolj eno povezavo, je vrednost Rg,,s za dano jakost
sklopitve v odvisnosti od parametra y dolo¢ena numeric¢no in analiticno. Rezultati so

prikazana na sliki (3.5).

a) b)
1,0 1,0 I
|
| I
| I
|
|
z I |
oF 0,54 | oF 0,51 |
I |
| I
| l
¢ k=1 I — k=1
e k=99 - k=99
0,0 ; e 0,0 i S —
0,01 0,25 1 25100 0,01 0,25 1 25 100
Y Y

Slika 3.5: Povprecne vrednosti polmera limitnega cikla Rg,,s doloCene a) z
numeri¢no simulacijo in b) na osnovi teoreticne napovedi. Prikazane so
vrednosti za oscilator s povezanostjo k; = 1 (rdeCi krogi) in oscilator s
povezanostjo k; = 99 (¢rni krogi) v skalno neodvisni mrezi. Jakost sklopitve je

e =0,25.
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Rezultati, prikazani na sliki (3.5), potrjuejo napoved, zapisano v enacbi (3.8).
Amplitude oscilatojev v fleksibilnem dinami¢nem sistemu lahko mocno variirajo
glede na disipacijski parameter y. Vidimo lahko, da je najmanjsa vrednost
disipacijskega parametra, pri kateri pride do zamrtja amplitude, enaka y = 0,25 in
velja za oscilatorje z zgolj eno povezavo. Od te vrednosti naprej pa se pri¢ne polmer
limitnih ciklov oscilatorjev z eno povezavo hitro povecevati. Pri vrednosti y = 4 je
tako polmer limitnih ciklov oscilatorjev z eno povezavo enak 0,93. Do odmrtja
oscilacij pa pride v vozlisc¢ih, ki imajo ve¢ kot 16 povezav. Vendar zaradi velikega
Stevila vozliS¢, ki imajo le nekaj povezav, tudi ta vozliS€a oscilirajo zaradi

kumulativnega prispevka Rk.

Univerzalno spoznanje, da se rigidni dinamicni sistemi najbolje sinhronizirajo v
skalno neodvisni mrezi in fleksibilni dinamicni sistemi v Siroko skalni mrezi, sibeme

v nadaljevanju prezentirajmo Se na treh primerih oscilatorjev.

3.1.1 Difuzivno sklopljen Brusselator

Ugotovitve prejSnjega poglavja (3.1) preverimo na primeru modela Brusselator, ki
predstavlja paradigmaticen teoreticen model za oscilarujoCe avtokataliticne
kemijske reakcije [54, 55]. Enacba Brusselatorja, ki je podana v poglavju (2.2.2), ima

s sklopitvenim ¢lenom obliko:

N
l'll' =ai+ui217i—ui(b+1)+gzdij(uj_ui)' 3.9
j=1
N
1'71' = bui - uizvi + gz dij(vj - vi)' 3.10
j=1

V simulacijah postavimo jakost sklopitve na &= 0,05 in parameter b = 2,5.
Heterogenost v dinamiki posameznih oscilatorjev mreZe vpeljemo z distribucijo
parametra q;, ki je med oscilatorji razporejen naklju¢no v skladu z Gaussovo
distribucijo z relativno standardno deviacijo 3 %. Obravnavamo dva primera; pri

prvem, ki ponazarja rigidne oscilatorje, povprecna vrednost parametrov a; zavzema
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vrednosti 0,2. V drugem primeru, ko simuliramo fleksibilne oscilatorje, pa je
povprecna vrednost parametra enaka 1,16 (glej sliko 2.5). Tudi v primeru
Brusselatorja (podobno kot smo to pokazali za Poincaréjev oscilator (enacba 3.7))
se posameznemu oscilatorju rigidnost poveca sorazmerno s ¢lenom ¢k; (sklopitveni
Cleni so enaki kot v primeru Poincarejevega oscilatorja), ki je v povprecju enak
ekayg = 0,25, saj je povprecna povezanost v mreZi enaka 5. V primeru rigidnih
oscilatorjev velja, da je sprememba v rigidnosti posameznih oscilatorjev zaradi
sklopitvenega ¢lena zanemarljiva v primerjavi z njihovo intrinzi¢no disipativnost
Tr(J) > ckayg. V fleksibilnem dinami¢nem rezimu pa je intrinzitna disipativnost
primerljiva s povprecno spremembo v rigidnosti. Na sliki (3.6) je prikazano, kako se
povprecna korelacija sistema spreminja v odvisnosti od mreZne topologije v primeru
poselitve vozlis¢ s fleksibilnimi in rigidnimi oscilatorji. Ponovno se izkaZe, da
maksimalno korelacijo rigidni oscilatorji doseZejo v skalno neodvisni mreZi, medtem ko
so fleksibilni oscilatorji najboljSe sinhronizirani v manj heterogeni in manj ucinkoviti

Siroko skalni mreZi, ko je vrednost mreZnega parametra okoli 1,3.

T T vuvv-vrv=v0v4v
0,4- o=t
—e—a=1,16
0,3-
0,2+
0,1-

o 1 2 .3 4 5
o
Slika 3.6: Povprecna korelacija R,y v odvisnosti od parametra § za primera dveh
mreZ: poseljena z rigidnimi (¢rna krivulja) in fleksibilnimi oscilatorji (rdeca

krivulja).
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3.1.2 Difuzivno sklopljene Rulkove mape

Splosnost naSih ugotovitev dodatno podkrepimo na primeru mreZ poseljenimi z
Rulkovimi mapami, kar ponazarja prehod na diskreten oscilatorni sistem.
PodrobnejSa analiza tega diskretnega matematicnega modela je bila narejena v

poglavju 2.2.3. Rulkova mapa s sklopitvenim ¢lenom ima obliko:

a; o

x(t+1) =1+T(t)2+y(t)+£2 dij(x]-—xi) ) 3.10
j=1

y(t+1) =y(t) —ox(t) —B. 3.11

S tem matemati¢nim modelom poselimo vozlis¢a mreZe razli¢nih topologij. Za jakost
sklopitve vzemimo & = 0,005. Analiziramo dinamiko mreZnega sistema za dve
vrednosti kontrolnega parametra «;, kjer je dinamika nesklopljenih oscilatorjev v
enem primeru rigidna in v drugem primeru fleksibilna. Za primer rigidnih
oscilatorjev vzemimo «; = 2,5 in za primer fleksibilnih a; = 4,1, kjer je dinamika

brsti¢na. Rezultati simulacije so prikazani na sliki (3.7).

a) b)
0,24 : :
0ssl® | LY
°
0841 @ ] / \
\ 0,20- d ®
o0 [ ] [ ) o0 \
~°080{ " 0% ¢ o / e
A4 \ . \
o0
0,764 oo e { 016]®®
™ e LY
°
0,72
0 1 2 3 4 0 1 2 3 4
5 5

Slika 3.7: Stopnja sinhronizacije kolektivne dinamike R,,; v odvisnosti od
mreZne topologije § v mreZi vozlis¢, poseljenih z Rulkovimi mapami v a)

rigidnem (a; = 2,5) in b) fleksibilnem (@; = 4,1) dinami¢nem obmocju.
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Kot napoveduje nasSa teorija, se v primeru rigidnih periodi¢nih oscilacij sistem
najbolje sinhronizira v skalno neodvisni mreZi, ko je vrednosti topoloskega
parametra 6 = 0,1 (glej sliko 3.6a). V primeru fleksibilnih oscilacij pa zagotavlja
Siroko skalna mreZna topologija (6 = 1,5) optimalno interakcijsko strukturo, pri
kateri pride do najvecje stopnje sinhronizacije kolektivne dinamike (glej sliko 3.6b).
Kljub temu, da je v tem matemati¢cnem modelu prisotna bolj kompleksna dinamika,
lahko zasledimo podoben kolektiven odziv sistema, kot v primeru Poncaréjevega
oscilatorje in Brusselatorja. Neodvisno od kompleksnosti oscilacij, se izkaze
fleksibilnost oz. rigidnost njihove dinamike kot univerzalna lastnost, s katero je

pogojena mreZna topologija, ki zagotavlja najviSjo raven sinhronizacije.

3.1.3 Difuzivno sklopljeni Résslerjevi oscilatorji

Kot zadnji primer obravnavajmo Se en zvezni sistem, ki je tridimenzionalen, in nudi
tudi kaoticne dinamic¢ne vzorce. Dinamika Résslerjevega oscilatorja, ki je bil
podrobneje predstavljen v poglavju (2.2.4), je izredno bogata, kot je to tudi razvidno
iz spektra Ljapunovih eksponentov (glej sliko 2.14a). Rosslerjev oscilator s

sklopitvenim ¢lenom ima obliko:

N
kx; = —ky; — kz; + sz d;j(kx; — kx)), 3.12
j=1
N
Kyi = kg + ayekyi + 2 ) dy(ky, = k), 3.13
j=1
N
kz, = b, + kz; (kx; — ¢,) + ez dy(kz, — kz,), 3.14
j=1

Enacbe (3.12)-(3.14) dolocajo dinamiko posameznih vozlis¢. Jakost sklopitve v tem
primeru je ¢ = 0,06. Vzemimo dve vrednosti kontrolnega parametra a, ;, kjer je
dinamika v obeh primerih kaoti¢na. Podobno kot v vseh dosedanjih primerih je

rigidnost pogojena s stopnjo disipativnosti nesklopljenih oscilatorjev.
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Slika 3.8: Odvisnost stopnje sinhronizacije kolektivne dinamike R,,; od mrezne
topologije § v primeru vozlis$¢, poseljenih z a) rigidnimi Résslerjevimi oscilatorji

a,; = 0,2 in b) fleksibilnimi Résslerjevimi oscilatorji a,.; = 0,34.

Tudi v tem primeru opazimo enak pojav. Kadar je mreza poseljena z rigidnimi
Rosslerjevmi oscilatorji, je sinhronizacija kolektivna dinamika najviSja v sklano
neodvisni mreZni topologiji. V nasprotnem primeru, ko dinamiko vozlis¢ mreZe
vodijo fleksibilni Rosslerjevi oscilatorji, pa sistem doseZe najviSjo vrednost R,yg v

Siroko skalni mrezi.

V nase analize smo zajeli 4 razlicne matemati¢ne modele, ki so tako zvezni kot tudi
diskretni in imajo zelo raznoliko lastno dinamiko. V vseh primerih je opaZen pojav,
ki smo ga napovedali in tudi razloZili v poglavju (3.1). Kadar lahko dinamiko vozlis¢
mreZe opredelimo kot fleksibilno, je raven sinhronizacije kolektivne dinamike
najvisja v Siroko skalni topologiji mrez malega sveta. Kadar pa je dinamika vozli§¢
rigidna, pa predstavlja skalno neodvisna mrezna topologija interakcijsko strukturo,
ki zagotavlja najvisjo raven sinhronizacije kolektivne dinamike. Dodatno teZo tem
spoznanjem pa deje dejstvo, da je bilo za Stevilne bioloSke sisteme pokazano, da so
le-ti funkcionalno povezani v Siroko skalno mreZno topologijo [7, 8, 28, 33, 74].
OpazZanja zato implicirajo, da so Stevilni bioloSki sistemi sestavljeni iz fleksibilnih
celitnih oscilatorjev. V nadaljevanju tega poglavja se opremo na to predpostavko in
za primer mreZz nevronov analizirali vlogo hitrosti Sirjenja signala na raven

sinhronizacije kolektivne dinamike v razli¢nih mreznih topologijah [10].
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3.2 Vpliv hitrosti Sirjenja signala na raven sinhronizacije kolektivne

dinamike fleksibilnih oscilatorjev v prostorsko vpeti mrezi

Sinhrona aktivnost Zivénih celic je tema Stevilnih teoreticnih kot tudi
eksperimentalnih Studij [75, 76]. Znano je, da pretok informacij v teh mrezah ne
poteka neskoncno hitro. Tako se v sploSnem signali prevajajo po aksonih z neko
kon¢no hitrostjo, kar pa ima za posledico, da v sploSnem prispe signal s ¢asovno
zakasnitvijo do ciljnih Zivénih celic. Velikostni red, s katerim se Sirijo signali po
aksonih, je reda nekaj m/s in tako privede do zakasnitev nekaj milisekund [77].
Raziskave so pokazale, da lahko zakasnitve v komunikaciji med nevroni znatno
vplivajo na njihovo c¢asovno-prostorsko koordinacijo dinamike [78, 79]. V nasi
Studiji uporabimo algoritem prostorsko vpete mreZe (poglavje 2.1.2) za generiranje
razlicnih tipov mreZnih struktur, Kkjer so vozliSta mreze porazdeljena v

tridimenzionalni kocki.

Stevilne raziskave kaZejo, da ima funkcionalna mreZa moZganov izraZene lastnosti
Siroko skalnih mreZ [6, 29, 46, 80]. V prejSnjih poglavjih smo pokazali, da takSna
mreZna topologija zagotavlja najviSjo raven sinhronizacije kolektivne dinamike,
kadar so oscilatorji fleksibilni. Tako bomo mreZo poselili z oscilatorji, ki imajo
fleksibilno dinamiko. Zakasnitev v komunikaciji med oscilatorji mreZe pa vpeljemo
kot posledico konc¢ne hitrosti Sirjenja signala po mrezZi in Studirali bomo, kakSen

vpliv ima ta hitrost na kolektivno sinhronizacijo.

Tipi¢no brsticno aktivnost Zivénih celic simuliramo z Rulkovo mapo (glej poglavje
2.2.4). V poglavju 3.1.2 je sicer Ze zapisana matemati¢na oblika sklopljenih Rulkovih
map, a brez upoStevanja zakasnitve pri prenosu informacij. Ob vkljucitvi Se tega

ucinka, se enacba (3.10) ustrezno spremeni:

x(t+1) = (t)z +y(0) + EZ dy O, (t + T57) — x,(D) - 3.15
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V sklopitvenem Clenu v enacbi (3.15) je upoStevano, da signal iz vozliS€a i prispe do
vozliS€a j s Casovnim zamikom 7;;. Heterogenost v dinamiki vozliS¢ vpeljemo z
distribucijo vrednosti kontrolnega parametra «;, ki sledi potenc¢ni funkciji oblike
P(a)~a~#, Kjer je eksponent enak B = 2,5. Vrednosti kontrolnih parametrov «;
posameznih oscilatorjev je razporejen znotraj obmocdja «a; € [4.1,4.4], kar zagotovi
brsticno dinamiko celega ansambla nevronov. Rezultati, prikazani v poglavju 2.2.3,
kaZejo, da je povprecna frekvenca vecja pri vecjih vrednostih parametra a. Tak$na
porazdelitev dinamic¢nih lastnosti oscilatorjev je vpeljana, ker posnema
eksperimentalno izmerjeno aktivnost ZivCnih celih. Namre¢, pokazano je, da v
nevronski mrezi obstaja majhno Stevilo t.i. vodilnih celic (»pacemaker-jev«), katerih
namen bi naj bil sproZiti odziv njegovih sosednjih celic, ki delujejo kot globalni

pobudniki nevronske aktivnosti [81].

Sklopitveni clen v enacbi (3.15) vsebuje faktor 7;;, ki ponazarja zakasnitev, s katero

prispe signal od i-tega do j-tega oscilatorja. To je posledica kon¢ne hitrosti, s katero

se signal Siri med vozliS¢i mreze. Zakasnitev 7;;, s Katero bo signal prispel do ciljnega

vozli§ca, dolo¢imo z enacbo:
Tij = —J, 3.16

kjer je v je hitrost Sirjenja signala med vozliS¢i. Ker je uporabljen matematicen
model diskreten, izracunane zakasnitve obravnavamo kot celo Stevilo, ki ga
zaokroZimo navzdol. VozliS¢a mreZe so naklju¢no razporejena v kocki, s stranicami
dolZine 1. Najvedja mozna razdalja med dvema vozli¢ema je tako lahko +/3. Hitrost
v = 2 tako ponazarja neskonc¢no hiter prenos signalov med vozlis¢i, saj implicira
7;; = 0. Hitrosti manjSe od v = 2 pa posledicno izzovejo koncno zakasnitev signala
7;j, ki je pogojen z dolZino povezav med vozliSCi. Z variacijo hitrosti tako lahko

simuliramo zakasnitve, ki bi nastopile v nevronskih mreZah.

Zaradi uporabe diskretnega sistema, ki je Casovno manj potraten, lahko v tej
simulaciji uporabimo 200 vozliS¢ in tako tudi poveCamo statisticno relevantnost

rezultatov. Ostale vrednosti parametrov so enake kot predhodno opisano v poglavju
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2.2.2 in 3.1.2. Raven kolektivne sinhronizacije v kolektivni dinamiki podamo s
povprecno vrednostjo fazne sinhronizacije, ki je podrobneje opisana v poglavju
2.3.2. Ta mera je implementirana, ker Zelimo ugotoviti, kako koordinirano prehajajo
posamezni oscilatorji mreZe v obmocje brsticne dinamike. Rezultati numeri¢ne

simulacije so prikazani na sliki (3.9).

b)

) v ° L) L] 1
. ol :" ]
032] ogee®**%e ]
Sy " ®. ]

L \.\.\.

_ b ]
0.24 - 3 -
- . g -
~ .‘..._. .“‘.4
- .. -
0.16 o —e—v=2 -
) ¥ —e—v=01 ]
i ..,00 —eo—y=0.01

0.08 ¥————TF——"T——

0 1 2 3 4

Slika 3.9: Vpliv hitrosti Sirjenja signala na sinhronizacijo oscilatorjev v mrezi: (a)
barvno kodirana povrSina grafa odraza vrednost fazne sinhronizacije v dani
mrezni topologiji pri dani hitrosti Sirjenja signala, (b) odvisnost fazne
sinhronizacije od parametra mreZne topologije za tri izbrane preseke barvnega

grafa.

Na sliki 3.9 vidimo, da je za hitrosti v > 0,02, kolektivna dinamika najbolj
koherentna za srednje vrednosti topoloSkega parametra §. Pri manjsSih vrednostih
hitrostih je kolektivna dinamika bolj sinhronizirana pri vedjih vrednostnih
parametra &, kjer so vozliS¢a mreZe povezana v bolj regularno mrezo. Iz rezultatov je
tudi razvidno, da poleg optimalne mreZne konfiguracije obstaja tudi optimalna
hitrost Sirjenja signala, ki je pribliZno enaka v = 0,1. Pri tej hitrosti tako sistem

doseZe najvisjo raven fazne sinhronizacije.

Do sedaj smo predstavili rezultate teoreticnih dognanj o sinhronizacijskih lastnosti
kompleksnih mreZ, katerih vozlis¢a so poseljena z razli¢cnimi oscilatorji. Pokazano je,
da se v primeru rigidnih celicnih oscilatorjev mreZe najbolje sinhronizirajo v

heterogeni skalno neodvisni mrezi. V primerih fleksibilnih celi¢nih oscilatorjev pa se
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najvisja raven sinhronizacije kolektivne dinamike doseZe v manj heterogeni Siroko
skalni mreZi. Omenjeno je veljavno neodvisno od kompleksnosti uporabljenega
matemati¢nega modela. Poleg optimalne topologije mreZe pa smo ugotovili, da na
sinhronizacijske lastnosti kompleksnih mreZz, pomembno vpliva tudi hitrost
potovanja signalov med vozlis¢i mreZ V nadaljevanju bomo naSe ugotovitve
aplicirali na realne mreZe - funkcionalne povezanosti celic beta v tkivnih rezinah

trebusne slinavke misi.
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4 ANALIZA TOPOLOSKIH LASTNOSTI FUNKCIONALNIH
MREZ CELIC BETA

Teoretska orodja, ki so bila predstavljena in uporabljena v prejsnjih poglavjih, bomo
v nadaljevanju uporabili za preucevanje kolektivne dinamike celic beta v tkivnih
rezinah trebusne slinavke misSi. Pristop in sledece analize temeljijo na ekstrakciji
vzorcev funkcionalne povezanosti celic beta. Primarna naloga teh celic je, da z
izlo¢anjem inzulina uravnavajo raven glukoze v krvi in tako skrbijo za energijsko
homeostazo celotnega telesa [82]. V primerjavi z drugimi Studijami [34, 83] se v
nasih raziskavah osredoto¢imo na preucevanje strukture funkcionalne povezanosti
teh celic znotraj fizioloSko relevantnih koncentracij glukoze. Obstoje¢o metodologijo
za konstrukcijo funkcionalne povezanosti celice beta [33] ustrezno nadgradimo, kar
omogoc¢i natanc¢no vrednotenje sinhronosti dinamiki znotrajcelicnega Kkalcija.
SistematiCno analiziramo mreZzne lastnosti tkivnih vzorcev pri razlicnih
koncentracijah glukoze, in sicer v mejah od 6 mM do 12 mM. Analiza ekstrahiranih
funkcionalnih mreZ razkriva, da so topoloSke lastnosti mreZe in doseg interakcij
mocno odvisne od stimulacijske koncentracije glukoze. Eksperimenti, pri katerih se
koncentracija korakoma zviSuje, nam omogocajo tudi preucevanje dinamicne
evolucije mreZz. Nasi rezultati pri¢ajo o obstoju jasno izrazenih lokalnih skupnosti v
strukturi funkcionalne povezanosti, kar kaze na razdrobljeno organiziranost
sincicija celic beta v Langerhansovem otoCku trebuSne slinavke. Uporabljeni
teoretiCni pristopi omogocajo detekcijo najbolj pomembnih celic v smislu
iniciatorjev in mediatorjev signalov. Predstavljeni rezultati vodijo do novih in
poglobljenih spoznanj s podrocij mehanizma delovanja in funkcionalne
organiziranosti sincicija celic beta, ki s konvencionalnimi metodoloskimi orodij ne bi

bila mogoca.

