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—— Abstract
We show that for a commutative quantale ¥ every functor Set — ¥-cat has an enriched left-
Kan extension. As a consequence, coalgebras over Set are subsumed by coalgebras over ¥-cat.
Moreover, one can build functors on ¥-cat by equipping Set-functors with a metric.
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1 Introduction

Coalgebras for a functor T : Set — Set capture a wide variety of dynamic systems [18].
Moreover, the category Coalg(T') of coalgebras has a rich structure, which dualizes to some
extent the theory of universal algebra. For example, an important role is played by final (or
cofree) coalgebras, which give rise to a notion of behavioural equivalence and coinduction.
One says that two elements of two coalgebras are behaviourally equivalent (or bisimilar),
if they are identified by the morphisms into the final coalgebra. The coinduction principle
states that on the final coalgebra two bisimilar elements are equal.

Rutten [17] and Worrell [20, 21] investigate how to account for richer notions of behaviour.
For example, we might want to say that one behaviour is smaller than (or, is simulated
by) another behaviour. Or we might want to measure distances between behaviours by real
numbers. As proposed by Rutten [17], the right framework to develop a theory of metric
coalgebras that parallels the theory of coalgebras over Set is given by coalgebras over ¥-cat,
in the sense we are going to explain now.

It was Lawvere [14] who discovered that metric spaces are categories enriched over the
category

(([0, 00], >r), +,0).

That an enriched category 2~ with homs 2'(z,y) € [0, 00] has identities means 0 = 2 (z, x)
and composition becomes the triangle inequality 2 (z,y) + 2 (y,2z) >r 2 (x,z). Thus,
enriched categories are nothing but generalized metric spaces, generalized in the sense that
distances need not be symmetric and that 2 (z,y) = 2 (y,x) = 0 is not equality but merely
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an equivalence relation. This interpretation of enriched categories is meaningful not only for
¥ = ((|0, 0], >r), +,0), but for any commutative quantale ¥'. A category enriched over ¥
is then called a ¥ -category.

For a detailed discussion of examples showing the relevance of this approach to the
denotational semantics of programmming languages we refer to Worrell [21, Chapter 4].

In this paper, we contribute a theorem about the category ¥#-cat of categories enriched
over a commutative quantale ¥. The theorem states that any functor H : Set — ¥-cat has
an enriched left Kan extension along the ‘discrete’ functor D” : Set — #-cat. Moreover,
the proof of the theorem shows how to compute the Kan extension H! on a #-category
Z by applying H to the ‘¥ -nerve’ of 2  and then taking an appropriate colimit in 7#-cat.
For example, the extension of D” P : Set — #-cat, where P : Set — Set is the powerset
functor, yields the familiar Pompeiu-Hausdorff metric, if the quantale is assumed to be
constructively completely distributive.

Apart from allowing us to construct functors on ¥-cat, the theorem also allows us to
establish that for any commutative quantale ¥ (satisfying some mild properties) the setting
of coalgebras enriched over ¥-cat is indeed richer than the setting of Set-coalgebras in the
following sense. For any functor 7" : Set — Set we can define its ¥-cat-ification Ty to be the
left Kan extension of D” T along D” . Then there is a functor D : Coalg(T) —» Coalg(Ty)
which is right adjoint and therefore preserves behaviours. In other words, in the world of
¥ -categories all functors T' : Set — Set are still available via their ¥-cat-ifications. On the
other hand, it happens often for an endofunctor T on Set to carry an interesting 7 -metric,
which in turn determines a lifting T of T to ¥-cat. In such case the discrete ¥-cat-functor
has as ordinary right adjoint the forgetful functor v Coalg(T) — Coalg(T), which
consequently preserves behaviors.

2 Preliminaries

In this section we gather all the necessary technicalities and notation from category theory
enriched in a complete and cocomplete symmetric monoidal category that we shall use later.
For the standard notions of enriched categories, enriched functors and enriched natural
transformations we refer to Kelly’s book [12].

We shall mainly use two prominent enrichments: that in a quantale ¥” and that in the
category ¥-cat of small ¥ -categories and ¥ -functors for a quantale ¥". We spell out in more
details how the relevant notions look like, and carefully write all the enrichment-prefixes.
In particular, the underlying category of an enriched category will be denoted by the same
symbol, followed by the subscript “o” as usual.

2.1 Categories and functors enriched in a quantale

Suppose ¥ = (%5, ®, e, [—, —]) is a quantale. More in detail: ¥; is a complete lattice, equipped
with the commutative and associative monotone binary operation ®, called the tensor. We
require the element e to be a unit of tensor. Furthermore, we require every monotone map
—®r: ¥, — ¥, to have a right adjoint [r, —] : ¥, — ¥,. We call [—, —] the internal hom
of 7.

Quantales are the “simplest” complete and cocomplete symmetric monoidal closed cat-
egories. Therefore, one can define ¥ -categories, ¥ -functors, and ¥ -natural transformations.
Before we say what these are, let us mention several examples of quantales.



A. Balan, A. Kurz, and J. Velebil

» Examples 2.1.

1. The two-element chain 2 = {0, 1} with the usual order, and tensor r ® s = r A s.

2. The real half line ([0, 0c], >g), with (extended) addition as tensor product.

3. The unit interval ([0, 1], >r) with tensor product r ® s = max(r, s).

4. The poset of all monotone functions f : [0,00] — [0, 1] such that the equality f(x) =
V y<z f(y) holds, with the pointwise order. It becomes a quantale with the tensor product

fegz =\ f@)- 9

z+y<z

having as unit the function mapping all nonzero elements to 1, and 0 to itself [10].

