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Abstract. We investigate the relationship between computable metric
spaces (X, d, α) and (X, d, β), where (X, d) is a given metric space. In the
case of Euclidean space, α and β are equivalent up to isometry, which
does not hold in general. We introduce the notion of effectively dispersed
metric space. This notion is essential in the proof of the main result of
this paper: (X, d, α) is effectively totally bounded if and only if (X, d, β)
is effectively totally bounded, i.e. the property that a computable metric
space is effectively totally bounded (and in particular effectively com-
pact) depends only on the underlying metric space.

1 Introduction

Let k ∈ IN, k ≥ 1. We say that a function f : INk → Q is recursive if there exist

recursive functions a, b, c : INk → IN such that f(x) = (−1)c(x) a(x)
b(x)+1 , ∀x ∈ INk.

A function f : INk → IR is said to be recursive if there exists a recursive
function F : INk+1 → Q such that |f(x)− F (x, i)| < 2−i, ∀x ∈ INk, ∀i ∈ IN.

A tuple (X, d, α) is said to be a computable metric space if (X, d) is a
metric space and α : IN→ X is a sequence dense in (X, d) such that the function
IN2 → IR, (i, j) 7→ d(α(i), α(j)) is recursive. We say that α is an effective
separating sequence in (X, d) (cf. [3]). If (X, d, α) is a computable metric
space, then a sequence (xi) in X is said to be recursive in (X, d, α) if there
exists a recursive function F : IN2 → IN such that d(xi, αF (i,k)) < 2−k, ∀i, k ∈ IN
and a point a ∈ X is said to be recursive in (X, d, α) if the constant sequence
a, a, . . . is recursive. For example, if q : IN → Q is a recursive surjection, then
(IR, d, q) is a computable metric space, where d is the Euclidean metric on IR. A
sequence (xi) is recursive in this computable metric space if and only if (xi) is a
recursive sequence of real numbers and a ∈ IR is a recursive point in this space
if and only if a is a recursive number.

Let (X, d) be a metric space and let S be a nonempty set whose elements
are sequences in X. We say that S is a computability structure on (X, d) (cf.
[3]) if the following three properties hold:

(i) if (xi), (yj) ∈ S, then the function IN2 → IR, (i, j) 7→ d(xi, yj) is recursive;
(ii) if (xi)i∈IN ∈ S, then (xf(i))i∈IN ∈ S for any recursive function f : IN→ IN;

(iii) if (yi) is a sequence in X such that d(yi, xF (i,k)) < 2−k, ∀i, k ∈ IN, where

F : IN2 → IN is a recursive function and (xi) ∈ S, then (yi) ∈ S.
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Let (X, d) be a metric space. If α is an effective separating sequence in (X, d),
then the set Sα of all recursive sequences in (X, d, α) is an example of a com-
putability structure on (X, d). Suppose now that α and β are effective separating
sequences in (X, d). We say that α is equivalent to β, α ∼ β, if α is a recursive
sequence in (X, d, β). It follows easily that α ∼ β if and only if Sα = Sβ .

A closed subset S of a computable metric space (X, d, α) is said to be recur-
sively enumerable if {i ∈ IN | Ii∩S 6= ∅} is an r.e. set, where (Ii) is some effective
enumeration of all open rational balls in (X, d, α), co-recursively enumerable if
X \ S = ∪i∈INIf(i), where f : IN → IN is a recursive function and recursive if it
is both r.e. and co-r.e. ([1]). It is not hard to see that if α ∼ β, then S is r.e.
(co-r.e.) in (X, d, α) if and only if S is r.e. (co-r.e.) in (X, d, β) and consequently
S is recursive in (X, d, α) if and only if S is recursive in (X, d, β). Hence the
notions of recursive enumerability, co-recursive enumerability and recursiveness
of a set are examples of notions which depend only on the induced computability
structure and not on particular α which induces that structure.

If α and β are effective separating sequences in a metric space (X, d), then
α and β need not be equivalent. For example, if c ∈ IR is a nonrecursive number
and (αi) a recursive sequence of real numbers dense in (IR, d), where d is the
Euclidean metric, then (αi + c) is an effective separating sequence in (IR, d), c is
a recursive point in (IR, d, (αi + c)) and c is not recursive in (IR, d, (αi)). Hence
(αi) and (αi + c) are not equivalent.