4.1 Postopek konstruiranja funkcionalne mreze

Ekstrakcija funkcionalne povezanosti celic beta temelji na ustaljeni metodi, pri
kateri se povezanost dolo¢i na podlagi stopnje koreliranosti med izmerjenimi
Casovnimi vrstami znotrajceli¢nih kalcijevih signalov [33]. Slednji so bili posneti na
InStitutu za fiziologijo Medicinske fakultete, Univerze v Mariboru s konfokalnim
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mikroskopom z laserskim skenerjem. Ta eksperimentalna tehnika omogoca hkratne
in dolgotrajne meritve dinamike v velikem Stevilu celic, in to v intaktni tkivni rezini.
Surovi izmerjeni podatki vsebujejo Sum, artefakte kot so fotodestrukcija, ter
spremembe bazalnih vrednosti kalcija, ki niso predmet zanimanja. Iz tega razloga je
za natanc¢no analizo potrebno izmerjene casovne vrste prehodno Se dodatno
obdelati. V naSih analizah uporabimo Huang-Hilbertovo dekompozicijo [84], ki
omogoca zelo natancno izlocanje dinami¢nih komponent iz casovnih vrst, ob tem pa

vsebuje relativno malo prostih parametrov, kar omogoca avtomatizirano obdelavo.

4.1.1 Obdelava ¢asovnih vrst z EEMD metodo

Z namenom izkljuCevanja artefaktov in Suma iz ¢asovne vrste predhodno uporabimo
posodobljeno obliko Huang-Hilbertove dekompozicije, imenovane tudi empiri¢na
dekompozicija signala (ang. »Empirical Ensemble Mode Decomposition - EEMD«)
[84]. Pri tej metodi eksperimentalno dobljene casovne vrste i-te celice x;(t)
numeri¢no razstavimo na ti. enostavne lastne funkcije (ang. »Intrinsic Mode
Functions - IMFs”). V prvem koraku dekompozicije generiramo beli Sum w;(t), kjer j
ponazarja j-to generacijo belega Suma ob ¢asu t. Vrednost generiranega Suma se
nahaja v intervalu w;(t) € [-0,1,0,1] in ga priStejemo vsaki eksperimentalno
dobljeni casovni vrsti x; ;(t) = x;(t) + w;(t). Signal x;(t) pretesemo po lokalnih
ekstremih in nato loCeno interpoliramo zgornjo ovojnico, ki objema tocke lokalnih
maksimumov in spodnjo ovojnico, ki objema tocke lokalnih minimumov. Povprec¢na
vrednost med zgornjo in spodnjo ovojnico ob Casu t oznacimo z m; ; (t) in odStejemo
od x; ;(t). Tako dobimo razliko h;;(t). V naslednjem ciklu uporabimo h;,(t) kot
vhodni signal in ponovimo prej opisani postopek. Nato izraCunamo razliko med
m;j,(t) in h; 1(t) ter dobimo razliko h;,(t). V splosSnem lahko ta postopek zapiSemo

kot :

hj i (t) = My — hj -1 - 4.1

V enacbi (4.1) k ponazarja k-to ponovitev procedure, ki se ponavlja, dokler ni

standardna deviacija med signaloma h;,(t) in h;y_q) manjSa od definirane meje
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(10-%). Ko je ta pogoj izpolnjen, postane razlika h; ; (t) prva enostavna lastna funkcija
i-te Casovne vrste IMFi]’.1 (t) med j-to generacijo belega Suma. V prvi enostavni lastni
funkciji je zajeta dinamika z najvisjo frekvenco. Naslednjo enostavno lastno funkcijo
vhodnega signala x;(t) dolo¢imo tako, da iz njega izloCimo IMFL.{1 (t). V tako
izracunanem ostanku o; ;(t) = x; ;(t) — IMFi{1 (t) ni zajeta dinamika prve enostavne
lastne funkcije. Ostanek o;;(t) sedaj uporabimo kot vhodno Casovno vrsto, za
katerega dolo¢imo IMFi{Z(t). Ta postopek ponavljamo, dokler ostanek o; ;(t) ne

predstavlja monotone funkcije. Ko dekompoziramo vse vhodne signale na vse
osnovne lastne funkcije in njihove trende, celoten cikel dolo¢anja IMF-jev in trendov
ponovimo L =500 krat. S tem izboljSamo kvaliteto dekomponiranih signalov.
Povprecna vrednost posameznega IMF-ja in karakteristi¢nih trendov signalov tako

lahko zapiSemo kot:

L
_ 1 ,
IMF;(t) = ZZ IMF/, (1), 4.2
j=1
L
B 1
5,(t) = ZZ 0,;(1) . 43
j=1

Ko so vsi povpre¢ni IMF-ji in trendi vseh vhodnih signalov doloceni, iz njih
izklju¢imo vse enostavne lastne funkcije, ki ne vsebujejo relevantnih dinamicnih

informacij. ZapiSemo lahko:

xi(8) = X{(6) = 0y(t) = ) THFy (1) 4.4

Na sliki (4.1) je shematski prikaz algoritma empiricne dekompozicije izmerjenega
signala. Prikazana je tudi tipicna oblika vhodnega signala, ki ga eksperimentalno
dolo¢imo in kon¢ni dekompozirani signal, ki ga v nadaljevanju uporabimo za

konstrukcijo funkcionalne mreZze.
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Slika 4.1: Shematski prikaz algoritma za posodobljeno obliko Huang-Hilbertove

dekompozicije.

Za nazornejsi prikaz prednosti uporabljene metode pred drugimi konvencionalnimi
in bolj preprostimi pristopi, je na sliki (4.2) prikaz poteka neobdelanega signala in
konc¢na oblike obdelanega signala za tri razlicne metode glajenja. V prvem primeru
(slika 4.2b) je signalu prilagojena linearno-eksponentno funkcija, ki ponazarja trend
upadanja intenzitete zaradi bledenja barvila. V drugem primeru (slika 4.2c) so
nizkofrekven¢ne in visokofrekvencne motnje v posameznih signalih izloCene z
uporabo pasovno-prepustnega frekvencnega filtra. V tretjem primeru (slika 4.2d) pa
je signal obdelan z uporabo EEMD dekompozicije. Vidimo, da prilagajanje izloci
globalni trend bledenja, ne pa nihanj bazalnih vrednosti kalcija. Filtracija signala te
trende sicer odstrani, vendar postanejo signali proti koncu, Kkjer je bolj izrazen Sum,

slabo izraZeni. Slednje je posledica slabSega razmerja signal Sum. Filtracija prav tako
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povzroci fazne zamike, ki si jih pri analizi korelacij, v kateri je zajeta tudi so¢asnost

dogodkov, ne moremo privosc¢iti. EEMD teh slabosti nima.
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Slika 4.2: Vpliv obdelave signala na kvaliteto izloenega signala. Grafi prikazujejo
a) tipicno eksperimentalno izmerjeno dinamiko znotrajcelicnega Ca?* v celice
beta, b) obdelano ¢asovno vrsto z linearno-eksponentno prilagojeno funkcijo, c)
obdelano ¢asovno vrsto s pasovno-prepustnim filtrom in d) obdelano ¢asovno

vrsto z EEMD dekompozicijskim algoritmom.
4.1.2 Izgradnja funkcionalne mreze

Funkcionalna povezanost med celicami zgradimo na osnovi zacasnih korelacijskih
koeficientov med pari ¢asovnih vrst R;;(t,). V ta namen Casovne vrste razdelimo na
manjSa casovna okna dolzine A7 = 32 s, ki so med seboj oddaljene za cas
t, = At (1/2 + n), kjer je t, srednja vrednost casa n-tega casovnega okna.
Povprecno koreliranost kolektivne dinamike R,y v tem ¢asovnem oknu pa doloCimo
kot povprecneno vsoto ne-diagonalnih elementov R;;(t,). Na sliki (4.3) je narejena

primerjava, ki prikazuje potek povprecne korelacije v primeru, neobdelane ¢asovne
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vrste in Casovne vrste, obdelane z EEMD dekompozicijskim pristopom. V teku
eksperimenta je bil vzorec izpostavljen stopnic¢asto naraScajoCi koncentraciji
glukoze. V obeh primerih lahko opazimo, da se R,y v sploSnem veca z vefanjem

koncentracije glukoze.
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Slika 4.3: Povprecna korelacija R, (rdeca Crta s krogi) in stimulatorne vrdnosti
glukoze (modra ¢rta) v odvisnosti od ¢asa v primeru a) neobdelanih ¢asovnih

vrstin b) dekompoziranih ¢asovnih vrst. Crne ¢rte ponazarjajo povprecen signal.

Iz izvedene primerjave, prikazane na sliki (4.3), je razvidna dodana vrednost
obdelave posameznih signalov. V sploSnem povecanje stimulacijske koncentracije
glukoze povzroci, da postanejo vse celice bolj aktivne. To se odraza v vecji intenziteti
zaznanega barvila in posledi¢no v vecji numeri¢ni vrednosti ¢asovne vrste. Vecja
povpretna sinhronizacije sistema ob doloCenih casih (glej sliko 4.3a) tako ni
posledica vecje koreliranosti v dinamiki celic temvec je posledica skupnih trendov.
Ko tovrstne pojave izklju¢imo iz ¢asovnih vrst, podobnega obnaSanja ne zaznamo.
Tako lahko z vecjo gotovostjo trdimo, da bodo upodobljene funkcionalne povezave

bolj natanc¢no odrazale celice, ki imajo podobno znotrajceli¢no dinamiko kalcija Ca2+.

Ko dolo¢imo korelacijske koeficiente med vsemi pari ¢asovnih vrst za vsa ¢asovna

okna, pricnemo z dolo¢anjem trenutne matrike sosednosti d(t,). V primeru, ko je
korelacijski koeficient R;;(t,) v asovnem oknu t, + At /2 velji od doloCene mejne

vrednosti R, smatramo dinamiki i-te in j-te celice kot funkcionalno povezani. Tako

postane ij-ti element matrike sosednosti za to Casovno okno enak d;;(t,) =1. V
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nasprotnem primeru, ko je R;;(t,) manjSi od mejne vrednosti Ry, pa smatramo

celici v tem Casovnem oknu kot funkcionalno nesklopljeni in postavimo ij-ti element

matrike sosednosti za to ¢asovno okno na d;;(t,) = 0. Prag za povezanost smo
dolo¢ili v skladu s pogojem R§Vg>0,5, kar zagotovi dovolj visoko stopnjo
kavzalnosti med zaznanimi funkcionalnimi povezavami. Princip je shematsko

ponazorjen na sliki 4.4.

a) b)
R (1,)

e [1: Rt > R

d (1=
WH\L‘“ ]0; R(t,)> R, @ @

A

Slika 4.4: Upodobitev Kkljutnih korakov pri konstrukciji funkcionalne

povezanosti: a) prikaz dveh karakteristicnih obdelanih ¢asovnih vrst, ki jima
znotraj Casovnega okna dolo¢imo vrednost trenutne korelacije in b) pogoja za

vzpostavitev funkcionalne povezanosti med tema dvema celicama.

4.2 Topoloske lastnosti funkcionalnih mrez celic beta

Za preucevanje narave funkcionalnih vzorcev povezanosti uporabimo teoretska
orodja vpeljana v poglavju 2.1. TakSen pristop nam omogoca, da z uveljavljenimi
topoloskimi merami kvantificiramo medceli¢cno povezanost med celicami beta in

tudi, da sledimo njenemu ¢asovnemu razvoju tekom spreminjajoce stimulacije.

4.2.1 Struktura funkcionalnih skupnosti celic beta znotraj fizioloskih

koncentracij glukoze

Funkcionalno povezanost med celicami beta je doloCena v skladu z metodologijo
opisano v poglavju (4.1). Pari celic, pri katerih korelacija med njunima Ca?*
signaloma presega mejno vrednosti Ry, se tretirajo kot funkcionalno sklopljene.

Slika (4.5) prikazuje organiziranost funkcionalne povezanosti med celicami beta za
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razlicne stimulacijske vrednosti glukoze. Opazimo, da se v primerih niZje
koncentracije glukoze (<8 mM) pojavi izredno malo Stevilo celic, ki imajo vzajemno
dobro sinhronizirano dinamiko. Visja stimulacijska raven glukoze pa v sploSnem
izzove, da se Stevilo povezav v mreZi povecuje, kar je posledica velje stopnje
sinhronizacije kolektivne dinamike (glej sliko 4.3b). Iz rezultatov je razvidno, da so
celice beta organizirane v funkcionalne skupnosti, ki so prostorsko urejene in
lokalizirane. Pri nizkih koncentracijah glukoze so te podmreZe moc¢no segregirane. Z
viSanjem koncentracije glukoze pa se stopnja segregiranosti med skupnostmi v
sploSnem manjSa. Neodvisno od koncentracije glukoze pa ostajajo skupnosti
prostorsko urejene, saj je povsod mocno izraZen trend, da so bliZnje celice med seboj

bolj povezane kot oddaljene.

Slika 4.5: Funkcionalna povezanost celic beta pri razlicnih koncentracijah
glukoze: a) 6 mM, b) 7 mM, c) 8 mM, d) 9 mM in e) 12 mM. Prostorska ureditev
vozliS¢ mreZe odraza dejansko lego posameznih celic v uporabljenem vzorcu.
VozliS¢a mreZe so barvno kodirana glede na skupnost, kateri pripadajo.
Nepovezana vozliS¢a so obarvana sivo. V vseh primerih je Ry, = 0,7. Vzorec

sestavlja 100 celic.
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Da podkrepimo omenjene ugotovitve, smo podobno analizo napravili Se za 2 druga
vzorca rezin trebuSne slinavke miSi, ki sta bila deleZzna identi¢nega
eksperimentalnega protokola kot vzorec, uporabljen na sliki (4.5). V obeh dodatnih
primerih lahko opazimo, da so funkcionalne mreZe, ki so izpostavljene nizki
vrednosti glukoze (slika 4.5 (a in b)), redke in moc¢no segregirane. Kadar pa so
izpostavljene visokim koncentracijam glukoze, pa je upodobljena mreZa gosta in
prepletena (slika 4.5 (c in d)). V obeh stimulacijskih reZimih lahko opazimo jasno

izraZene in lokalizirane skupnosti.

Slika 4.6: Funkcionalna povezanost celic beta v primeru 8mM (a in b) in 12 mM
(c in d) koncentracije glukoze za tri dodatne otocke, ki so bile sestavljene iz 152
(a,c) in 200 (b,d) celic. Prostorska ureditev vozliS¢ mreze odraza dejansko lego
posameznih celic v uporabljenem vzorcu. Celice so obarvane glede na skupnost,
kateri pripadajo. Nepovezane celice so obarvane sivo. V vseh primerih je Ry, =

0,7.
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Celice beta, ki pripadajo isti skupnosti, kaZejo znake bolj socasne aktivnosti, ki je
znotraj ene skupnosti tudi bolje fazno sinhronizirana. Omenjeno empiri¢no

ugotovitev podkrepimo z izra¢unom povprecne korelacije med pari celic, ki

Ci

avg 22 vse skupnosti v mreZzi. S podatki R

pripadajo doloceni skupnosti R ave

posameznih skupnosti pa podamo povprecno vrednost sinhronizacije med celicami
net

iste skupnosti R5yg". Sprotno ratunamo tudi spreminjanje povprecne Korelacije R35g

med vsemi pari celic funkcionalne mreZe, ki imajo vsaj eno povezavo. Vrednosti
RSvg in Rive predstavljajo povpredje vzorca, uporabljenega v sliki (4.5). Rezultati so
prikazani na sliki (4.7). Vidimo, da je Rgyg' v obmocju viSje stimulacijske ravni
glukoze znatno vi§ji od Rjgs. Ti rezultati $e dodatno potrjujejo ugotovitev o

segregirani organiziranosti v Langerhansovem otocku.
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Slika 4.7: Povprecna korelacija med pari celic, ki pripadajo isti skupnosti Rzyg"

(rde¢i kvadrati) in povprecna korelacija med vsemi pari celic funkcionalne
mreze R;‘Sé (€rne pike) v odvisnosti od stimulacijske vrednosti glukoze. Mejna
vrednost korelacije pri izgradnji funkcionalne povezanosti je bila R, = 0,7.

Vrednosti so dobljene za vzorec, prikazan na sliki (4.5)

V nadaljevanju Se podrobneje preverimo, kako se topoloske lastnosti funkcionalnih
mreZ spreminjajo v odvisnosti od koncentracije glukoze. Najprej preucimo, Ce
obstajajo v tkivu celice, ki izstopajo v njihovem delovanju in imajo v mreZi posebno
vlogo. Izvedimo izracun, pri katerem preverimo, kako se je povezanost posameznih
celic in njihova osrednjost spreminjata s casom. Ker nam povezanost celice pove, s

kolikSnimi celicami ima izbrana celica visoko korelirano znotrajcelicno dinamiko,
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mocno povezane celice klasificiramo kot iniciatorske celice. Celice, ki pa imajo veliko
osrednjost, so klju¢ne za ucinkovit prenos informacij. Najpogosteje se te celice
nahajajo na sti¢iS¢u dveh lokalnih skupnosti. V kolikor teh celic ne bi bilo, bi bila
onemogocCena mocneje koordinirana globalna aktivnost v tkivu. Celice z veliko
osrednjostjo zato poimenujemo mediatorske celice. Rezultati ¢asovnega razvoja

povezanosti in osrednosti posameznih celic so prikazani na sliki (4.8).

Iz rezultata je razvidno, da mocno povezane celice ostajajo mocno povezane pri
razli¢nih koncentracijah glukoze. Tako lahko sklepamo, da se njihova vloga ohranja v
tkivnih vzorcih. Slika (4.8b) pa prikazuje normirano osrednjost celic. Ponovno lahko
opazimo, da celice, ki imajo veliko osrednjost, le-to tudi ohranjajo. Slika (4.8c)
dodatno prikazuje potek normiranega produkta med povezanostjo in osrednjostjo
posamezne celice. Rezultati tako kaZejo, da obstajajo iniciatorske celice, ki so mo¢no
povezane in imajo tako velik doseg v smislu celic, na katere lahko vplivajo, in
mediatorske celice. Slednje predstavljajo celice, ki so kljutne za ohranjanje

integriranosti komunikacijske mreZze.
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Slika 4.8: Prepoznavanje celic iniciatork in mediatork. Odvisnost a) normirane

1,0

povezanosti, b) osrednjosti in c¢) produkt med normirano povezanostjo ter

osrednjostjo posamezne celice od ¢asa.
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4.2.2 Funkcionalna povezanosti celic beta znotraj fizioloskih koncentracij

glukoze

Za pridobitev bolj poglobljene slike o spreminjanju funkcionalne povezanosti v tkivu
tekom eksperimenta, izracunajmo vec razlicnih topoloskih mer, katerih pomen in
tudi postopek racunanja je bil podrobneje predstavljen v poglavju 2.1.1. Mere, ki so
relevantne tudi z vidika fiziologije, so povpretna povezanost k,,s povprecen
koeficient gruCavosti C,yg, povprecna globalna ucinkovitost E,,q, Stevilo skupnosti
N, povprecno Stevilo celic v skupnostih n. in povprec¢na dolZina funkcionalnih
povezav I,,e. Glavni predmet zanimanje je spreminanje teh mer v odvisnosti od
stimulacijske vrednosti glukoze. Rezultat je prikazan na sliki (4.9). Odebeljena ¢rna
¢rta odraza povpretno vrednost dolotene mreZzne mere pri dani koncentraciji
glukoze. Na sliki (4.9a) je prikazana odvisnost povprecne povezanosti celic k,,q 0d
koncentracije glukoze. Vidimo, da viSja kot je koncentracija glukoze, gosteje
povezane postajajo celice. Povecanje k,y, tudi naznanja, da postaja aktivnost celic
bolj koordinirana (glej sliko 4.3b). MoZna razlaga za ta pojav je, da postaja
komunikacija med celicami, ki poteka preko elektricnih sinaps in drugih nacinov
daljnoseznega komuniciranja, bolj izrazita. Povpre¢na grucavost sistema C,yg (glej
sliko 4.9b) je med drugim tudi mera funkcionalne segregiranosti in eden izmed
indikatorjev topoloskih lastnosti mreZ malega sveta [40]. Vidimo lahko, da se celice
beta kot odziv na povisanje koncentracije glukoze preferentno povezujejo v lokalne
gruce celic. Tako se C,yg v 0dvisnosti od glukoze povecuje do koncentracije glukoze
9 mM. Od te mejne vrednosti pa se vrednost C,,, saturira. Odvisnost povprecne
ucinkovitost mreze E,.z, ki odraza tudi stopnjo vkljucenosti vozlis¢ v mrezo od
koncentracije glukoze, je prikazana na sliki (4.9c). Ponovno lahko opazimo, da
postaja funkcionalna mreZa celic beta z viSanjem koncentracije glukoze tudi vse bolj
ucinkovita, dokler se vrednost E,,; ne zasiCi pri vi§jih vrednostih glukoze (=10
mM). Na slikah (4.9d in 4.9e) je predstavljena analiza o modularni naravi
funkcionalnih mrez v odvisnosti od glukoze. Slika (4.9d) tako prikazuje, kako se
spreminja Stevilo skupnosti N, slika (4.9e) pa iz kolikSnega Stevila celic so te
skupnosti v povprecju sestavljene. Vidimo, da se celice beta pri vi$jih koncentracijah

glukoze (>8 mM) razporedijo v povprecju v sedem skupnosti. Tudi Stevilo celic v
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skupnosti je mocno odvisno od glukoze in se v sploSnem veca z vecanjem
koncentracije glukoze ter doseZe doloCeno koncno vrednost pri 10 mM koncentraciji
glukoze. Zadnji rezultat, prikazan na sliki (4.9f), pa odraza odvisnost povprecne
dolZine funkcionalnih povezav I,,, v odvisnosti od glukoze. Hkrati ta mera odraza
tudi, kolikSen je doseg direktne medcelicne komunikacije znotraj otoc¢ka. Podobno
kot smo Ze opazili pri ostalih merah, lahko najvecje spremembe v vrednostih Iy,
zaznamo med 7 mM in 10 mM koncentracijo glukoze. Vec¢je vrednosti glukoze pa

imajo za posledico le manjSo spremembo v I, ki se saturira pri razdalji 45 um.
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Slika 4.9: Vrednosti topoloSkih mer funkcionalnih mreZ beta celica za Stiri otocke: a)
povprecna povezanost, b) povprecni koeficient grucavosti, c) globalna uc¢inkovitost,
d) povprecno Stevilo skupnosti, e) povprecna velikost skupnosti in f) povprecna
dolZina funkcionalnih povezav. Mejna vrednost korelacije pri izgradnji funkcionalne

povezanosti je Ry, = 0,7.