5. The three-element chain 3 = {0, 1,2} with usual order, and the (unique!) commutative
tensor product with unit 1, which necessarily satisfies 2 ® 2 = 2 (which can be seen by
tensoring both sides of 1 < 2 with 2). >

A (small) ¥ -category 2~ consists of a (small) set of objects, together with an object 2 (2, x)
in ¥, for each pair 2/, x of objects, subject to the following axioms

e< Z(z,x), Z(z,x)e X (2" )< (" x)

for all objects 2", 2’ and x in 2. A ¥-category £ is called discrete if 2 (z',x) = e for
7' =z, and L otherwise.
A ¥V -functor f: X — % is given by the object-assignment x +— fz, such that

2 (2 x) <Y (fa', fz)

holds for all 2/, z.
A ¥ -natural transformation f — g is given whenever

e<¥(fx,gx)
holds for all z. Thus, there is at most one ¥ -natural transformation between f and g.

» Example 2.2. The two-element chain 2 is a quantale. A small 2-category! 2" is precisely
a preorder, where ' < x iff 2" (2',z) = 1, while a 2-functor f : £ — % is a monotone
map. A 2-natural transformation f — g expresses that fx < gx holds for every x. Thus
2-cat is the category Preord of preorders and monotone maps.

A good intution is that ¥ -categories are (rather general) metric spaces and ¥'-functors
are nonexpanding maps. This intuition goes back to Lawvere [14]. We show next some
examples that explain this intuition. For more details, see also [16].

» Examples 2.3.

1. Let ¥ be the real half line ([0, 00, >R, +,0) as in Example 2.1.2. It is easy to see that a
small ¥-category can be identified with a set X and a mapping dx : X x X — [0, o]
such that (X, dx) is a generalized metric space. The slight generalization of the usual
notion lies in the fact that the distance function d is not necessarily symmetric and
dx(z',z) = 0 does not necessarily entail 2’ = .

A ¥-functor f: (X,dx) — (Y,dy) is then a exactly a nonexpanding mapping, i.e., one
satisfying the inequality dy (fz’, fz) < dx(a', x) for every z,2’ € X.

The existence of a ¥-natural transformation f — ¢ means that \/ dy (fz,gz) =0, i.e.,
the distance dy (fx, gx) is 0, for every x € X.

1 To not be confounded with the notion of a 2-category, that is, a Cat-enriched category.
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2. For the unit interval ¥ = ([0,1], >, max,0) from Example 2.1.3, a ¥-category is a

generalized ultrametric space (X,dx : X x X — [0,1]) [16, 20]. Again, the slight
generalization of the usual notion lies in the fact that the distance function d is not
necessarily symmetric and dx (z’,z) = 0 does not necessarily entail 2 = 2’. Similarly,
¥ -functors are precisely the nonexpanding maps, and the existence of a ¥ -natural
transformation f — g : (X,dx) — (Y, dy) means, again, that \/, dy (fz,gx) =0, i.e.,
the distance dy (fx, gx) is 0, for every x € X.

3. Using the quantale ¥ from Example 2.1.4 leads to probabilistic metric spaces: for a

¥ -category £, and for every pair z, =’ of objects of 2", the hom-object is a function
Z (', x) : [0,00] — [0, 1] with the intuitive meaning 2 («’, z)(r) = s holds iff s is the
probability that the distance from 2’ to x is smaller than r. See [6, 10].

4. Finally, for the three-element quantale from Example 2.1.5, ¥ -enriched categories arose in

the model of concurrency proposed by Gaifman and Pratt [8] under the name of prossets.
Explicitly, the objects of a ¥#-category can be seen as events subject to a schedule,
endowed with a preorder < and a binary relation <, where z < y iff 2'(z,y) > 1 (with
the interpretation that “y cannot begin before x begins, and cannot complete before z
completes”), and = < y iff 2 (z,y) = 2 (which is intended to mean “y cannot begin until
x has completed”).

2.2 Categories, functors and natural transformations, enriched in 7-cat

Suppose that ¥ = (¥,, ®, e, [—, —]) is a quantale. We denote by ¥-cat, the ordinary category
of all small ¥ -categories and all #-functors between them.

We recall (see for example [21]) that the ordinary category #-cat, has a monoidal closed
structure. The tensor product 2~ ® % is inherited from ¥". Namely, 2" ® # has as objects
the corresponding pairs of objects and we put

(% ® @)((xlv y/)7 (.%', y)) = %(xlv :L‘) ® @(3/7 y)
The unit for the tensor product is the ¥'-category 1, with one object 0 and ¥-hom 1(0,0) = e.
The ¥-functor — ® # : ¥-cat, — ¥-cat, has a right adjoint [#/, —]. Explicitly, [#, Z]
is the following ¥ -category:

1. Objects of [#, %] are ¥ -functors from % to Z.
2. The “distance” (%, Z](f,g) is \, Z(fy,9y).

It follows from [13] that the symmetric monoidal closed category (¥-cat,, ®,1,[—, —]) is
complete and cocomplete, with generator consisting of ¥ -categories of the form 2,., r € ;.
Here, every 2, has two objects 0 and 1, with #-homs

2,(0,0) =2,(1,1) = e, 2,(0,1) =7, 2,(1,0) = L 1)

Thus we can define ¥-cat-enriched categories, ¥-cat-functors and ¥-cat-natural trans-
formations.

