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Abstract

Based on the pioneering work by Wahba (1990) in smoothing splines for
nonparametric regression, Gu (2002) decomposed the regression function based
on a tensor sum decomposition of inner product spaces into orthogonal sub-
spaces so the estimated functions from each subspaces can be viewed sepa-
rately. This is based on an ANOVA type decomposition and is called the
smoothing spline ANOVA (SSANOVA) model. Current research related to
smoothing spline ANOVA focuses on the frequentist approach for statistical
inference in estimation and prediction. In this dissertation, we apply a fully
Bayesian approach in SSANOVA to extend statistical inference not only for es-
timation and prediction but to model testing and selection. The prior selected
for the smoothing parameter in level effects is a variant of the Zellner-Siow
prior. Two sets of priors, the Pareto and the scaled x?%, are used for the
smoothing parameters corresponding to smooth effects. We study this fully
Bayesian SSANOVA model for Gaussian response variables and also extend

it to generalized additive models with binary response variables. Bayesian

x1



SSANOVA methods are illustrated by simulated examples and also by ap-
plication to real datasets, potassium measurement on dogs and a Wisconsin
epidemiological study of diabetic retinopathy. The flexibility of hypothesis
testing provides a powerful tool in statistical inference when dealing with real

datasets to come up with the most parsimonious models.
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Chapter 1

Introduction

1.1 Introduction

Additive regression models with fixed effects and smooth effects are among
the most popular models used in practice. Their usage in semiparametric
regression (e.g. Ruppert et al., 2003) and in nonparametric regression (e.g.
Stone, 1985; Hastie and Tibshirani, 1999) has broadened the applications
of regression. For nonparametric regression in additive models, Buja et al.
(1989) proposed backfitting to fit the model. For variable selection and esti-
mation in nonparametric regression, there are several popular proposals such
as CART (Breiman et al., 1984), TURBO (Friedman and Silverman, 1989),
BRUTO (Hastie, 1989), MARS (Friedman, 1991), Luo and Wahba (1997),
Wahba (1990) and Eubank (1988).

In the Bayesian approach, Eubank (1988) describes Bayesian polynomial
regression and its close relationship to splines and time series analysis. Some
of the proposed solutions are Smith and Kohn (1996), Kleinman and Ibrahim
(1998), Speckman and Sun (2003), Smith et al. (1998) and others. Dey et al.

(1998) provide another resource for Bayesian nonparametric and semipara-



metric regression methods. One of the directions for nonparametric regression
is focused on full Bayesian analysis by simulation techniques such as Markov
Chain Monte Carlo (MCMC) (Gelfand and Smith, 1990).

Based on the pioneering work by Wahba (1990) in smoothing splines for
nonparametric regression, Gu (2002) decomposed the regression function based
on a tensor sum decomposition of inner product spaces into orthogonal sub-
spaces so the estimated function from each subspace can be viewed separately.
This is based on an ANOVA-type decomposition and is called the smoothing
spline ANOVA (SSANOVA) model. The decomposition of the estimated func-
tion into main effects and interaction effects provides not only flexility to the
fitted model but also makes it possible to select a parsimonious model from a
large class of semiparametric additive models.

Estimating unknown functions has attracted many researchers’ attention.
Luo (1998) applied backfitting in SSANOVA, and Karcher and Wang (2001)
proposed a Markov Chain Monte Carlo (MCMC) method, which leads to as-
ymptotically consistent estimates for the SSANOVA model. To popularize the
application of SSANOVA, Wang (1997) has developed a user-friendly package
as an R function called ASSIST. Several different methods have been pro-
posed for variable selection and model building in SSANOVA models. In the
Gaussian regression setting, Gu (1992) proposed using cosine diagnostics as
model checking tools after model fitting. For regression in exponential families,
Zhang et al. (2004) proposed likelihood basis pursuit. Zhang and Lin (2006)
used the COSSO-type penalized likelihood method to develop a computational
algorithm for variable selection in SSANOVA for exponential families.

Current research related to smoothing spline ANOVA focuses on the fre-



quentist approach. We apply a Bayesian approach in SSANOVA to extend
the statistical inference to model selection. After providing suitable prior dis-
tributions to the parameters of the model, the posterior distribution provides
sufficient information for statistical inference. Model selection can be done
through Bayes factors.

In the next section, we start with an introduction of smoothing splines
in Section 2.1. Calculating the smoothing spline requires some fundamental
theory of reproducing kernel Hilbert spaces, which will be covered in Section
2.2. The reproducing kernel solution to smoothing splines and the Bayesian
interpretation of that solution is in Section 2.4. Details for a Bayesian approach

to SSANOVA will be in Section 2.7.



Chapter 2

Smoothing Spline Models

2.1 Smoothing Spline for One Variable

Consider a nonparametric regression model with one independent variable

x; and response variable y;,

Y; = f(ZL'Z) + Ei, 1= ]_, e,y (21)

where z; € [0, 1], the ¢; are independent N (0, dy) random variables and f is an

unknown smooth function. The smoothing spline f minimizes the penalized

likelihood
n 1
Sw— f@)F A [ (1), 22)
i=1 0

where f™ = d™f/dx™, and A is a smoothing parameter. The first term

measures closeness to the data, while the second term penalizes curvature in
the function. As A — 0, fconverges to an interpolating spline. As A — oo, f
approaches the least squares linear regression curve of degree m—1. Those two

extreme cases have the function varying from very rough to very smooth, and



the choice of A € (0,00) indexes an interesting class of functions in between.
The focus of our project is in the cubic smoothing spline, where fminimizes

the penalized likelihood,

S ln = S+ [ (@) 2.

The unknown function f can be approximated by a linear combination of
terms from an appropriate basis. For a regular function, the number of basis
terms doesn’t need to be large, while still ensuring the estimated function
is nearly without bias (Smith and Kohn, 1996). Choices of bases include
reproducing kernel bases (Wahba, 1990), cubic polynomial splines (Friedman
and Silverman, 1989; Friedman, 1991; Smith and Kohn, 1996), linear natural
splines (Wahba, 1990), mixed radial bases, and others.

The exact solution for equation (2.3) is constructed based on reproducing

kernel Hilbert spaces (Wahba, 1990), discussed in the next section.

2.2 Reproducing Kernel Hilbert Space

A space L is called linear if x,y € L implies that ax + By € L for all
a, € R. A bilinear form (x,y) in a linear space L satisfies (ax + fy, z) =
alz,z) + By, 2), and (z,ay + [z) = a(z,y) + B(x, z) for all z,y,z € L and
all a, € R. A linear space is often equipped with an inner product, a
positive definite bilinear form with notation (-,-). A Hilbert space H is a
complete inner product linear space. Consider a Hilbert space H of functions
on domain X. If the evaluation function [z]f = f(x) is continuous in H for

all z € X, then H is called a reproducing kernel Hilbert space. By the Riesz



representation theorem, there exists R, € H, the representer of the evaluation
functional [z](-), such that (R., f) = f(x) for all f € H. The symmetric
bivariate function R(z,y) = R,(y) = (R., R,) has the reproducing property
(R(z,-), f(+)) = f(z) and is called the reproducing kernel of the space H.

The reproducing kernel is unique when exists. It can be shown that for
every non-negative definite function R(x,y) on X, there corresponds a unique
reproducing kernel Hilbert space H that has R(z,y) as its reproducing kernel.
So one can construct a reproducing kernel Hilbert space by specifying a non-
negative definite function as its reproducing kernel (Gu, 2002).

