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Abstract

We consider very short sums of the divisor function in arithmetic
progressions prime to a fixed modulus and show that “on average”
these sums are close to the expected value. We also give applications of
our result to sums of the divisor function twisted with characters (both
additive and multiplicative) taken on the values of various functions,
such as rational and exponential functions; in particular, we obtain
upper bounds for such twisted sums.

1 Introduction

Let 7(n) denote the classical divisor function, which is defined by

T(n):ZI, Vn>1,

d|n

where the sum runs over all positive integral divisors d of n. For integers «
and ¢ > 2 with («a, q) = 1, consider the divisor sum given by:

S(X,q,a) = Z T(n).

n<X
n=a (mod q)

In unpublished work, A. Selberg and C. Hooley independently discovered
(see, for example, the discussion in [6]) that the Weil bound for Kloosterman
sums implies that for every € > 0, there exists § > 0 such that

XP,(InX X1

S0, = o (T, 1)
v(q) v(q)

provided that ¢ < X%37¢ where P, is the linear polynomial given by

s—1
g X
S

PnX) = res¢X(s) [0 —p)




Here ((s) denotes the Riemann zeta function, v the FEuler-Mascheroni con-
stant, and ¢(k) and pu(k) the Euler and Mobius functions, respectively; for
instance, see [3].

The divisor problem for arithmetical progressions (cf. [3]) asks whether the
range of ¢ for which (1) holds can be extended beyond X?/3. This question
appears to be quite difficult as it seems to require better uniform estimates
for Kloosterman sums than those available from the Weil bound. Indeed,
the exponent 2/3 has never been improved, and for ¢ > X?/3 it is not known
whether S(X, ¢, «) lies close to its expected value (in the sense of (1)) for
every « in the multiplicative group Z) = (Z/qZ)".

In this paper, we show that the Weil-type bound for certain incomplete
Kloosterman sums (which play an essential role in our arguments) can be
sharpened “on average” as « runs over all of the residue classes in Z7; see
Lemmas 3 and 4 below. These estimates for Kloosterman sums on average
form the key technical ingredient of our approach, and using such estimates
we show that (1) holds on average for all moduli ¢ up to X'~¢; more precisely,
we show that for every € > 0, there exists 0 > 0 such that

5 _ XP,(nX)

o v(q)

see Theorem 1 in Section 3 below. From this it follows that for all moduli
q < X'7¢, the divisor sum S(X, ¢, ) lies close to its expected value for almost
all o € Zj; in a suitable sense.

S(X,q,a)

—0(X'"),  Ve<X'" (2

In Section 4, we give applications of Theorem 1 to other arithmetic sums
involving the divisor function. In particular, we derive asymptotic formulas
(or upper bounds) for sums of the divisor function twisted with characters
(both additive and multiplicative) taken on the values of various functions,
such as rational or exponential functions. We also show that the methods
of Section 3 can be applied to certain twisted sums to obtain estimates for
much shorter sums. We remark that these sums encode information about
the uniformity of distribution of the values of 7(n) over numbers n from
different residue classes modulo ¢.

Throughout the paper, the implied constants in symbols “O”, “<” and
“>” may occasionally, where obvious, depend on the small positive param-
eter ¢ and are absolute otherwise. We recall that the expressions A < B,



B> A and A = O(B) are all equivalent to the statement that |A| < ¢B for
some constant c.
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2 Preparations

In this section, we collect together a variety of estimates for use in the sequel.
Let H be an integer in the range 0 < H < ¢, and put
In(¢) =min {1 (H|g)"},  VEER,
where ||£|| denotes the distance from £ to the nearest integer.
As usual, we define e(z) = exp(2miz) for all z € R.

The following result is taken from [2, p. 341]:

Lemma 1 For allY < Z and 3 € 7Z, we have

S 1= 2250 S aahe(—hil)

Y<m<z 4 1<[hI<H
m=3 (mod q)
w0 () 0 (50))
q q
where
1 1 [?
ev§) = gz (0(28/0) = o(VE/a) = - [ elue/a)dy.