A (small) ¥-cat-category X consists of a (small) set of objects X, Y, Z, ..., a small
¥ -category X(X,Y) for every pair X, Y of objects, and #-functors

ux 11— X(X,X), exyz: XY, Z)X(X,Y) — X(X,Z)
that represent the identity and composition and satisfy the usual axioms [12]:

1®cx v,z

X(Z, W)@ X(Y, Z) @ X(X,Y) —EX(Z,W) @ X(X, Z)

nyzyw®1l lCX,Z,W

X(Y, W) @ X(X,V) — 27 X(X, W)
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1@ X(X,Y) 2E5 X(Y,Y) @ X(X,Y) X(X,Y) ® X(X, X) 2 X(X,V)® 1

\ lcxyy cxxyl /

Objects of X(X,Y) will be sometimes denoted by f : X — Y and their “distance” by
X(X,Y)(f,g) in ¥. The action of cx y,z at objects (f’, f) in X(Y, Z) ® X(X,Y) is denoted
simply by f’- f, and for their distances the inequality below (expressing that cx y z is a
¥ -functor) holds:

X(Y,2) @ X(X, V) ((f.9), (f.9) < XX, Z)(f"- f. 9" 9)

A V-cat-functor F : X — Y is given by:

1. The assignment X — F X on objects.

2. For each pair of objects X, X" in X, a #-functor Fx/ x : X(X',X) — Y(FX', FX),
whose action on objects f : X’ — X is denoted by F'f : FX' — FX. For the distances
we have the inequality

XX X) (' f) SY(FX FX)(Ff,Ff)

Of course, the diagrams of 7#-functors below, expressing the preservation of unit and
composition, should commute:

X(X,X) XL Y(FX,FX)  X(Y,2) 0 X(X,Y) 222Ny Py, FZ) @ Y(FX, FY)
\ / X(X, 2) i Y(FX,FZ)

Given F,G : X — Y, a Y~cat-natural transformation 7 : F' — G is given by a collection
of Y-cat-functors 7x : 1 — Y(FX,GX), such that the diagram
TX®F X

1eX(X', X) — 3 Y(FX,GX)® Y(FX', FX)

CFX!',FX,GX

IR

X(X', X) Y(FX',GX)

m}x

X(X', X) ® 1 —— Y(FX',GX) @ Y(FX',GX')

X/ X ®Txr

IR

of ¥ -functors commutes. We shall abuse the notation and denote by 7x : FX — GX the
image in Y(FX,GX) of 0 in 1 under 7x : 1 — Y(FX,GX). The above diagram (when
read at the object-assignments of the ambient ¥ -functors) then translates as the equality

Gf'TX/:TX'Ff

of objects of the ¥-category Y(FX’,GX), for every object f : X’ — X. On hom-objects,
the above diagram says nothing? (recall that ¥, is a poset, hence there are no parallel pairs
of morphisms in ¥;).

Since ¥ -categories are “generalized metric spaces” (as seen in Examples 2.3), #-cat-
categories are “locally” metric spaces and #-cat-functors are “locally” nonexpanding.

The last bit of notation standard from enriched category theory concerns colimits. We
introduce it for ¥-cat-categories.

2 This is well-known for Preord-natural transformations: one only needs to verify ordinary naturality.
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» Definition 2.4. A colimit of a diagram D : D — X weighted by a ¥-cat-functor ¢ :
D°P — ¥-cat consists of an object ¢ * D of X, together with an isomorphism

X(‘)O * Da X) = [Dop, /V'Cat]((p7 X(D_7 X))
which is #-cat-natural in X.

In case D is the one-object #-cat-category, we can identify the ¥#-cat-functor D with an
object P of X and ¢ with a #-category . We write then % e P instead of ¢ * D.

» Example 2.5. Let Set denote in the sequel the free 7~ cat-category on the ordinary category
of sets and functions Set,. This means that Set(X’, X) = Set,(X’, X) @ 1, hence the homs of
Set are copowers of the one-element “metric” space, indexed by set-theoretical maps from
X’ to X (that is, Set(X’, X) is a discrete ¥-category). Observe that ordinary functors
Set, —» Set, automatically induce ¥-cat-enriched functors Set — Set, and similarly for
natural transformations between such ordinary functors.

3 Extensions from Set to ¥-cat

From now on, we fix a quantale #". We consider ¥-cat enriched over itself as usual, using its
internal hom described in Section 2.2, and Set as free ¥-cat-category (Example 2.5).
Denote by D” : Set — ¥~ cat the corresponding #-cat-enriched embedding. Explicitly, D”
maps a set X to the discrete ¥ -category having X as set of objects.

Notice that there is an ordinary adjunction DY + V7" : ¥-cat, — Set,, where the (ordinary)
functor V7 maps a ¥-category 2 to its set of objects of 2.

» Definition 3.1. Let T : Set —» Set, T : #-cat — #-cat be 7-cat-functors.
We say that a #-cat-natural isomorphism

Yecat — Ly Ycat

of #-cat-functors exhibits T as an extension of T. If additionally the above isomorphism
« is the unit of a left Kan extension, i.e., if T = Lanp» (D” T) holds, then we say that o
exhibits T as the ¥-cat-ification of T, and we shall denote it by Ty .

We say that a natural isomorphism

T,
Y-cat, ————— ¥-cat,

of ordinary functors exhibits T as a lifting of T.

» Examples 3.2.

1. The identity 7#-cat-functor Id : #-cat — ¥-cat is always an extension and a lifting of
the identity (¥-cat-)functor on Set.
In case the quantale has an element r satisfying e < r and r@r < r (consequently, r @r =
r), then the identity on Set has another lifting, namely Id, : #-cat — ¥#-cat, mapping
a ¥V-category 2 to the ¥ -category with same objects, and #-homs (Id,.2")(2',x) =
Z (2',x) ® r “shrinked” by r, and acting as identity on ¥ -functors.
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2. Extensions and liftings need not be unique. We have seen above an example for liftings,
now we give one for extensions. Suppose ¥ = 2 (thus ¥-cat is Preord). We shall then
denote simply by D : Set — Preord the discrete functor, omitting the superscript 2. It
has as (2-enriched!) left adjoint the functor C' : Preord — Set assigning to any preorder
X the set of its connected components. The composite 7 = DC : Preord — Preord is an
extension of Id : Set — Set. The latter follows from the fact that 7D = DCD = D holds

by virtue of the counit of C' 4 D. Hence both Id and 7 are extensions of Id : Set — Set.