Ker smo hoteli potrditi, da so spremembe v mreznih merah izkljutno posledica
zviSevanj koncentracije glukoze, smo v naso analizo vkljucili Se Stiri dodatne otocCke.
Dva otoCka (skupaj 556 celic) sta bila po doloCenem casu stimulirana s stalno

koncentracijo 8 mM, druga dva (skupaj 540 celic) pa s 12 mM glukoze. Za vse vzorce
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smo izracunali, kako so se mreZne mere, spreminjajo s ¢asom. S to analizo lahko
preverimo, ali se pri konstantni stimulaciji pojavljajo kakrSnekoli ¢asovno odvisne
spremembe v topoloskih lastnostih funkcionalnih mrez, ki so posledica dolgotrajne
izpostavljenosti stimula. Rezultati analize so prikazani na sliki (4.10). Vrednosti
topoloskih mer med 8 mM in 12 mM stimulacijo vzorcev so primerljive z rezultati,
prikazanimi na sliki (4.10). Vse topoloSke mere , razen N, so v sploSnem manjSe pri
8 mM koncentraciji glukoze, ¢e jih primerjamo z vrednostmi topoloskih mer v
primeru 12 mM stimulacije glukoze. Pri vzorcih, ki so bili daljsi ¢as stimulirani z 12
mM koncentracijo glukoze, lahko opazimo, da je skupni trend upadanje topoloskih

mer, za kar pa bi lahko bila odgovorna t.i. glukotoksi¢nost [85].
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Slika 4.10: Casovni razvoj razlitnih topoloskih mer v primeru Kkonstantne
stimulacije z 8 mM (rdece Crte) in 12 mM (Crne ¢rte) koncentracije glukoze: a)
povprecna povezanost, b) povprecni koeficient grucavosti, c) globalna uc¢inkovitost,
d) povprecno Stevilo skupnosti, e) povprecna velikost skupnosti in f) povprecna
dolZina funkcionalnih povezav. Mejna vrednost korelacije pri izgradnji funkcionalne
povezanosti je bila Ry, = 0,7. Sivo obarvan predel na vrhu grafov (a—f) ponazarja
obmocje 6 mM glukoze in ¢rno obarvan predel obmocje, kjer so bili vzorci

simulirani z 8 mM ali 12 mM glukoze. Odebeljene Crke s kriZci odrazajo povprecno
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vrednost za doloCeno koncentracijo glukoze.

Predstavljeni rezultati potrjujejo tezo o modularni naravi funkcionalnih mrez, kar
pomeni, da celice beta v Langerhansovih otockih tvorijo funkcionalne podenote.
Celice, ki pripadajo eni skupnosti, so med seboj bolj gosto povezane in imajo bolje
koordinirano aktivnost v primerjavi s celicami v drugih skupnostih oz. celostno
funkcionalno mreZo. Funkcionalna povezanost celic beta se tako kaZe kot izredno
prilagodljiva in zmoZna zveznega preoblikovanja iz mocno segregirane v bolj
integrirano funkcionalno mreZo. Ker medceli¢cna komunikacija koordinira aktivnost
posameznih celic, bi lahko prikazana modularna narava Langerhansovih otockov
predstavljala dodaten prostorsko regulacijski mehanizem izlo¢anja inzulina.
Podobni regulacijski pojavi, so opaZeni tudi v nevronskih mrezah. Za ta bioloSki
sistem je znano, da je uravnoveSena kombinacija med segregiranim in integriranim
procesiranjem informacij, ki jo je moZno doseci v ucinkoviti mreZni topologiji
malega sveta, nujna za njegovo normalno delovanje [80]. Motnje v tej
uravnovesSenosti pa lahko vodijo do avtizma, ki je posledica prekomerno segregirane
mreZe ali shizofrenije, v primeru prekomerno integrirane mrezne strukture [30].
Pomembnost medcelicne komunikacije je tudi izpostavljena na primeru gladkih
misi¢nih celic pljucnih arterij. Tako je pokazano, da v primeru zdravega tkiva celice
tvorijo ucinkovito mreZo. V primeru kroni¢ne hipoksije, pa je mrezna struktura
medceli¢ne sklopljenosti naklju¢na [86]. Tako je tudi smotrno napovedovati, da so
lahko nepravilnosti v funkcionalni povezanosti Langerhansovega otocka povezane s
sladkorno boleznijo. Dodatne eksperimentalne in teoreti¢ne raziskave so tako nujno
potrebne, da bi lahko razumeli, kako ta vecceli¢ni sistem regulira svoje delovanje z

medceli¢no komunikacijo v patoloSkem stanju.
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5 ZAKLJUCEK

V doktorski disertaciji je obravnavan pojav sinhronizacije kolektivne dinamike
sistema, ki je sestavljen iz velikega Stevila oscilarujoCih vozliS¢. Sistemi, kjer
dinamic¢ni elementi interagirajo med seboj na netrivialen nacin ter tvorijo globalno
obnaSanje, so v naravi, druzbi in tehniki zelo pogosti [3, 9, 10, 68]. V disertaciji je
posebna pozornost bila namenjena preucevanju vlog interakcijske topologije in
dinamic¢nih lastnosti oscilatorjev pri zagotavljanju najboljSe sinhronizabilnosti.
Pokazali smo, da fleksibilni in rigidni oscilatorji dosegajo najviSjo raven kolektivne
sinhronizacije v razlicnih mreZznih topologijah. Sistem sklopljenih rigidnih
oscilatorjev doseZe najviSjo raven kolektivne sinhronizacije v skalno neodvisni
mreZni topologiji. Kadar pa so vozliS¢a mreZe poseljena s fleksibilnimi oscilatorji,
zagotavlja Siroko skalna mrezna struktura interakcijsko sliko, pri kateri sistem
doseZe najvisjo raven sinhronizacije kolektivne dinamike. Slednja mrezna struktura
je bila zazna tudi v Stevilnih realnih sistemih [6-9, 29, 46, 80]. V primeru bioloskih
nevronskih mrez so odstopanja od taksne sklopitvene strukture pogosto povezana z
razlicnimi nevroloSkimi obolenji [29-32]. Omenimo Se, da je skalno neodvisna
mrezna topologija izredno ucinkovita ter tudi heterogena, medtem ko sta
ucinkovitost in razprSenost v povezanosti vozliS¢ v Siroko skalni mrezi manjsi.
Razlika med tema dvema mreZnima tipoma je tudi njuna segegiranost; Siroko skalna
mreZzna topologija je bolj mudularna od skalno neodvisne mreZe. To se odraza v
formaciji izrazitih skupnostih, znotraj katerih so vozlis¢a gosteje povezana. TaksSna
organiziranost pa v sploSnem =zavira visoko ranve globalne sinhronizacije in
spodbuja bolje sinhronizirano dinamiko med gosteje povezanimi vozliS¢i [20]. Kot
zanimivo se izkaze tudi, da so Siroko skalne mreZne topologije manj obcutljive na
izpade njenih najbolj povezanih vozlis¢, v primerjavi s skalno neodvisnimi mrezami
[87]. V evolucijskem smislu je tako sistem bolj odporen na mutacije, ki se lahko

pojavijo v teku njenega razvoja.

[z naSih rezultatov sledi, da je v primerih, kjer je sistem organiziran v Siroko skalno
mreZno topologijo, dinamika vozlis¢ fleksibilna. Z analiticnim pristopom je izpeljan
izraz, ki razkriva, da se rigidnost oscilatorjev mreZe spremeni zaradi medsebojne

sklopljenosti. IskaZe se, da je porast v disipativnosti, ki odraZa stopnjo rigidnosti
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oscilatorja zanemarljiva, kadar je intrinziCna disipativhost mnogo vecja od
karakteristicnega doprinosa sklopitvenega c¢lena k rigidnost. To velja za rigidne
oscilatorje. Zaradi neodvisnosti njihovih dinamicnih lastnosti od mrezne strukture,
dosegajo najviSjo raven fekvencne prilagodljivosti v heterogeni skalno neodvisni
mrezni topologiji. V primeru fleksibilnih oscilatorjev pa je povecanje njihove
disipativnsoti znatno. Izrazito heterogene mreZe, ki so hkrati tudi zelo ucinkovite,
tako inducirajo velika razhajanja med dinamic¢nimi disipativnostmi posameznih
oscilatorjev. Slednje zavira dobre sledilne lasnosti moc¢no rigidnih oscilatorjev.
Fleksibilni oscilatorji tako dosegajo najviSjo raven frekvencne prilagodljivosti v
segregiranih mreZnih strukturah, ki so tudi bolj homogene. Vendar, ker so slednje
tudi mnogo bolj neucinkovite, je visoka raven kolektivne sinronizacije onemogocena.
MreZe poseljene s fleksibilnimi oscilatorji tako dosegajo najviSjo raven
sinhronizacije v vmesnih mreZnih strukturah, ki imajo zadostno ucinkovist in hkrati
tudi segregiranost, kot je to v primeru Siroko skalne mreZna topologije. To
univerzalno veljavno spoznanje, je tudi prikazano Se na treh dodatnih matemati¢nih
modelih, ki so bili tako zvezni kot diskretni, katerih dinamika je bila tako regularna
kot kaoticna in ki so bili tako dvodimenzionalni kot tudi tridimenzionalni. Dodatno
je pokazano tudi, da ob optimalni topologiji mreZe obstaja tudi optimalna hitrost
Sirjenja informacij med vozlis¢i mreZe. Odstopanja od te optimalne hitrosti pa
izzovejo zniZane ravni sinhronizacije kolektivne dinamike. Ugotovitve, ki so bile

predstavljene v teoreticnem delu lahko povzamemo v naslednjih tockah:

1. Intrinzi¢no rigidni oscilatorji dosegajo maksimum usklajene kolektivne
dinamike znotraj zelo ucinkovitih in heterogenih skalno neodvisnih mrez,
medtem ko intrinzicno fleksibilni oscilatorji dosegajo najvedjo raven
sinhronizacije v manj heterogenih Siroko skalnih mreZnih topologijah malega

sveta ([11, 25, 37]; priloge 2, 3 in 4).
2. Optimalno sinhronizacijo mreZno povezanih oscilatorjev glede na njihovo

fleksibilnost lahko razloZimo s stopnjo frekvencne prilagodljivosti in globalno

ucinkovitostjo mreZne strukture ([11]; priloge 4).
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3. V prostorsko vpetih mrezah obstajata tako optimalna mreZna topologija
kakor tudi optimalna hitrost Sirjenja signala, pri kateri sistem sklopljenih

oscilatorjev doseze maksimalno raven sinhronizacije ([10]; priloga 1).

V aplikativnem delu doktorske naloge, ki je zajeto v poglavju 4, so teoreti¢na orodja s
podrocja kompleksnih mreZz uporabljena za raziskavo narave medcelicne
komunikacije v tkivu. Predmet preucevanja je kolektivha dinamika celic beta v
tkivnih rezinah trebusne slinavke miSi. Osredinili smo se na fiziolo§ko relevantne
stimulacijske koncentracije glukoze. ObstojeCo metodologijo izgradnje funkcionalne
povezanosti celic beta smo nadgradili s predhodno obdelavo c¢asovnih vrst z
empiricno dekompozicijo signala, s Kkatero izlo¢amo visokofrekvencne in
nizkofrekvenéne motnje v posameznih eksperimentalno dobljenih signalov.
Rezultati analiz kaZejo, da so celice beta organizirane v lokalne skupnosti, znotraj
katerih so celice gosteje povezane in tudi bolje sinhronizirane. V obmoc¢ju nizkih
stimulacijskih vrednostih glukoze, je funkcionalna mreZa izredno neucinkovita in
segregirana. Najvecje spremembe v funkcionalni povezanosti celic so zaznane v
intervalu koncentracije glukoze od 7 mM do 9 mM. Stimulacija sistema z viSjo
koncentracijo glukoze pa v sploSnem izzove zgolj manjSe spremembe v lastnosti
funkcionalne povezanosti. Pokazan je tudi obstoj celic, ki vzdrzujejo integriteto
funkcionalne povezanosti (mediatorske celice) ter celic iniciatork, ki imajo veliko
povezanost. Vloga omenjenih tipov celic se med postopnim povecevanjem
koncentraciji glukoze ohranjala. Te celice bi lahko tako bi lahko imele klju¢no vlogo
pri zagotavljanju normalnega delovanja regulacije glukoze. Zanimivo je, da
odvisnosti topoloskih mer od koncentracije glukoze, sovpada z eksperimentalno
izmerjenim potekom koncentracije izloCenega inzulina [88]. Omenjeno nakazuje, da
bi lahko bila izlo€ena koli¢ina inzulina celotnega tkiva regulirana s strani medceli¢ne

komunikacije. Rezultati aplikativnega dela disertacije tako potrjujejo naslednje teze:
4. V mreZi funkcionalne povezanosti celic beta iniciatorske in mediatorske

celice ohranjajo svojo vlogo pri razli¢nih ravneh stimulacije celic z glukozo

(poglavje 4).
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5. V tkivnih rezinah trebusne slinavke misi tvorijo celice beta lokalne skupnosti
oziroma gosto povezane pod-enote, katerih pojavnost in porazdelitev je

odvisna od koncentracije glukoze (poglavje 4, priloga 5).

S prikazanimi rezultati v doktorski disertaciji smo pokrili vse zastavljene teze. Sami
rezultati so izvirni in bili deloma objavljeni v uglednih mednarodnih revijah. V
nadaljnih raziskavah bi bilo smotrno ekperimentalno preveriti, kako se rigidnost
celic spreminja v odvisnosti od njihove povezansosti. V kolikor bi zaznali
koreliranost med tema dvema spremenljivkama, bi to krepilo dognanja naSe
teoreti¢ne raziskave. Siroko skalno mreZno organiziranost Stevilnih bioloskih
sistemov, kot je tudi Langerhansov otocek, bi tako lahko razlozili s tukaj
predstavljenimi rezultati. Dodatno analizo, ki je bila narejena v aplikativnem delu, bi
bilo tudi nujno napraviti na vzorcu tkiv, kjer je regulacijski proces uravnavanja
koncetracije glukoze moten. To bi omogocilo direktno primerjavo med funckionalno
povezanostjo celic v zdravem ter bolanem vzorcu. Z rezultati tak$nih raziskav bi
producirali nova spoznanja o odelovanju tega sincicija in posledi¢no tudi k razvoju

metod, s katermi bi lahko moZne nepravilnosti v njegovem delovanju tudi odpravili.
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and coding. In the present paper we investigate the synchronization of bursting neuronal
activity. Motivated by the fact that in neural systems the interplay between the network
structure and the dynamics taking place on it is closely interrelated, we develop a
spatial network representation of neural architecture in which we can tune the network

Iéz};:ﬁreisﬁetwork organization between a scale-free network with dominating long-range connections and
Chaotic oscillator a homogeneous network with mostly adjacent neurons connected. Our results reveal that
Bursting the most synchronized response is obtained for the intermediate regime where long- as
Synchronization well as short-range connections constitute the neural architecture. Moreover, the optimal

response is additionally enhanced when the speed of signal propagation is optimized.
© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Neural dynamics is a cooperative process of neurons and the existence of the synchronous rhythms is crucial for
performing of the operational tasks in various specialized areas of the nervous system [1,2]. A particularly interesting type
of a complex oscillatory rhythm of neurons is bursting, where the neural activity alternates, on a slow time scale, between
a quiescent state and fast repetitive spiking [3]. Neural bursting has been identified in several processes and regions in
the mammal brain [4] such as the olfactory system or the hippocampal region [5]. Remarkably, variations of rhythmic
bursting activity are also believed to be involved in various clinical disorders and pathological conditions [6,7]. In order
to explore the bursting synchronization mechanisms in ensembles of coupled neurons mathematical models have been
utilized [8-10]. This is because the study of synchronization and desynchronization of neuronal bursting behaviours from
biophysical models may help us to understand further the information processing and coding as well as disorders in the
nervous system. Notably, in the last decade the focus of this interest has shifted to ensembles characterized with complex
interaction topologies, as constituted by small-world or scale-free networks [11-16]. Motives are definitely related with the
fact that such topological structures have been identified in the nervous system [17]. Moreover, Pontes et al. also took into
account the spatial distance between coupled bursting neurons [18]. In their model the interaction strength decreased as a
power law with increasing distance, thus enabling the emulation of the fractal nature of dendritic connections.

It is known that information flow in neural networks is not instantaneous. A finite signal transmission speed along
the axons results in a space dependent time delay. Typical speed of signal conduction is on the order of m/s, leading to
transmission times up to hundreds of milliseconds for information propagation through the cortical network [19]. Previous
studies have already revealed that time delays can gradually affect the spatiotemporal dynamics in networks of coupled
neurons [20]. Remarkably, Dhamala et al. [21] have shown that time-delayed coupling facilitates the existence of stable

* Corresponding author. Tel.: +386 2 2293893; fax: +386 2 2518180.
E-mail address: marko.gosak@uni-mb.si (M. Gosak).
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synchronized states of two chaotic neurons, whereas Buri¢ et al. [22] extended the concept to a pair of noisy bursting
neurons. Furthermore, many interesting phenomena such as zigzag fronts of excitations and antiphase synchronization [23]
as well as multiple stochastic resonances [24] were found in neuronal networks with constant delays. Wang et al. [25]
investigated delay-induced synchronization transitions on neuronal network and their study has revealed that an enhanced
synchronized response is observed if the delay equals a multiple of the inherent oscillation frequency of neurons. Special
attention has also been devoted to different types of coupling mechanisms and transmission delays. Along these lines Wang
et al. [26] studied synchronization transition of bursting neurons with respect to attractive and repulsive coupling, whereas
Hao et al. [27] focused on the difference between electrical and chemical coupling. In Ref. [28] burst synchronization via
delayed inhibitory synapses has been analysed. Nevertheless, the use of constant fixed delays provides a good approximation
for simple circuits consisting of a small number of cells. However, realistic neural networks are embedded in metric space
and hence the network topology and the transmission delays are also a function of the Euclidean distance between the
neurons. In view of that, several studies tackled synchronization of neural networks with distributed and time-varying
delays [29-32]. It has been shown that space-dependent delays can destabilize the synchronous states and induce the
formation of waves [33]. Later on, Ko et al. [34] and Ko and Ermentrout [35] widened the idea of distance-dependent delays
to complex interaction topologies by studying the synchronous behaviour and wave formation in sparsely coupled neuronal
oscillators.

In the present study we extend the scope of research of synchronization of bursting activity on complex networks with
the presence of signal transmission delays. For this purpose we develop a network representation of neural architecture,
where vertices are bursting neurons embedded in three-dimensional metric space and links model electrical coupling
between them. The employed network model allows us to smoothly alter the topology from a scale-free network with
dominating long-range connections to a network where principally only adjacent neurons are connected. In our previous
studies a similar network model has been used in order to determinate the topology leading to optimal stochastic and
coherence resonance responses in an ensemble of excitable neurons [36,37]. Here we widen this idea to identify the most
favourable interaction topology for the synchronization of bursting neurons. Additionally, we consider transmission delays,
which are a consequence of finite signal propagation speeds and they depend on the Euclidean distances between coupled
neurons. Therefore, when the topology is altered, the distribution and the rate of delays are simultaneously modified as
well. In contrast to previous studies on small-world and scale-free networks [11-16], the employed model thus enables the
identification of topological as well as dynamical conditions which ensure the most synchronized bursting activity, without
choosing any specific network configuration.