Lemma 2 Let (r,q) =1,0< H < gq, and z € R. Then

(%

Q€L

) < H '¢"** 4+ Hg™!

Proof: Taking into account that the function ¥y () is periodic with period 1
and changing variables if necessary, we can assume that r = 1. We have the

Fourier series

Iu(2) =9 (0) + Y Un(j)e(iz)

j#0
where (cf. [7, p. 29])
~ In(H + 2
~ H+2 .

ZﬁH<z—a> - S <z—a)

aEZ* a€Zq

= qUr(0)+ > _Tu(je(iz/a) > e(—ja/q)
j#0 a€lq

— (0)+4 Y Iu(je(iz/q)
J#0
qlj

= qUu(0)+qY_ Unlgje(jz)
70

In( H +2) H+2
< TS +qY o
pord ¢%j

and the result follows.

For any b with (b,q) =
modulo ¢; that is, bb =1 (m od q)-

g

, let b be a fixed multiplicative inverse of b



Lemma 3 Let

Q=q[r"

Then for allY < Z and d,h > 1 with d|q and (h,q) = 1, we have

Z Z e(adhb/q)

a€Ly |Y<b<Z
(b,g)=1

Vd+ Lg*?d*? + L'Y?q+q  ifQld,
< 1/2 71/2 1/2 -
Lqg'/*d"* 4+ L"*q+q otherwise,

where V=q[(Z—-Y)/q] and L = q{(Z -Y)/q}.

Proof: First, we observe that for any 3 € Z, the Ramanujan sum

ra(8) =) e(5b/q)

beZ;
can be evaluated explicitly (see, for example, Theorem 272 in [4]), and one

has
1(q/(B,q))

TQ(ﬂ) = QO(Q) w(q/(ﬁ,q))'

Consequently,

o 1(q/d)
E;Z; e(adhb/q) = ¢(q) (/)

for every o € Z;. Observing that q/d is squarefree if and only if Q|d, and
that de(q/d) > ¢(q), we have

S e(adhi/) S{g if Q|d,

otherwise.
beZ:



Now let V =¢q |(Z —Y)/q|. We have

> 1Y eladhb/q)

a€Zy |Y <b<Z
(bg)=1

=2

Q€LY |Y<b<Y+V
(bg)=1

Since V' is a multiple of ¢, the interval (Y,Y + V] contains precisely V/q

copies of Z,; it follows that

2| 2

a€Zy |Y<bSY+V
(b,g)=1

Z e(adhb/q)| + Z

e(adhb/q)| < { !

> eladhb/q)|.
a€Zy |Y+V<b<Z
(b,g)=1

vd itQ|d,

otherwise.

Let f = q/d; then h is prime to f, and we have

>

a€Zy |Y+V<b<Z
(b,g)=1

By the Cauchy-Schwarz inequality,
2

S Y. e(ahb/f)

a€l; |Y4+V<b<Z
(bg)=1

> e(adhb/q)| <d Y

> e(anb/f)|.
€Ly |Y+V<b<Z
(b,g)=1

FY 1D, elahb/f)

a€Z; Y4V <b<Z
(b,g)=1

DD

a€Zy Y+V<b,e<Z
(be,q)=1

DI
Y+V<b,e<Z
b=c (mod f)
FAL+D(L/f+1)

L*f + Lf? + f2

e (ah(b—72)/f)



where L=7— (Y +V) =q{(Z—-Y)/q}. Consequently,

S| S eartin| < s rtgeg
Q€LY |Y+V<b<Z
(b,9)=1

and the lemma follows. O

Lemma 4 For allY < Z and vy € Z;, we have

Y e(alg) < (Z=Y)g " +¢'/7*
Y<a<lZ
(a,q)=1

Proof: Because e(vya/q) is a periodic function of a with period ¢, we obtain

> e(ya/q)=M ) e(ya/g)+ Y. e(va/q).
Y<a<Z a€Zy Y<a<Y+K
(a,q):l (a’vq):]‘

where M = [(Z =Y)/q], K =q{(Z-Y)/q}.
As we have seen in the proof of Lemma 3,
> e(ra/q)| = |rg(v)] < 1.
acZy