We shall later show (Examples 3.7) that Id : ¥~cat — ¥-cat is, in fact, a ¥-cat-ification
of the identity functor on Set, for an arbitrary quantale #.

3. A Y-cat-ification T'y exists for every accessible functor T : Set — Set for rather trivial
reasons. More in detail, if 7" is A-accessible for a regular cardinal, then 7' = Lan, (T'Jy),
where J), : Sety — Set is the inclusion of the full subcategory Sety spanned by A-small
sets. Consequently,

Ty = Lanpy 5, (D" TJy)

exhibits Ty as Lanp» (D”'T) by [12, Theorem 4.47]. In particular, the #-cat-ification

(Tx)y exists for every polynomial functor

TeX =[] Set(n, X) e S

where ¥ : |Sety| — Set is a A-ary signature. We shall give an explicit formula for the
¥-cat-ification (T%)y later. <

We plan to show that for each endofunctor T on Set, its ¥-cat-ification exists. We shall
obtain this from the more general result below, which also will provide examples of liftings.

» Theorem 3.3. FEvery functor H : Set — ¥-cat has a ¥-cat-enriched left Kan extension
H*: ¥-cat — V-cat along D” : Set — ¥-cat.

Proof. We first introduce a ¥-cat-functor N : N°? — Y~cat. Its domain N is the free
¥-cat-category built upon the following ordinary category N: the objects are all r in ¥,
together with an extra symbol 2, with arrows dg : + — Q and 6] : r — €, for all r in 7.

We define N to be the ¥-cat-functor sending €2 to 1, and r to 2,.. Recall that 1 is the
unit one-object ¥ '-category with 1(0,0) = e, and 2, is the ¥'-category on two objects 0 and 1,
with the only non-trivial “distance” 2,.(0,1) = r, as introduced in Equation (1). The action
of N on arrows is defined as follows: N¢j : 1 — 2, sends 0 to 0, while N7 : 1 — 2, sends
0to 1.

Then, for every ¥ -category 2 , we consider the following ¥-cat-functor D4 : N — Set.

Since N is a free 7#-cat-category, it suffices to define an ordinary functor N — Set,. We
put D Q) to be the set of objects of 2. Every r is sent to the set D gr of pairs (2, ) of
objects such that r < 27(z’,z) holds. The mapping D o ¢ sends (z/,z) to 2’ and D g 8]
sends (z/, ) to x.
We prove the following facts:
1. The colimit N (D” Dg) in ¥-cat is isomorphic to 2 .
2. If we define H*2" as the colimit N % (HD ), then the assignment 2+ H*.2" can be
extended to a ¥-cat-functor that is a left Kan extension of H along D” .

Let us proceed:
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1. The colimit N * (D” Dg-) exists in #-cat, since the 7-cat-category N is small.

To ease the notation, we put D" Do Q = Za, DY Dar = Z,, DV Dg 6} = J;, and
DD g 67 = 0f.
Let us analyze the defining isomorphism

Y-cat(N * (D" Do), %) =[NP, ¥-cat|(N, ¥-cat(D” Dy —, %))

of ¥-categories, natural in %'
The ¥ -category [N°P, ¥-cat](N, ¥-cat(D” D g-—, %)) of N-weighted “cocones” for D” D -
is described as follows:
a. The objects are 7-cat-natural transformations 7 : N — #-cat(D” D g-—,#%). Each
such 7 consists of #-functors
i. 7g: NQ — V-cat(Zq, % ). Since NQ =1, 7 picks up a #-functor fq: Zo —
% . No other restrictions are imposed since 1(0,0) = e.
ii. 7.: Nr— Y-cat(Z;,%). This ¥ -functor picks up two ¥'-functors fj : Z, — ¥
and f] : 2, — #. Since Z, is discrete, both fo and f; are defined by their
object-assignments only. There is, however, the constraint below, because Nr = 2,.:

r< /\ @(fg(x/,x),ff(x’,x))

r<Z(z',z)

In addition to the above, there are various commutativity conditions since 7 is natural.
Explicitly, for d; : 1 — 2, we have the commutative square

NQ—2 ¥ cat(20,%)
Négl l“i/—cat(c')g,@)
Nr s V-cat(2;, %)

that, on the level of objects, is the requirement fo - 95 = fj. Analogously, the
requirement fq - 9] = f] holds.
We conclude that to give 7 reduces to a ¥-functor fo : Lo — % (and, recall, this
¥ -functor is given just by the object-assignment z — fqz, since Zq is discrete) such
that r < #(foa', fox) holds for every object (2/,z) in 2. and every r.
This means precisely that 2" (2/,z) < #(fqa', fox) holds.

b. Given 7 and 7/, then

N7, ¥-cat)(N, #-cat(D” Do —, #))(r,7') = \ ¥ (faz. for)

where fo corresponds to 7 and f{, corresponds to 7’.
From the above, it follows that the ¥ -functor ¢4 : Zo — 2 that sends each object x
to itself is the couniversal such “cocone”. More precisely, r < 2 (qa ', g2 ) holds for
every (z/,x) in %, and every r.
Furthermore, given any ¥-functor fqo : Zo — % with the above properties, then there
is a unique ¥'-functor f}i2 : X — % such that féq 2 = fq holds.
The “2-dimensional aspect” of the colimit says that

N (fiz, f52) = N2 (faz, fo)

Hence we have proved that 2 is isomorphic to N x (D” D).
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2. Suppose H : Set — ¥-cat is given.
a. We first define a 7-cat-functor H* : #-~cat — ¥-cat.