2. Mathematical model

To mimic the characteristic bursting dynamics of neurons, we make use of the iterated map proposed by Rulkov [8],
which captures succinctly the main features of more complex time-continuous neuronal models, but is numerically much
more efficient. The temporal evolution of the i-th neuron along with delayed coupling is defined as follows:

N
+yi(t) + Dzsij[xj(f — 1) — xi(D)], (1)

=1

(04}
xi(t+1) = T x(0)?

it +1) =yi(t) — yxi(t) — o, (2)

where y;(t) and x;(t) are the slow and fast variable of the map, respectively, and are considered as dimensionless variables,
t is the discrete time index and «, y and o are systems parameters. By choosing y = ¢ = 0.001 < 1 we ensure that the
dynamics of x;(t) is much faster than that of y;(t). Furthermore, we consider values of «; above 4.0, where the Rulkov map
produces chaotic oscillations. In this case the slow variable y;(t) exhibits saw-tooth oscillations, whereas the fast variable
x;(t) emulates the spiking-bursting behaviour. When the slow variable reaches a local maximum the fast variable begins
its firing interval. After the slow variable reaches a local minimum the firing interval switches then into a quasi-steady
state. In order to take into account the diversity of neurons, values of ¢; are assumed to follow a power-law P(a) ~ o#
with a scaling exponent 8 = 2.5. Values of «; are then confined within the interval [4.1, 4.4], whereby the characteristic of
the distribution remains intact. This arrangement of «; implies a small number of highly active oscillators with small time
intervals between the bursts whereas the majority of neurons are less active. Namely, higher the values of «; correspond to
higher frequencies of bursting patterns. In this manner we presume the existence of a small fraction of leader (precursor)
neurons, which endeavour to trigger the response of its neighbours and thus act as global initiators of the bursts [38].

The sum in Eq. (1) stands for the coupling, where the coupling strength is symbolized by D and ¢;; is the connectivity
matrix which has a value of 1 if the i-th and j-th neuron are electrically coupled and 0 otherwise. The calculation of the
network connectivity is based on the spatially embedded vertex fitness network model [39]. First, N neurons are randomly
distributed according to a uniform distribution inside a unit cube. Then, the i-th and the j-th neuron are connected if the
following condition is fulfilled:

il
)
f

> O, (3)



2766 M. Gosak et al. / Physica A 391 (2012) 2764-2770

=
N

i
L

L

i\

d o ... €

0.01 .

5
S iE3 .. S
Y . %
(1 N
1E-4 .,
1E-5 J——rrrrre—r—rrrrren 1E-5 e 00003 "2
1 10 100 1 10 100 0 5 10 15 20 25
k k k

Fig. 1. Characteristic network structures and the corresponding degree distributions for § = 0.1 (a, d),§ = 1.7 (b, e) and § = 5.0 (c, f). The number
of neurons is N = 100 and mean vertex degree is (k) = 5. The calculation of degree distributions is based on the average of ten independent network
generations.

where @ is a threshold that adjusts the mean vertex degree (k), I;; is the Euclidean distance between the i-th and j-th neuron
and § is a control parameter that enables smooth alterations of the topology of the interaction network (see also our previous
work [36,37]). The condition given in Eq. (3) entails that in general neurons with higher values of «;, i.e. leader neurons, are
more likely to be connected. The characteristic network configurations obtained for different values of § along with the
corresponding degree distributions are shown in Fig. 1.

It can be observed that for § = 0.1 (Fig. 1a) the network consist solely of long-range connections which originate mostly
from a few leader neurons. In this case the creation of connections is not affected by the Euclidean distance and hence
neurons with higher values of «; have the highest vertex degree. The corresponding degree distribution (Fig. 1d) follows
a power-law indicating a highly heterogeneous network structure. However, as § is increased, the spatial distribution of
neurons becomes more and more important and consequently short-range interactions emerge. For § = 1.7 (Fig. 1b) we
have thus a mixture of long- and short-range link, whereas for § = 5 (Fig. 1c) only adjacent neurons are connected. It can
also be noticed that for higher values of § the degree distributions become more homogeneous, so that for § >> 1 the degree
distribution obeys a Poisson distribution (Fig. 1f), a typical feature of random geometric graphs.

The coupling term in Eq. (1) also involves a transmission delay tj;, which is, as announced in the Introduction, a
consequence of finite speed of the action potential propagation. Accordingly, the transmission delay between the i-th and
the j-th neuron is defined as follows:

= 4
= (4)

where v is the signal propagation speed. Since the model describing the bursting dynamics is discrete in time, the delays
have to be converted into integer numbers. In particular, the value calculated in Eq. (4) is rounded down, i.e., only the integer
part of the calculated value is considered. In our model the neurons are uniformly randomly distributed in a unit cube and
hence the maximal possible distance between them is /3. Accordingly, v = 2 corresponds to instant communication with
no delays, whereas v smaller then +/3 give rise to finite delays 7;;. It should be emphasized that the lengths of connections
I; vary with § and therefore the resulting delays are directly related to the topology of the network as well. To adjust the
range of delays, v is used as a control parameter, whereby the resulting delays are always between 0 and the integer part of
the fraction v/3/v.

3. Results

We consider an ensemble of N = 200 neurons which form a network with a mean degree (k) = 5 and are weakly
coupled with a coupling strength D = 0.003. All presented results were averaged over at least 20 independent runs in order
to assure the appropriate statistical accuracy. Our main interest is to examine the coherent behaviour in the system as a
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Fig. 2. The level of phase synchronization quantified via r as a function of network structure § and transmission speed v (a) and the cross sections of the
colour map at different values of v (b).

function of the network topology and the signal propagation speed. We focus mainly on the phase synchronization, which
is a quite weak condition of synchronization, since it gives only an inside on how synchronous is the switching between the
bursting and quasi-steady state phases of oscillators. For a given oscillator the phase increases for 27 at the beginning of
each burst, i.e. each maximum of the slow variable y;(t). Between two bursts the phase increases linearly with the discrete
time t. The phase ¢;(t) for the j-th neuron is described by the following equation [12-14]:

t—ti(n—1)
i) —(n—1)

where the n-th burst of the j-th oscillator begins at time ;(n). Note that the duration of individual burst tj(n) — tj(n — 1)
varies in an irregular fashion due to the chaotic dynamics. Furthermore, the neurons are heterogeneous and hence with the
given coupling strength exact equality of bursting times cannot be realized. However, coupling gives rise to a more collective
motion in terms of chaotic phase synchronization, where neurons try to harmonize their phases with each other, while the
amplitude and spiking behaviour are in general poorly correlated. To capture the order of phase synchronization, we have
to calculate the complex phase order parameter r; at a given time t:

1
_72: j (t)
rt_szleJ . (6)

The phase order parameter in a system of completely synchronized oscillators equals one, whereas in the case of totally
uncorrelated activity r, = 0. In order to describe the average global collective motion we calculate the time averaged order
parameter r:

1d
r= ¥Zrt, (7)
t=1

where T = 10° is the total number of iterations used in the calculations after 2 - 10* initial iterations were discarded as
transients. In case of synchronization in a network of heterogeneous chaotic neurons, values of r are expected between 0
and 1, whereby higher values correspond to a greater extent of synchronization. Results showing r as a function of § and
v are presented in Fig. 2. It can be observed that as long as v > 0.02 the optimal phase synchronization is achieved for
intermediate values of §, at which the network is constituted by long- as well as by short-range connections. For lower
propagation speeds the most synchronized response is obtained at larger values of §, where the lengths of connections are
lower. Furthermore, the best synchronization is at v &~ 0.1, which shows that delayed coupling gives rise to the collective
behaviour in a network of heterogeneous neurons. Thus the plot in Fig. 2 shows that the collective dynamics of weakly
coupled chaotic neurons is strongly influenced by both the network configuration and the propagation speed of the signals.

@j(t) =2m <n+ ) , tin—1) <t < t;(n) (5)

To get some additional insights into the dynamical behaviour we examine the correlations between individual neurons
by calculating the correlation matrix R, whose ij-th element is defined as follows:

Rj = So[xi — Xiii?S]Xij —x;j(H)] .

where ; and k; are the mean values of the fast variables during all iterations and sy, and s, the standard deviations of the time
series x;(t) and x;(t), respectively. If R; = 0 no correlation between the i-th and j-th oscillator exist, whilst R;; = 1 signifies
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Fig.4. Frequency of the i-th oscillator f; at v = 2 (instantaneous communication) for different network structures (a) and for different propagation speeds
at optimal network configuration, i.e. § = 1.7 (b). Note that the frequencies have been normalized to the minimal frequency fo = 0.00291.

completely synchronous motion. The correlation matrices for three characteristic network structures (§ = 0.1, = 1.7 and
& = 5) and three different propagation speeds (v = 2.0, v = 0.1 and v = 0.01) are shown in Fig. 3. We can observe that in
case of scale-free interaction topology (6 = 0.1), a good correlation exists mainly between active neurons, which also have
a high node degree, whereas the less active neurons are weakly correlated. On the other hand, in the network where short-
range connections are dominative (§ = 5), only some clusters of correlated neuronal activity exist, whose positions do not
depend on the inherent dynamics of individual neurons. Notably, the biggest overall correlation is attained at intermediate
values of §, which once again confirms that the best synchronization is achieved if both long- and short-range interactions
characterize the network. In this case the most active neurons function as “local” hubs that dictate the dynamics of the local
interconnected neighbourhood and also communicate among themselves (Fig. 1b). Moreover, the optimal speed of signal
transmission at v = 0.1 additionally improves the correlation among bursting neurons in comparison to v = 2.0, where no
transmission delays are incorporated in the coupling.

To further investigate the impact of network topology and transmission speed on synchronized bursting, we examine
the distribution of frequencies of individual neurons. The average bursting frequency of the i-th neuron f; is defined as the
total number of bursts n; divided by the time interval in which they occur t;:

n;

fi= L (9)

The system consists of a small number of very active oscillators with high intrinsic frequencies when they are uncoupled,
and a large number of low-frequency oscillators. When they are coupled, the effect of different network configurations and
different propagation speeds on the average frequency distribution are shown in Fig. 4. We use the standard deviation
(SD) as a measure for dispersion of the frequencies. The results in Fig. 4a reveal that the frequency distribution is the most
homogeneous for the optimal system constellation consisting of short- and long-range connections (6 = 1.7). In particular,
the SD’s expressed as a percentage of the mean values for§ = 0.1,§ = 1.7 and § = 5 were 2.9%, 2.4% and 5.2%, respectively.
Clearly, for intermediate network topology the coupled neurons maximally adopt their frequencies and try to unify their
values. Moreover, in Fig. 4b we can observe that the optimal speed of signal transmission (v = 0.1) additionally unifies the
frequencies. The SD’s expressed as a percentage of the mean values for v = 2.0, v = 0.1 and v = 0.01 were 2.4%, 2.0% and
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3.0%, respectively. It can be observed that the frequencies of more active neurons are considerably reduced, which reflects
the fact that they have a higher node degree and hence have larger coupling fluxes. Remarkably, Yu et al. [ 14] who studied
synchronization behaviour of bursting neurons in small-world networks also revealed that coupled neurons unify their
bursting frequencies and that the more active neurons adopt the bursting frequencies of less active neurons. Furthermore,
we found that this additional frequency lowering of leader neurons, or increasing their periods, corresponds to the average
delay of the signal transduction. Of course, a threshold exist to which the oscillatory periods can be extended by these delays;
when the threshold is exceeded, the oscillators cannot be delayed any further and the distribution of frequencies become
again more heterogeneous (see the case for v = 0.01).

4. Discussion

We have studied synchronization of weakly coupled bursting neurons. Our results show that a highest level of
synchronization is obtained when a proper ratio of long- and short-range connections exist in the network. Moreover, this
optimal response is additionally enhanced when the speed of signal propagation is optimized. It is worth mentioning that
the presented results are in agreement with our previous studies [36,37], where we studied the impact of the interaction
topology on the regularity of noise induced oscillations in an ensemble of excitable neurons. The most coherent responses
were also found in the intermediate regime between the scale-free network with dominating long-range connections
and the strong geometric regime, thus indicating that this is the most favourable neural architecture for various types of
dynamical behaviour. However, it should be noted that not in all dynamical regimes the intermediate network configuration
ensures best synchronizability. We argue that the mechanism is similar and strongly related to the flexibility properties
of the individual oscillators, which enables adopting of frequencies, as it has been discussed in Fig. 4 for the present case.
Sensitivity and flexibility of oscillators and their relation to the frequency adaptation have been extensively discussed in our
previous papers (for review see e.g. Ref. [40]). It has been shown that the oscillator’s flexibility is in principle independent
of its inherent dynamics, but in general oscillators are more adoptable in the proximity of bifurcation points (for example
in an excitable steady state). For the model system under consideration, the system is more flexible in the region of chaotic
bursting than in the region of periodic oscillations [41]. Therefore, reduction of the discrepancy of the frequencies leading to
the most synchronized response (see Fig. 4), which is attained at the intermediate network configuration, can be achieved
if the oscillators operate in the regime of chaotic bursting.

Our findings thus reveal that the both network structure as well as the speed of signal transmission are vital for assuring
optimal conditions for synchronization of bursting neurons. Remarkably, alterations of exactly these factors have been found
to be important and responsible for certain pathological conditions. Many neurodegenerative diseases such as multiple
sclerosis are related to the process of demyelination in which the myelin shells that cover the neuron fibres vanishes and
consequently the action potential propagation speed is significantly modified [42]. Moreover, a number of studies have
established that several neuronal pathologies are associated with changes in efficiency of the intercellular coupling and
neural network dysfunctions [7,43-45]. One kind of those dysfunctions is Parkinson’s disease, which leads to movement
disorders. A well established method to treat patients with Parkinson’s disease is deep brain stimulation [46]. This treatment
includes surgical implantation of electrodes in certain areas of the brain and connects them with an external current source
of high frequency [47]. The synchronization/desynchronization of a neural network under external periodic forcing has
already been studied from a theoretical point of view [16,18]. The authors investigated the ability of an external periodic
signal to synchronize or desynchronize a neural network. They showed that the locking frequency interval width increases
with the amplitude of the external signal. Hence to achieve desynchronization, the external frequency must be chosen
outside the frequency looking interval. In the future it would be worth to investigate the impact of the joint effect of delayed
transmissions between neurons, topology and external forcing.

We hope that further theoretical and experimental studies about the topology and dynamics of cellular networks will be
conducted, and that the results will contribute to even better understanding of physiological and pathological conditions in
biological tissues with direct applications in medicine. In particular, for diagnostic purposes it would be of much importance
to detect and probably measure some relevant quantities in order to get indicators for (pathological) changes in the cellular
network structure and the dynamical properties of signal transduction, where the speed of signal propagation is probably
the most obvious element. Additional studies will be needed to understand the communicational links, the ways of cellular
coupling, not only in a way of direct adjacent connections, like gap-junctions for example, but also long-range connections
of cells at different locations in the tissue. This might have spectacular consequences in preventive diagnostic, like it has
been indicated for chronic hypoxia in a very early study in this direction [48].
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Abstract. Because of the complexity of processes that govern the regulatory mechanisms
which control the cellular functions and dynamic behavior, mathematical models and nu-
merical simulations are needed to fully grasp the mechanisms and functions of biological
rhythms. In the last decade the theory of complex networks is frequently applied to address
those issues. In the present paper we investigate theoretically the role of the intercellular
communication network structure by synchronization of cellular oscillators. Motivated by
the fact that in biological systems the interplay between the network structure and the
dynamics taking place on it is closely interrelated, we develop a spatial network repre-
sentation of an ensemble of cells in which we can tune the network organization between
a scale-free network with dominating long-range connections and a homogeneous network
with mostly adjacent neurons connected. Our results reveal that for noise-induced oscilla-
tions in excitable cells and for chaotic bursting oscillations the most synchronized response
is obtained for the intermediate regime where long- as well as short-range connections con-
stitute the intercellular network. On the other hand, for periodic oscillations it is found
than the scale-free network topology ensures the greatest collective response. We argue that
those findings are related to flexibility properties of individual cells.

Keywords: cellular oscillations, intercellular communication, complex networks.
PACS: 05.45.Xt Q, 87.18.Sn, 05.45.Xt

1 INTRODUCTION

New insights gained over the past three decades in the fields of nonlinear dynamics
and complex systems are nowadays frequently applied to analyze concrete problems
in biology, such as the identification of general principles that underlie the cellular
organization and the relation between dynamic behaviors and cellular functions
[1]. Tt is nowadays clear that the functioning of tissues does not only depend on
intrinsic rhythms of individual cells, but crucially relies also on collective activity
of cell populations. Rhythms essential for life are thus a result of interactions of
these cells with each other in terms of intercellular communication. The many
efforts devoted to understand collective phenomena in biological systems take
now advantage of the recent theory of complex networks [2]. This is definitely
related with the fact that complex interaction topologies such as constituted by
small-world or scale-free networks have been identified in a plethora of real-life
systems. Recently, great attention is devoted to studies describing the functioning
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of biological systems by means of the complex network theory. Examples include
intracellular metabolic networks [3], interconnectedness of human diseases [4],
functional and anatomical connectivity in the nervous system [5], regulation of
circadian rhythms [6], cytoarchitecture of Purkinje fiber networks [7], networks of
beta cells in pancreatic islets [8], etc.

Nevertheless, the question arises which network topology ensures the optimal
dynamical responses under given circumstances. Namely, cells in different parts
of the body have different intrinsic properties and they exhibit diverse temporal
patterns. In particular, periodic oscillations and spiking are the simplest cases
of dynamical processes in complex biological systems and have been identified
in several tissues and organisms. Many kinds of cells are known to generate
periodic voltage spikes across their cell membranes, including neurons, cells from
the pumpkin stem, tadpole skin, etc. [9]. Furthermore, several types of nerve and
muscle cells are excitable [10], which means that by weak external stimulation they
remain quiet, whereas a strong enough stimulus activates the cells in a strongly
nonlinear way. Another particularly interesting type of a complex oscillatory
rhythm is bursting, where the temporal activity alternates, on a slow time scale,
between a quiescent state and fast repetitive spiking. This type of dynamical
behavior has been identified in several processes and regions in the mammal brain
such as the olfactory system and the hippocampal region [11] or in several types
of secretory cells such as the insulin producing cells in the pancreas [12].

In order to explore the relation between the optimal topological features of
the intercellular network and the nature of cellular signals we make use of a spatial
network model in which nodes represent cellular oscillators and links signify
intercellular communication pathways. In the model the topology can smoothly
be changed from a scale-free network with dominating long-range connections to
a homogeneous network with dominating short-range connections, where actually
only adjacent cells are connected. In this manner, similarly to our previous studies
[13, 14, 15] we are able to identify the optimal intercellular network topology lead-
ing to the most coherent global response, a desirable attribute of several biological
systems, which ensures physiological tissue homeostasis. However, in this paper we
additionally investigate how the most synchronizable network structure is related
to inherent properties of the cells. We show that the flexibility of individual cells
plays important role.

2 SINGLE CELL MODEL

To mimic the different types of physiological signals, we make use of the iterated
map proposed by Rulkov [16], which captures succinctly the main features of more
complex time-continuous neuronal models, but is numerically much more efficient.
The two-dimensional map has the following form:
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ot +1) = 1++(t)2 +y(), (1)

y(t+1) =y(t) = Ba(t) =, (2)

where z(t) and y(t) are the fast and slow dynamic variables representing the trans
membrane voltage and the slow gating process. The parameter v represents the
external dc bias current and the parameter [ is related with the frequency of the
slow variable [17]. In all calculations both parameter values are set to 5=~ =0.001.
Importantly, the parameter « is taken as the control parameter enabling us to
switch between different dynamical regimes. However, before we proceed to the
analysis of coupled oscillators we will first explain some fundamental properties
of the map. For this purpose we computed the bifurcation diagram of the fast
variable, which is shown in figure 1.

24—+
04
=
2]
-4 T T T T T T T T ] |_l_'_
n -/ A I P
v 1 Z Jd “4
/ 3
a RYS N[ )
) OMW 0 OMHIM
= s s "
4 4 4 4
3000 6000 3000 6000 3000 6000 1000 2000
2 -2 2 2
N = N N
4 4 4 4
3000 6000 3000 6000 3000 6000 1000 2000
. ! J ! J ! J )

FIGURE 1. Bifurcation diagram for the fast variable of the Rulkov map and time traces for
four different values of o (1.4, 2.3, 3.6 and 4.1).

For oo < 2, the system is in a steady state. If o < 1.55 the steady state is stable,
whereas for av > 1.55 the steady state becomes excitable. The system in this region
has one fixed point with the coordinates (—1,—1 —«/2). To analyze the stability
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of this state, we have to derive the Jacobian matrix:

a g
T = 4 1) 3

The eigenvalues for the fixed point (z7,y7) are Aj 2 =1/4 (2 +ax \/(a —2)2— 165).
In general, eigenvalues computed for a fixed point of a discrete system signify the
stability of the fixed point to external perturbations. Adding a small perturbation
to the fixed point, will cause the system to:

« move away from the fixed point if |A| > 1 (unstable),
« move back to the fixed point if |A] <1 (stable),

« or conserves its location after the perturbation in the phase space if |A] =1
(marginally stable).