Applying the Weil bound and using the standard reduction from complete
exponential sums to incomplete ones (see, for example, Lemma 4 of Chapter 2



of [7]), we derive that

Y e(va/g)| = | > e(ra/g)

VAN
|
2
>
S|
+
>
=
~
=7

> e(=Ab)g)

Y <b<Y+K

< —= e(—Ab)q)

Y <b<Y+K

< ¢"?loggq,

and the result follows. O

Lemma 5 The following estimate holds:

Y 7(n) = XP(InX) + O(X "),

n<X

(n,q)=1

where

dlq

Proof: In what follows, > indicates that the sum is restricted to integers
relatively prime to ¢q. To simplify the notation, we write

wu(d)Ind
o=y MO
dlq

The following estimates can be easily obtained through the use of standard



sieve techniques:

Y1 o= MX+0(q€),

n<X q
X2
Z*n _ @(Q>_+O(qu)’
q 2
n<X
Z o @(lnXﬂWHCﬁO(X‘lqE)-
n<X q
Thus,
DETR SEESED ST 3F
n<X ab<X ab<X a?2<X
a<b
_ Y Y 1iox),
a<X1/2 a<b<X/a
Since v
Z* 1= QP(Q) (_ o a) +O(q€),
q a
a<b<X/a
we have

D 1_%0(12 (_a)+o<que>

a<X1/2 a<b<X/a

10X 49) .+ O(X4) )

QP(Q)X 1/2 e 1/2 ¢
. ( ¢ 2 +0(X ))—I—O(X q),

and the lemma follows. O

Finally, we recall that the Euler function (k) and the divisor function
7(k) satisfy the inequalities

k
. k:E.
o(k) > nIn(k + 2) and  7(k) < k%

see Theorem 5.1 and Theorem 5.2 in Chapter 1 of [19].

10



3 Main Result

We are now prepared to prove our main result.

Let us denote

W(X,q) =)

Q€L

Then W(X,q)/¢(q) is the average difference (in absolute value) between
S(X,q,a) and its expected value.

Let us also denote

q1/5X4/5+€ if q> X1/2,
q2/5X7/10+5 if X1/3 <q< X1/2’
q1/2X2/3+s if X1/6 <q< X1/3’
X3/4+€ if q < Xl/ﬁ.

E(X,q) =

Theorem 1 For every e > 0, the following bound holds:
W(X,q) <E(X,q),

where the implied constant depends only on ¢.

Proof: Put

T(X,q) =)

aEly

where

s'(Xq) = 3 ().

n<X
(n,q)=1

For arbitrary A in the range 0 < A < 1/2, let
M={31+A)y[0<j<R},

R = {%J < A7'InX.

where

11



Then

S(X,qa)= > 7n)= > 1= Y DuAB),

n<X ab<X A,BeM
n=a (mod q) ab=a (mod q)
where
Do(A,B)=Do(B,A)= Y 1L
A<a<A(1+A)
B<b<B(1+A)
ab<X
ab=a (mod q)
Similarly,
S'(X.q)= Y_ D'(AB),
A,BeM
where
D*(A,B)=D*(B,A)= > L
A<a<A(14+A)
B<b<B(1+A)
ab<X
(ab,q)=1

Following [2], we call the pair (A, B) good if AB < X(1+ A)™2 otherwise
we say that (A, B) is bad. It is easy to see that, for good pairs, the condition
ab < X in the definitions of D, (A, B) and D*(A, B) is redundant. As in [2],
we have