Let (X, d, (αi)) be a computable metric space and f an isometry of (X, d).
By an isometry of (X, d) we mean a surjective map f : X → X such that
d(f(x), f(y)) = d(x, y), ∀x, y ∈ X. Then (X, d, (f(αi))) is also a computable
metric space and in general the sequences (αi) and (f(αi)) are not equivalent by
the previous example. Note that f “maps” the computability structure induced
by (αi) on the computability structure induced by (f(αi)), i.e.

S(f(αi)) = {(f(xi)) | (xi) ∈ S(αi)}.

In particular, if A is the set of all recursive points in (X, d, (αi)) and B the set
of all recursive points in (X, d, (f(αi))), then f(A) = B.

We say that effective separating sequences (αi) and (βi) in a metric space
(X, d) are equivalent up to isometry if (αi) ∼ (f(βi)) for some isometry f of
(X, d). It is easy to see that this relation is an equivalence relation on the set of
all effective separating sequences in (X, d).

If (X, d, α) is a computable metric space, then clearly the metric space (X, d)
is totally bounded if and only if for each k ∈ IN there exists m ∈ IN such that
X = ∪0≤i≤mB(αi, 2

−k). Here B(x, r) for x ∈ X and r > 0 denotes the open
ball of radius r centered at x. We say that a computable metric space (X, d, α)
is effectively totally bounded if there exists a recursive function f : IN→ IN
such that

X =

f(k)⋃
i=0

B(αi, 2
−k),

∀k ∈ IN ([3]).
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Example 1. If S is a recursive nonempty compact subset of IRn, then there exists
a recursive sequence (xi) in S and a recursive function f : IN → IN such that
S ⊆ ∪0≤i≤f(k)B(xi, 2

−k), ∀k ∈ IN ([4]) and therefore (S, d, (xi)) is an effectively
totally bounded computable metric space, where d is the Euclidean metric on S.

Example 2. Let ω : IN → Q be a recursive sequence which converges to a non-
recursive number γ ∈ IR and such that ω(0) = 0, ω(i) < ω(i + 1), ∀i ∈ IN. It
is easy to construct a recursive sequence of rational numbers α which is dense
in [0, γ]. Then the tuple ([0, γ], d, α) is a computable metric space, where d is
the Euclidean metric on [0, γ]. Suppose that ([0, γ], d, α) is effectively totally
bounded. Then [0, γ] = ∪0≤i≤f(k)B(αi, 2

−k), ∀k ∈ IN, for some recursive func-
tion f : IN → IN. If h : IN → Q is defined by h(k) = max{αi | 0 ≤ i ≤ f(k)},
k ∈ IN, then h is a recursive function and |γ − h(k)| < 2−k, ∀k ∈ IN which con-
tradicts the fact that γ is a nonrecursive number. Hence the computable metric
space ([0, γ], d, α) is not effectively totally bounded, although the metric space
([0, γ], d) is totally bounded.

It is not hard to check that if α and β are equivalent effective separating
sequences in a metric space (X, d), then (X, d, α) is effectively totally bounded
if and only if (X, d, β) is effectively totally bounded. Furthermore, if f is an
isometry of (X, d) and (αi) an effective separating sequence, then (X, d, (αi))
is effectively totally bounded if and only if (X, d, (f(αi))) is effectively totally
bounded. This follows immediately from the fact that f(B(x, r)) = B(f(x), r),
∀x ∈ X, ∀r > 0. Therefore, if α and β are effective separating sequences equiv-
alent up to isometry, then (X, d, α) is effectively totally bounded if and only if
(X, d, β) is effectively totally bounded.

There exist totally bounded metric spaces with effective separating sequences
nonequivalent up to isometry (Section 2). Nevertheless, the equivalence

(X, d, α) effectively totally bounded ⇔ (X, d, β) effectively totally bounded
(1)

holds in general and that is the main result of this paper which will be proved in
Section 3 where we introduce the notion of effectively dispersed metric space. In
Section 2 we also prove that each two effective separating sequence in Euclidean
space IRn are equivalent up to isometry.

2 Isometries and computability structures

Let n ≥ 1 and let d be the Euclidean metric on IRn. The main step in proving
that every two effective separating sequences in (IRn, d) are equivalent up to
isometry is the following proposition.