If the reproducing kernel R of a space H on domain X can be decom-
posed into R = Ry + R;, where Ry and R; are both non-negative definite,
Ro(x,-), Ri(z,-) € H for all x € X, and (Ry(x,-), Ri(y,-))=0 for all x,y € X,
then the spaces Hy and H; corresponding respectively to Ry and R; form
a tensor sum decomposition of H (Gu, 2002) that is introduced in the next
section. The following introduces examples of reproducing kernels for each of
X=[0,1] and X ={1,...,K}.

Example 2.1

For f € C™)0,1], the standard Taylor expansion with integral remainder

gives

fa) = X 2+ [, 2.4)

where (-); = max{0,-}. Define the inner product

m—1 1
) =3 F9(0)g0) + / F6m gt (2.5)
v=0



The representor of evaluation [z]f = f(x) is

R.(y) = Ro(z,y)+ Ri(z,y)

R A R Cat ) A (e

v=0 0
Note that
m=1 . v
Ro(x,y) = Z%% (2.6)
v=0
Ry = [(CoUE L, 1)

Now take derivatives with respect to y for both Ry(z,y) and Ry (z,y), evaluated

at y = 0 for Ry(x,y), evaluated at y for Ry (x,y).

Rl o = (m(m—_f),
e
;ym—m_llm(x,y) = Al%(y—widu:/j%w
eyl = U
Then
R (2,0) = % v=0,...,m—1,
By = S

Now set ¢ = R, and plugging the ¢ into equation (2.5), we obtain equation

(2.4). Thus (R,, f) = f(x), which proves that R, is the reproducing kernel.



Moreover, the non-negative definite functions Ry(z,y) and Ri(x,y) are the
reproducing kernels for spaces Hy and H; respectively. The kernel Ry cor-
responds to the space of polynomials Hy = {f € H : f'™ = 0} with inner
product (f, g)ay = Somy f(0)g®(0), and R, corresponds to the orthogonal

complement of Hy,
1
Hy={f eH: 0 :O,u:OJ,...,m—l,/ (f™)(2))2dz < oo}
0

with inner product (f, g)y, = fol Fmgm) dy.

Example 2.2

For a function on the discrete domain X = {1,..., K}, write H = RX.
For any f € H,let f = (f(1),..., f(K))". Set e, =(0,...,0,1,0,...,0,), the

xth unit vector. With an inner product

(f.9)=fg,

we have

<f7€ﬂc> = fleﬂc - f(:L‘)

Thus the representor of evaluation [z]f = f(z) is e,. Hence, the reproducing
kernel is given by R(z,y) = (€s,€y) = I{z—y}. Consider a decomposition of
the reproducing kernel, R(z,y) = 1/K + (I{z=yy —1/K) = Ro(z,y) + Ri(z,y).
Since (11'/K)(I — 11'/K) = Ogxx, the inner product (Ry(z,-), Ri(y,-)) = 0,
for all z,y. This decomposition defines a tensor sum decomposition of the

space RE = Hy @ Hy, where Hy = {f : f(1) = -+ = f(K)} and H; = {f :



Zle f(z) = 0}. The inner product for Hy is (f,g)w, = f (11'/K)g and for

Hiis (f,9)m = f (I - 11'/K)g.

2.3 Tensor Sum Decomposition of Inner Product Spaces

The distance between a point f € ‘H and a closed linear subspace G C H is
defined by D[f,G] = inf,eg || f — g|. Since G is closed, there exists an fg € G,
called the projection of f in G, such that || f — fg|| = D[f, G]. It can be shown
that (f — fg,g9) = 0 for all ¢ € G. The linear subspace G¢ = {f : (f,g9) =
0,Vg € G} is called the orthogonal complement of G. It can be verified that
|f—fo—fge||* = 0, where fg € G and fg € G are the projections of f in G and
G°, respectively. Therefore, there exists a unique decomposition f = fg + fge
for every f € H. It is clear that (G°)° = G. The decomposition f = fg+ fge is
called the tensor sum decomposition (Murray and Von Neumann, 1936) and
is denoted by H =G ® G¢, G°=H O G, or G = H & G°. Multiple term tensor
sum decompositions can be derived similarly.

A non-negative definite bilinear form J(f,g) in a linear space H defines
a semi-inner product in H that induces a seminorm J(f) = J(f, f). Unless
J(f,g) is positive definite, the null space Ny = {f : J(f,f) =0,f € H} is a
linear subspace of ‘H containing elements other than 0. Now suppose there is

another non-negative definite bilinear form J( f, g) in H satisfying the following

conditions: (i) it is positive definite when restricted to Ny, so J(f) = J(f, f)

defines a full norm in N, and (ii) for every f € H, there exists a g € N

such that J(f — ¢g) = 0. With such an J(f,g), it can be verified that J(f,¢g)

is positive definite in the linear subspace Ny = {f : J(f,f) = 0,f € H}

and that (J + J)(f, g) is positive definite in H. Hence, a semi-inner product

9



can be made a full inner product either via restriction to a subspace or via

augmentation by an extra term, a new inner product on its null sapce. So if

H is complete under the norm induced by (J + J)(f, g), then N; and N form
a tensor sum decomposition of H.
Example 2.3 refer to Gu (2002)

All square integrable functions on [0, 1] form a Hilbert space
1
L0,1] ={f: / fdz < oo}
0
with inner product (f, g) = fol fgdx. The space
G={f:f=9lu<s,9 € L:[0,1]}

is a closed linear subspace with orthogonal complement

G° =S [ = 9lp>5),9 € £2(0, 1]}

The bilinear form J(f, g) = f00'5 fgdx defines a semi-inner product in £5[0, 1],

with null space
Ne=G ={f:f=9glu>5,9 € L[0,1]}.

Define j(f7 g)=C f01.5 fgdz, with C' > 0 a constant; one has an inner product
(f.9) = (T+D)(}.9) = Jo" fodu+C [y; fgdw on L3[0,1]. On G = L2 &N,
J(f,g) is a full inner product.

Example 2.4

10



For a function on the discrete domain X € {1,..., K}, consider the inner

product
K
(f.9)=>_f@)g(x) = 9.
=1
From Example 1.2, the space G = Ho = {f : f(1) =--- = f(K)} is a closed

linear subspace with orthogonal complement G¢ = H; = {f : Zle f(z) = 0}.
The bilinear form J(f,g) = (f,9)%, = f (I —11'/K)g defines a semi-inner
product with null space Ny = G = Ho = {f : f(1) = --- = f(K)}. Define

j(f, g) =cf (11'/K)g, with ¢ > 0 a constant; one has an inner product,

(F.0) = (T + D)(f.0) = F (T + <

11')g,

which reduces to the Euclidean inner product when ¢ = 1. On G =H; = {f :
S K f(@) =0}, J(f,g) is a full inner product.
The application of tensor sum decompositions in smoothing splineF ANOVA

will be illustrated in later sections.

2.4 Reproducing Kernel Solution to Smoothing Spline

Suppose that

H =Ho® H,, (2.8)

where H, is a finite dimensional space with basis functions ¢;(¢),. .., ¢ (1),
and H; is a reproducing kernel Hilbert space with reproducing kernel Ry (s, ).