The results showing the eigenvalues of the uncoupled Rulkov map and the absolute
product of the eigenvalues are presented in figure 2. For o < 2 both of the
eigenvalues are |A1 2| <1, the solution is stable. Near the bifurcation at o = 2 stable
subthreshold oscillation with small amplitudes emerge [18]. At the bifurcation point
the real part of the eigenvalues is equal to 1, the system is said to be marginally
stable. After the bifurcation, the solution (z7,y]) becomes unstable and the system
begins to oscillate. In particular, in the oscillatory region 2 < a <4 | the system
alternates between two fixed points. The stability analysis from this point on is hard
to tackle analytically. For this propose we make use of the Lyapunov exponents,
that give us in inside on the rate of separation of infinitesimally close trajectories.
We computed the Lyapunov spectrum using the Gram-Schmidt procedure [19].
The eigenvalues for any discrete systems are defined as exponential functions of
the Lyapunov exponents. Furthermore, another interesting feature of a dynamical
system is related to the eigenvalues — the dissipation rate. The dissipation rate is
an indicator for the stability of an attractor. Discrete systems are dissipative if
|A1A2| <1 [20].

We can conclude that the system has a stable trajectory in the phase space for all
a < 4. Small perturbation will on the long run not affect the systems dynamics. On
the other hand, for a > 4, the trajectories become unstable, meaning that small
perturbations cause the system to diverge from its trajectory. In this region the
system thus exhibits chaotic bursting. To further analyze the origins of this chaotic
behavior for the uncoupled system we will treat the slow variable y,, in Eq. (1) as
a parameter n [16, 21, 22]. With this simplification we can transform the Rulkov
map into a 1D iterative map, which is much easier to analyze. This system can
have one, two or three fixed points according to the value of n and a. From the
return map of the fast variable in figure 3a, we can notice that the systems can
have either two fixed points or one for low values of the parameter 7. The reason
for the observed phenomenon can be understood by investigating the role of the
parameter 7 in more detail. The return map for this simplified system is shown
in figure 3b. When n = —2.9, the map has three fixed points, one of the being
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FIGURE 2. Eigenvalues A; and Ag computed with the Gram-Schmidt procedure and the
absolute product of the eigenvalues |A;A2| as a function of the bifurcation parameter a.

unstable whereas the other two are stable (figure 3d). By increasing the value 7
the stable z] and unstable x5 fixed points merge together at the critical value 7y,
the point of the saddle-node bifurcation. When the slow variable exceeds this value
n > nsp the fixed points x7 and 23 disappear and irregular bursts emerge. On the
other hand, when the unstable branch crosses the minimal iterate line of the fast
variable, another bifurcation occurs due to an external crisis, where the strange
attractor disappears. For the 2D Rulkov map, the same mechanisms are involved
(see figure 3c).

Another turning point is reached, when the fast variable reaches the value z,, = —1
in the region where the slow variable increases towards a local maximum and
the stable and unstable solution of the map disappear. From this point on the
slow variable begins to decreases till a local minimum is reached. When the slow
variable starts to decrease from a local maximum towards a local minimum,
bursting spikes emerge in the fast variable. The duration of the bursting is limited
by the onset of the external crisis bifurcation. The saddle-node and the external
crisis bifurcations are boundaries, which ensure that the system will always return
to a stable branch after a perturbation.

In order to provide further insight to the subject we apply an external peri-
odic signal to the fast variable of the Rulkov map with the aim to check how the
map adopts to external driving in different dynamical regimes. The fast variable
coupled with the periodic signal has the following form:

z(t+1)= 5 +y(t) + Asin (wt), (4)

1+ x(t)

where A and w are the amplitude and frequency of the external signal, respectively.
Results presented in figure 4 reveal that before the bifurcation at o =2 the systems
adopts very well to external driving, whereas in the oscillatory region (2 < o < 4)
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FIGURE 3. Return map for the fast variable of the Rulkov map (a) and simplified 1D Rulkov
map (b) and the corresponding phase space plot for the 2D Rulkov map (¢) and 1D Rulkov
map (d). The maz and min line represent the maximal and minimal iterate of the Rulkov map.
The external bifurcation and saddle-node bifurcation are indexed as ¢ and sn. The bifurcation
parameter in all cases is o = 4.1.

the map is very rigid and hard to entrain. However, in the regime of chaotic bursting
the oscillator becomes again more susceptible to external driving, since there is
a broad range of frequencies at which the system follows the driving. We argue
that the mechanism is similar and strongly related to the flexibility properties
of an individual oscillator, which enables adopting of frequencies [23]. To put in
another way, the Rulkov map is more flexible in the excitable state and in the
region of chaotic bursting than in the region of periodic oscillations [15, 18]. In the
continuation we will examine how these properties are related with synchronization
behavior in a network of coupled cells.

3 NETWORK OF COUPLED OSCILLATORS

The model of coupled cellular oscillators is composed of N = 100 Rulkov maps
linked by a complex network of intercellular communication. The temporal evolu-
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FIGURE 4. Area of synchronization of the fast variable with an external periodic signal as a
function of «. The term |w—w| signifies the difference between the inherent frequency of the
oscillator and the frequency of external driving. Synchronized regions are marked with a dark
red color and the unsynchronized regions with a bright red color. The amplitude of the external
signal is A = 0.1.

tion of the ¢-th oscillator is defined as follows:

(e N
zi(t+1) = H_:E—W-i-?ﬁ(t)‘“;di,j (z;(t) — (1)), (5)
yi(t+1) = yi(t) — Bx(t) — . (6)

Each oscillator of the system is labeled with an integer 4, hence z;(¢) and y;(t) are
the fast and slow variable for the i-th oscillator. The sum in Eq. (5) represents
the coupling term with the coupling strength e and the connectivity matrix d; ;.
The elements of the connectivity matrix are 1 if the i-th and j-th oscillator are
connected and 0 otherwise. For the creation of the network we make us of the
spatially embedded vertex fitness network model [13, 14, 15, 24]. First, N vertices
are randomly distributed inside a unit square. Then, to vertices fitness values f;
are ascribed, which are assumed to follow a power law distribution. Two vertices
are connected when the following condition is fulfilled:

fifi

5

> 0, (7)

where © is a threshold, which is used to adjust the mean degree (k). In our
calculations the mean degree was set to 5. The parameter I;; is the Euclidian
distance between the i-th and j-th node. Furthermore, ¢ is the control parameter
which enables changes of the network structure. Characteristic network structures
for three different values of § along with the global efficiency E of the network and
the average clustering coefficient C' as a function of § are shown in figure 5.
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For small values of the control parameter (§ << 1), the spatial distribution
of the networks units has almost no effect on the connection algorithm, and hence
the network consists mainly of long-range connections. It can be noticed that for
0 =0.1 we have a very efficient network with a relatively low clustering coefficient.
Its degree distribution follows a power law [13, 24]. With increasing § long-range
connections become less likely to be accepted and accordingly also short-range
link emerge. So, for § = 1.3 there is a combination of long- and short-range connec-
tions. Furthermore, the network is less efficient but has on the other hand a larger
clustering coefficient. Evidently, for (6 >> 1) the Euclidean distance becomes the
key constraint defining the network connectivity and according only short-range
connections can be established. For that reason for é = 4.2 we obtain a network
that has properties of a random geometric network [13], which has a low efficiency.
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FIGURE 5. The average efficiency (left axes) and the average clustering coefficient (right axes)
as a function of the topology parameter. In the insets characteristic network structures are shown
for60=0.1, =13 and § =4.2.

4 RESULTS

We populate the given network with cellular oscillators whose dynamics is driven
by the Rulkov map and systematically analyze the synchronization behavior. We
give special attention to the role of the network structure and to synchronization of
oscillators in different dynamical regimes. To quantify the degree of synchronization
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in the system we compute the correlation between any pair of oscillator R;;:

where Z; and 7; are the average value of the fast variable for the i-th and j-th os-
cillator, respectively, whereas S; and S; are the corresponding standard deviations
of the time series. T signifies the number of iteration steps used in the calculation.

After computing the average correlation between all pairs of oscillators, we
get an N x N correlation matrix whose 4j-th element is R;;. If R;; = 1 then the
dynamics of the i-th and j-th oscillator is completely synchronized, whilst R;; =0
means that the dynamics is completely uncorrelated. We characterize the global
synchronization of the system by the average correlation coefficient:

_ 1 N
h= N(N—l);;R”' ®)

We focus on synchronization in three different dynamical regimes: i) noise induced
dynamics in the excitable steady state (a = 1.95), ii) periodic oscillations (a = 2.5),
iii) chaotic bursting (o« =4.1). For a = 1.95 we supplement Eq. (5) with the term
V2Dé&;(t) which stands for random fluctuations, whereby D defines the strength
of Gaussian noise with zero mean and autocorrelation (&;(t)&;(t')) = d;;0(t —t').
For a proper noise value (D = 0.0005) nearly periodic noise induced oscillations
are attained, thereby signaling the coherence resonance phenomenon [13, 25].

The color-contour plots in figure 6a-c feature the average correlation coeffi-
cient R value as s a function of the network structure § and coupling strength e.
We can notice that for a = 1.95 the optimal synchronization is always attained for
the intermediate network configuration (6 &~ 1.3). Similarly, for the case of chaotic
bursting (o= 4.1) the intermediate network structure ensures the best synchrony
except for strong coupling where the largest coherence is attained in the scale-free
network. Remarkably, in the region of periodic oscillations (o =2.5) the situa-
tion is completely different. Namely, irrespective of the coupling strength value,
the most synchronized response is always attained in the long-range dominated
scale-free network. To further corroborate our findings we show in figure 6d-f
cross-sections of the contour-plots at intermediate coupling strength e = 0.005.
Obviously, for a« =1.95 and o = 4.1 we have a resonant response due to the change
in topology, whereas for a = 2.5 the average correlation coefficient monotonously
decreases with increasing 4.
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FIGURE 6. Contour plots of the average correlation R as a function of the coupling strength e
and the topology parameter 0 for a)  =1.95, b) @« =2.5 and ¢) o =4.1 and the corresponding
cross sections at € = 0.005 (d-f).

In order to define the regions, where the optimal synchronization is achieved in
the intermediate topology and where the scale-free network is the better option,
we introduce the relative correlation quantity:

mzl—%, (10)

no]

which denotes the ratio between the average correlation coefficient values at 6 =0.1
and § = 1.3. If k <0, then the average correlation in a setup with a scale-free
topology is higher than in the intermediate network structure. Results showing
k as a function of § are shown in figure 7. We can observe that changes occur
at the transition points between different dynamical regimes. It is now clear that
in the case of periodic oscillations the scale-free topology ensures best synchrony,
whereas for noise-induced oscillations in the excitable state and chaotic bursting
the intermediate topology leads to the largest level of coherence. A comparison
of figures 7 and 4 implies an incontestably relation between the ability of the
oscillators to adapt to external forcing and the most synchronizable topology. It
appears, as discussed more detailed later in the Discussion, that for rigid oscillators
a scale-free network structure ensures the most synchronized response, but on
the other hand, flexible oscillators exhibit the most synchronized motion in the
intermediate regime where long- as well as short-range interactions are present in
the network.
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5 DISCUSSION

Properties of complex networks have been reported in numerous biological systems
[2, 3, 4, 5, 6, 7, 8]. It seems that the structural principles of complex networks
indeed play a pivotal role by the functioning of living organisms. In the present
study we focused on synchronization of cellular oscillators, which is an essential
component by the regulation of many physiological tasks. Our results indicate
that in case of noise-induced oscillations or chaotic bursting a highest level of syn-
chronization is obtained when a proper ratio of long- and short-range connections
exists in the network. On the other hand, in the case of periodic oscillations, the
scale-free network structure with dominating long-range connections ensures the
greatest degree of coherence. Furthermore, we relate the synchronization behavior
in different dynamical regimes with the flexibility of individual oscillators. How-
ever, at this point it must be emphasized that in principle flexibility properties are
independent of the inherent dynamics of the oscillators [26]. The oscillator model
system under consideration is more flexible in the excitable state and in the region
of chaotic bursting than in the region of periodic oscillations. But in general, oscil-
lators are flexible in regimes with weak dissipation, which is not necessarily related
with the nature or complexity of the signal [23, 26]. We hypothesize that many
cellular oscillators are flexible in terms of being able to adapt to a broad range
of entraining frequencies. Hence it follows that the most synhronizable network
structure for such oscillators is constituted by both, long- as well as short-range
connections (see figure 5). Remarkably, such topological features in general offer a
good compromise between network efficiency, wiring economy, and robustness [13].
They have been found, for example, in anatomical neural networks, which are on
the one hand connected in a heterogeneous and efficient network, but on the other
hand they are sparsely connected, so that the physical distance between cells is
relatively small [5]. In that way, an efficient information transport between nodes
is achicved at low connectivity cost.
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Abstract. The problem of making a network of dynamical systems synchronize onto a
common evolution is the subject of much ongoing research in several scientific disciplines.
It is nowadays a well-known fact that the synchronization processes are gradually influenced
by the interaction topology between the dynamically interacting units. A complex coupling
configuration can significantly affect the synchronization abilities of a networked system.
However, the question arises what is the optimal network topology that provides enhancement of
the synchronization features under given circumstances. In order to address this issue we make
use of a network model in which we can smoothly tune the topology from a highly heterogeneous
and efficient scale-free network to a homogeneous and less efficient network. The network
is then populated with Poincaré oscillators, a paradigmatic model for limit-cycle oscillations.
This oscillator model exhibits a parameter that enables changes of the limit cycle attraction
and is thus immediately related to flexibility/rigidity properties of the oscillator. Our results
reveal that for weak attractions of the limit cycle, intermediate homogeneous topology ensures
maximal synchronization, whereas highly heterogeneous scale-free topology ensures maximal
synchronization for strong attractions of the limit cycle. We argue that the flexibility /rigidity
of individual nodes of the networks defines the topology, where maximal global coherence is
achieved.

Complex networks are nowadays used for the description of several natural and artificial
systems. Since topological features of interactions between individual units characterize the
global properties of a given system, the research of structural properties is increasingly gaining
on attention. To qualitatively analyze the local and global structural properties of a network,
numerous techniques have been developed, which have been utilized in various disciplines
and diverse circumstances [1]. One of the basic measures that describes the properties of
a network is its degree distribution. Scale-free networks, for instance, are known to have a
highly heterogeneous power-law degree distribution [1], which can foster the synchronization
abilities of a network of coupled oscillators [2], especially due to their hight global efficiency.
Furthermore, it has been shown that a high level of heterogeneity can suppress synchronization,
even thought it also reduces the average distance between the nodes. Another importing
network measure is the average clustering coefficient C' characterizing the cliquishness of a
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network. Remarkably, high clustering coefficients were detected in several real-life networks
[1]. On the other hand, high clustering implies the existence of many transitive connections
and can thus hinder global synchronization [3]. There are several other topological factors,
such as for example the existence of a community structure [4], which also have an impact
on synchronization processes. Nevertheless, even though the dynamical behavior of networks
is inevitable and non-trivially connected with structural properties of the underlying networks,
there are also several other important factors having an impact. With this in mind, in the present
study we focus on the analysis of the role of dynamical properties of individual oscillators. In a
previous theoretical study on cellular oscillators it has been argued that the local dissipation rate
crucially determines the coupling ability of cellular oscillators [5]. Notably, the dissipation rate is
directly correlated with flexibility /rigidity of an oscillator. A low dissipation rate stands for rigid
oscillators whereas on the other hand, oscillators with a near zero dissipation rate have attractors
that are very susceptible to external perturbations and are thus flexible. Therefore, the main
goal of the present work is to explore how the relation between flexibility /rigidity properties of
individual oscillators on one hand and the structure of the network topology that characterizes
the connectivity patterns between them on the other hand impacts the synchronization of
oscillators.

By applying the algorithm described previously [6, 7] we can generate networks whose
topologies can smoothly be altered between a highly heterogeneous scale-free network and a
more homogeneous network. First, N nodes are randomly distributed in a unit square and to
each node a fitness value f; is prescribed. Two nodes are connected if:

(1)

where f; and f; are fitness values of the i-th and j-th node, I;; is the Euclidean distance
between them and the § is used to alter the topology of the network. The parameter 6 is used
as a threshold to control the average node degree of the network (k). In order to quantify
topological features of the network and its degree of heterogeneity, the standard deviation of the
node degrees STD(k) (Fig. la), the standard deviation of the clustering coefficients STD(C)
(Fig. 1b) and the average clustering coefficient C' (Fig. 1c) are plotted as a function of §.
Both, STD (k) and STD(C') are decreasing monotonically with increasing values of the topology
parameter §. Higher values of STD(k) and STD(C') are indicators of diverse local topological
properties indicating a high degree of network heterogeneity.

Characteristic examples of generated networks are shown in Fig. 1d-f. It can be observed
that for low values of ¢ indeed very heterogeneous networks are generated, in which mostly long-
range connections exist. On the other hand, if § >> 1 mostly nearby nodes are connected and,
in addition, there are no expressive differences in individual node degrees. Finally, intermediate
values of §, i.e. § = 1.1, result in an intermediate heterogeneous network with both long- and
short-range connections. In other words, Fig. 1d-f provide a visual assessment that the network
heterogeneity indeed decreases with increasing values of §.

The dynamics of individual nodes is driven by the paradigmatic Poincaré oscillator:

N
i?i:_’Y(Ti_A)l'i_Wiyi_ezdij(xi_wj)’ (2)
i=1
N
gi:—fy(ri—A)yri-wﬂi—deij (yi — ;) (3)
i=1

where z; and y; are the phase space coordinates of the i-th oscillator, A is the limit cycle radius,

i =4/ a:? + y? is the distance between the origin of the phase space and the position of the i-th
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Figure 1. Standard deviation of node degrees (a), standard deviation of the local clustering
coefficient (b), the average clustering coefficient (c) and characteristic network structures
obtained for 6 = 0.1 (d), 6 = 1.1 (e) and § = 4.0 (f). Note that in lower panels the size of
the nodes is proportional to their degrees. The number of nodes is N = 100 and the average
node degree is (k) = 5.0

node in the phase space, w; is the angular velocity of the i-th oscillator and ¢ is the coupling
strength and d;; is the connectivity matrix with values of 1 if the i-th and j-th node are connected
and 0 otherwise. Angular velocities w; were distributed according to a normal distribution with
mean angular velocity @ = 1.0 with standard deviation of 0.2. The limit cycle radius was set to
A = 1.0 and the coupling strength to e = 0.25.

The parameter v determines the relaxation towards the limit cycle and is immediately related
with the dissipation rate of the oscillators [5, 8]. In order to investigate the interplay between
structural and dynamical features of the network, we simulated how the overall synchronization
in the systems changes according to the initial rigidity of the oscillators and structural properties
of the network. For that purpose we analyze the synchronization behavior as a function of
the relaxation rate v and network topology parameter d. For the quantification of the global
network synchronization we calculate the average correlation coefficient R. Accordingly, we have
to construct the N x N correlation matrix, whose ij-th element is defined as:

M (zi(t) — T [z (t) — 75
Rij:%t;[l(t) S]i[sjg(t) ]], (4)

where M is the number of integration steps, z;(t) and z;(t) are the time series of the i-th and j-
th oscillator, Z; and Z; are the average values of the time series and S; and S; the corresponding
standard deviations. The average correlation coefficient R is then obtained as the average over
all non-diagonal elements of the matrix. Its values range between 0 (uncorrelated dynamics)
and 1 (complete synchronized motion).

Numerical simulations were carried out on a network of N = 100 Poincaré oscillators, with
an average node degree (k) = 5.0. Fig. 2a features the results showing the average correlation
as a function of the dissipation rate v and the network structure 6. It can be observed that
both parameters mutually affect the synchronization behavior. For rigid oscillations where
~v > 100, maximal synchronization is achieved in the highly heterogeneous scale-free network.
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On the other hand, in case the network is populated with flexible oscillators (y < 100), maximal
synchronization is achieved for intermediate values of the topology parameter §, where the
network is less heterogeneous as the scale-free network and is constituted by long- as well as
short-range links (see Fig. 1). Notably, for this intermediate values of § the network exhibits
a higher average clustering coefficient. Furthermore, in the homogeneous network (§ > 2) with
mostly short-range interactions, the degree of synchronization does not change by changing
7, thus indicating that in this case the synchronization does not depend on flexibility /rigidity
properties of oscillators. In order to provide a better inside into the reported phenomena, we
additionally plotted characteristic cross-sections of the color-contour plots for different values of
~. The results presented in Fig. 2b additionally confirm the existence of a resonant response
due to changes in network topology for flexible oscillators, whereas for rigid oscillators the level
of synchronization decreases monotonically with increasing J.