Proposition 1. Let a0, . . . , an be recursive points in IRn which are geometrically
independent (i.e. a1 − a0, . . . , an − a0 are linearly independent vectors) and let
(xi) be a sequence in IRn such that (d(xi, ak))i∈IN is a recursive sequence of real
numbers for each k ∈ {0, . . . , n}. Then (xi) is a recursive sequence.
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Proposition 1 is essentially a consequence of the fact that we can compute each
component of xi by certain formula which involves addition, subtraction, mul-
tiplication and division of numbers d(xi, a0), . . . , d(xi, an) and components of
the points a0, . . . , an. It follows from Proposition 1 that for geometrically inde-
pendent recursive points a0, . . . , an in IRn and x ∈ IN the following implication
holds:

the numbers d(x, a0), . . . , d(x, an) are recursive ⇒ the point x is recursive.
(2)

However, in a general computable metric space it is not possible to find n ∈ N
and recursive points a0, . . . , an such that the implication (2) holds. This shows
the following example.

Example 3. Let p be the metric on IR2 given by p((x1, y1), (x2, y2)) = max{|x2−
x1|, |y2 − y1|}. If (αi) is a recursive dense sequence in IR2, then (IR2, p, (αi)) is
a computable metric space and the induced computability structure coincides
with the usual computability structure on IR2. Suppose (x0, y0), . . . , (xk, yk)
are any recursive points in IR2. Let M > 0 be some upper bound of the set
{|x0|, |y0|, . . . , |xk|, |yk|}. Let a, b ∈ IR be such that a > 3M, |b| < M and such
that a is a recursive, and b a nonrecursive number. Then p((a, b), (x0, y0)), . . .
p((a, b), (xk, yk)) are recursive numbers, but (a, b) is a nonrecursive point.

The following corollary is an immediate consequence of Proposition 1.

Corollary 1. Suppose (IRn, d, α) is a computable metric space, f : IRn → IRn

an isometry and a0, . . . , an recursive points in (IRn, d, α) which are geometrically
independent and such that f(a0), . . . , f(an) are recursive points in IRn in the
usual sense. Then f ◦ α is a recursive sequence in the usual sense.

The next step in proving that every two effective separating sequences in
(IRn, d) are equivalent up to isometry is the following lemma.

Lemma 1. Let a0, . . . , an be geometrically independent points in IRn such that
d(ai, aj) is a recursive number for all i, j ∈ {0, . . . , n}. Then there exists an
isometry f : IRn → IRn such that f(a0), . . . , f(an) are recursive points.

The idea in the proof of Lemma 1 is to find an isometry f : IRn → IRn such
that f(a0) = (0, . . . , 0), f(ai) ∈ {(t1, . . . , ti, 0, . . . , 0) | t1, . . . , ti ∈ IR, ti 6= 0},
∀i ∈ {1, . . . , n} and then to show that the points f(a0), . . . , f(an) are recursive.

Proposition 2. Let (αi) be an effective separating sequence in IRn. Then there
exists an isometry f : IRn → IRn such that (f(αi)) is a recursive sequence in
IRn.

Proof. Let i0, . . . , in ∈ IN be such that αi0 , . . . , αin are geometrically indepen-
dent points. By Lemma 1 there exists an isometry f : IRn → IRn such that
f(ai0), . . . , f(ain) are recursive points. The claim of the theorem now follows
from Corollary 1. ut
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Note the following: if (xi) and (yi) are recursive dense sequences in IRn,
then (xi) and (yi) are equivalent as effective separating sequences. This and
Proposition 2 imply the following.

Theorem 1. If α and β are effective separating sequences in (IRn, d), then α
and β are equivalent up to isometry.

Euclidean space IRn is not totally bounded, but each open (or closed) ball
in IRn is totally bounded. We say that a computable metric space (X, d, α) can
be exhausted effectively by totally bounded balls if there exists x̃ ∈ X
and a recursive function F : IN2 → IN such that

B(x̃,m) ⊆
F (k,m)⋃
i=0

B(αi, 2
−k),

∀k,m ∈ IN. It is clear that if such a function F exists for one x̃ ∈ X, then
it exists for each x̃ ∈ X. It is obvious that each effectively totally bounded
computable metric space can be exhausted effectively by totally bounded balls.
Furthermore, if α is some recursive dense sequence in IRn, then (IRn, d, α) can be
exhausted effectively by totally bounded balls. It is easy to conclude from this
and Theorem 1 that any computable metric space of the form (IRn, d, α) can be
exhausted effectively by totally bounded balls.