To make the notation less heavy, for every small ¥ -category 2~ and every r € ¥, we
denote by X, the set of pairs (2/,z) such that r < 2'(a’,x) and by Xq the set of
objects of Z". Analogously, for a #-functor f : & — %', we denote by f, : X, — Y,
and fq : Xq — Y the maps corresponding to (2/,z) — (fz’, fz) and the object
assignment of f, respectively. Let also denote dy = D 2-0j and df = D o-67.

For every small #-category 2, we put H*2" to be the colimit N x (HDgy-).
Unravelling the definition of the weighted colimit, the 1-dimensional aspect says that to
give a ¥ -functor f¥: H*2 — % is the same as to give a ¥-functor f : HXq — %

such that
r< N\ Z(fHd(C), fHI(C)) (2)
CeHX,
holds for all 7.3 In particular, there is a “quotient” ¥-functor co : HXq — H'Z
such that
r< N\ HPZ (co HAY(C),co HA(C)) (3)
CeHX,

holds for all r, with the property that any ¥-functor HXq — % satisfying (2)
uniquely factorizes through cg-.
The 2-dimensional aspect of the colimit says that given any f,g: HXq — %, the

relation
N Z(B)aB)= N\ Z(HA).d(A) (4)
BeHXq AeH!Z
holds.
For a ¥-functor f: Z° — % we recall that the diagram
dy
Xr :; XQ
dp
fTJ J{fﬂ
dy
Y, /=Y
dp

commutes serially. Hence f induces a ¥-cat-natural transformation Dy : Dg — Dy .
Therefore we can define H f : H*2" — H'% as the unique mediating ¥ -functor

In particular, we have the commutative diagram below:

HXq -2 mty

Hfs{ JHﬁf

HYq —22 s Hiwy

Also, from the 2-dimensional aspect of the colimit (see Eq. (4)), we have that for any
f,9: Z — %, the equality below holds:

N\ H%(coHfo(B),co Hgo(B)) = N\ HY(H'f(A),H'g(A) (5)

BeHXq AeH'Z

3 By slight abuse of language, we shall use here and subsequently notation like C' € HX, to mean that C'
runs through all objects in the ¥ -category H X.
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It remains to prove that the inequality
Vecat( 2, W) (f.g) < V-cat(H' 2, H'%)(H' f, H'g)

is satisfied. To that end, suppose that r < ¥-cat(Z", %)(f, g) holds. This is equivalent
to the fact that there is a mapping ¢ : Xqg — Y, such that the triangles

k ldg 90 Jd? (©)
YQ YQ

commute. In fact, t(x) = (f(z),g(z)). To prove that r < ¥-cat(H* 2, H*%)(H* f, H*g)
holds, we need to prove the inequality

r< N H9Y(H'f(A),H(A))

AeH!Z
This follows from:

r< N\ H'%(cyHdy(C),co Hd}(C)) by (3)
CeHY,

< N\ H'%(coy HdyHt(B), co Hdi Ht(B))
BeHXq

= N\ H'%(coHfo(B),co Hga(B)) by (6)
BeHXq

=\ H'@(H'[(A),H'g(A)) by (5)
AeH!Z

We proved that 2 — H*2 can be extended to a ¥-cat-functor H : #-cat — ¥-cat.

. We prove now that H* 2 Lan» H holds.

Due to the definition of H¥, there is a #-cat-natural isomorphism a : H — H!D”".
We prove that « is the unit of a left Kan extension.

Suppose that K : #-cat — ¥-cat is any ¥-cat-functor. To give a ¥-cat-natural
transformation 7 : H¥ — K is to give a collection 79 : H¥2" — K2 of ¥-functors
such that the square

HiY — 2 K%

| |+

HY —— S K%
Ty

commutes for every ¥ -functor f: & — ¥
The composite

H—mtp” 2% kD’
yields a natural transformation 7° : H¥ — KD”'.

Conversely, for every natural transformation o : H — KD”'| we define o : H¥ — K
at a ¥-category £ by considering first the composite

D Keg
HDy =KD" Doy —5 K2
which yields an% c H' 2 — K2 by the passage to colimit (where co- : D¥' Dy —
Z is the colimiting cocone).
The processes 7 — 7° and o — of are inverses to each other. <
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» Remark 3.4. The proof of the above theorem also provides a recipe on how to compute
the left Kan extension of a #-cat-functor H : Set — #-cat along D”". Recall the notation
such as X and X, from item 2.a of the proof. For a #-category 2, H*Z is the ¥-
category having the same objects as H X (that is, the underlying set of objects of the
¥ -category obtained by applying H to the set of objects of 27). The couniversal cocone
co : HXq — H®Z is the identity on objects. The ¥-homs are, for any two objects A’, A,
given by H* 2" (A’, A) =

V{HX(A', Ag) @ ® HXq(A}, A) @12 @ ... ® HXq(A), |, An_1) @1, ® HXq(An, A)}

where the join is computed over all (possibly empty) paths (Ao, A}, Ay,..., AL, A,) and

all (possibly empty) tuples of elements (ry,...,r,) such that there are C; € HX,, with
HA{ (C;) = Aj—q, HAP(C;) = AL, for all i = 1, n:
Che HX,, Cy e HX,, C,e HX,,

n17

» Corollary 3.5. Every T : Set — Set has a ¥-cat-ification.
Proof. Apply Theorem 3.3 to the composite H = D”'T : Set — ¥-cat. <

In particular, we obtain from the above that Id : #-cat — ¥-cat is the ¥-cat-ification of
Id : Set — Set. Thus by [12, Theorem 5.1],

» Proposition 3.6. The 7-cat-functor D” : Set — ¥-cat is dense.