Y. Du(AB) < (AXg ' +1)X,

(A,B) bad
> DA B) < (AX+1)X"
(A,B) bad
Consequently,
D*(A,B
T« @X+ox Y Y paan- T

(A,B) good a€Z}
A>B

For any good pair (A, B) with A > B, Lemma 1 implies that
D.(A,B)— > AAqg' < Ei(A B o)+ Ey(A B, a),
B<b<B(1+A)

(b,g)=1

12



where

E(ABa) = | S S ca(he(—hba/q),
B<b<B(1+A) 1<|h|<H
(b,g)=1

B(ABa) — Y )(19H(A—ba)+19H<A(1+A)—5a))’

B<b<B(1+A q q
(b,g)=1
and
1 A(1+A)
eal) = 5oz (e (AL + A)e/a) = elde/a) =™ [ etue/a)dy

Note that we have the trivial bound

ca(§) < min {[¢]7, Adq™}.

Now put H = ¢ —1 and J = [log(AA)| — 1. We have

J+1
Ei(A B,a) <> Ei;(A B,a)

J=0

where

Eij(ABa)y=| Y > calh)e(—hba/q)|,

B<b< B( 1+A) heH;
(b,g)=

and the summation is taken over the sets

Ho = {h|1< 0] <q/AAL,
Hy = {h|g/AA<|n] <Tg/AAY,  j=1,....
My = {h] e’ q/AA < |h] < q—1).

By the Cauchy inequality, we derive that
2
J+1
(Z Ei(A, B, a)) <qlog XY Y Ey (A B a)
a€Zy J=0 acZ;

13



For each j, we have

Z ELJ'(A,B,Oé)z
_ Z Z Z h1 CA hg ( (hlgl - h252)/q>

CMGZ* B<b1 b2<B(1+A) hl hQEHJ

(b1b2,9)=1
<yq > > calhy)ea(hs).
B<b1,bo<B(1+A) hi,ho€H;

(b1b2yfI):1 hlglEhzgz (mod q)

Using (4), we see that ca(h) < e 7AA/q for h € H;. Therefore
2 42

AZA
> Eij(AB,a)’ < e ¥ ——Ty(B)

Q€L q

where 7T}(B) is number of solutions (hy, he, by, by) of the congruence
hiby = hyby  (mod q)

with B < by,by < B(1+ A), (bibe,q) = 1 and hy, he € H;. Rewriting this
congruence as hibs = hob; (mod q), we see that for given hq, by, the values
of hy and by are such that s = hob; < €/ Bq/AA belongs to a prescribed
residue class modulo g. Thus there are at most O(1 + e/ B/AA) possibilities
for s, each of which gives rise to at most 7(s) < X*/? values of hy and b;.
Therefore,

T;(B) < (1 +elq/AA)(1 4+ AB)(1+ ¢/ B/AA) X/
and we derive that

Y Eij(ABa)? < q'(1+AB)(e7AA+q)(e/AA+ B)X/

aEZy

< ¢ "1+ AB)(AA+q)(AA + B) X/,
Consequently,

Y Ei(A,B,a) < (1+AB)'?(AA+q)'?(AA+ B)'PX2 ()

Q€LY

14



Next, we estimate the sum on the left side of (5) in a different way. With
H =q—1, we have

Z Ei(A B a) = Z Z Z ca(h)e(—hba/q)

Q€ a€Zy | B<b<SB(14+A) 1<|h|<q
(b,g)=1

< D deaI D | D, e(—hba/q)

1<|h|<q a€Zy | B<b<LB(1+A)
(b,g)=1

=D > Jea®D | D0 e(—hba/q)

d|q 1<|h|<q a€Zy | B<b<SB(1+A)
d<q (h,q)=d (b,g)=1

=3 ) ealdn)] > | Y. e(—dnba/q)|.