In the contrast to the fact that the equivalence (1) holds in general, which
will be proved later, the equivalence

(X, d, α) can be exhausted effectively by totally bounded balls

m

(X, d, β) can be exhausted effectively by totally bounded balls

does not hold in general, as the following example shows.

Example 4. Let the number γ be as in Example 2. It is easy to construct a
recursive sequence of rational numbers α′ which is dense in 〈−∞, γ]. Let d be
the Euclidean metric on 〈−∞, 0] and let (xi) be some recursive sequence of
real numbers which is dense in 〈−∞, 0]. Then the computable metric space
(〈−∞, 0], d, (xi)) can be exhausted effectively by totally bounded balls. On the
other hand, if α : IN → 〈−∞, 0] is defined by α(i) = α′(i) − γ, then α is an
effective separating sequence in (〈−∞, 0], d) and the computable metric space
(〈−∞, 0], d, α) cannot be exhausted effectively by totally bounded balls which
can be deduced from the fact that 0 is not a recursive point in this space.

The previous example also shows that effective separating sequences in a
metric space (X, d) need not be equivalent up to isometry. The following two ex-
amples show that effective separating sequences in (X, d) need not be equivalent
up to isometry even when (X, d) is totally bounded.
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Example 5. Let ([0, γ], d, α) be the computable metric space of Example 2. Let

α′ : IN → IR be defined by α′(2i) = α(i)
2 , α′(2i + 1) = −α(i)2 , i ∈ IN and

let α′′ : IN → [0, γ] be defined by α′′(i) = α′(i) + γ
2 . Then α′′ is an effective

separating sequence in ([0, γ], d). Since the point γ
2 is recursive in ([0, γ], d, α′′),

but not in ([0, γ], d, α), and since γ
2 is a fixed point of each isometry of ([0, γ], d)

(namely the only isometries are the identity and the map t 7→ γ − t, t ∈ [0, γ]),
we conclude that effective separating sequences α and α′′ are not equivalent.

Example 6. Let S be the unit circle in IR2 and let d be the Euclidean metric
on S. Since S is a recursive set, there exists a recursive sequence (xi) in S
such that (S, d, (xi)) is an effectively totally bounded computable metric space
(Example 1). Let f : IR2 → IR2 be a rotation with the center (0, 0) such that
f(1, 0) is a nonrecursive point. Then (f(xi)) is an effective separating sequence
in (S, d) nonequivalent to (xi). Let A = {xi | i ∈ IN} ∪ {f(xi) | i ∈ IN}, let
T = {(x, y) ∈ S | x ≤ 0 or (x, y) ∈ A} and let d′ be the Euclidean metric on
T. Then (xi) and (yi) are effective separating sequences in (T, d′) and it follows
easily that they are not equivalent up to isometry in this metric space.

3 Effective dispersion

Let (X, d) be a metric space. A nonempty subset S of X is said to be r−dense
in (X, d), where r ∈ IR, r > 0, if X = ∪s∈SB(s, r). Note that a set S is dense
in (X, d) if and only if S is r−dense in (X, d) for all r > 0. We say that a finite
sequence x0, . . . , xn of points in X is r−dense in (X, d) if the set {x0, . . . , xn} is
r−dense in (X, d). Hence (X, d) is totally bounded if and only if for each ε > 0
there exists a finite sequence of points in X which is ε−dense in (X, d).

Let s ∈ IR. A nonempty subset S of X is said to be s−dispersed in (X, d)
if d(x, y) > s, ∀x, y ∈ S, x 6= y. A finite sequence x0, . . . , xn of points in X
is said to be s−dispersed in (X, d) if d(xi, xj) > s, ∀i, j ∈ {0, . . . , n}, i 6= j.
Note that if x0, . . . , xn is an s-dispersed finite sequence, then {x0, . . . , xn} is an
s−dispersed set, while converse does not hold in general.

Proposition 3. Let (X, d) be a totally bounded metric space and let s > 0.
Then the set A = {k ∈ IN | there exists a finite sequence x1, . . . , xk which is
s−dispersed in (X, d)} is finite.