Corollary 3.5, together with the proof of Theorem 3.3 (see the above remark), give us a
recipe of how to compute various #-cat-ifications.

» Examples 3.7 (The ¥-cat-ification of polynomial functors).

1. Let T :Set — Set, TX = S be a constant functor. Then Ty is again constant, where
Ty X = D78 for any ¥ -category 2 .

2. Let T : Set —» Set be the functor TX = X", for n a natural number. Then Ty maps a
¥ -category 2 to its n-th power 2™, where an easy computation shows

%n((wé’ s ax;z—l)’ (1'0’ EER) xnfl)) = %(xé)va) A ‘%( Tp—1sTn— 1)
3. If nis an arbitrary cardinal number, the ¥-cat-ification T of T : Set — Set, TX = X"
also exists and Ty 2" ((x}), (x;)) = \; Z («}, ;). That is, Ty 2" = 2.
4. The ¥-cat-ification of a finitary polynomial functor X +— [[,, X™ e ¥n is the “strongly
polynomial” #-cat-functor 2" — [[, 27" ® D7 ¥n, where n ranges through finite sets.

» Example 3.8 (The ¥-cat-ification of the powerset). Let P : Set — Set be the powerset
functor. By Theorem 3.3 and Corollary 3.5, its #-cat-ification Py is defined as follows. Let
Z be any small ¥-category. Then the objects of Py 2" are subsets of the set of objects of
&, while the ¥-“distances” in Py 2" are computed as follows:

Py 2 (A", A) = \/{s| thereis B in PX, st. Pd§(B) = A" and Pdj(B) = A}

S

:\/{s| Vo' e Az e A s< Z(¢/,z)andVe e Aa' € A.s < Z'(2,x) }
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If the quantale ¥ is constructively completely distributive [7, 19], as it is the case with
¥ =[0,1] and ¥ = [0, 00|, then the above is equivalent to the following:

sup{ sup inf 2'(2/,z), sup inf 2Z(a',z)} (7)
2/ €A zEA TEA B'EA!

where we switched notation to the dual order (that is, the natural “less-or-equal” order in
case of reals). So we write inf for \/ and sup for A, in order to emphasise the interpretation
of ¥-cat as metric spaces.
Recall that this metric is known as the Pompeiu-Hausdorff metric ([9, §28], [15, §21]).
We should mention also the connection with the work of [1]. Finally, observe that in
case ¥ = 2 (ie ¥-cat = Preord), the above specializes to the locally monotone functor
P, : Preord — Preord which sends a preorder (X, <) to the Egli-Milner preorder

ACA if ViaieATJecAr <zandVa' eAIJzxecA.2/' <z
on the powerset PX.

» Remark 3.9. The #-cat-functor D” : Set — ¥-cat preserves conical colimits. This follows
from the D) being an ordinary left adjoint. However, the ¥-cat-functor D” : Set — ¥-cat
is not a left #-cat-adjoint, as its ordinary right adjoint functor V” cannot be extended to a
¥-cat-functor.

» Proposition 3.10. The assignment (—)y : [Set,Set] — [¥-cat, ¥-cat], T — Ty of the
¥/ -cat-ification preserves all colimits preserved by D7 : Set — ¥-cat. In particular, T — Ty
preserves conical colimits.

Proof. Any natural transformation 7 : 7' — S induces a #-cat-natural transformation
(t9)or = Nx(D”71Dy): Nx (D" TDy) — N+ (D" SDy)
Since any colimit is cocontinuous in its weight and since
N+ (D”TDy)= (D"TDy)+ N

holds, the assignment 7' — Ty preserves all colimits that are preserved by D” : Set — #~cat.
The last statement follows from Remark 3.9. <

» Corollary 3.11. Suppose that the coequalizer
A v
Tp :; TE — T
P

is the equational presentation of a A-accessible functor T : Set — Set. Then the ¥-cat-
ification Ty can be obtained as the coequalizer

Av Yv
(Tr)y —= (Tx)y —— Ty

in [V-cat, ¥-cat].
Proof. A coequalizer is a conical colimit. Now use Proposition 3.10. |

» Remark 3.12 (The ¥#-cat-ification of finitary functors). Corollary 3.11 allows us to say that
the ¥-cat-ification Ty of a finitary functor T is given by imposing the “same” operations
and equations in ¥-cat.



A. Balan, A. Kurz, and J. Velebil

Intuitively, the endofunctors on 7-cat that arise as left Kan extensions along the discrete
functor D" are the 7-cat-endofunctors definable in “discrete arities”. This statement will be
made formal in future work, here we restrict ourselves to a basic example.

» Example 3.13. Consider a set A and the associate stream functor 7' : Set — Set,
TX = X x A. If A carries the additional structure of a ¥-category (that, is, there is a
¥ -category &/ with underlying set of objects A), then T, can be written as the composite
V” H, where H : Set — ¥-cat is the #-cat-functor HX = D” X ® &/. Now it is immediate
to see that the latter extends to the stream functor H* on #-cat over the “generalized metric

space” o/, mapping a ¥ -category 2~ to the tensor product of ¥ -categories H'2 = 2" ® < .

The above example is typical. It happens quite often for endofunctors on Set to carry an
interesting ¥ -metric where TX is a ¥-category rather than a mere set, for every X, and
this structure is compatible with substitution. The following generalizes the notion of an
order on a functor [11] from ¥ = 2.

» Definition 3.14. Let T : Set — Set be a functor. We say that T' carries a ¥ -metric if
there is a ¥-cat-functor H : Set — ¥-cat such that T' coincides with the composite

H, v
Set, —— ¥-cat, — Set, .