In sum, we have shown that the network topology ensuring most synchronized response
in an ensemble of coupled oscillators depends on individual oscillator properties. While rigid
oscillators synchronize best in heterogeneous scale-free networks, flexible oscillator exhibit the
most coherent collective response when they are connected in a less heterogeneous network.
Our findings provide novel insights into synchronization behavior of coupled oscillators, which
may be of importance especially from biological point of view. Signal transduction systems
have to respond sensitively to weak external stimuli, thus indicating that cellular oscillators in
general should behave like flexible oscillators. On the other hand it is known that different
biological oscillators differ in their rigidity and, moreover, that the coupling influences the
flexibility /rigidity properties of an oscillator [8]. Apparently, the optimal structural organization
of the intercellular communication networks is determined also by characteristics of individual
cells. Interestingly, the intermediate network structure that ensures best synchronizability of
flexible oscillators is very economic, since it represents a good compromise between efficiency,
wiring economy and robustness - a desirable attribute of several real-life systems.
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The discovery of small-world and scale-free properties of many man-made and natural
complex networks has attracted increasing attention. Of particular interest is how the
structural properties of a network facilitate and constrain its dynamical behavior. In this
paper we study the synchronization of weakly coupled limit-cycle oscillators in depen-
dence on the network topology as well as the dynamical features of individual oscillators.
We show that flexible oscillators, characterized by near zero values of divergence, express
maximal correlation in broad-scale small-world networks, whereas the non-flexible (rigid)
oscillators are best correlated in more heterogeneous scale-free networks. We found that
the synchronization behavior is governed by the interplay between the networks global
efficiency and the mutual frequency adaptation. The latter differs for flexible and rigid
oscillators. The results are discussed in terms of evolutionary advantages of broad-scale
small-world networks in biological systems.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Complex networks have attracted a great deal of
interest since the discoveries of the small-world [1] and
scale-free [2] properties. Signatures of such exceptional
topological features have been discovered in many natural
and man-made systems, which represents the root of mod-
ern network science [3,4]. It is nowadays a well-known fact
that many real-world networks display degree distribu-
tions that deviate from a Poisson distribution found for
simple random graph models. Generally three classes of
small-world networks have been identified [5]. Very abun-
dant types are scale-free networks (SFNs), whose degree
distribution follows a power law. However, in many real
networks, especially the physically embedded ones, there
are different constraints which hinder the development
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gosak@uni-mb.si (M. Gosak), marko.marhl@uni-mb.si (M. Marhl).
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0960-0779/© 2014 Elsevier Ltd. All rights reserved.

of extremely connected nodes in a network, which leads
to a cutoff of the power law regime in the connectivity dis-
tribution or making it disappear altogether. As a result, the
so-called broad-scale networks (BSNs) and single-scale
networks emerge [5].

With the progress in the network science it has been
pointed out that networks can be treated not just as
abstract entities with the vertices or nodes as formless
place-holders, but as oscillators or dynamical systems cou-
pled in the geometry of the network. Perhaps one of the
most studied phenomena in this context is the synchroni-
zation of dynamical nodes in a network. Synchronization in
networks is a very common collective behavior in real sys-
tems and is manifested by the appearance of some forms of
relations between the functions of different dynamical
variables as a result of interactions [6,7].

It is known that structural properties of a network sig-
nificantly affect synchronization behavior. Primal works
have found that complex networks, due to their small net-
work distances, are generally more synchronizable than
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regular networks [7-10]. However, especially SFNs are
characterized by heterogeneity in the degree distribution,
which on one hand tends to reduce the average network
distance, but on the other hand in more heterogeneous
networks synchronization is increasingly harder to achieve
[11]. This issue has been further addressed by several
authors. Motter et al. [12] have revealed that directed
and weighed coupling can balance the heterogeneity in
the degree distribution. Furthermore, Zhou and Kurths
[13] reported that in heterogeneous complex networks
individual oscillators exhibit different levels of synchroni-
zation with respect to the collective dynamics and they
exhibit a hierarchical dependence on the connection
degrees. Moreover, it has been shown that the path to syn-
chronized behavior is in homogeneous networks different
than in heterogeneous network [14,15]. McGraw and
Menzinger [16,17] have shown that the existence of com-
munity structures inside the network can hinder the syn-
chronization of oscillators.

In our previous study [18] we observed that synchroni-
zation of oscillators in a network depends on its heteroge-
neity. We studied synchronization of Rossler oscillators on
a spatially embedded network, where the level of hetero-
geneity could be varied from a highly heterogeneous SFN
to a rather homogeneous random geometric network. It
turned out that the maximal synchronization was obtained
in the intermediate heterogeneous regime, i.e. in the BSN.
The same results of this optimal intermediate network
configuration were also obtained for the Rulkov map,
where we additionally found that the flexibility of individ-
ual oscillators in the network might play an important role
[19]. We further studied this phenomenon and found that
the flexibility of individual oscillators in a network influ-
ences correlation and synchronization of oscillators also
in other systems [20,21]; however, we did not succeed to
explain this phenomenon until now.

In this paper we provide a mathematical explanation why
flexible oscillators, characterized by low values of diver-
gence, express maximal correlation in BSNs, whereas the
non-flexible (rigid) oscillators are best correlated in more
heterogeneous SFNs. To this purpose we use a mathematical
model (Section 2) in which the dynamics of each node in the
network is governed by the dynamics of the Poincaré oscilla-
tor. The network model enables smooth changes of the
topology from a highly heterogeneous SFN to a homoge-
neous network. This setup enables us to explore the relation-
ship between the flexibility of individual oscillators and the
connectivity pattern that leads to the most synchronized
response. The results (Section 3) show that correlations are
maximized for rigid oscillators in a highly heterogeneous
SEN, and for flexible oscillators in a less heterogeneous
BSN. These findings are discussed in Section 4 in terms of a
trade-off between high efficiency and an increased fragility
of the networked systems, which could have an important
role in the evolution of biological systems.

2. Mathematical model

We consider a network of coupled oscillators where the
structure of this network can be varied from a highly

heterogeneous SFN to a homogeneous regular network.
For this purpose we utilize the spatially embedded vertex
fitness model [19,22,23]. Initially each node is labeled with
an integer i and a fitness value f; is prescribed to it, where
the fitness values follow a power-law distribution with a
scaling exponent p=2.5 [23]. Afterwards all N nodes are
randomly distributed in a unit square. A connection
between the i-th and j-th node is established if the
following conditions is satisfied:

0 < %, (1)
ij

where © is used as the connectivity threshold that defines
the average node degree of the network (k), I;; is the Euclid-
ean distance between the i-th and j-th node and the
parameter § alters topological features of the network. Fol-
lowing this algorithm we constructed the connectivity
matrix with ij-th element d; equal to 1 if those two nodes
are connected and 0 otherwise. If § is near zero the connec-
tions are accepted only according to the fitness values
independently of the inter-nodal Euclidean distances. In
this case a highly heterogeneous SFN is constructed with
mainly long-range connections. By increasing the topology
parameter §, long-range connections become more rare.
The network topology becomes less heterogeneous, yet the
presence of a few long-range connections still make the
network very efficient in terms of small-world topological
features [24]. Remarkably, the resulting constrains which
limit the lengths of connections cause a cut-off in the
power-law regime, meaning that extremely connected
nodes are missing. Such networks are thus classified as
BSNs [5]. On the other hand, for high values of the topology
parameter (5> 1) only short-range connections are
accepted and the network becomes very homogeneous
and inefficient.

In the network, the dynamics of each node is governed
by the paradigmatic Poincaré oscillator:

N
X = P(A—Ti)X; = 21viy; + € _di (X — Xi), 2)
=

N
Vi=7PA =1y + 27vix; + 6z:dij (Yj Y1), 3)

j=1

where x; and y; are time derivatives of the variables x; and
y; of the i-th oscillator, A is the limit cycle radius,
r; = 1/X? + y? is the distance from the origin to the attrac-
tor in the phase space, v; is the frequency, € is the coupling
strength and d; is the ij-th element of the connectivity
matrix. The parameter y represents the dissipation rate
for the uncoupled Poincaré oscillator which indicates the
stability of the oscillator with respect to amplitude pertur-
bations [25,26] (see Appendix). We refer to oscillators with
low values of the dissipation parameter y as flexible and
oscillators with high values of the parameter 7 as rigid
oscillators. Namely, the dissipation rate is directly related
to the oscillators frequency adaptation to an external peri-
odic signal [26-29], as flexible oscillators are easier to
entrain.
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3. Results

Our network consists of N =100 nodes. The average
node degree is fixed to (k) =5, whereas the individual
number of edges or links k; is determined by the connectiv-
ity matrix. The coupling strength is set to € = 0.25 and fre-
quencies follow a normal distribution with a mean value
v=1.0 and a relative standard deviation of 0.2v. The
results are averaged over 300 independent simulation runs
in order to ensure statistical accuracy.

3.1. Correlation of node dynamics

The correlation of every ij-th element is calculated as
follows:

R _ 2 [(%) = xi(O][(x)) — x(0)]
i =

Sy Sy

; (4)

where (x;) and (x;) are the mean values of the numerically
calculated discrete time series of the i-th and j-th oscilla-
tor, i.e. x;(t) and x;(t) and s,, and s,, are the corresponding
standard deviations. The overall degree of correlation R is
obtained by averaging the correlations of all pairs of oscil-
lators in the system:

= 1
RN 2

i#j

(5)

We calculated the average correlation coefficient R as a
function of the topology parameter 6 and dissipation
parameter ). The color-contour plot in Fig. 1(a) and the
corresponding cross-sections in Fig. 1(b) feature the
results. It can be observed that both, the network topology
(characterized by 6) and the dissipation rate (characterized
by y) affect the overall synchronization of the system in a
non-trivial way. When the network is populated with rigid
oscillators (y > 100) maximal synchronization is reached
in a highly heterogeneous SFN, where the value of the
topology parameter ¢ is near zero. Remarkably, for low dis-
sipation rates (down to 4), which correspond to flexible
oscillators, the most synchronized dynamics is attained
at intermediate values of § where the network topology
is less heterogeneous, i.e. in the BSN.

We additionally tested the robustness of our observa-
tion to variations in system size N, average degree (k)
and coupling strength €. It turned out that qualitatively
similar results are obtained for parameter variations
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within reasonable ranges. Increasing the system size only
causes a slight decrease of the average correlation. On
the other hand, increasing the average degree (k) of the
network leads to higher correlations among oscillators. In
case of flexible oscillators, an increase of (k) also causes a
shift of the most synchronized state towards higher values
of the topology parameter 6, whereas the dynamics of rigid
oscillators is always best correlated in the most efficient
SEN. Similarly, variations of the coupling strength € do
not considerably change the observations for synchroniza-
tion behavior of rigid and flexible oscillators, except for
high values of € which could lead to oscillation death cf.
[30].

3.2. Efficiency of communication and flexibility of oscillators

In several studies it has been shown that synchroniza-
tion of dynamical units in a network crucially depends
on the network’s topological features, such as efficiency
and heterogeneity [8-10,31]. In order to characterize the
communication ability of our network model we computed
the global efficiency E as a function of the topology param-
eter J. The global efficiency E is defined as the inverse aver-
age over all average shortest path lengths between any
node pair and is computed as [3]:

1 1

E N(N—l);l(i,j)' (6)

In Eq. (6) I(i, j) refers to the average shortest path length
between the nodes i and j. Results in Fig. 2(a) reveal that
the efficiency monotonically decreases with increasing 4,
thus indicating that the SFN is the most effective structure
from this point of view. The correlation between coupled
oscillators does not depend solely on the efficiency of the
node-to-node communication, but also on the ability of
the oscillators to mutually adapt their frequencies [32].
To quantify the overall degree of frequency adaptation in
the system we calculate the absolute frequency change in
the system |Av| with the following expression:

o -l N -l M;
Av :—E —E Vi — v, (7)
[Av] Ni:]Mim:1|' |

where M; is the number of local maxima'’s of the i-th oscil-
lator and |vi — v}"| defines the absolute difference between
the initially prescribed frequency v; and the actual fre-
quency V" at the m-th maximum, which is calculated as

0.18 T

Fig. 1. Color-coded values of: (a) average correlation coefficient R as a function of the topology parameter ¢ and the dissipation parameter 7y, and (b) the
corresponding cross-sections of the color map at four dissipation rate values. (For interpretation of the references to colour in this figure legend, the reader

is referred to the web version of this article.)
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Fig. 2. Efficiency of the network and the flexibility of oscillators: (a) the efficiency E of the network as function of 6, (b) the absolute average change of the
frequency |Av| as function of 6, and (c) the product between the normalized values of the absolute average change in the frequency \B\ and the networks

efficiency E".

the inverse of the period between the m-th maximum and
its first predecessor. In Fig. 2(b) the values of [Av| are pre-
sented for rigid (y = 2000) and flexible (y = 4) oscillators.
Notably, rigid oscillators adopt their frequencies better in
the range of heterogeneous networks, whereas flexible
oscillators achieve better frequency adaptation in a homo-
geneous network configuration.

The reported findings point out the importance of the
interplay between the topology and dynamics. We argue
that the network’s communication ability and the ability
of oscillators to unify their frequencies are the major
features that define the synchronization behavior of the
system. To take into account both effects, i.e. the network
efficiency E and the ability of the oscillators to adapt their
frequencies, we calculate the product of the normalized
efficiency E* and the normalized average change in the fre-
quency |Tv\ In this manner only a qualitative impact of
both factors is attained. However, the maximal value of
the product indicates the maximal mutual contributions
of both terms, irrespective of the extent of contribution
of individual factors to synchronization behavior. Results
showing E'[AV|" as a function of & are presented in
Fig. 2(c¢) and they indeed reflect nicely the synchronization
behavior presented in Fig. 1. The product of the normalized
network efficiency E* and the normalized frequency adap-
tation level }E| monotonically decreases with increasing
§ in case of rigid oscillators, whereas it exhibits a bell-
shaped dependency for flexible oscillators, as it has been
found for the average correlation coefficient. It remains of
interest to explore the reasons for the different nature of
frequency adaptation observed in both types of oscillators.

3.3. Dynamical flexibility of oscillators in the network

We focus on different responses of flexible (y = 4) and
rigid oscillators (y = 2000), observed in Fig. 2(b). To under-
stand the average values of frequency adaptation in
Fig. 2(b), we compute the frequency adaptation of individ-
ual oscillators |[Av;| = Mlizl,‘,’f;l |[vi—vm| (see Eq. (7)). In
Figs. 3(a) and 3(b) the results are presented for flexible
(y =4) and rigid oscillators (y = 2000), respectively.

By comparing Fig. 3(a) and Fig. 3(b) we can see that the
frequency adaptation of individual oscillators |Av;| in
dependence on the network topology § differs most con-
siderably for the first 30 oscillators (i < 30). According to
the network model (see Section 2) these oscillators repre-
sent nodes with highest node degrees k;, which means that
these oscillators are highly connected to other oscillators

0.00
80
60 0.06
40 0.12
204
N 0.18

1 2 3 4
S5

(a) (b)

Fig. 3. Frequency adaptation of individual oscillators |Av;| as a function of
the topology parameter ¢ for: (a) flexible oscillators (y = 4), and (b) rigid
oscillators (y = 2000).

in the network, and also highly influenced by these oscilla-
tors. It was shown that coupling among oscillators changes
their dynamical properties, e.g. causes faster relaxation
times and makes the oscillators more rigid [26,33]. Here
we take into account that this impact of coupling on the
flexibility of oscillators also depends on the connectivity
structure, and introduce the so-called dynamical flexibility,
Vi For the model under consideration, the dynamical
flexibility yi,yn can be analytically determined (see
Appendix):

yi!yn = V(ZA - 3R1) - 2€ki~ (8)

Eq. (8) shows that with every additional connection the
oscillator becomes more rigid. To get a more detailed pic-
ture about the behavior of individual oscillators in the net-
work, we divide the oscillators into four groups. In the first
group we have oscillators with indices i € [1,15], in the
second group i€ [16,30], in the third group i< [31,60],
and in the fourth group all the others, i.e. i € [61,100].
For every group of the oscillators we compute the average
node degree (k); ; and the average dynamic dissipation rate
(Vayn)i_j- The results are shown in Fig. 4. We analyze the
results in Fig. 4 separately for two regimes: J < 2, where
the network is heterogeneous, and § > 2, where the net-
work structure is more compact with smaller differences
node degrees k;. For 6 < 2, the oscillators in the first group
(i € [1,15]) have the highest node degrees (Fig. 4(a)). Con-
sequently, the many neighboring oscillators significantly
influence their dynamics, which means that these oscilla-
tors have a lower dynamical flexibility yi, due to their
higher degrees k; (see Eq. (8)). Importantly, this decrease
in the dynamical flexibility yijn is relatively much more
expressed for oscillators with a low dissipation rate
(y =4) then for the rigid ones (y = 2000) (see Fig. 4(b)
and (c)). Fig. 4(b) shows that for (y = 4) the first group of
oscillators (i € [1,15]) is almost twice as rigid as the rest
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Fig. 4. Analysis of the four groups of oscillators: (a) the average node degree (k); ;, and the corresponding average dynamic dissipation rate (ygy,)

function of the network topology ¢ for: (b) y = 4, and (c) y = 2000.

of the system at lower values of §, whereas for rigid oscil-
lators (y = 2000) the dynamical flexibility remains practi-
cally unchanged for all network configurations (Fig. 4(c)).

Next we examine the trade-off between the positive
and negative effects that the neighboring oscillators have
on the frequency adaptation. On one hand, many neigh-
bors make the oscillators more rigid and suppress their
ability for frequency adaptation. On the other hand, how-
ever, the many neighboring oscillators directly influence
the dynamics of this oscillator and force it to change its
frequency. Which one of these two effects is stronger
depends on the basic oscillator’s flexibility y. Let us take
rigid oscillators first (y = 2000). They are easier to study
because their dynamical flexibility is practically indepen-
dent of the number of their neighbors (7}, ~ const., see
Fig. 4(c)), and hence the frequency adaptation prevalently
depends on the forcing effect of the neighborhood, which
is directly related to the number of the neighboring oscil-
lators. Therefore, rigid oscillators (y = 2000) better adapt
their frequencies if they are better connected. Since oscil-
lators with i € [1,15] in the networks with é < 2 are the
most connected ones (note that at 6 > 2 the network is
rather homogeneous), the rigid oscillators (y = 2000), in
particular the oscillators with lower values of i, better
adapt their frequencies at 6 <2 than at 6 >2 (see
Figs. 3(b), and 2(b)).

On the other hand, the flexible oscillators (y = 4) with
i € [1,15] in heterogeneous networks (6 < 2) change their
dynamical flexibility yidyn significantly; they become rela-
tively much more rigid due to many connections they have
(see Fig. 4(b)). This effect of rigidity is stronger than the
forcing effects from the surrounding (from many (k;)
neighbors). Therefore, these flexible oscillators (y =4)
better adapt their frequencies in more homogeneous
networks at (6 >2) (see Figs. 3(b) and 2(b)), which is
exactly the opposite of the behavior observed for rigid
oscillators (y = 2000). Consequently, the synchronization
behavior of flexible oscillators is determined by the inter-
play between network efficiency, which is the highest at
& — 0 (Fig. 2(a)), and the frequency adaptation, which is
more effective at § > 2 (Fig. 2(b)). As a result, the most syn-
chronized activity is observed between these two regimes,
i.e., within the BSN (6 ~ 1.1, see Fig. 1, cf. Fig. 2).

3.4. Generalization to other types of oscillators

To generalize our findings to other oscillator types we
populate the network with Brusselator oscillators. The
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Brusselator is a two-dimensional system used as a paradig-
matic theoretical model for autocatalytic reactions [34,35].
The dynamics of the i-th node together with the coupling
term is governed by the following equations:

N
Ui(t) = a; + () vi(6) — bus(t) — wi(t) + €Y _dy[u;(£) — (1)),
j=1

9)

N

vi(t) = bui(t) — ui(6)* i(t) + €>_dy [v5(t) — vi(1)].

i

(10)

In our calculations we set the parameter b to 2.5 and the
coupling strength € to 0.05. The uncoupled oscillator has
one fixed point (a,b/a). The Hopf bifurcation announcing
the turnover from stable limit cycle behavior to a stable
steady point is present at ays = Vb — 1. Remarkably, it
has been shown that in the proximity of the bifurcation
point, the system exhibits a near-zero dissipation and is
thus very susceptible to external perturbations
[28,29,36]. We compute the dissipation rate for the uncou-
pled Brusselator oscillator by numerically evaluating the
Lyapunov spectrum as described in [37]. Afterwards, the

dissipation rate (V ~f) is obtained by summarizing both

Lyapunov exponents. In Fig. 5(a) we show the dissipation
rate for different values of parameter a, along with the
bifurcation diagram. As expected, a near-zero dissipation
rate is observed in the proximity of the bifurcation point
ayp, Whereas its values become progressively more nega-
tive as the distance from the bifurcation point increases.

In order to explore the dynamic behavior of coupled
Brusselator oscillators, we calculate the average correla-
tion coefficient R for two different values of the parameter
a, thereby reflecting different levels of dissipation. In par-
ticular, we define a = 0.2 and a = 1.16 for the cases of rigid
and flexible oscillators, respectively. It should be noted
that a slight dispersion of 3 % of the given mean value of
parameter a was introduced in order to include the heter-
ogeneity of oscillators. Results presented in Fig. 5(b) reveal
that for flexible oscillators (a = 1.16, near-zero dissipation)
best synchronization is achieved for intermediate values of
the topology parameter J, i.e., in the BSN. On the other
hand, rigid oscillators (a = 0.2, high dissipation) exhibit
maximal synchronization in the highly heterogeneous
and efficient SFN. Apparently, the same mechanism as
reported for the Poincaré oscillator governs the synchroni-
zation behavior in other oscillator models as well.
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Fig. 5. The bifurcation diagram along with the corresponding dissipation rate for the Brusselator oscillator (a) and the average correlation coefficient as a
function of the topology parameter ¢ for the coupled Brusselator model for rigid (a = 0.2) and flexible (a = 1.16) oscillators (b). The calculation was

performed on networks with N =100 oscillators and an average degree (k) = 5.