~

To compute the minimizer f for equation (2.2), we consider the following

11



penalized least squares equation,

Z{yz — Lif}* + A PSP (2.9)
i=1
where L; is the evaluation functional at observed points: L;f = f(t;) =

(&, f) with the representer &;, P; is the orthogonal projection operator of
f onto Hy in ‘H and A is the smoothing parameter. The representer &;(t) =
L;Ry(t,-) is exactly the reproducing kernel Ry (t,t;). It can be shown (Wahba,
1990) that the minimizer of equation (2.9) lies in the span of the null space

{1,01(t),...,on(t)} plus the evaluator functionals {1, ...,&,}. Thus

ft) = Z dii(t) + Z c;&;(t). (2.10)

Define the matrix

> = {<§i,§j>}n><n - {Rl<ti7tj)}7

and let ¢ = (cq,...,¢,)". Note that

M n n
PP = 1P divs(t) + D G = 1D e 01
i=0 J=1 J=1

= Z Z CiCj <€u €]> = C/EC,

i=1 j=1

which is a seminorm induced by the semi-inner product in H. If d = (dy, ..., dy)

and

T = (64(t;))aar, (2.11)
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equation (2.9) can be written as

ly — Td — Sc|| + A\d'Se. (2.12)

Then the estimated f = (]?(tl), e ]?(tn))’ has the following form shown by

(Kimeldorf and Wahba, 1971):

f=Td+=ec. (2.13)

Equation (2.13) is over parameterized. Following Wahba (1990), one solution

is obtained by solving

(X+M)c+Td = vy, (2.14)

T'c = 0. (2.15)

Again following Wahba (1990), consider the spectral decomposition of T'T",

ie.,

TT' = FAF', (2.16)

where F' is an orthogonal matrix of eigenvectors and A is a diagonal matrix

with eigenvalues as the elements. We write F' as

F=(F,F), (2.17)
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where Fi is the n x M matrix of vectors spanning the column space of T' and
F, has dimension n x (n — M). So T = F1 R, where R = F;T is an M x M
nonsingular matrix. Because F' is orthonormal, F{FQ =0and F'F = 1,,,,.

Since T"c = 0,

c = Fyy (2.18)

for some «. By equations (2.14) and (2.15), the solutions for v and d are

v = (FR,MF) 'Fy, (2.19)

d = (F/T)"'F/(y— Mec), (2.20)

where M = 3 + \I.

So far the smoothing parameter A has been fixed. Good choice of A is cru-
cial to the performance of the spline estimates (Wahba, 1990). Several meth-
ods have been proposed including cross-validation (CV), generalized cross-
validation (GCV), generalized maximum likelihood (GML) and unbiased risk

(UBR) methods (Gu, 2002).

2.5 Bayesian interpretation for Reproducing Kernel So-

lution to Smoothing Spline
As shown first by Kimeldorf and Wahba (1971), the solution to the penal-
ized likelihood equation (2.3) is equivalent to the Bayes estimate to a certain

Bayes model with a limiting Gaussian prior.

Example 2.5
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Consider the classical one-way ANOVA model with independent observa-
tions y; ~ N(n(z;),d0),i = 1,...,n, where z; € {1,...,K}. Set n = al +
with independent priors o ~ N(0,72) for the mean and n; ~ N(0, %(I —
11'/K)). Note that 7{1 = 0 almost surely and that 7 = 325 n(z)/K = a.

The posterior mean of 1 is given by the minimizer of

TR D B 221

Letting 7 — oo implies a has a flat prior.
Example 2.6
Consider n(x) = no(x) + ni(z) on [0, 1], with no(x) and 7, (z) having inde-

pendent Gaussian priors with mean 0 and covariance matrices,

E[ﬁo@)ﬁo(y)] = TQRQ(I‘, y) = 7’2 Z l’_y_

b/%x—wrlw—umlmL
0

Em(z)m(y)] = bRi(z,y) =

Observing y; ~ N(n(z;),d), @ = 1,...,n, the joint distribution of y and
n(x) is normal with mean zero and covariance matrix

bY + T2TT' + 601 bé + 2T
: (2.22)

bE +PT  bRi(z,7) + T2

where X is n x n with the (4, j)th entry Ry (x;, z;), T is n x M with the (i, v)th
entry 2771 /(v — 1)!, € is n x 1 with the ith entry Ry(z;,7), and ¢ is M x 1

with the vth entry x*~!/(v—1)!. Using a standard result from the multivariate
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normal distribution, the posterior mean of n(x) given y is

Eln(z) |yl = (b€ +7¢ T+ 7 TT +60) 'y

= ¢+ pTT + M) 'y +¢'pT'(Z + pTT + \I) 'y,

where p = 72/b and b = dp/\. Letting p — oo, it can be shown that the
posterior mean E[n(x) | y] is of the form &'c+ ¢'d, with the coefficients given

by

c = M'-M'T(T'M'T)'T'M ™)y,

d = (T'M'T)"'T'M™'y,

where M = ¥ 4+ AI (Wahba, 1990).

These two cases demonstrate that the limiting posterior mean for the
Bayesian problem is the same as the smoothing spline solution (2.18), (2.19)
and (2.20). The setting for those two cases is based on equation (2.12). The
penalty term is A¢'Xe¢, which implies the prior for ¢ has a Gaussian distrib-
ution with mean zero and covariance matrix 3~ /A. The inverse covariance

matrices (the precision matrices) are proportional to the reproducing kernel

R;.

2.6 Bayesian approach for Reproducing Kernel Solu-

tion to Smoothing Spline

Now an alternative for the prior distribution is proposed. Instead of work-

ing with a precision matrix derived from a reproducing kernel, after certain
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transformations we have the covariance matrix for the prior itself derived from

the reproducing kernel. The setting for the posterior distribution stays the

same. But there are some advantages to this transformation. This transfor-

mation has better properties for Bayesian computation. And the reproducing

kernel as the covariance matrix in the prior distribution provides flexibility

in decomposing the covariance components in the smoothing spline ANOVA,

which is the focus in a later section.

Now set p = X¢, so
Y n=cd3XX Xc=cXec
Maximizing (2.12) is equivalent to minimizing
- 2%077’277,

which implies the corresponding prior distribution for n is

B}
n|d, A~ N, <O’XOE>'

Assign the prior distribution for d as

d | T ~ NM(O,TIM)

(2.23)

(2.24)

(2.25)

(2.26)

In order to improve the MCMC in Bayesian computation, we will be working

in the coordinates obtained by transforming the data using F', the eigenvectors

17



from the spectral decomposition of TT". Set v = T'd+n and uw = F'v. Then

v=Td+n|7 8\~ N, (O,TTT’ i %"z) (2.27)
and
! / / 50
u=Fv|7,6,\~N, (O,F (TTT 1 sz) F) . (2.28)

To work in the orthogonal coordinates, also transform vy, so

y | v,00 ~ Ny(v,001,), (2.29)

F'y | u,dy ~N,(u,dpl,). (2.30)

The joint distribution of w and F'y is

w o) 0 F' (rTT +2%) F F' (r1TT + 2%) F
F'y 0 F' (7TT + 25)F Solyy + F' (7TT + 2%) F

Using a standard result on multivariate normal distribution (e.g. Johnson and

Wichern, 1998), the conditional distribution for w | dg, A, T is

w|y, 0, \, 7~ N(B'F'y, 6B "), (2.31)

where B, = I, + (F'($-TT' + IE)F) L
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The spectral decomposition showed TT' = FAF’ and F'F = I, so

, , , , Ay 007 (n—nr)
F'(TT)F = F'(FAF)F = A = ., (2.32)

Om-ayxnr O—nr)x(n—nr)

where A is an M x M diagonal matrix. Also

F, FXF, F,XF,
F'SF = S(F,F) = : (2.33)

F,XF F,XF,

[\

We have

)1_ LA +3FXF ;FXIF 2.3

1
(F(gTT)F+XFEF
0 1FYF 209 0!

Applying the well-known result (e.g. Horn and Johnson, 1985) for the inverse
of a block matrix and letting 7 — oo, which leads to a noninformative prior

distribution on d,

-1

A+ iF\XF, 1FSF Onrxnmr Onrx (n—nr)
~ (2.35)

1F,>F 1F,XF, O-anyxm MNEEF)™

From (2.31), the limiting conditional distribution for w | &, A is

w|y,dp, N\~ N(B 'F'y,60B™), (2.36)
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where

In 0
B_ (2.37)

0 T myxnnr) + MFyEF) ™
Note that letting 7 — oo in the prior distribution of d is the same as putting

a flat prior on d. Now we have to transform w back to the original scale v, so

v |y, 00, A\~ NFB'Fy,6,FB'F) (2.38)

2.7 Smoothing Spline ANOVA Models

Smoothing spline ANOVA is a function estimate based on an ANOVA type
decomposition of the unknown mean function f. Before we go in to detail, we
start this section with a two-way ANOVA example.