Let T and H be as in the above definition. How are T and H?, the left Kan extension of H
along D” as provided by Theorem 3.3, related? As D is fully faithful, the unit H — H*D”
of the left Kan extension is a #-cat-natural isomorphism. Hence T, = V” H, 2 V" H!*D”;
using now the counit of the ordinary adjunction D} 4 V" we obtain an ordinary natural
transformation

8T,V — Vq’/HOn : ¥-cat, — Set,.

» Proposition 3.15. The natural transformation B is component-wise bijective.
Consequently, H? is a lifting of T to #-cat.

» Example 3.16 (The Kantorovich lifting). Let T : Set — Set be a functor and let © :
TY — ¥ be a map (a ¥-valued predicate lifting), where by slight abuse we identify the
quantale with its underlying set of elements. We ask for ¢ to be #-monotone, in the following
sense: for every set X and maps h,k: X — ¥, the inequality

A (@) k@) < N\ [O(T(h)(A)), AT (k)(A))]

zeX AeTX

should hold.* Using the #-valued predicate lifting ¥, we can endow 7 with a #-metric
as follows: for each set X, put HX to be the ¥ -category with set of objects T X, and
¥ -distances
(HX)(A,A) = N\ [OT(h)(A), AT(h)(A))]
h:X—Y

where A’, A are elements of TX. For a function f : X — Y, we let H f act as T'f on objects.
It is easy to see that the above defines indeed a ¥ -metric for T, that is, a #-cat-functor
H : Set — ¥-cat (the ¥-cat-enrichment being a consequence of Set being free as a ¥-cat-
category) with V”' H, = T. The corresponding lifting H* specializes to the Kantorovich

4 This generalizes the notion of a monotone predicate lifting from the two-elements quantale to arbitrary
¥, see [3, Section 7.
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lifting as defined in [4] in case ¥ = [0, 0o]. Explicitly, a ¥-category 2~ gets mapped to the
small ¥ -category H! .2 with set of objects T X and #-homs

H'2(A,A) =\ [QT(ha)(A)), 9T (ha)(A))]
h: X —V

for every A’, A in T Xq, where this time h ranges over ¥-functors.

4 Relating behaviours across different base categories

In the previous section, we have shown that every 7-cat-functor H : Set — ¥-cat has a left
Kan extension along D”, denoted H*. Now, each such functor induces a set-endofunctor
simply by forgetting the #-cat-structure

H, v’
Set, —— ¥-cat —— Set,

In the special case when H is D” T, the above composite gives back T, and H* is Ty, the
V- cat-ification of T

We plan to see how the corresponding behaviors are related. In particular, we show that
if Ty is the ¥-cat-ification of T : Set — Set, then Ty -behaviour and T-behaviour coincide
under some conditions imposed on the base quantale ¥". This requires comparing behaviours
across different base categories.

» Remark 4.1. For each quantale ¥, the inclusion (quantale morphism) d : 2 — ¥ given
by 0 +— 0,1 — e has a right adjoint (as it preserves suprema), denoted v : ¥ — 2 which
maps an element r of ¥ to 1 if e < r, and to 0 otherwise.’

This induces as usual the change-of-base adjunction (even a 2-adjunction, see [5])

d d.
— —
e — Preord , 1 7 7-cat
A% Vi

Explicitly, the functor d, maps a preordered set X to the ¥ -category d, X with same set of
objects, and ¥-homs given by d. X (z/,z) = e if 2’ <z, and L otherwise. Its right adjoint
transforms a ¥ -category 2 into the preorder v, Z with same objects again, and order
o <ziff e < Z'(a',x) holds. Hence d,. X is the free ¥-category on the preorder X, while
v, Z is the underlying ordinary category (which happens to be a preorder, due to simple
nature of quantales) of the ¥ -category 2 .

Note that d, is both a ¥-cat-functor and a Preord-functor, while its right adjoint v, (in
fact, the whole adjunction d, - v.) is only Preord-enriched.

In case ¥ is nontrivial, and e and T coincide (the quantale is integral), the embedding
d:2 — ¥ has also a left adjoint ¢ : ¥ — 2, given by c(r) = 0 iff r = L, otherwise c(r) = 1.
Notice that c is only a colax morphism of quantales, in the sense that c(e) <1 (in fact, here
we have equality!) and c(r ® s) < c(r) Ac(s), for all 7, s in ¥

We shall in the sequel assume that c is actually a morphism of quantales. The reader can
check that this boils down to the requirement that r ® s = L in 7 impliesr = 1 or s = L.

That is, the quantale has no zero divisors. All our examples satisfy this assumption.

5 Notice that v is only a laz morphism of quantales, being right adjoint.
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If this is the case, d, also has a left adjoint c, mapping a ¥ -category 2" to the preorder
c. 2 with same objects, such that 2/ < z iff 27 (2’,2) # L, and the adjunction c, = d, is
Y- cat-enriched:

C Cx
25 1L v > Preord ™ 1 V-cat
d dy

From the above remark we obtain the following:

» Proposition 4.2. Let ¥ be an arbitrary quantale and let dw

T : Preord —> Preord be a locally monotone functor (that  Coalg(T) - . Coalg(T)
is, Preord-enriched) and T : ¥-cat — ¥-cat be a lifting —

ofj“\ to V-cat (meaning that T is ¥-cat-functor such that

v.T = T, holds). Then the locally monotone adjunction de
d.  v. lifts to a locally monotone adjunction d. - V. Preord /T\) 9. cat
between the associated Preord-categories of coalgebras. —_—

» Proposition 4.3. Assume now that ¥V is a non-trivial ~
integral quantale without zero divisors. Let again T :

Preord — Preord be a locally monotone functor, but this Coalg(T) + Coalg(T)
time consider T : ¥-cat — ¥-cat be an extension off d.

to ¥-cat (meaning that T is a ¥-cat-functor, such that

Td, = fd* holds). Then the ¥-cat-adjunction c. = d. Kc*\

lifts to a V-cat-adjunction c, = d. between the associated Preord -+ V-cat
V-cat-categories of coalgebras. du

We come back now to the discrete functor D : Set — ¥-cat. It is easy to see that it
decomposes as d,D : Set — Preord — ¥-cat. Additionally, recall the following (see also
Example 3.2.2):

1. There are locally monotone functors D : Set — Preord, C : Preord —> Set, where
D maps a set to its discrete preorder and C maps a preorder to its set of connected
components.

