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1. INTRODUCTION

Notice that 1-2-3-4+1=52%,2-3-4-54+1=11%2, 3-4-5-6+1 =192, ....
Indeed, it is well known that the product of any four consecutive integers
always differs by one from a perfect square. However, a little experimenta-
tion readily leads one to guess that there is no integer n, other than four,
so that the product of any n consecutive integers always differs from a
perfect square by some fixed integer ¢ = ¢(n) depending only on n.

The two issues that are present here can be readily dealt with. The
apparently special status of the number four arises from the fact that any
quadratic polynomial can be completed by a constant to become the square
of a polynomial. Second, [5] provides an elegant proof that there is in fact
no integer n larger than four with the property stated above.

In [5] one finds a reminder that a polynomial taking too many square
values must be the square of a polynomial (see [4, Chapter VIII.114 and
.190], and [2]). Ome might therefore ask whether there are polynomials
other than integer multiples of x(z 4+ 1)(x + 2)(z + 3) and 4z(x + 1),
with integer zeros and differing by a nonzero constant from the square of a
polynomial. We will show that this is quite a good question in that it has
a nontrivial answer, inter alia giving new insight into the results of [5]. As
a new example, the reader might check that

1-2-3-5-6-7+36=4%.92 2.3-4-6-7-8436=52-182
3-4-5-7-8-9+4+36=062-292 4-5-6-8-9-10+36 = 72 - 422
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2. SQUARES FROM PRODUCTS OF A SET OF INTEGERS

We study polynomials Ps(z) = [[,c (= + s) and find all nonempty sets S
of integers with the property that for some rational number ¢, Ps + ¢ is
the square of a polynomial.

Call that polynomial a(x) = ag.(x). Then we have

P=d*>—-c=(a+e)la—e).

It follows there is a partition S = RUT of S so that
a(z) + e = HTeR(:c +7r) and a(x) —+ec= HteT(x +1).

Because S C Z, it follows that ¢ = k2 for some rational k.

Since a(z) + /¢ and a(z) + \/c have the same degree, we see that
R and T have the same cardinality, m say, and S has cardinality 2m.
Because the polynomials a(x) £ +/c differ by a constant, it follows that the
respective elementary symmetric functions in the integers » € R and the
integers t € T', other than those of order m, coincide. Equivalently, but
more strikingly, we have for j =0, 1, ..., m — 1, the identity

(1) ZreR = ZteT t
This follows immediately from Newton’s formulas whereby if
(x+z)(z+z2) - (x4+z,) =2" +o2" 4+ op12+ o,
then for h=10, 1, 2, ...,
ooSp + 0181+ -+ 0p_151 + 590, =0,

where the s; are the power sums le + zé +---+a) and, of course, o9 = 1
while o, =0 for k > n. In particular, the ring Z[o1, 09, ... ,0,] coincides
with the ring Z[s1, $2, 83,...].

Moreover, one sees that the case m = 1 is trivial, and the case m = 2 is
nearly trivial. Indeed, for m = 1 the conditions (1) are essentially empty,
and for m = 2 it is plain that one may select any three of the integers ry,
ro, t1, t2, and obtain an integer for the fourth; in that case, incidentally,
one has ¢ = (r1rg — t1t9)? /4.

3. THE PROUHET-TARRY-ESCOTT PROBLEM

Seeing (1), one recalls that the Tarry—Escott problem is precisely the issue

of finding distinct sets of integers r1, ro, ..., 7, and t1, to, ..., t, with
A =t t
for j =1, 2, ..., 7 =m. A solution is said to be ideal if m =n — 1.

The critical reference is the observation by Wright [7] that the question of
Tarry and Escott had already been dealt with by Prouhet [6].
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Clearly, our remarks above amount to the following theorem.

Theorem 1. Let S be a finite set of integers and set Ps(x) = [[,cg(z+35).
Then Ps differs by a constant ¢ from the square of a polynomial if and only
if S is the disjoint union of sets R and T that provide an ideal solution
to the Tarry-Escott problem.

Thus [5] reminds us that there are no ideal solutions RUT = S to the
Tarry—FEscott problem for which S is an arithmetic progression of more
than four integers.

There is much activity in the matter of finding new solutions to the
Tarry-Escott problem; it is best followed on the web, starting from [1] or
[3]. The following sporadic examples come from there and other linked
sources.

3.1. The Opening Example.
z(z+1)(z+2)(x +4)(x +5)(x +6) + 36 = (z + 3)%(z* + 62 + 2)*
3.2. From Tarry’s Ideal Symmetric Solution of 1912.
@(2+1) (2+2) (2+5) (46) (2410) (z+12) (¢+16) (z+17) (2-+20) (2421) (z+22)+2540160000
=(2°+662°+16332* +186122° +957642% +1795202+50400)2.
3.3. From Escott’s Ideal Symmetric Solution of 1910.

2(241)(2+13) (2+18) (2+27) (¢ +38) (¢ +44) (2+58) (2 +64) (2 +75) (2+84) (2 +89) (2 +101) (z+102) +¢

=(2+51)2 (2% 43062° 4348012 +179336423 +4043098022 +3152844482+136936800)2 ;

one readily confirms that here ¢ = 48773138392218240000.
3.4. Shifting by Primes.

(z+7)(z+11) (z+13) (x+19) (+29) (z+31)+82944= (2> + 552 +887x+4145) ;
(z+11)(2+13)(z+19) (2+23) (z+29) (z+31)+25600=(z+21)? (z?+422+357) 2.

3.5. Shifting by Squares.

(24+12) (x+5%) (246%) (z+97) (24+107) (z+11%)+-50400% = (z° +18222 +-82812+58500) 2.
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