Example 2.7

Consider « € X; = {1,...,K;} and f € A, = {1,...,Ky}. The usual

model is

E(yjk) :u+ozj+ﬁk+7jk, j: 1,...,K1, k= 1,...,K2, (239)
with side conditions Z]K:ll aj = Zfﬁl Br = Z]K:ll Vik = Z?jl v = 0. De-
fine the averaging operators as A;f = Zf:ll fG,k))J = f, and Ayf =

1{;{:21 fU, K)/K = 7] The side conditions imply A;(I — Ay) = As(I — Ay) =

0. The effects of each component in the two-way ANOVA model are defined
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in terms of the averaging operators applied to f to obtain u, «, # and v by

AAsf = Afy =T,
(I —ADAf = (I-A)f;=f;—f.,
Al(I - AZ)f = Alf - A1A2f = 7k - 7..7

(I-A)I—-A)f = U-Ai—A+AA)f=f _Tj- _7~k _7..7

where A; Ay f represents the constant, (I — A;)Asf represents the main effect
of a, A1(I — Ay)f represents the main effect of 3, and (I — Ay)(I — Ay)f
represents the interaction effect between o and . The averaging operators,
A; and A,, decompose f into four parts, and each part is in a subspace which
is orthogonal to the others.

This idea of ordinary ANOVA decomposition has been borrowed and ap-
plied to the decomposition of functions in a Hilbert H space. Suppose one
has reproducing kernel Hilbert spaces H(,y on domains &X,, v = 1,... T, re-
spectively. Further, assume that each space H(,) has a one-way ANOVA de-
composition built in via the tensor sum decompositions H,y = Ho(y) € Hi(y),
where Ho(,) = {f : f o< 1} has a reproducing kernel Ry, o< 1 and Hy(,) has
a reproducing kernel Ry, satisfying side conditions ARy, (2, ) = 0, for
all z(,) € &, where the A, are the averaging operators defining the one-way
ANOVA decompositions on X,. The tensor product space H = ®._,H,) has

a tensor sum decomposition

H = @—1(Ho) ® Higy)- (2.40)
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If =2, then

H = ®3:1(H0('y) b Hl(v))
= (Hogy) ® Ho(s)) © (Hi(ay) @ Hoas))

EB(7_(0(961) ® Hl(@)) D (Hl(ﬂcl) ® Hl(wz))v (2'41)

where Ho(z,) ® Ho(a,) is the space of constants, Hi ., ) ® Ho(s,) is space of main
effects in 1, Ho(z,) ® Hi(z,) is space of main effects in 9, and Hy(g,) @ Hi(a)
is the space of interaction effects between x; and xs.

With reproducing kernel Hilbert space ‘H with two discrete variables in
r1€X={1,...,Ki}andxy € X, = {1,..., Ky}, Example 2.7 can be reinter-
preted. Set H = {p : p € RE>E2} wwhere w = (u11, ..o, Uiky, - - UK 15 - - -5 UKy K ) -
The representer &;; in ‘H is e;; = (0,...,0,1,0,...,0), the ijth unit vector,

such that

(&ijs 1) = (eij-p) = pij- (2.42)

This defines the reproducing kernel

R((3,7), (k1)) = (€ij; €r) = I{(ij)=(k)}- (2.43)

The null space is

Ho={p: pij =c,Vi,jie. p=clgpg,} (2.44)
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Since

= (e i ) = (65), (2.45)
the reproducing kernel is
Rol(i ), (k, 1)) = (635:€5) = (e Lk L) = e Licusa2:46)
KK, KK, KK
where 1 = (1,...,1)" is with &k terms of 1 in a vector.

Consider the main effect at level x; € X} with reproducing kernel Hilbert

space is ‘Hj(z,). The main effects for z; are defined to be

_ _ 1
fii. —R. = e pm— ml}m{zﬂ
1
<eij - lele M> = <§ij, M>> (247)

where e;; = (0,...,0,1/K5,...,1/K5,0,...,0), the ith block with elements

1/K,. The representer is &;; = e;; — ﬁlKlK,ﬁ which is

L L ifi=k

Ky KiKo

&iji(k,1) = .
—ﬁ if i#k

The reproducing kernel is defined as

R ((1,7), (k, D) = (&> Sry)
L1 =k

Ky  KiKo

—wm  fiFk
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1 1 1 1
= — I — = — | Igjmpr — — | . (2.48
Ko ti=h} KKy Ky ( =k} K1) ( )

RKl X Ko

Thus the tensor product space for H,) = {p € D pij = My, Vi, j} can

be expressed as
H(z1) = Ho@) @ Hiay)- (2.49)

The reproducing kernel under subspace Ho(,,) is Ro in equation (2.46), and
the reproducing kernel for subspace Hi(y,) is Ri(,) in equation (2.48).
With the same approach applied to x,, the tensor product space for H,,) =

{pe REv K2y = fi.;, Vi, j} can be expressed as
Hws) = Hogez) © Hiea)- (2.50)

The reproducing kernels under subspace Ho(,,) is Ry in equation (2.46) and

Hl(gw) 18

Ragan (190, (1)) = (1{“} . Ki) | 251)

Thus the tensor product space can be expressed as

H = (How@) ® Hi@)) ® (o) ® Hi))
= (Ho@y) ® Hows)) © (Hi@y) @ Howa)) © (Howy) @ Hiwa)) © (Hi@y) @ Higan))

= Ho® Hzy) D Hizs) D Hizr,a0), (2.52)

where Hy is the space of constants, H(,,) is the space of main effects for
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71, H(g,) is the space of main effects for x5 and H(,, 4,) is the space of the
interaction effects. The corresponding reproducing kernels for each subspace
are Ro((¢,7), (k,1)) in equation (2.46), Ri(,)((4,7), (k,1)) in equation (2.48),

Ry, ((4, ), (k,1)) in equation (2.51) and

Rl(m,m)((%])? (k’ l)) = R<<Z7])’ (k’ l)) - RO((ivj)v (k7 l)) - Rl(ﬂ?l)((ihj)? (k7 l))

- Rl(xz)((ivj)’ (kvl)) (253)

Example 2.8

Now consider two variables, z; € X} = {1,..., K1} and x5 € X, = [0, 1].
Consider reproducing kernel Hilbert spaces H,,) = Ho,) ® Hi(z,) on domain
X1 and Hz,) = Ho(z) © Hi(ay) on domain X, with the linear spline. Analogous
to Example 2.7, the reproducing kernels for the discrete variable x; under
subspaces Ho,) = {#li, : p € R} and Hy,) = {p € R sit. (p,1g,) =

0, i.e. S5 pi; = 0} are

. 1
Ro(ay) (4, J) = E’
. 1
Ri(e)(i,5) = L=y — K (2.54)

The reproducing kernel Hilbert spaces for x5 are

HO(xQ) = {f:f/:O}7
Py = AF:50) =0, [ (1) dr < o0} (2.55)

Refer to equation (2.6) and (2.7). When m = 1, the reproducing kernels for
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subspaces Ho(y,) and H(,,) are

RO(Q:Q) ({L‘, y) = ]-7

1
Rigp(y) = [(e-wily-udizony. (250
0
The tensor product space is the same as Example 2.7,

H = (How@) ® Hows)) © (Hi@) @ Hos) © (Hogy) ® Higes) © (Hier) ® Hi(ey))

= HoD H(m) D H(m) ©® H(ml,azg)'

The reproducing kernels for each of the subspaces are

Mo Boe (i) Rotan () = 7

Moy Ben)Ragey () = T = 30

Has) - Romo(i,x)Rl(m)(j’y)Z(Kil)(awy),
Hian) B (0)Ragen () = Uics) = 70)(@ A

Example 2.9

Another case to consider is with the same two spaces in z; € &} =
{1,..., K1} and x9 € X = [0,1] but with cubic spline smoothing on .
The reproducing kernel Hilbert space for z; € &) stays the same with H,,) =
Ho(z1) © Hi(zy)- Now the reproducing kernel Hilbert space for x, € X5 with

cubic spline is H(z,) = Hoos) ® Hot(z) D Hi1(zy)- With m = 2, equation (2.6)
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showed

Ro@s)(%,y) = Roogas)(,y) + Roi(ao) (2, y) = 1 + 2y,

Rit(ay) (7,y) = /0 (z —u)4(y —u)y du, = (x A y)*(3(z Vy) — (x Ay))/6.