d|q 1<|h|<q/d a€Z; | B<b<B(1+A)
d<q (h,q)=1 (b,9)=1

If AB < ¢, Lemma 3 and the bound (4) together imply that

Y Ei(ABa) < Y Z | (ABg'?d"? + AV2BY?q + q)

a€Z; dlq 1<\h|<q/d
d<q (h,q)=

< (AB¢'?+ AV2BY2q 4+ q) X%,
that is,
> (A B.a) < (AV2Bq 4 q) X2, (6)

Q€

If AB > g, then Lemma 3 and (4) give

S BABa) < YN @) Y| Y e(—dhba/q)

Q€L d|q 1<|hl<q/d Q€L B<b§B(1+A)
d<q (h,q)=1 (b,g)=

< > Z ‘ (ABd+ ¢*2d"/?),

d|q 1<\h|<q/d
d<q (h,q)=

15



and it follows that

> Ei(A,B,a) < (AB+¢*?) X/, (7)

Q€

To estimate the sum of the second error term Ey(A, B, ) over all o € Z7,
we apply Lemma 2 (with H = ¢ — 1), which gives

Y Ey(A,B,a) < (1+AB)X”.

Q€L

Suppose first that ¢ > X'/2. Note that B < ¢ for each good pair (4, B)
(since AB < X(1+4 A)7%; as A > B, this gives B < X'/? < ¢), and the
inequality AB > ¢ does not occur. Combining this estimate with (5) and
(6) we obtain that

S DA B~ Y AAgT'| < B(A, B)X?, (8)
a€lZ} B<b<B(14A)
(b,g)=1
where
B p) [ (1 AVBA A2V £ BY3g2 it max{AA, B} <4
’ (1+ AY2BY2)q otherwise.
Since

D*(A,B) =) Da.(A,B),

aEZ(’;
we also have that
1
S |==DAB) - Y AAg| < E(A B)X (9)
A€} v(q) B<b<B(14+A)
(b,9)=1

Combining (8) and (9), and substituting into (3), we now see that

T(X,q) < (AX +¢)X°+ Y E(AB)X" (10)

(A,B) good
A>B

16



Then

Y EMAB< Y ) EAB <U+U+Us,

(A,B) good BeM AeM
A>B B<Xx1/2 BLA<X/B
where
U, = Z Z (1 +A1/231/2)(A1/2A1/2 _I_Bl/Z)ql/Q’
BeM AeM

B<AX/q A<A™lq

U, = >, Y. (1+AVBY)g,

BeM AeM
B<AX/q A~'4q<A<X/B
Uy = Z Z (1_I_Al/ZBl/Q)(Al/QAl/Z_‘_Bl/Q)ql/Z.
BeM AeM

AX/q<B<X'Y? A<X/B

To estimate these expressions, we use the fact that M is a geometric series,
hence we have the trivial estimates:

d oAy, Y OP<ATY2 YT ATIX (11)

ceM ceM ceM
oY oY Oy

Therefore, recalling that B < ¢, we deduce

U, < q1/2 Z (1+A1/2Bl/2) Z (A1/2A1/2—|—Bl/2)

BeM AeM
B<AX/q A<A~1g

< q1/2 Z (1+A1/2B1/2)(A—1q1/2+A—1B1/2)Xe/2

BeM
B<AX/q

< AT'gXT? N (14 AV2BY?)

BeM
B<AX/q

< (A_lql/2X1/2+A_2q) Xa/Z‘

Similarly, we derive that

Uy, < (A‘1q1/2X1/2+A_2q) X€/2’
Uy < (A—3/2q1/2X1/2+A—2q1/2X1/4) X2

17



Therefore, since ¢ > X'/2, it follows from (10) that
T(X,q) < (AX + A2 2 X2 4 A7) X=.
Choosing A = ¢"/°X /> we obtain the estimate
T(X,q) < /> X5+
in this case.