Proof. Let y0, . . . , yp be an s
2−dense finite sequence in (X, d). Suppose that

a finite sequence x1, . . . , xk is s−dispersed. For each i ∈ {1, . . . , k} let ji ∈
{0, . . . , p} be such that xi ∈ B(yji ,

s
2 ). If i, i′ ∈ {1, . . . , k}, i 6= i′, then ji 6= ji′

since d(xi, xi′) > s. Therefore we have an injection {1, . . . , k} → {0, . . . , p},
hence k < p. This shows that A is finite. ut

Let (X, d) be a totally bounded metric space. If S ⊆ X, S 6= ∅, and s > 0,
then, by Proposition 3, the set {k ∈ IN | there exists a finite sequence x1, . . . , xk
of points in S which is s−dispersed in (X, d)} is finite. We denote the maximum
of this set by ρ(S, s). If x0, . . . , xn is a finite sequence in X, then we will write
ρ(x0, . . . , xn; s) instead of ρ({x0, . . . , xn}, s).
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Example 7. With the Euclidean metric on [0, 3] we have ρ([0, 1], s) = 1 if s ≥ 1,

ρ([0, 1], s) = 2 if s ∈
[
1
2 , 1
〉

and ρ(0, 1, 3; s) =

1, 3 ≤ s,
2, 1 ≤ s < 3,
3, 0 < s < 1.

Suppose (X, d) is a totally bounded metric space, s > 0 and n = ρ(X, s2 ).
Then there exists a finite sequence x0, . . . , xn−1 which is s

2−dispersed in (X, d)
and such that the finite sequence a, x0, . . . , xn−1 is not s

2−dispersed for each
a ∈ X. Therefore for each a ∈ X there exists i ∈ {0, . . . , n − 1} such that
d(a, xi) < s. Hence the finite sequence x0, . . . , xn−1 is s−dense.

Now, let α and β be effective separating sequences in (X, d) such that the
computable metric space (X, d, α) is effectively totally bounded. In order to prove
that (X, d, β) is also effectively totally bounded, it would be enough to prove that
for each k ∈ IN we can effectively find the number ρ(X, 2−k). Namely, in that case
for any k ∈ IN we can effectively find i1, . . . , in ∈ IN such that the finite sequence
βi1 , . . . , βin is 2−(k+1)−dispersed, where n = ρ(X, 2−(k+1)) and then this finite
sequence of points (and consequently the finite sequence β0, . . . , βmax{i1,...,in})

must be 2−k−dense. However, the number ρ(X, 2−k) cannot be found effectively
in general, as the following example shows.

Example 8. Let (λi) be a recursive sequence of real numbers such that λi ≥ 0,
∀i ∈ IN and such that the set {i ∈ IN | λi = 0} is not recursive ([2]). We may
assume λi < 4−i, ∀i ∈ IN. Let ti = 4−i + λi, i ∈ IN, X = {ti | i ∈ IN} ∪ {0}
and let d be the Euclidean metric on X. Then (X, d, (ti)) is an effectively totally
bounded computable metric space. Let i ∈ IN. It is straightforward to check that
ρ(X, 4−i) = i+1 if λi = 0 and ρ(X, 4−i) = i+2 if λi > 0. Therefore the function
IN→ IN, i 7→ ρ(X, 2−i) is not recursive.

Although ρ(X, 2−k) cannot be found effectively in general, we are going to prove
that for k ∈ IN we can effectively find numbers ak ∈ 〈0, 2−k〉 ∩ Q and ρ(X, ak)
and this will imply that (X, d, β) if effectively totally bounded.

Suppose (X, d) is a totally bounded metric space, S ⊆ X, S 6= ∅ and s > 0.
It is immediate from the definition of the number ρ(S, s) that there exists r > 0
such that ρ(S, s) = ρ(S, s + 2r). Here, of course, r depends on S and s. In the
following lemma we claim that s and r can be chosen so that ρ(S, s) = ρ(S, s+2r)
holds whenever S is in certain family of subsets of X.

Lemma 2. Let (X, d) be a totally bounded metric space and let s0 > 0. Then
there exists r0 > 0 such that for each r ∈ 〈0, r0〉 and each finite sequence
x0, . . . , xp which is r−dense in (X, d) there exists s ∈ [s0, s0 + r〉 ∩ Q and
m1, . . . ,mn ∈ {0, . . . , p} such that the finite sequence xm1

, . . . , xmn
is (s+ 2r)−

dispersed, d(xi, xj) 6= s, ∀i, j ∈ {0, . . . , p} and ρ(x0, . . . , xp; s) = n.