The reproducing kernel Ry(,,)(x,y) is decomposed into Roo(z,) (2, ¥) Plus Roi(z,) (2, ¥)
for the corresponding reproducing kernel Hilbert spaces Hoo(z,) and Hoi(z,)-

The space Hoowzs) = {f : f(22) = c} is the space of constants, Hoi(z,) = {f :
f(x2) = bxs} is the space of linear effects, and Hiiz,) = {f : f(0) = f/(0) =

0, fol(f”)2 dx < oo} is the space of smooth effects.

Thus the corresponding reproducing kernels under each subspace are

Ro@y(i,j) = =
Rin(63) = Timiy = 70
Roo(zz)(iﬂ,y) = 1,
R01(m)($,y) = 1Y,

Rigo)(@,y) = (@ Ay)*BaVy) — (zAy))/6. (2.57)
We construct a tensor product space with six tensor sum terms,

H = (How) ® Hi@)) @ (Hoozs) D Hot(es) D Hit(as))
= (Ho(ml) & Hoo(m)) S (Ho(ml) ® HOl(mg)) D (HO(a:l) ® Hll(mz))

B(Hiar) ® Hoows) @ (Hiy) @ Hot(es) ® (M) @ Hiies) [2.58)

where Ho,) ® Hoo) is the space of constants, Hoe,) ® Hoi(a,) is the one
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dimensional space of a linear effect in x2, Ho(z,) ®Hi1(a) is the space of smooth
effects in z3, Hi () ® Hoo(a,) is the space of level effects in x1, Hy(zy) @ Ho(a,) 18
the space of interaction effects between level effects in z; and linear effects in
Tg, and Hi(z,) ® Hii(a,) is the space of interaction effects between level effects
in x1 and smooth effects in z5. The corresponding reproducing kernels for each

subspace are

. . 1

Ho@) @ Hoos) : Ro) (4, ) Roows) (4, ¥) = K (2.59)
. . 1

HO(ml) & HOI(.’L’Q) : RO(Il)(ZJ x)ROl(mz)(jv y) = (E)(my)u (260)

. . 1
Ho(;cl) X H11(a:2) : Ro(asl)(% x)Rll(xz)(jay) = (I{i:j} — E
Y

. . 1
Hl(azl) & HOO(xQ) : Rl(xl)(la I)ROO(QCQ)(.]7 y) - I{i:j} - E) ) (262)
Hi@) © Hit@s) : Ri@) (i, 2) R, (4, y) = )

. . 1
Hl(azl) X H01(a:2) : Rl(xl)(% x>R01(:c2)(.]7 y) = (I{i_j} - E

(A y)?(B(z Vy) — (zAy))/6), (2.64)

respectively.

For each of the cases discussed above, the reproducing kernel Hilbert space
has decomposition as H = Ho & Y »_, Hi, where Hy is the space that is not
penalized, and each Hj, is a reproducing kernel Hilbert space with reproducing
kernel R;. The SSANOVA model is constructed based on Ho® Zizl ‘Hi. The

estimate of f is the minimizer of
n p
Sy — Lif P+ 2 6P, (2.65)
=1 k=1
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where Py is the orthogonal projection operator of f onto Hy, in H. Let &, (t) =

LRy (t,-) and 3y = {(&ki» €kj) tnxn- The solution to equation (2.65) is

ft) = Z dipi(t) + Z Cj(z 0rr; (1))

J=1

f = Td+ e, (2.66)

where ¢ and d are solutions to equation (2.7) with X replaced by > 7_, 0,%.
Smoothing parameters A/6,..., /6, can be estimated similarly using GCV,
GML, and UBR methods. Wang (1997) has developed an R function “ssr”
to fit SSANOVA models. Gu (2002) has an algorithm to solve for ¢, d, and
A0y, ..., A0, with GCV, GML, and UBR methods simultaneously.

We propose a Bayesian approach in the next chapter to estimate the para-

meters ¢ and d and smoothing parameters simultaneously through MCMC.
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Chapter 3

Bayesian Smoothing Spline ANOVA

With the Bayesian interpretation for the reproducing kernel solution to
smoothing splines, it’s natural to consider a fully Bayesian approach. In

this chapter, we discuss a fully Bayesian approach to smoothing splines and

SSANOVA.

3.1 Fully Bayesian approach to Smoothing Splines

In Section 2.5, we discussed a Bayesian interpretation for the reproducing
kernel solution to smoothing splines following Kimeldorf and Wahba (1971).
The Bayesian interpretation is based on equation (2.12), which implies the
prior for ¢ has a Gaussian distribution with mean zero and covariance matrix
do/AX~. To implement a Bayesian approach, the computation could be in-
tensive since each MCMC step requires the precision of 3. The alternative
we propose in Section 2.6 transforms the model so the prior has a Gaussian
distribution with covariance matrix proportional to 3. This not only improves
MCMC computation but facilitates the construction of priors in the Bayesian

approach to SSANOVA. This alternative provides the conditional distribution
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for w in equation (2.36). So the solution for the smoothing spline is v = Fu

given dg and A.

3.1.1 Bayesian hierarchical model

To implement a fully Bayesian approach in a hierarchical model, we require
priors for dy and A. Since we took 7 — o0, we applied the result of equation

(2.35). The prior distribution for w = (u}, u})" in equation (2.28) is now

8o
s | 60, A ~ Niw_an) (0, XO(F2EF2)> : (3.1)

Following many authors seeking objective priors for regression models, we will
use the Jeffrey’s (invariance) prior for dp. We will follow White (2006) and
Liang et al. (2008) and use the Pareto for A\. Thus we have

1
[50] X 6—, 50>0,
0
Qo
= —— > (. 2
P“ao] (a0+)\)2’ A>0 (3 )

To sample from the Pareto distribution efficiently, we use a hierarchical struc-

ture as in White (2006). With

Al ¢~ Exp(e),

¢ | ap ~ Ezplayp), (3.3)

the marginal for ) is the Pareto distribution (3.2). Since F,3F, may be sin-
gular, we may need a full rank parameterization. Let FZIEFg = QDQ be the

spectral decomposition, where @ is the matrix of eigenvectors corresponding
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to the nonzero eigenvalues and D is the diagonal matrix with the nonzero

eigenvalues in the diagonals. Letting u, = Quv, then

v | dp, A~ N <o, %OD) . (3.4)

The full conditionals for each of the parameters are

d ‘ (50 ~ N((T/FlFllT)ilT/FlFlly,(50<T/F1F1/T)71),

v| A& ~ N(IL+AD)'QFy,&(I, + D)),

r 2(50
A ~ T
| v, 00,6 ~ Gamma (2 th D s 250¢) ’

1
o ANag ~ Gamma (2, ) ,

)\—Fao
Fly — 2 by /D—l
n;r,( 2y2u2) + 5 v)(3.5)

do | A~ Inverse Gamma (

where r is the rank of D. We demonstrate this model by a simulated example
first, and then apply the model to a dataset from a manufacturing production

line.