4. Discussion

We investigated how the interplay between dynamical
and topological features affects the overall degree of syn-
chronization in a network of diffusively coupled Poincaré
oscillators. The model also enabled us to alter the dissipa-
tion rate of individual oscillators with only one parameter.
Our results show that flexible oscillators, characterized by
low values of the dissipation rate, express maximal corre-
lation in BSNs, whereas the non-flexible (rigid) oscillators
are best correlated in more heterogeneous SFNs. By
performing the same analysis with the Brusselator model,
we have additionally shown that the reported phenomena
can be generalized to other oscillator models as well. This
also corresponds to our preliminary observations [18,20,21].
Furthermore, our results can also be used for explaining
stochastic and coherence resonance phenomena in hetero-
geneous networks. We have previously shown that inter-
mediate heterogeneous BSNs ensure the most coherent
collective response in systems of coupled noisy excitable
oscillators [24,38]. Notably, in these cases the oscillators
operated in flexible regimes with weak dissipation.

To uncover precise mechanisms that govern synchroni-
zation behavior of rigid and flexible oscillators, we per-
formed a stability analysis (see Appendix), which has
revealed that the coupling of oscillators impacts flexible
oscillators in a different manner than rigid oscillators. We
have shown that the synchronization is governed mainly
by the interplay between networks global efficiency and
the ability of oscillators to unify their frequencies. Both
of this factors have previously been proven to be important
by the formation of the collective response of coupled
oscillators [8,32]. Nevertheless, it has been shown that
other quantities, such as the clustering and the presence
of communities, can be of vital importance by synchroniza-
tion in complex networks, especially due to partial syn-
chronization in communities in the weak coupling
regimes [16,17]. However, it turned out that in our system
these processes are not deciding, because variations of the
average clustering coefficient with respect to changes of
the network parameter ¢ are minor. In particular, the aver-
age clustering coefficients for the SFN and the BSN are 0.48
and 0.57, respectively. Due to this rather insignificant
changes of the networks cliquishness, the synchronization
is mainly a result of the interplay between the networks
efficiency and the capability of oscillators to unify their

frequencies, which was shown to be related with the
dynamical flexibility, a property that differs for rigid and
flexible oscillators.

Our findings provide novel insights into synchroniza-
tion behavior of coupled oscillators, which may be of par-
ticular importance especially from biological point of
view. Numerous studies reported the presence of the
small-world topological features in biological systems,
e.g. metabolic networks [39], beta-cells [40], protein inter-
action networks, signal transduction pathway [41], neural
networks [42], circadian rhythms [43,44] and others. Our
results allow us to hypothesize the biological relevance
of small-world networks and in particular the advantages
of the BSNs in comparison to the SFNs. It seems that bio-
logical systems prefer a trade-off between the efficiency
and the robustness. The BSNs are obviously efficient
enough, and represent a setup which ensures synchronized
activity of flexible oscillators. Perhaps the best solution
would be having extreme rigid, well-determined oscilla-
tors in a pure scale-free network. However, these SFNs
would be very fragile in terms of their extreme sensitivity
to the external attacks [45,46]. Furthermore, very rigid
oscillators would be very costly for biological systems
because of permanent regulation, and no real variability
would be allowed. Especially signal transduction systems
have to respond sensitively to weak external stimuli, thus
indicating that cellular oscillators should exhibit flexibility.
Therefore, a reasonable trade-off between the flexibility of
oscillators and the network robustness seems to be the
best solution for multicellular oscillatory biological sys-
tems, which tend to consist of more flexible oscillators,
which are organized in less heterogeneous but still very
efficient broad-scale small-world networks.
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Appendix A

We analyze the flexibility of a simple uncoupled oscilla-
tory system and an oscillator coupled with other oscillators
in a network. The uncoupled oscillator is given by the fol-
lowing equation:

z=F(z), (A1)

where z is an [-dimensional state vector and z is the corre-
sponding time derivative. The flexibility of the oscillator
can be estimated by the trace of the Jacobian matrix Tr(J)
[47]:

Tr(J) = Xl:a—’ (A.2)
j=1

For the Poincaré oscillators we obtain:
Tr(J) = y(2A - 31). (A3)

If the limit cycle radius is set to A =1, under steady-
state conditions (r; = A) the flexibility of the uncoupled
Poincaré oscillator is simply:

Tr(J) = —y. (A4)

Larger values of y refer to more rigid oscillators whereas
values closer to zero express higher flexibility. In a system
of N coupled oscillators the dynamics of the i-th oscillator
is given by:

N

1=F(z)- €y dj(z - z), (A.5)

=

where € is the coupling strength and dj; is the connectivity
matrix. The flexibility of the i-th oscillator depends on the
influences of all the adjacent oscillators to which this oscil-
lator is connected. We refer to this kind of flexibility as
dynamical flexibility i,

i 0zij '
ydyn = Tr(Jl Z aZU ZTI,] — lék,, (AG)

where k; is the node degree of the i-th oscillator. For the
mathematical model under consideration we obtain:

Vign = —7 — 2€ki. (A7)

Eq. (A.7) shows that flexibility of an oscillator decreases by
the number of neighboring oscillators (k;). The flexibility of
an oscillator in the network is always lower than the flex-
ibility of the uncoupled one (k; = 0, see Eq. (A.4)). When
the terms in equation Eq. (A.7) are comparable (y ~ 2€k;),
the dispersion in yijn is proportional to the heterogeneity
of the networks. When on the other hand the (y > 2¢k;)
the topology causes only negligible changes in szn-
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Collective beta cell activity in islets of Langerhans is critical for the supply of insulin within an organism. Even
though individual beta cells are intrinsically heterogeneous, the presence of intercellular coupling mechanisms
ensures coordinated activity and a well-regulated exocytosis of insulin. In order to get a detailed insight into
the functional organization of the syncytium, we applied advanced analytical tools from the realm of complex
network theory to uncover the functional connectivity pattern among cells composing the intact islet. The
procedure is based on the determination of correlations between long temporal traces obtained from confocal
functional multicellular calcium imaging of beta cells stimulated in a stepwise manner with a range of
physiological glucose concentrations. Our results revealed that the extracted connectivity networks are sparse
for low glucose concentrations, whereas for higher stimulatory levels they become more densely connected.
Most importantly, for all ranges of glucose concentration beta cells within the islets form locally clustered
functional sub-compartments, thereby indicating that their collective activity profiles exhibit a modular
nature. Moreover, we show that the observed non-linear functional relationship between different network
metrics and glucose concentration represents a well-balanced setup that parallels physiological insulin release.

central role in whole-body energy homeostasis'. In vivo, beta cells are organized into microorgans called

islets of Langerhans. All beta cells of an islet of Langerhans are coupled into a single functional unit by
means of the gap junction protein Connexin 36 (Cx36) that allows for electrical coupling and exchange of small
signaling molecules between physically adjacent cells. One of these small signaling molecules being calcium ions’.
In this way, a coordinated activity in a large number of cells can be established, thereby leading to a regulated
exocytosis of insulin®*.

The mechanisms that govern insulin secretion at the single-cell level have been studied extensively. An increase
in extracellular glucose concentration leads to an increased entry of glucose into the beta cell, an increased
metabolic production of ATP and a decrease in the open probability of ATP-sensitive potassium ion channels.
Consequently, the beta cell depolarizes and the voltage-sensitive calcium ion channels open to increase the
intracellular calcium concentration ([Ca®*];) that triggers the calcium-sensitive exocytosis of insulin granules.
This calcium-induced exocytosis is believed to be augmented via a less well known amplifying pathway’. The
changes in membrane potential, [Ca**]; as well as exocytosis occur in the form of synchronous oscillations®°.
Insulin acting on different target cells in the body subsequently reduces glucose concentration to stop the
stimulation of insulin release and prevent hypoglycemia by means of a negative feedback loop.

At the tissue level however, the relationship between the collective activity of cell populations and hormone
release is not completely understood"'. This is mainly due to the fact that until recently, our ability to study the
physiology of many cells simultaneously had largely been limited by the existing experimental methods'>. The
investigations of the intercellular communication between beta cells had mostly relied on imaging changes in

B eta cells secrete insulin in response to stimulation by energy rich molecules in a regulated manner and play a
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[Ca**]; in isolated islets. These measurements, using either CCD
cameras with limited temporal resolution and a height of the focal
plane larger than a single cell*" or confocal microscopy with limited
uptake of [Ca®*];-sensitive fluorescent dyes, constrained the number
of simultaneously studied cells to a few cells from the mantle of the
islet'*". Recently, the drawbacks of the existing experimental tech-
niques were circumvented by applying high spatial and temporal
resolution confocal functional multicellular calcium (fMCI) and
membrane potential imaging to the islets of Langerhans in tissue
slices”. Additionally, two-photon confocal microscopy in combina-
tion with extracellular polar fluorescent dyes enables the study of
exocytosis from all beta cells within a focal plane'”'®. Therefore, from
a technical point of view, it is now possible to study the collective
behavior of cell populations, such as the islet of Langerhans, and
more specifically the degree of coupling and residual heterogeneity
in such populations.

The heterogeneity of beta cells is most pronounced when cells are
dispersed or uncoupled, thereby completely or partially losing their
social context within the functional syncytium of the islet'>". Early
studies proposed that such individual beta cells exhibit differences in
glucose metabolism®**' and insulin secretion®”. More recent works
on the dynamics of [Ca®*]; in isolated or uncoupled cells further
confirmed heterogeneity of beta cells. In isolated beta cells, [Ca®>*];
responses were elicited at very different threshold concentrations of
glucose, with a significant proportion of cells responding only to
unphysiologically high concentrations of glucose or tolbutamide®.
In uncoupled cells, [Ca®*]; responses to a given concentration of
glucose were unsynchronized**.

In an intact islet, these heterogeneities are largely attenuated and
the islet functions more homogeneously than isolated or uncoupled
cells'. The cells within an islet respond metabolically over a more
confined glucose concentration range®"*® and the membrane poten-
tial and [Ca?*]; oscillations of cells within an islet are, in contrast to
single and uncoupled cells, in phase®'®"®. Finally, it has long been
known that intact islets display a higher glucose stimulated insulin
release than isolated and reaggregated, but not coupled beta cells”.

However, the activity of beta cells within an islet is not completely
synchronized and the islet shall not be regarded as a single large cell.
Namely, the membrane potential and [Ca®*]; changes spread over
the islet in a wave-like manner”'*'¢. Moreover, it was recently shown
that in terms of exocytosis, upon stimulation with glucose, not all
beta cells within an islet respond at the same time but are progres-
sively recruited with increasing levels of stimulation'’. Thus, in an
islet there is a considerable degree of heterogeneity between indi-
vidual beta cells.

It is important to focus on and quantify the level of heterogeneity
among beta cells, since it was demonstrated that a larger-than-nor-
mal degree of heterogeneity, possibly due to disruptions to the nor-
mal intercellular communication, could play a role in type 2 diabetes
mellitus®>?*~°. Thus, studying how the activity of a large number of
heterogeneous beta cells is aligned functionally, how the functional
syncytium breaks down, and determining where the increasing het-
erogeneity results in disease, is of great importance.

However, before embarking on this journey, it is important to
reevaluate the parameters on which our predictions about the het-
erogeneity of beta cells are based and assess a possibly present and
physiologically important residual heterogeneity between beta cells
in normal islets in a quantitative manner. We believe that such a
reevaluation would make it possible to draw a line between normal
and pathological function and predict or detect the development of
diabetes mellitus.

From the analytical point of view, one possible way to better
understand interactions between cells and the functioning of com-
plex biological systems relies on the modern theory of complex net-
works®'. Network concepts have been successfully applied on various
scales of living organisms ranging from the organization of single

cells® to that of entire ecosystems®. From the viewpoint of clinical
applications, the greatest progress in this context has been done in
the field of neuroscience®. The modern neuroimaging technologies
allow the acquisition of comprehensive datasets of anatomical or
functional connection patterns in the human brain, thereby provid-
ing new insights into the structure and functionality of healthy
human brain as well as new insights into many brain disorders™.
Impaired and disrupted complex brain networks were reported in
autism®®, schizophrenia®’, and multiple sclerosis**. Moreover, recent
investigations of functional network analysis exceed the stationary
representation by focusing on dynamical tracking of the changes in
brain activity associated with task performance. It has been shown
that the brain’s network organization reconfigures due to cognitive
efforts®, dynamic changes in the sensory environment®, learning
processes*’, and during stroke recovery processes*.

While being well acknowledged in the field of neuroscience, the
application of network concepts has not yet received very much
attention at the tissue level, where individual cells represent the nodes
of a network. Several tissues are often organized as networks, they
evolve in time and their cells can be regarded as dynamic systems,
which interact with each other. But they have not been studied as
such, predominantly due to a lack of experimental techniques that
would enable the necessary assessment of function in a large number
of cells simultaneously, as noninvasively as possible, and over longer
periods of time. First endeavors combining fMCI and graph-theor-
etical approaches were conducted on pituitary endocrine cells**~*.
We and others succeeded in applying these methodologies to study
the activity of beta cell populations'"***. In particular, in our pre-
vious study we showed that the functional connectivity extracted on
the basis of [Ca*>*]; dynamics exhibits small-world topological fea-
tures, which are most pronounced in the regime of high glucose
stimulation*. This finding was later confirmed by Hodson and cow-
orkers''. Recently, these techniques were also successfully applied at
uncovering the functional cellular connectivity in a network of
astrocytes.

In the present study, we continue our quest to explore functional
heterogeneity in beta cells in islets of Langerhans in situ by applying
advanced analytical tools from the realm of complex network theory.
The tools have been applied on long temporal traces obtained by
confocal fMCI of beta cells stimulated in a stepwise manner with a
range of glucose concentrations from the substimulatory concentra-
tion of 6 mM to the above-physiological, but traditionally often used
12 mM glucose. Employing this experimental approach, we dem-
onstrate a modular nature of mouse islets, revealing a multiunit
organizational principle in a structure with an apparently homogen-
eous microanatomy and even largely synchronous activity in terms
of traditional physiological measures.

Results
Confocal fMCI imaging was used to monitor [Ca*"]; signals eman-
ating from Oregon Green 488 BAPTA-1 (OGB-1)-loaded beta cells
in acute tissue slices (see Methods). The temporal evolution of
[Ca**]; in a typical beta cell under progressive stepwise stimulation
with glucose from 6 mM to 12 mM is shown in Fig. 1. As expected,
the frequency of oscillations [Ca**]; as well as the basal [Ca®*]; level
increase with increasing concentrations of glucose. The inset shows a
segment of the [Ca**]; trace of the same cell x(¢) after subjecting it to
ensemble empirical mode decomposition (EEMD) (see Methods).
We proceeded with the sliding window correlation analysis of beta
cell dynamics in order to examine the temporal evolution of the
average correlation coefficient R,y,. Results shown in Fig. 2 reveal
that the level of correlation progressively increases with increasing
concentrations of glucose. For the calculation of correlations and for
the following network constructions we used, [Ca**]; traces that were
subjected to EEMD in order to exclude baseline trends. These varia-
tions of the baseline activity are the so called slow [Ca**]; oscillations
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Figure 1| Experimentally measured temporal evolution of [Ca?*]; in a typical beta cell X’ (f) in response to different concentrations of glucose expressed
in relative units (r.u., black line). The blue line denotes stepwise increases in glucose concentration with the respective axis located on the right. In the
inset, a segment of the original signal (grey line) and the corresponding EEMD x(¢) (red line) are shown.

and most probably reflect glycolytic oscillations in some cells of the
islet and not the rapid [Ca**]; oscillations that spread from cell to cell
by means of depolarization waves and are the subject of this study*®.
In addition, fluctuations in baseline trends could be an experimental
artefact due to drifts in the perifusion chamber. Furthermore, we
verified if a similar behavior can be observed also in other islets,
subjected to similar protocols. Indeed, results shown in Fig. S1 reveal
that a very similar temporal evolution of the average correlation
coefficient R, can be observed in three other islets as well, when
the concentration of glucose is progressively increased.

Functional connectivity maps were constructed on the basis of
pairwise correlations between [Ca®*]; signals of individual cells.
Two cells were considered to be connected if their Pearson prod-
uct-moment correlation over a certain time interval At exceeded a
predetermined threshold value Ry, (see Methods). Fig. 3 features the
beta cell functional network architectures for different concentra-
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Figure 2 | The temporal evolution of the average correlation coefficient
(red line with symbols) and the mean-field signal of EEMD processed
[Ca?*]; activity of beta cells (black line). The blue line denotes the
concentration of glucose. In the calculation of the sliding window
correlation analysis (see Methods), At was set to 300 s and step An to
100 s.

tions of glucose. We can observe that for low stimulation levels
(=8 mM) only isolated and rarely synchronized activities are
detected. With increasing concentrations of glucose, the network
becomes denser, which reflects the increase of the average correlation
coefficient shown in Fig. 2. Furthermore, it can be observed that the
beta cell functional network is modular. Namely, well pronounced
local communities are identified in which mostly interactions
between nearest neighbors are present. It appears that the beta cell
syncytium is structured in several sub-networks in each of which the
degree of synchronization between the cells is very high. These sub-
compartments are strongly segregated at lower concentrations of
glucose, whereas for high concentrations they become more integral,
yet still well expressed and localized. Thus, it appears that for differ-
ent levels of stimulation the synchronization activity of beta cells is
regulated in segregated local clusters. Furthermore, this localized
organization suggests that physical constraints drive the structure
of the beta cell functional network. A more precise tracking of the
temporal evolution of the beta cell functional network by progres-
sively increasing concentrations of glucose can be observed in the
Supplementary video S1. In order to further corroborate our find-
ings, we show in Fig. S2 beta cell functional networks of three addi-
tional islets (the same as in Fig. S1) subjected to similar protocols,
under 8 mM and 12 mM glucose stimulation. Evidently, in all three
cases the networks are sparse and very segregated in 8 mM glucose,
whereas in 12 mM glucose they are much more dense and intercon-
nected, but with well-expressed localized communities.

It remains of interest to identify the reasons for the segmentation
into functional sub-compartments. For this purpose we calculated
the frequencies in five largest communities in the network, the cor-
responding EEMD-processed [Ca®*]; mean-field signals within indi-
vidual communities x{°™, and the mean-field signal of the whole
network x™, at 9 mM and 12 mM glucose. The results for the islet
analyzed and shown in Figs. 2 and 3 are presented in Fig. 4. It can be
observed that the average frequencies under both stimulation levels
are not completely unified. These discrepancies in the frequencies are
principally not a consequence of uncoordinated intercellular activity,
but rather a result of unexecuted oscillations in particular groups of
cells, as it can be seen from the courses of individual mean-field
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Figure 3 | Functional networks of beta cells at different concentrations of glucose: a) 6 mM, b) 7 mM, c¢) 8 mM, d) 9 mM, e) 10 mM, f) 12 mM. Colors
of circles denote the modularity classes (communities). Grey circles signify unconnected cells. The threshold for functional connectivity Ry, was set to 0.7.
The number of cells in the examined slice was 200. The positions of nodes correspond to physical positions of cells within the examined islet of

Langerhans.

signals. Furthermore, an inspection of the mean-field signals
(Figs. 4(b) and 4(d)) reveals, that the amplitude of x™* is for the most
of the time noticeably lower than the amplitude of signals in individual
communities x{°", thereby indicating that the [Ca’']; dynamics
among communities is not completely phase synchronized. To con-
clude, the existence of communities in the beta cell functional network
can be attributed to a more simultaneous activity as well as to a better
phase synchronization within other three individual groups of cells.
The same behavior is observed also in the three other islets.

To further analyze the organization of interconnected modules of
beta cells, we computed the average correlation coefficient between
cell pairs within each of the communities, Rg’vg. The overall average

correlation in communities Ry, was then defined as the average R(,,

for all communities. The results presented in Fig. 5 feature the values

of Ry for different concentrations of glucose. For comparison, we

additionally calculate the average correlation between all cell pairs in
the network, R‘;j;. The values of R;;," and R‘x; represent the averages

of four different functional networks having altogether 722 nodes
(slices shown in Figs. 3 and S2). Evidently, the correlations between
cell pairs in individual communities are much higher than the cor-
relation at the level of the whole slice, which further supports the idea
of segregated synchronization activities in the islet. These findings
are qualitatively independent of the choice of the connectivity
threshold Ry, (see Fig. S3).

To describe the temporal evolution of the network characteristics
more quantitatively, we calculated several network measures (see
Methods) at different concentrations of glucose. For a more precise
and reliable quantification, the calculations were performed for four
different islets (the same as shown in Figs. 3 and S2). In Fig. 6 we
present the results showing the network measures for each concen-
tration of glucose. The light grey lines with symbols denote values in
individual islets and the thick red line with symbols signifies the
average over all four functional networks. Quite considerable dis-

crepancies in absolute values of network metrics can be observed,
which reflect the inter-islet variability, whereas most notably, the
functional relationship between different network metrics and glu-
cose concentration is very similar in all four islets.

In Fig. 6(a), the average degree of cells kg is shown as a function of
glucose concentrations. Its increase at higher concentrations of glu-
cose is related to a greater level of synchronization between beta cells
(see Fig. 2), as the correlation coefficient between more and more cell
pairs exceeded the threshold and consequently the network became
denser. We believe that the higher network degree is a result of a
more pronounced communication via electrical synapses and pos-
sibly also other more long-range-oriented communication mechan-
isms. The average clustering coefficient C,4 is a measure for the
network’s functional segregation and is indicative of small-worldness
of the network®. Results in Fig. 6(b) show that in the beta cell net-
work a prevalence of clustered connectivity around individual cells
was detected, but only for high enough stimulation levels reaching a
plateau value at a glucose concentration of >9 mM. Another mea-
sure of interest is the global efficiency E, which reflects the functional
integration of the tissue such as the traffic capacity of a network in the
form of signal-propagation speed and degree of synchronizability.
Fig. 6(c) features the results for different glucose concentrations. It
can be noticed that for high stimulation levels (=10 mM) an efficient
information exchange throughout the entire network was achieved.