Proof. Let n = ρ(X, s0) and y1, . . . , yn be a finite sequence which is s0−dispersed
in (X, d). Since d(yi, yj) > s0, ∀i, j ∈ {1, . . . , n}, i 6= j, there exists r0 > 0 such
that

d(yi, yj) > s0 + 5r0, ∀i, j ∈ {1, . . . , n}, i 6= j.
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Let r ∈ 〈0, r0〉 and let x0, . . . , xp be an r−dense sequence in (X, d). For i ∈
{1, . . . , n} let mi ∈ {0, . . . , p} be such that yi ∈ B(xmi

, r). If i, j ∈ {1, . . . , n},
i 6= j, then

d(yi, yj) ≤ d(yi, xmi) + d(xmi , xmj ) + d(xmj , yj) < 2r + d(xmi , xmj )

and therefore
d(xmi

, xmj
) > s0 + 3r, (3)

∀i, j ∈ {1, . . . , n}, i 6= j. Let s ∈ [s0, s0 + r〉 ∩ Q be such that d(xi, xj) 6= s,
∀i, j ∈ {0, . . . , p}. From (3) we get that d(xmi , xmj ) > s+ 2r, ∀i, j ∈ {1, . . . , n},
i 6= j, hence the finite sequence xm1

, . . . , xmn
is s + 2r−dispersed. This implies

ρ(x0, . . . , xp; s) ≥ n. On the other hand

ρ(x0, . . . , xp; s) ≤ ρ(X, s) ≤ ρ(X, s0) = n.

Therefore ρ(x0, . . . , xp; s) = n. ut

The next lemma provides conditions under which equality ρ(X, s+2r) = card(T )
holds, where T ⊆ X and s, r > 0.

Lemma 3. Let (X, d) be a totally bounded metric space, r, s > 0 and let S be an
r−dense subset of X such that there exists a finite nonempty subset T of S which
is s+2r dispersed and such that ρ(S, s) = card(T ). Then ρ(X, s+2r) = card(T ).

Proof. Certainly ρ(X, s + 2r) ≥ card(T ). On the other hand, let x1, . . . , xn be
an (s + 2r)−dispersed sequence in (X, d). For each i ∈ {1, . . . , n} let yi ∈ S be
such that d(xi, yi) < r. For all i, j ∈ {1, . . . , n}, i 6= j, we have

s+ 2r < d(xi, xj) ≤ d(xi, yi) + d(yi, yj) + d(yj , xj) < d(yi, yj) + 2r

which implies s < d(yi, yj). Hence y1, . . . , yn is an s−dispersed sequence and
therefore ρ(S, s) ≥ n, i.e. card(T ) ≥ n. We conclude that card(T ) ≥ ρ(X, s+ 2r)
and it follows ρ(X, s+ 2r) = card(T ). ut

Lemma 3, together with Lemma 2, gives the idea how to compute the number
ρ(X, s+2r), s, r > 0. The next step is to include effectiveness into consideration.
We first state the following lemma.

Lemma 4. Let F : IN4 → IR be a recursive function. Let S be the set of all
(k, n, l, p) ∈ IN4 such that F (i, j, n, l) 6= 0, ∀i, j ∈ {0, . . . , k} and such that

card{(i, j) ∈ {0, . . . , k} × {0, . . . , k} | F (i, j, n, l) > 0} = p.

Then S is a recursively enumerable set.

Let σ : IN2 → IN and η : IN → IN be some fixed recursive functions with
the following property: {(σ(j, 0), . . . , σ(j, η(j))) | j ∈ IN} is the set of all finite
sequences in IN, i.e. the set {(a0, . . . , an) | n ∈ IN, a0, . . . , an ∈ IN}. Such
functions, for instance, can be defined using the Cantor pairing function. We are
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going to use the following notation: (j)i instead of σ(j, i) and j instead of η(j).
Hence

{((j)0, . . . , (j)j) | j ∈ IN}

is the set of all finite sequences in IN.
Suppose (X, d) is a metric space, (γi) a sequence in X such that the func-

tion IN2 → IR, (i, j) 7→ d(γi, γj) is recursive and (sn) a recursive sequence of
real numbers. Then the function IN2 → IN, (k, n) 7→ ρ(γ0, . . . , γk; sn) need not
be recursive and we see this similarly as in Example 8. However, we have the
following lemma.

Lemma 5. Let (X, d) be a metric space, (γi) a sequence in X such that the
function IN2 → IR, (i, j) 7→ d(γi, γj) is recursive and (sn) a recursive sequence
of real numbers.