3.1.2 Effective Degrees of Freedom in Smoothing Spline and Prior

for A\

Equation (2.38) showed the conditional distribution of v in a Bayesian
smoothing spline model. The Bayes estimate for v given A is the smoothing

spline estimate,

v=y=FB'F'y, (3.6)
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where

Iy 0
B= . (3.7)

0 Ipoan + ANFEF)™!
Thus the matrix FB~!'F’ is known as the smoother matrix. Following Hastie
et al. (2001), the complexity of a model can be described by the “effective num-
ber of parameters,” which is defined to be the trace of the smoother matrix.
The smoother matrix S(A) is

Iy 0 F]
S(\)=FB'F = (F, F,) (3.8)

0 (Toany + MF,EF;) )7 F;

Thus the trace of this smoother matrix is

d0) =tr(S(N) = i |[FiF + B(Iu ) + NFEF) ) F

d 1
= M —_— 3.9
" 2 1+ A (3:9)

This equation shows how A is related to the complexity of the model. The
trace of the smoother matrix d(\) defines the effective degrees of freedom of
a smoothing spline. This very useful tool allows us a more intuitive way to
specify a prior for X\. In the next two examples we discuss how does the effective
degrees of freedom facilitate us to select the prior information on A. Following
White (2006), since d(\) is a monotone function of A, the median of the prior
distribution of d()) is d(\,,), where A, is the median of the prior on A. For
the Pareto distribution (3.2), the median is ag. Thus the median for the prior

on d(\) is d(ag). White (2006) suggested choosing ag by trial and error to have
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a desirable prior degrees of freedom.

3.1.3 Simulated Example

Consider a simple simulation from a balanced design. The independent
variables include a discrete variable (x;) with two levels and a continuous
variable (x2). Let e = (1,...,m)'/m, 1; = (1,1) and 1, = (1,...,1) 4
where m = 10. Take ¢; = (1,2) ® 1, zs = e® 1, and y; = 1 + 2/, 1y +
3sin(2mxe; — m) + &; with 69 = 1. The sample size is n = 20. The model

proposed is a smoothing spline function

flz2) = p+ Brs+ sa(z2), (3.10)

where p is the constant term, 3 is the coefficient for the linear effect in x5 and
So(x2) is the smooth effect of 5.

After assigning a value for the parameter ag, all the parameters can be
sampled by Gibbs sampler in MCMC from their full conditionals by (3.5).
Then the Bayes estimates for each parameter are their posterior means.

The parameter ag is the median of the Pareto distribution for the prior dis-
tribution of A. Even though the Pareto distribution has no mean or variance,
the choice of median is still informative (refer to Section 3.1.2 for details). So
what is a reasonable choice for ay? Following Hastie et al. (2001), the com-
plexity of a model can be described by the “effective number of parameters,”
which is defined to be the trace of the smoother matrix as defined in equation
(3.9). Based on the smoother matrix, effective number of parameters are 7.9,

7.2, 4.8 and 2.4 when A is set to 0.000001, 0.00001, 0.0001 and 0.001 respec-
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tively. We chose ag to be 0.0001, which provided about 5 effective degrees
of freedom. Note that includes 1 degree of freedom in the linear term plus 5
degrees of freedom from the smooth term to give 6 degrees of freedom for the
fit. This fit should be able to catch the curve effect in the data. To observe
the smoothing effect of A\, we tried different values ay =0.000001, 0.00001,
0.0001 and 0.001 in the prior distribution for A\. The Bayes estimates for A
are (0.0006, 0.00062, 0.001 and 0.005, which corresponds to equivalent degrees
of freedom of 2.9, 2.8, 2.2 and 1.3 in (3.8) respectively. Figures 3.1 shows the
MCMC trace plots for samples of the log(A) from the models with a;=0.001,
ap=0.0001, ap=0.00001 and aq=0.000001. Convergence is rapid in all cases.
Figure 3.2 shows the fits of the models with ag=0.001, a;=0.0001, a=0.00001,
ao=0.000001 and the true function. The fits for a;=0.00001 and ay=0.000001
are almost identical. The fit is quite robust to choice of ay. With the ag
ranges from 0.001 to 0.000001, those fits are similar. The results suggest that

the prior has little influence in estimating .

3.1.4 Manufacturing Example

The data used to illustrate this model come from the monitoring process for
a production line stamping parts for circuit breakers. Regular measurements
were taken on the metal parts and measured in inches. The data consists
of 474 measurements of the metal parts along with the corresponding date
and time when the measurements took place and the operators who took the
measurements. There were 18 operators. The date and time variable has been
converted into Julian date, which transforms the variable into a continuous

scale. In this analysis, we used only nonrepeated measurements. We will use
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the full dataset in later analysis.

The model proposed is again the smoothing spline function

flz2) = p+ Brs+ sa(22), (3.11)

where p is the constant term, 3 is the coefficient for the linear effect in x5 and
So(x2) represents the smooth effect of xs.

Based on the smoother matrix (3.8), the effective number of parameters
are 50.7, 30.4, 17.4 and 9.6 when X is set to ap = 1 x 1078, ag = 1 x 1077,
ap = 1 x 107% and ay = 1 x 1075 respectively. So ay, the median of the
Pareto distribution, was chosen to be ay = 1 x 107%, which provided about
17.4 effective degrees of freedom. (Again note that this includes 1 degree of
freedom in the linear term plus 17.4 degrees of freedom from the smooth term,
leading to 18.4 degrees of freedom for the median of the prior distribution.)
The Bayes estimate for X is 1.77 x 107, which corresponds to 8.2 effective
degrees of freedom. To observe the smoothing effect of A\, we select different
values ag = 1 x 10781 x 10™7 and 1 x 107° in the prior distribution for \.
The Bayes estimates for A are 1.70 x 107, 1.63 x 10™° and 4.76 x 10~°, which
corresponds to equivalent degrees of freedom of 8.3, 8.4 and 6.2. Figures 3.3
shows the MCMC trace plots for samples of log(A) from the models with
ao=1x107°, a0 =1x1075 ag =1x 107" and ay = 1 x 10~%. Convergence is
rapid in all cases. Figure 3.4 shows the fits of the models with ag = 1 x 1072,
ap=1x107% ap=1x 1077 and ay = 1 x 1078, The fits for ay = 1 x 1075,
ap =1 x 107" and ay = 1 x 1078 are almost identical. With ay ranges from

1 x107° to 1 x 1078, the fits are similar. The results suggest that the fit is
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not sensitive to the choice of A when the right range of degrees of freedom is
chosen.

This section discussed Bayesian smoothing splines with fully Bayesian es-
timates. With the posterior distribution, other statistical inference can be
done for the fitted model such as credible sets. While these quantities can be
computed with GCV, GML and UBR, the uncertainty due to estimating &g

and A are not included in the total inference.

3.2 Fully Bayesian approach in SSANOVA

In Section 2.7 we discussed the frequentist approach to SSANOVA based
on Gu (2002). In this section, we will extend the work to a fully Bayesian
approach. As mentioned in the previous section, the alternative proposed
to improve the MCMC computation will also facilitate the construction of
SSANOVA in the Bayesian approach. So we continue to adopt this alternative
approach.

The advantage of Bayesian SSANOVA over Bayesian smoothing splines
is the added flexibility of testing fixed effects and interaction effects. After
decomposing the estimated function into several subspaces, we can test each

component in the model and come out with the most parsimonious model.