Now suppose that ¢ < X2, Simple (but rather tedious) calculations
show that, in this case, use of the bound (5) does not lead to a sharper
overall estimate; thus, in this case we use only (6) and (7). Accordingly,
instead of (10), we now have

T(X,q) < (AX +q)X°+ ), F(ABXY
(A,B) good
A>B
where (1+ AY2BY2) fA
F(A’B)_{AB+Q3/2 it AB > g,

As before, we remark that if (A4, B) is good and A > B, then B < X'/2,
thus, by (11) (with X*/? replaced by X</%), we derive that

S FAB) < ¢Y Y (1+avBYy

(A,B) good AeM €
A>B AB<min{q,AX/2}

+> > (AB+¢¥?)

AeM BeM
g<AB<AX1/?

< qA—1X5/4 Z (1 —|—A1/2Bl/2)

BeM
AB<min{q,AX1/2}

_I_A—1X5/4 Z (AB + q3/2).
BeM
g<AB<AX1/2
Therefore, if ¢ > AX/2, it follows that

T(X,q) < (AX + A%+ A7 Pgx V) X7,

18



while for ¢ < AXY2, we have
T(X7 Q) < (AX + A—2q3/2 + A_1X1/2)X€_

Choosing
ZPX310 for ¢ > X3
A=1{ gi2x-1/3 for X1/6 < g < X1/3,
X4 for ¢ < X6,

we obtain the estimate 7'(X, ¢) < £(X, ¢) in every case.
Recalling Lemma 5, the desired result follows immediately. 0J

In particular, we see that the bound (2) holds.

4 Twisted Sums

Here we consider “twisted” sums of the form
Tp(X) = 7(n)i(n),
n<X

where 1) is a complex-valued function. Sums of this type have been considered
in a number of works (see [8, 9, 10, 11, 14]); however, our results cover a much
wider class of functions ¥ (n).

Theorem 2 Let 1)(n) be periodic function of period p where p is prime, and
let

U=) (), o =max|(n).
Then p O(8(x ‘
1) = XQuumX) +{ 9L 7D
where
Qpu(InX) = (b= DY +p@/21(0)(2p L) In X
L (=D ¥+9(0)(2p — 1)) (2y = 1) = 2(¥ +(0) (p~ ) Inp
p? '

19



Proof: We have

Tu(X) = Y W@ Y 70

acZyp n<X
n=a (mod p)

= Y w(@)S(X,p,a) +9(0) D (pn)

aEly n<X/p

From the well known asymptotic formula (see Chapter 1 of [19])
Y 7(n) = XPInX)+0(X"?),
n<X

where P(In X) =In X + 2y — 1, and using Lemma 5, we obtain

dYorln) = Y r(n)— Y 7(n)

n<X/p n<X n<X
(n,p)=1

= X (P(lnX) - P,(InX))+ 0 (X"?f)).

Thus
X P, ln X)
Ty(X) = Zw X (P(InX) — Py(In X))
aEZ*
L0 (oW (X, p) + X2
The result now follows from Theorem 1. O

For example, if ¥(n) = x,(n) is a non-principal character modulo p, then
we have U = ¢(0) = 0 and ¢ = 1, thus

> m(n)xp(n) < E(X,p). (12)
n<X
More generally, we obtain
X(InX +2y-1)
p

+0(E(X,p)) (13)

> m()xp(n +a) = xp(a)

n<X

for all a € Z,,.

20



Similarly, if ¢(n) = x,(n+a)x,(n+b), where a and b are distinct modulo p,
then U < 1, and [¢(0)| < 1, and ¢y = 1; thus we find that

XnX

> r(n)xp(n+ a)X,(n+b) < +E(X,p). (14)

n<X

For smaller values of X, nontrivial upper bounds for the sums involved
in (13) and (14) are given in [10, 11, 14]. On the other hand, the method
of those papers cannot be applied to the sum (12) (in fact, the possibility of
finding a nontrivial upper bound on the sum (12) has been doubted in [10]).
Moreover, our results imply that an analogue of (12) holds for characters
Xq(n) modulo a composite g as well.