We also focused on the evolution of the modular structure of the
beta cell network. Figs. 6(d) and (e) show the number N, and average
size n. of communities that change with increasing concentrations of
glucose. Notably, for glucose concentrations >8 mM the networks
are in average composed of around 7 densely interconnected groups
of cells. The size of these communities increases markedly with
increasing concentrations of glucose, but reaches a plateau at
10 mM. Finally, we examined the average length of functional con-
nections I,y as a function of glucose concentration. This parameter
reflects either prevalent adjacent cell-to-cell communication in case
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Figure 4 | Frequency distributions within 5 largest communities under 9 mM (a) and 12 mM (c) glucose. Grey dots denote frequencies of individual cells
and the red crosses signify the average frequency in the given community. It can be observed that the frequencies are in average higher under 12 mM
glucose stimulation, and that the average values in different communities are not exactly the same. The corresponding mean-field signals of
individual communities x;°" (colored lines) and of the whole network x™* (black dotted line) under 9 mM and 12 mM glucose are shown in panels (b)
and (d), respectively. The amplitude of the whole-network mean-field signal x** is lower than the amplitude in individual communities, thereby

indicating that individual signals are not completely phase synchronized.

of short distances or, alternatively, cell-to-cell communication span-
ning over several cells that is mediated either by postganglionic nerve
axons within islet or diffusible paracrine factors such as NO. Fig. 6(f)
reveals that I,,,, similarly to other network metrics, rises between
7 mM and 10 mM glucose, while for concentrations >10 mM the
average link length remained more or less constant. Notably, at high

S
o

) L )
6 8 10 12
Glucose [mM]

Figure 5| Average correlation between cell pairs in individual
communities R (red squares) and between all connected cells in the
network R:\f; (black circles) at different concentrations of glucose. In the
calculation the connectivity threshold Ry, was set to 0.7. The results are
based on the average of four different functional networks (slices presented

in Figs. 3 and S2) having altogether 722 nodes.

levels of stimulation, the average range of interactions between beta
cells is around 45 pum.

Finally, to be able to ascribe the observed effects upon network
metrics to increasing concentrations of glucose, we had to assess
whether there are any time-dependent increases in parameter values
in constant glucose. For this purpose, we analyzed eight additional
islets. Four of them were stimulated with 8 mM and four of them
with 12 mM of glucose for the entire period of stimulation. For all of
them we calculated the temporal evolution of the same network
metrics as presented in Fig. 6. Results in Fig. S4 reveal that the values
obtained during constant stimulation with 8 mM and 12 mM glu-
cose were comparable with the values obtained for the respective
concentrations during stepwise stimulation. Additionally, with the
exception of N, on average all parameters displayed lower values in
8 mM glucose than in 12 mM glucose throughout the entire period
of stimulation. Finally, although beyond the scope of this paper, a
clear trend toward decreasing parameter values with time was
detected for constant long-term stimulation with 12 mM glucose.

Discussion

Individual or uncoupled beta cells have been found to be intrinsically
heterogeneous and as such incapable of collectively adjusting their
insulin secretion rates in accordance with blood glucose levels.
Intercellular communication via gap junctions attenuates the hetero-
geneous nature of beta cells by synchronizing their activity and sup-
pressing any subtreshold responses as well as recruiting high glucose
responders of individual beta cells, thereby representing the fun-
damental mechanism ensuring whole body energy homeosta-
§is*>?¢°%%In this study we obtained additional insight into these
issues by analysing how the functional network of beta cells changes
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Figure 6 | Different network measures at different concentrations of glucose for four islets (the same as shown in Figs. 3 and S2). a) average degree,
b) average clustering coefficient, c) global efficiency, d) average number of communities, e) average size of communities, ) average length of functional
connections. Light grey line with symbols denote the values in individual islets, whereas the thick red lines with crosses indicates the average. In all

calculations the connectivity threshold Ry, was set to 0.7.

during step-wise elevations of stimulatory glucose levels, ranging
from 6 mM (basal) to 12 mM (high). We showed that for basal
glucose levels the collective dynamics is poorly synchronized resulting
in a sparsely connected functional network. With increasingly stimu-
latory glucose levels, the multicellular system gets more synchronized
and evolves into a more densely connected network with increasingly
expressed small-world topological features, characterized by high glo-
bal efficiency (short internodal distances) and a highly clustered
organization®. This is in agreement with our previous study where
we found that the functional network of beta cells, when exposed to
high glucose levels, exhibits small-worldness*. In terms of the real
network of an islet of Langerhans, the degree of small worldness
probably contributes to the robustness of the network in terms of
its secretory response and determines its resilience to metabolic and
immune perturbations occurring during onset of diabetes mellitus.
Furthermore, for glucose values above 10 mM, the network charac-
teristics seem to saturate. This could be caused by spatial constraints
which prohibit the establishment of too long connections and hence
hinder additional improvements of the evolving functional network.
The origin of the spatial constraints could be similar to those dis-
cussed in neuronal networks. In the brain it is believed that its small-
world functional network is the outcome of an optimization mech-
anism based on minimizing wiring cost and maximizing efficiency™.
Since long-range connections are related to higher cost, this causes
spatial constraints. Since in our study, the connectedness of two cells
depends on the similarity of their signals, which in turn conceivably
depends on the degree of their electrophysiological coupling that is
expected to be high at low membrane and high gap junctional con-
ductance, the abovementioned spatial constraint could have its mech-
anistic substrate in the fact that at a certain level of stimulation, in this
case at 10 mM glucose, the membrane conductance reaches its min-
imum or the junctional conductance its maximum.

Through the process of stimulus-secretion coupling in beta cells,
membrane potential changes in the form of bursts of depolarizations
are translated to oscillations of [Ca®*]; and finally to pulses of insulin
secretion. To assess beta cell activity, all three parameters can be used.
Thus, we need to justify the choice of [Ca**]; as a proxy for beta cell
function in our study and comment briefly on the generalizability of
our findings. First, from the technical point of view, due to the
commercial availability of [Ca**]; sensitive fluorescent dyes, their
ease of use and high signal-to-noise ratio, especially as compared
to currently available voltage sensitive fluorescent dyes, [Ca®'];
seems a logical choice. Second, [Ca>*]; is a trigger for exocytosis also
in other tissues, where an increase in [Ca**]; is not brought about by
electrical activity and influx of [Ca**];, but by secretagogue induced
release of Ca®* from internal stores. Some of these tissues are access-
ible to fMCI and the use of [Ca*"]; in our case facilitates comparison
between different tissues. Finally and most importantly, in previous
studies by us and other groups employing a wide array of experi-
mental approaches, it was demonstrated that in islets of Langerhans,
the relationship between the changes in membrane potential and
changes in [Ca*"];"*'" as well as between changes in [Ca’*]; and
pulses of insulin secretion®>'”'® are straightforward. Thus, we are
confident that changes in [Ca**]; are a representative measure of
beta cell activity.

In addition, the binding of Ca®* to [Ca®"]; sensitive dyes with
different affinities could influence the nature of the observed changes
in [Ca*"]; to depart from the ones occurring in vivo or even lead to
cell death. Employing an armamentarium of [Ca®*]; sensitive fluor-
escent dyes with different affinities, we and others have shown largely
comparable [Ca®*]; changes, even after prolonged periods of
recordingﬁfl(),lS,lGAG'

In general, in all four analyzed islets, all the network measures
obeyed a similar response with respect to increasing concentrations
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of glucose; a steep increase occurred between 8 mM and 10 mM,
whereas above these values a saturation of the network properties
was detected. It seems that within these physiological ranges of glu-
cose, the beta cell network exhibits a high level of plasticity, reflected
by gradual adjustments of the global efficiency and local organization
with respect to the external stimulus. This is in an agreement with the
role of beta cells as primary glucose sensors matching their dynamic
range with normal physiological fluctuations of plasma glucose. For
high concentrations of glucose (10 mM and above), on the other
hand, a saturation of the network characteristics occurs, thereby
indicating the realization of the maximal operating ability. A similar
non-linear behavior within the same physiological range of stimula-
tory glucose concentrations was experimentally observed from
dynamic glucose stimulated insulin release perifusion studies with
isolated islets®'. In our experimental setup, it is currently impossible
to study insulin secretion simultaneously with [Ca**]; signals due to
the exceedingly small amount of insulin released by an islet within
tissue slice in the physiological glucose range.

One of our most important findings is the modular nature of the
extracted functional networks, which indicates that beta cells inside
the islet of Langerhans form functional sub-compartments. Cells
within sub-compartments are clustered and their activity is much
more correlated in comparison to the islet as a whole. For low levels
of glucose, only completely segregated local areas occasionally
responded to stimulation. With increasing levels of the stimuli, a
higher number of communities were recruited which got more and
more interconnected, thereby making the whole functional network
more efficient. The modular behavior of the beta cell functional
syncytium was predicted by previous experimental data*.
Stepwise glucose stimulation progressively recruited cells that were
organized in multicellular groups. Recruitment was shown on the
level of glucose metabolism™, insulin synthesis® and insulin secre-
tion". Since the global efficiency indicates shorter path lengths
among nodes, it is also referred to as a measure of functional integ-
ration®. This suggests that the islet of Langerhans is capable to
continuously improve from a highly segregated into a more inte-
grated functional network. Since cell-to-cell communication coor-
dinates the activities of individual cells, the modular nature of the
islets could represent an additional spatially regulated insulin secre-
tion mechanism.

Our control experiments with constant stimulation confirmed
that the effects upon network metrics observed during stepwise
stimulation can indeed be ascribed to increasing concentrations of
glucose. In 8 mM glucose, the parameter values continued to
increase after the initial 500 seconds (this was the time period used
for each concentration of glucose during stepwise stimulation), but
this additional increase was clearly insufficient to raise the parameter
values to levels attained in 12 mM glucose. The trend toward a
decrease in parameter values in 12 mM glucose warrants further
investigation, since it might be a network correlate of glucotoxicity,
previously observed in concentrations of glucose higher than
10 mM?™. Exploring the effects of constant stimulation with high
concentrations of glucose upon network metrics seems especially
compelling in the light of a recent study demonstrating that lipotoxi-
city can target beta cell connectivity*.

Recent studies analyzing mouse and human islets with a complex
network approach, that have produced largely compatible results
regarding the general connectivity patterns in mouse islets, have
not explicitly detected any communities'"'***, First, this might be
due the fact that these studies have not specifically looked for the
presence of communities analytically in a way we did in our present
study. One of the reasons that communities have not been detected
before might be that glucose concentration of 11 mM'** or 12 mM'®
has been used to evoke [Ca**]; responses. As demonstrated in the
present study, at this high concentrations of glucose, the activity of
cells belonging to different communities is most aligned, ie. the

networks are quite dense, and this might have caused that the func-
tional compartmentalization has escaped our attention.

It was shown that rodent islets are of polyclonal origin and that the
cells stemming from the same progenitor remain spatially clus-
tered®. Thus, it is tempting to speculate that the functional subunits
of an islet of Langerhans might overlap with the embryological sub-
units defined by a common progenitor. This awaits further elucida-
tion, possibly involving human tissue, since recently, a polyclonal
origin of beta cells was also demonstrated for human islets of
Langerhans™.

It was pointed out that a balanced combination of segregated and
integrated information processing, established via efficient small-
word topological features, ensures normal brain functioning”.
Disruptions to this balance can lead for instance to autism, in case
of predominantly segregated information processing®, or schizo-
phrenia in case of predominantly integrated information proces-
sing”. It is reasonable to speculate that anomalies in the functional
connectivity could results in pathological conditions of islets, leading
to diabetes mellitus. Hence, additional experimental and theoretical
studies are needed in order to gain knowledge about how this multi-
cellular system regulates its functioning through cell-to-cell com-
munication in disease states.

Finally, in our study beta cells exhibited greatest responsiveness at
arange of glucose concentrations commonly experienced by animals
in vivo and significantly below the ones traditionally used in electro-
physiological, [Ca**]; imaging and insulin secretion experiments,
where in our hands, the network parameters typically reached their
maxima and stabilized. Perhaps, the supraphysiological concentra-
tions were classically used due to lower inter-specimen variability
and greater reproducibility of results. This study suggests, however,
that in order to learn more about the physiology of beta cells and their
heterogeneity, in future work, lower, more physiological stimulatory
concentrations of glucose should be used.

Methods

Ethics statement. All methods and animal protocols were performed in strict
accordance with all national regulations and ethical guidelines approved by the
Ministry of Agriculture and Environment, Republic of Slovenia (Permit Number:
34401-61-2009/2).

Experimental protocol. Experimental protocols for preparation of acute pancreas
tissue slices and confocal [Ca®*]; imaging were described in detail previously'®. In
brief, tissue slices were cut from pancreata of 10-20 week old NMRI mice of either sex.
After sacrificing the animals by cervical dislocation, low-melting point 1.9% agarose
in extracellular solution (ECS, consisting of (in mM) 125 NaCl, 26 NaHCO3, 6
glucose, 6 lactic acid, 3 myoinositol, 2.5 KCl, 2 Na pyruvate, 2 CaCl,, 1.25 NaH,PO,, 1
MgCl,, 0.5 ascorbic acid) at 40°C was injected into the proximal common bile duct
clamped at the papilla of Vater. Small blocks of tissue from the agarose-injected
pancreas were cut with vibratome (Leica vt1000) into 140 pm-thick slices in an ice-
cold ECS continuously bubbled with a gas mixture (95% O, and 5% CO,, pH of 7.4).
Slices were incubated in a calcium dye loading solution composed of 6 pM Oregon
Green 488 BAPTA-1 AM, 0.03% Pluronic F-127 (w/v) and 0.12%
dimethylsulphoxide (DMSO, v/v) in HEPES-buffered saline (HBS, consisting of (in
mM) 150 NaCl, 10 HEPES, 6 glucose, 5 KCl, 2 CaCl,, 1 MgCl,; titrated to pH = 7.4
using 1 M NaOH) for 50 minutes at room temperature and protected from light.

Confocal [Ca®"]; imaging using OGB-1 was performed on a Leica TCS SP5 AOBS
Tandem II upright confocal system using a Leica HCX APO L 20X water immersion
objective (NA = 1.0). The dye was excited by an argon 488 nm laser. The emitted
fluorescence in the range of 500-700 nm was collected by Leica HyD detector.
Individual slices were imaged in a temperature-controlled bath chamber at 37°C
(TCO05, Luigs & Neumann) mounted on the microscope and continuously perifused
with ECS. Sampling rate was 0.5-1 Hz at 512 X 512 pixels. The [Ca**]; oscillations
were analyzed off-line employing custom-made scripts.

Analysis of time series. Ensemble empirical mode decomposition. The recorded time
series were subject to Huang-Hilbert type empirical model decomposition® in order
to retrieve baseline trends. In this manner, we were able to extract undistorted [Ca**];
dynamics of individual cells. In particular, we used the upgraded ensemble empirical
mode decomposition (EEMD) proposed by Torres et al.*. The recorded time series
x (t) were decomposed into the so called intrinsic mode functions (IMFs). Initially,
white noise w;(t) in the range w;(t) € [—0.1,0.1] is added to the original time series:
x;(t) =x (t)+ w;(t), where i refers to the i-th realization of white noise at time ¢. Then,
local maxima and minima are detected in the signal x;.(t). We separately interpolated
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cubic spline lines through the detected maxima and minima and created an upper and
lower envelope through them. Their mean value m;,(t) and the difference h,(t)
between the time series x;.(t) and the mean m, () was calculated. The process was
repeated to ensure more symmetric wave profiles®. In the next repetition h; () was
treated as the input. Again the upper and lower envelopes were constructed on the
basis of the detected minima and maxima, and the difference h,,(t) was calculated
between the mean of the envelopes m,,(t) and h;(t). In general, the process was
defined as follows:

hlk:mlk_hl(k—l)’ (1)

where k stands for the k-th repetition of the procedure described above. The process
was repeated until the standard deviation (SD) in the difference between h;; and
hy(k—1) was above a predefined threshold (in our case 0.0001). Afterwards, h became
the first intrinsic mode during the i-th generation of white noise IMF. This mode
contained the fastest time scale. In order to calculate other intrinsic modes of the
signal, we took the signal x;-(t) and calculated the residue r;(t) =x1-(t)7[MF{. Since
IMFi was excluded from r(t) we repeated the process described above on the signal
r(t) and generated the second mode IMFy. One can continue the process of
decomposition until the residual becomes a monotonic function r;,(t). Hence the
signal x;(t) can be expressed as:

x,(t)= zn: IMF+1;,(t) (2)
j=1

The true IMFs of the signal x (£) were than calculated as the average over all m
realizations of white noise as:

IMF;(1) = 1 > f: IMF(t). (3)
i=1

me

The true monotonic characteristics 7, (t) of the signal x (f) were calculated in the same
manner:

?n(t): %Z Z ri,n(t)- (4)
t i=1

Once all the true IMFs and monotonic characteristics of the original signal were
determined, we excluded all the modes except the modes that possessed relevant
dynamical features. Thus, the time series used for subsequent analysis x(t) was
calculated as:

x(O)=x (O)—Fu(®)— Y _ IMFi(2). (5)

i<8

Analysis of time series correlations. For the characterization of dynamical correlations
between beta cells we calculated the correlation coefficient between the signals of the
i-th and j-th cell, defined as follows:

_ 2 Ei—x0)]x—x0)]

Rj=="——"" T2 6
i - (6)

where X; and X; are the mean values of the time series x;(f) and x(t), and s, and s, the
corresponding standard deviations. The correlation coefficient R;; indicates the linear
relationship between the dynamics of the i-th and the j-th cell. Values of R;; are
bounded within [—1,1], whereby —1, 0 and 1 signify anti-correlation, no-correlation
and complete correlation, respectively. In order to describe the level of global cor-
relation in the whole slice, we calculated the average correlation coefficient:

1 N
Ryg=——— > R; 7
avg N(N*l); ij ( )

For the visualization of the temporal evolution of the average correlation coefficient,
we made use of the sliding window correlation analysis. In particular, we calculated
the average correlation coefficient between all pairs of cells in the interval At and
shifted it throughout the time series with a step An.

Construction and characterization of functional beta cell networks. Extraction of
functional networks from Ca’* signals. The adjacency matrix d(t) of the evolving
functional network was constructed according to the correlation coefficients R;(t)
between cells pairs. Two cells i and j were regarded as connected in a given time
interval At if the correlation coefficient R;(t) exceeded or equaled a threshold value
Ry The value of Ry, was selected in accordance to the corresponding R?, in such a way,
that at least 50% of the variation in system, can be explained with a linear relationship
among a cell pair (we use Ry, = 0.7 in the most of the calculations). These
thresholding of the correlation matrix leads to a time-dependent connectivity matrix,
whose ij-th element dj;(t) equals 1 if the nodes i and j are connected in the interval At
and 0 otherwise. A similar methodology was used for extraction of the functional

connectivity patterns elsewhere>**.

Node degree and average degree. In an undirected network the degree of a node k;
equals the number of direct edges connecting it to its neighbors. By knowing the
individual node degrees we computed the overall degree k, of the network as the
average over all k;.

1 N
kg =5 > ki (®)
i=1

Edges among individual nodal pairs reflect well synchronized mutual dynamical
behavior. Therefore, the degree of a cell k; corresponds to the number of cells with
similar time courses. Higher average degree signifies a more synchronized collective
behavior of the system.

Clustering coefficient. Functional segregation occurs within highly interconnected
groups of nodes. A common way to find such groups is to compute the local clustering
coefficient C; of individual nodes. We implemented the method introduced by Watts
and Strogatz®. The local clustering coefficient C; of the i-th node is defined as:

2n,
Cl =T, 9
ki(ki—1) ®)
whereby 7, stands for the number of existing edges between the neighbors of the i-th
node and the term k;(k; — 1)/2 reflects the maximal number of possible edges between
all its neighbors. The average clustering coefficient C,,, was then computed as the
mean value of all C;.

Global efficiency. A commonly used measure to characterize a network’s integration
of individual nodes is the network’s global efficiency E,,,. In order to compute E,,,,
one shall compute all the shortest paths lengths [;; between all pairs of nodes in the
network. Afterwards, E,,, is computed as follows™:

1 N q

NN=1) E (10)

Em/g =
i#]

Community structure. A community is a partition of a network or a sub-graph in
which the nodes are more densely interconnected as in the rest of the network. We
will refer to the i-th community of the network as ¢;, We implemented the algorithm
introduced in ref. 62 to arrange nodes into partitions that maximized a measure called
modularity Q. Modularity Q is commonly used as a measure that quantifies how
successful the partitioning of a network was refs. 63, 64 and is defined as:

1 ki()ki()
Q= mz [dij(f)— 277;} 5(51',6,'),

i

(11)

where m= %Z dij(1), 6(cicj) is 1 if ¢; = ¢;and 0 otherwise and k;(t) is the i-th node
ij

degree at time . The aim of the algorithm is to maximize the modularity by con-

tinuously reshaping the community structure of the network. A new configuration is

accepted if the gain in modularity AQ is positive. The process is repeated until no

further improvement in AQ is achieved and the most likely community structure of

the network is found.
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