(i) The set

S = {(k, n, p) ∈ IN3 | d(γi, γj) 6= sn, ∀i, j ∈ {0, . . . , k}, ρ(γ0, . . . , γk; sn) = p}

is recursively enumerable.
(ii) The set

T = {(l, n) ∈ IN2 | the finite sequence γ(l)0 , . . . , γ(l)l is sn − dispersed}

is recursively enumerable.

Proof. (i) We apply Lemma 4 to the function F : IN4 → IR defined by

F (i, j, n, l) = d(γi, γj)− sn,

i, j, n, l ∈ IN and we get that the set

{(k, n, l, p) ∈ IN4 | d(γi, γj) 6= sn, ∀i, j ∈ {0, . . . , k}, ρ(γ0, . . . , γk; sn) = p}

is r.e. which implies that S is r.e.
(ii) Let F : IN4 → IR be given by F (i, j, n, l) = d(γ(l)i , γ(l)j )−sn. Let T ′ be the

set associated to F as in Lemma 4, hence T ′ = {(k, n, l, p) ∈ IN4 | d(γ(l)i , γ(l)j ) 6=
sn, ∀i, j ∈ {0, . . . , k} and ρ(γ(l)0 , . . . , γ(l)k ; sn) = p}. Then for all l, n ∈ IN we
have (l, n) ∈ T if and only if

d(γ(l)i , γ(l)j ) 6= sn,∀i, j ∈ {0, . . . , l}, ρ(γ(l)0 , . . . , γ(l)l ; sn) = l + 1

and this holds if and only if (l, n, l, l + 1) ∈ T ′. Therefore T is r.e. ut

A totally bounded metric space (X, d) is said to be effectively dispersed
if there exists a recursive function a : IN → Q such that a(i) ∈ 〈0, 2−i〉, ∀i ∈ IN
and such that the function IN→ IN, i 7→ ρ(X, a(i)) is recursive.

Theorem 2. Let (X, d, α) be an effectively totally bounded computable metric
space. Then (X, d) is effectively dispersed.
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Proof (Sketch). Let f : IN → IN be a recursive function such that α0, . . . , αf(k)
is a 2−k−dense sequence for each k ∈ IN. Let q : IN→ Q be some fixed recursive
function whose image is Q ∩ 〈0,∞〉.

Let i ∈ IN. Let s0 be some positive number such that s0 < 2−i. By Lemma 2
there exist k, n, l ∈ IN such that s0 + 3 · 2−k < 2−i, qn ∈ [s0, s0 + 2−k〉 and such
that the following holds:

α(l)0 , . . . , α(l)
l

is (qn + 2 · 2−k)− dispersed finite sequence, (4)

d(αi, αj) 6= qn,∀i, j ∈ {0, . . . , f(k)}, ρ(α0, . . . , αf(k); qn) = l + 1, (5)

and
{(l)0, . . . , (l)l} ⊆ {0, . . . , f(k)}. (6)

Since (4) and (5) are r.e. relations (Lemma 5) and (6) is recursive, we can express
n, k and l recursively in i. The claim of the theorem follows from

ρ(X, qn + 2 · 2−k) = l + 1,

and this equality can be deduced from Lemma 3. ut

Theorem 3. Let (X, d, α) be a computable metric space such that (X, d) is ef-
fectively dispersed. Then (X, d, α) is effectively totally bounded.

The idea in the proof of Theorem 3 is that for a given i ∈ IN we effectively
find i1, . . . , in ∈ IN such that the finite sequence αi1 , . . . , αin is s−dispersed,
where s ∈ 〈0, 2−(i+1)〉 ∩ Q and n = ρ(X, s). Then the finite sequence of points
αi1 , . . . , αin must be 2−i−dense which shows that (X, d, α) is effectively totally
bounded.

Let (X, d, α) be a computable metric space. Theorem 2 and Theorem 3 give
the following equivalence:

(X, d, α) is effectively totally bounded ⇔ (X, d) is effectively dispersed .

Corollary 2. Let α and β be effective separating sequences in a metric space
(X, d). Then (X, d, α) is effectively totally bounded if and only if (X, d, β) is
effectively totally bounded.

A computable metric space (X, d, α) is said to be effectively compact if
(X, d, α) is effectively totally bounded and (X, d) is compact (cf. [3]). If α and
β are effective separating sequences in a metric space (X, d), then, by Corollary
2, (X, d, α) is effectively compact if and only if (X, d, β) is effectively compact.
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