One can also consider the function ¢(n) = x, (F(n))e(G(n)/p), where
F(X) = fi(X)/fo(X) and G(X) = ¢1(X)/g2(X) are rational functions
formed with polynomials f1(X), f2(X), g1(X), 92(X) in Z[X] of degree at
most k such that ¢)(n) is non-constant. From the Weil bound (cf. Chapter 7
of [20]), we see that Theorem 2 applies with ¥ = O(kp*/?), and [(0)| < 1,
and ¢y = 1, yielding

> 1(n)x, (F(n)e(G(n)/p) < kp™'?XIn X + E(X, p).

n<X

Finally, we can apply the results of [16, 17, 18] to the function ¥ (n) =
e(ag"/m), where (ag,m) = 1 and g > 1 is of prime multiplicative order
p modulo m. For an arbitrary integer m, one can take ¥ = O(m!/?), and
|1(0)| = o =1 (cf. [17, 18]), thus

Z 7(n)e (ag"/m) < m*p 1 XIn X + £(X,p).

n<X
If m is also prime, then stronger bounds on U are available; see [1, 5, 15, 16].

We have already mentioned that an analogue of (12) holds modulo a
composite number ¢q. There are several other cases where one can estimate
T, (X) nontrivially with functions ¢ of composite period.

Sums T (X) with ¢(n) = e(yn/q) have been considered in [8]. Here we
consider the case of the function ¥(n) = e(yn/q).
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Theorem 3 For any vy € Z,

el o) — XP,(In X)
Z;{ T(n)e(yn/q) u(Q)7¢(q)

(n,q)=1

+ 0 (£(X,q)).

Proof: For a fixed v € Z;, as in the proof of Theorem 2, we have

Y rne(yn/g) = > e(alg) D 7(n)

n<X aEZZ n<X
(n,q)=1 n=a (mod q)
= Y e(ya/q)S(X,q0)
aEZy
= XA S~ oha/g) + O (X))
wla) i
Similarly
Y r(n)e(yn/qg) = > e(a/q) Y. 7(n)
n<X aEZy n<X
(n,q)=1 n=a (mod q)
= > e(10/9)S(X,q,0)
Q€LY
XPq(lnX)

= 2t Z e(va/q) +O(W(X,q)).

o€l

Recalling that

> e(valg) =D elya/q) = uld) > e(yad/q) = p(q),

Q€ aEly dlq a€Zqgyq
and using Theorem 1, we obtain the desired result. O

We remark that if ¢ is squarefree, then in both statements of Theorem 3,
the main term exceeds the error term £(X,¢q) when ¢ < X%°7¢. Thus we
have asymptotic formulas for such values of ¢q. For larger values of ¢, that is,
when X?/97¢ < ¢ < X'7¢, we have only (nontrivial) upper bounds.
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Similarly, recalling that Gaussian sums can be explicitly evaluated, one
can obtain asymptotic formulas for the sums

Y m(ne(ya*/q),  and > re(n?/q).

n<X n<X

(n,p)=1 (n,q9)=1

In the simplest case where ¢ = p > 3 is prime, we have

S r(n)e(/p) = (l) 1(p)X B0 X) + O (£(X.p))

n<X p

(n,p)=1

S rm)e(n’fp) = (;) $(p)X P10 X) + O (E(X.p))
(ot

where (7v/p) is the Legendre symbol, and

[ /2 4 1)~ ifp=1 (mod 4),
n(p) = { (fpl/Q —1)/(p—1) ifi =3 (mod 4).

Because |n(p)| ~ p~'/2, the main term in the above formulas exceeds the
error term £(X, p) when p < X/37¢. Clearly 72 and n? can also be replaced
by m** and n?* for any s such that (s, (p —1)/2) = 1.