3.2.1 Bayesian hierarchical SSANOVA model

Based on the procedure discussed in Section 2.7, consider a variable z in do-

main X and a Hilbert space ‘H of functions on X'. A tensor sum decomposition
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of the reproducing kernel Hilbert space H has the form

with inner product
p p
(f,9) =D 00 = > _{frr 000
k=0 k=0

and a reproducing kernel

p

R(z,y) = ) Ri(x,y),
k=0

(3.12)

(3.13)

(3.14)

where (f, ) is an inner product in Hj, with corresponding reproducing kernel

Ry, fi is the projection of f in Hy, and Hj is a finite dimensional space with

no penalty.

As discussed in Examples 2.7, 2.8 and 2.9, consider two variables x; € X}

and o € &3 in an experiment with n observations. Suppose H(.,) consists

of functions on &) and H(,,) consists of functions on &5, and assume the

reproducing kernel Hilbert space is H = H(y,) ® H(s,). As in equation (3.12),

suppose H,,) and H(,,) have tensor sum decompositions

Hay) = PitoHicar)

Hzs) = 720 H j(2a)-

Thus H = Hzy) @ Hzy) = @pHp, where p is the number of all the pairwise

combinations of ¢ = 0,...,p; and j = 0,...,p;. BEach orthogonal space H,
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is constructed by taking the product of subspaces H;,) and Hj,) of Ha)
and H(,,) respectively. The subspace H;(,,) is from the ith tensor sum de-
composition of H,,), and Hj,,) is from the jth tensor sum decomposition of
H,,). Moreover, the corresponding reproducing kernel R, is the product of
reproducing kernels under H;(,,) and H;(,,).

After the model is selected, the reproducing kernel Hilbert space can be
rewritten as H = Ho & > _r_, Hx, and the reproducing kernel Ry in Hy, is the

product of Rj,) in H(,,) and Rj(,) in H(,,). Define

p
n=) %, (3.15)
k=1

where X is the n x n matrix with the (¢, j)th entry Ry ((z1:, ), (15, Z2;)).
To view the effect of each Xy, we assigned different weights, 6, to each

term and assume

p
X=) 0Tk (3.16)
k=1

Under a fully Bayesian approach, those weights will be estimated through the
smoothing parameters A\, = A/0;. Instead of estimating the 6 directly, we
will get the Bayes estimates for each A\, which controls the smoothing effect
under each Y.

The minimizer for equation (2.65) now is

ft)=Td+ Xec=Td+ (i zk> c. (3.17)

k=1

As the alternative approach considered in equation (2.24), the prior distribu-
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tion for n is

n | 6o, A ~ N, (0, %"z) . (3.18)

To apply the SSANOVA decomposition, refer to the setup for us in equa-
tion (3.24), which has a diffuse prior in Hy. The covariance matrix for us is
FZIEFQ. We decompose this covariance matrix according to the reproducing

kernel under each subspace,

p
F,%F, =Y 0, F,%F,. (3.19)

k=1

. . ! . . . .
So each covariance matrix 6, F,3; F, corresponds to a prior distribution wy

for each subspace k from the penalty term. Let

If the priors on the wy are independent, the prior on w; satisfies
wy ~ N (o, AkFQ’EkFQ) Ck=1,....p,

where \y = \/0x, k = 1,...,p. Then uy has the required prior distribution
(3.24). To implement a fully Bayesian hierarchical model, we need to assign
prior distribution to the smoothing parameter A\, = /6.

We now take the prior distributions for o, and A\ to be
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ay

Ak |ar] = m,

>0 k=1 ,....p, (3.21)

where the Pareto distribution will be sampled based on the hierarchical struc-
ture in White (2006). Since the covariance matrix F,X, F, might be singular,

again take the spectral decomposition

Y. F=Q.DQ), k=1,...,p, (3.22)

where @y, is the matrix of eigenvectors corresponding to the nonzero eigenval-
ues at FQ'EkFg and Dy, is the diagonal matrix with the nonzero eigenvalues on
the diagonal.

Set wy = Qrvi. Then the prior on v, and wus is given by

5
v | G0, Ae ~ N<O’A_(/;Dk) k=1,....p, (3.23)
P
uy = Y Quox. (3.24)
k=1

The full conditionals for each of the parameters are easily calculated:

d ’ 50 ~ N((T/FlFl,T>71T/F1F1/y,50(T,F1F1/T>71),
(3.25)

p
Vg | gy Ay G0~ N((Irk + D)@, (Fgly - > ini>7

i=1,ik
So(I,, + AkD,;l)), k=1,....p, (3.26)
Tk 250
A a6 ’ ~ G — + ]-a )
b | 0k 00, & e ( 2 oD o + 250¢k)
k=1,...,p, (3.27)
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1
ok | Ak, ap ~ Gamma (2, ) , k=1,...,p, (3.28)

e+ ag
n+>r
S | Aty .oy Apy 01, v, ~ Inverse Gamma (%,
[Fy — ws]® = Mvp Dy g
WPy —wwll” s 2ekDiton) - (09)
k=1
where 7, ..., 1, are the ranks of the nonzero eigenvalue matrices D, ..., D,,
ai,...,a, are the parameters for the prior distributions of A,...,\,, and

v_y, = {v;,j # k}, the collection of all v, for j # k.

The posterior distributions for each of the parameters can be simulated
based on the full conditionals. Since the decomposition of the reproducing
kernel Hilbert space provides orthogonal subspaces that span main effects and
interaction effects, we will test the components under each subspace for dif-
ferent effects. The model selection criteria for hypothesis testing is based on

Bayes factors.
3.2.2 Priors for one-way ANOVA compared to smoothing spline
ANOVA

Consider X = {1, ..., K} corresponding to a one-way ANOVA model. The

balanced one-way ANOVA hierarchical model is

Yij = N+ai+€ij7 izlv"'aKv jzl,...,r, (330)

e " N(0,07), (3.31)

where 7 is the number of replicates. The customary prior on «; is

itd

a; ~ N(0,02), i=1,...,K. (3.32)
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In smoothing spline ANOVA for the identifiability of @ = («,...,ak)’, the

prior for « is restricted to the complement of the null space. The null space is

Ho={a=c(1,...,1),—00 < ¢ < o0},
with the projection matrix
P=1(11)""1 = L
0 Kt

Let H; be the complement of the null space with projection matrix

1
P1:I—?11I

If we take the projection of ax onto Hy, the resulting prior is

Ploc ~ N(O,PlUiIP{) = N(0,0'iPl).

(3.33)

(3.34)

(3.35)

(3.36)

Now represent the balanced one-way ANOVA hierarchical model (3.30) in

matrices,

y=1p+ Xoa + e,

(3.37)

where y is the n x 1 vector of observed responses, p is the overall mean,

X =1,®1, is an n X K design matrix, o is a K x 1 vector for factor level

effects and € is an n x 1 vector for random errors. Since the prior for « is
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restricted to the complement of null space, the prior is

1
a~N <0,a§ (I — §11’)> = N(0,02P,). (3.38)

In keeping with the SSANOVA development, we replace o2 by dp/\. Then the

prior on X« is

8 1 o) 8
Xa~N (O,XX (I—?ll)X) N(O, )\7"2), (3.39)

is the same as the prior distribution for i in equation (3.18) with covariance
matrix 7X for the discrete variable in SSANOVA.