2. There is a chain C, 4 D, 4V : Preord — Set of ordinary adjunctions where V is the
underlying-set forgetful functor.

3. The locally monotone adjunction C' < D is ¥-cat-enriched.

c
> Lemma 4.4 ([2]). Let T : Set — Set and T : Coalg(T) L Coalg(T)
Preord — Preord an extension of T (a locally monotone 5
functor such that DT =2 TD). Then the locally monotone
adjunction C 4 D lifts to a locally monotone adjunction c
C - D between the associated categories of coalgebras: Set </T\ Preord

e

Consequently, D will preserve limits, in particular, the final coalgebra (if it exists).
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D,
> Lemma 4.5 ([2]). Let T : Set — Set and T : Coalg(f)/TNCoalg(Ty/)
Preord — Preord a lifting of T' (an ordinary functor K7/
such that TV = VT). Then the ordinary adjunction
D, 14V lifts to an ordinary adjunction ]50 4V between D,
the associated categories of coalgebras. Set— 1 Preord
- -
%

Consequently, V will preserve limits; in particular, the underlying set of the final f—coalgebra
(if it exists) will be the final T-coalgebra.

» Remark 4.6. We have shown in the previous section that D7 = d.D is ¥-cat-dense.
Using that D is fully faithful, it follows from [12, Theorem 5.13] that also d is #-cat-dense
and that d, = Lanp(D”) holds.

Let T : Set —» Set and denote by T% is 2-cat-ification, that is, its Preord-ification [3].
Then the ¥-cat-ification Ty of T' can be computed in two stages, as follows:

Ty = Lanpy (D”'T)
= Lany, p)(d«DT) = Lang, (Lanp(d.DT)) by  [12, Theorem 4.47]
& Lang, (Lanp(d.12 D)) (because DT = T» D)
& Lang, (d,7%) by  [12, Theorem 5.29]

where the last isomorphism holds because the composite d,T> preserves all colimits
Preord(D—, X) * D, for X in Preord. To see this, notice first that 7, does so by construction,
while for d, it follows from being Lanp(D”") = Lanp(d.D), again using [12, Theorem 5.29)].
The above simply says that
The ¥-cat-ification of an endofunctor T of Set can be obtained as taking first the
Preord-ification T» : Preord — Preord, 6 then computing the left Kan extension along

T d.
d, : Preord — ¥-cat of the composite Preord —— Preord —— ¥-cat .
Putting things together we now obtain

» Theorem 4.7. Let ¥ be a non-trivial integral quantale without zero divisors, and
T : Set — Set an arbitrary endofunctor, with ¥-cat-ification Ty : ¥-cat —> ¥-cat.
Then the ¥-cat-adjunctions C 4 D : Set — Preord, c, - d, : Preord — ¥-cat lift to
V-cat-adjunctions between the associated V-cat-categories of coalgebras:

C [
h
Coalg(T) NN Coalg(T2) L Coalg(Ty)
D d.
C Cx
e
Set* 1 Preord L V-cat
B e 4
D d.

Since the #-cat-ification T of an endofunctor T on Set is supposed to be “T in the world of
¥ -categories”, the theorem above confirms the expectation that final T% -coalgebras have a

5 Which has been considered in [3]; note in particular that 7> is also a lifting of T" to Preord.
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discrete metric. In fact, we can say that the final T-coalgebra is the final T -coalgebra, if we
consider Coalg(T') as a full (enriched-reflective) subcategory of Coalg(Ty ).

The next theorem deals with a more general situation where the final metric-coalgebra is the
final set-coalgebra with an additional metric. This includes in particular the case where T is
H* for some H : Set — ¥-cat with V" H, = T,.

» Theorem 4.8. Let ¥V be a quantale, T : Set — Set be an arbitrary endofunctor, T :
Preord — Preord a lifting of T to Preord, and T : ¥-cat — ¥-cat be a lifting off to ¥-cat.
Then the ordinary adjunction D, 4V : Set — Preord, respectively the Preord-adjunction
d, - vi : Preord — ¥-cat lift to adjunctions between the associated ¥-cat-categories of
coalgebras:

» Example 4.9. Recall from Example 3.13 the stream functor 7" : Set — Set, TX = X x A,
and its lifting H® : #~cat — ¥-cat, H* 2 = 2 ® «/. Assume that the quantale is integral.
Then the final coalgebra is the ¥-category &/ ®> having streams over A as objects, with
¥ -distances

9% ((an)n, (bn)n) = /\{JZ{(QOa bo) ® o (a1,b1) @ ... (an,by)}

If ¥ is the real half-line from Example 2.1.2, and &/ is the two-elements metric space
{0,1} with #-distances «7(0,1) = &/(1,0) = 1, &7(0,0) = «7(1,1) = 0, we obtain that the
¥ -distance between two streams is n iff they are different on at most n positions.

5 Conclusions

We showed that every functor H : Set — #~cat has a left-Kan extension H*, and that the
final H!-coalgebra is the final V¥ H,-coalgebra equipped with a % -metric. In the case where
H takes only discrete values, the final coalgebra is discrete as well.

Acknowledgements. We thank the anonymous referees for valuable comments that im-
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