We now show that the methods of this paper (rather than the previously
established results) can be used to obtain upper bounds on the sums above
which remain nontrivial for significantly larger values of ¢. Although our
methods apply to much more general sums, we demonstrate it here only for
sums of the divisor function 7(n) twisted by e(am/q), where the bound is
stronger than in more general cases.

Theorem 4 For any v € Z,

> r(n)e(vi/q) <
(=1

q1/4X3/4+a 7;le/3 <qg< X,
X g X

Proof: As in the proof of Theorem 1, take A in the range 0 < A < 1/2, and
define '
M={i1+A)Y|0<j<R},
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where
| In(2X)
B Ln(l + A)

Defining good and bad pairs as in the proof Theorem 1, we derive that

> r(n)elan/q) < Y |S(A B)|+ (AX +1)X7,

n<X (A,B) good

(n,q)=1 A>B

J < A 'n X.

where

S(A,By= > e(yab/q).
A<a<A(1+A)
B<b<B(1+A)

(ab,q)=1

Applying Lemma 4 we obtain
S(A,B) < ¢*(AB + 1) (AAqg™" + ¢'/?)
Therefore,

|S(A, B

< gy (Mg +477) Y (AB+1)

AeM BeM
B<min{A,X/A}

< ¢? Z (AAg + ql/Q) (min{A, X/A} + A_1X€/4)
AeM
< A—lqe/2X5/4 Z (AAq—l + q1/2)
AeM
+ ¢/ Z A(AAG +¢'?)

AeM
A<Xx1/2

+gPX Y AT (AAgT 41
AeM
X2<A<X

As in the proof of Theorem 1, we see that the first sum is bounded by

Z (AAq—l _'_q1/2) < q_1X+A_1q1/2X€/4.
AeM
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Similarly, the second sum can be bounded as follows:

Z A (AAq_l +q1/2) _ Aq_l Z A2 +q1/2 Z A

AeM AeM AeM
A<xt/? A<x1/? A<x1/?

< q_1X+A_1q1/2X1/2.

Finally, for the third sum, we derive that

Z AL (AAq—l +q1/2) < (Aq—l +q1/2X_1/2) Z 1
AeM AeM
X2<A<X

< (Aq_l +q1/2X_1/2) A-1xe/4
Thus, it follows that

> 1S(4,B)
(A,B) good
A>B

< Xe/2qe/2 (A_lq_1X+A_2ql/2 _I_A—lql/QXl/Z) )

Since for ¢ > X the bound is trivial, we obtain that

Z T(n)e(an/q) < X° (AX + AT TIX + AT A_lql/zXl/Q) .

n<X
(n,g)=1
Choosing
A gl/ix -1 for X1/3 < ¢ < X,
RERE for g < X/3,
the result follows. U

Thus, combining Theorem 3 and Theorem 4 we obtain that for any v € Z,

Y r(ne(yn/q)

n<X

(n,q)=1

[ @ XP(InX)/o(q) + O (E(X,q))  if g < X3,
- 19) (q1/4X3/4+s) if q> X1/3
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5 Remarks

An analogue of Theorem 1 can also be obtained for the averaging over all
residue classes modulo ¢q. The error term remains the same, however the main
terms must be adjusted according to the greatest common divisor (a, ) as
we sum over the progression n = a (mod q).

We also believe that one can use our method to study the sums of the

form
Tuw(n) =Y u(d)v(n/d),

din

where u and v are complex valued functions that satisfy certain growth condi-
tions. One can probably extend our approach to some other similar functions.
In particular, the function r(n) that counts the number of representations of
n as a sum of two squares and the function 74(n) that counts the number of
representations of n as a product of k integers exceeding 1 seem to be the
most natural examples of such extensions.

It would be interesting to improve the bounds of Theorem 4, especially to
obtain a nontrivial estimate for ¢ > X. One possible approach is to use other
known bounds for double Kloosterman sums (see [2, 12, 13]) instead of (or
in combination with) Lemma 4 to improve the bounds of the sums S(A, B)
in the proof of Theorem 4.
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