Take P to be a K x (K — 1) matrix whose columns are orthonormal and
P | 1. Then P, = 1515’7 PP = Ij_yy,and a~ N <0, 5701515’>

Let 3 = ﬁ’a, SO

B—Pa ~ N (o, %ﬁfﬁfa‘fﬁ)
0
~ N(o, §I<K_1>),

where B is a (K — 1) x 1 vector. Then B has a proper normal distribution

with a non-singular covariance matrix. Thus we can write
yzlu—i—;{:ﬁ—i—e, (3.40)

where X = X P. With this transformation between o and 3, the priors for
both e and 3 are equivalent but in different dimensions. This is the customary

prior for the coefficients in a full rank linear model.
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Since X has full rank, consider the Zellner’s g-prior (Zellner, 1986) for 3:

B ~ N(0,g6(X' X)) (3.41)

~ N(0,96%(P' X' XP)™")

5
~ N (o, %I(K_l)) .

Without loss of generality, assume that X = Ix ® 1, so X' X = rl.

The Zellner-Siow prior (Zellner and Siow, 1980) on 3 is (3.41) with

1
g ~ Inverse Gamma (5, g) : (3.42)

When the prior on smoothing parameter \ is

1 K
~ il 4
A Gamma (2, 5 ) , (3.43)

ie.,

11
K\ ~ G -, =
i (11)

~ xi, (3.44)

then the prior on the discrete term 7 in the SSANOVA is exactly the Zellner-
Siow prior. In a balanced design, the Zellner’s g-prior is depends on the number
of factor levels K.

We take a variant prior with K =1 for A so

11
A ~ Gamma (5, 5) (3.45)
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for level effects in a discrete variable in SSANOVA. For smooth effect in a

continuous variable, the prior for A is

10
N 10 4
A ~ Gamma (2, 2) : (3.46)

where the scale parameter b is determined by the effective degrees of freedom.

3.2.3 Prediction at new points

The posterior means d and T, are computed as the mean of the MCMC
samples from equation (3.25) and (3.26) separately.

The estimate at the observed points is

p
y=Fu=FFv=FF <T8+ Zm) ,
k=1

where u = (u},u,)’,

8l
I
el
~
al

gl
I

NE
gl

P
E= Z Q1 vy
k=1

k=1
Consider predicting at new points sq,...,s;. The conditional mean for y
at the new points is
_r
j=Td+> m, (3.47)
k=1

where T spans the null space for the new points and 7, = (7(s1), - - ., Tk(s¢))’

is the conditional mean of i, given the data at the new points. The covariance
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matrix between the observed and new points under each reproducing kernel

Hilbert space H,, is

Cr = Cov(ne, M) = [Bi(si, T5)]pxn- (3.48)

Define the reproducing kernel for the new points as

S = [Ri(si,55) ] (3.49)

Then the prior distribution for 7, is

_ do =
T | 60, A~ N (o, f&) . (3.50)
The joint distribution of 1, and wy, is
g N 0 LY, 2CLF
wy, 0 XF)C;, 2FS,F,

Using a standard result on multivariate normal distributions, the condi-

tional distribution of ny | wy, is

M | Wi, 00, A ~ N(CLF(Fy2F) ' 'Quy,

00 / — Pal
Xo(zk—ckFQ(FQEkFQ) LEICY)). (3.51)

To predict at the new points, samples from the conditional distribution 7 |
Wy, 0p, A must be projected onto the complement of the null space for the new

points.
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The projection matrix in the null space for the new points is
Pyo = T(T'T)"'T". (3.52)
Then the projection matrix onto the complement of null space is
Py, =I,—T(T'T)"'T". (3.53)
Finally, the estimate of the new points is

Py | wy ~ N(PyCoFy(FyXuFy) Qv

do & / — Vol ’
PNlXO(Ek — CFy(FXF) 'FC)HPL,).  (3.54)

3.2.4 Bayes Factor in Bayesian approach

A well-known and widely adopted model selection criteria in Bayesian ap-
proach is the Bayes factor. Kass and Raftery (1995), Albert and Chib (1997)
and Bayarri and Garcia-Donato (2007) have discussed the definition, compu-
tation issues and the choice of priors for Bayes factors. The Bayes factor is the
ratio between the posterior odds and prior odds of two models. Let p, denote
the prior distribution for model k, where k = 1,2, p, > 0, and p; +ps = 1. For
the two competing models, suppose model 2 has parameters wj;o and model 1
nested within model 2 has parameters wjs;. Suppose the prior distribution for
model 1 is p;(wps1) and that for model 2 is po(wpr2) = p1(warr)pa(y), where ~
contains the parameters in model 2 but not in model 1. Note that the parame-

ters that appear in both model 2 and model 1 have the same prior distribution
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under both models. Also, p,(7) must be a proper prior to have a well-defined

Bayes factor. The marginal likelihood function of y under model Mj, is

p(y\Mk)Z/ [y | war )pe(war, )dwnr,, k=1,2,

WMy,

and the posterior probability of My | y is

_ p(y | My)p
PO = o

The Bayes factor for comparing model 2 with model 1 is defined to be

BFy — p(Ms | y)/p(My | y) _ ply | Ms)

p1/D2 p(y | Ml).

Since sometimes it is impossible to integrate out all the parameters, we use
bridge sampling (Meng and Wong, 1996) to estimate the Bayes factor if we
can integrate out . Assume we have output from MCMC simulations under
both models. Let wy;, be the sequence of common parameters generated under
model k, k= 1,2, and let l;; = %, lg; = %, where ¢, is the product

of the likelihood and the marginal prior density of wj;; under model k. The

Meng and Wong (1996) algorithm is iterative. At the (j + 1)th iteration,

compute
4 an b
—J+1 . nl i=1 d1l1i+d2@] (3 55)
21 - 1 ZnQ 1 ) .
n2 =1 dll2i+d2§ﬁ;]
where d; = 1 —dy = —— and ny is the number of random samples generated

ni+ng’

from the full conditionals through Gibbs sampling after a suitable burn-in
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period for model k, k = 1,2. Convergence of @j is generally rapid. Larger
values of BFy; provide increasing evidence to support model 2 and smaller
values of BFy; support model 1.

Kass and Raftery (1995) provided an interpretation of BFy;. They suggest
that when 1 < BFy; < 3.2, the evidence against model 1 is negligible. When
3.2 < BFy < 10, the evidence against model 1 is substantial. When 10 <
BF5; < 100, the evidence against model 1 is strong. When BF5; > 100, the
evidence against model 1 is decisive.

Example 3.1

Consider two variables, x; € X} = {1,...,K;} and x5 € X, = [0,1]. Sup-
pose we want to model the z; effect using an one-way ANOVA effects model
and the x, effect using a cubic spline. The tensor product decomposition for
the Hilbert space H is listed in equation (2.58) and the reproducing kernel un-
der each subspace is in equation (2.57). Recall that Ho,) ® Hoo(a,) is the space
of constants with reproducing kernels Ro(,,)Ro0(zs); Hoz,) @ Hoi(z,) is the one
dimensional space of a linear effect in xp with reproducing kernel R,y Ro1(z,);
Hozy) @ Hiiga,) is the space of smooth effect in z, with reproducing kernel
Ro(z1) Bi1(s); Hiey) @ Hooe,) is the space of level effects in z; with reproducing
kernel Ry ;) Roozs). Hi(zy) @ Hoia,) i the space of interaction effects between
level effects in x; and linear effect in x with reproducing kernel R,y Ro1(z,)-
Finally, H1 () ® Hi1a,) is the space of interaction effects between level effects
in z; and smooth effect in xp with reproducing kernel R, R11(.,). Refer to
Equations (2.59), (2.60), (2.61), (2.62), (2.63) and (2.64) for the corresponding
reproducing kernel under each subspace.

A fully Bayesian approach was implemented with the prior distribution
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assigned for &y and Aq,...,\s from equations (3.20) and (3.21). The prior
distribution on each term corresponding to the penalty on its subspace is given
by equation (3.23) with k£ = 1,2,3,4. The corresponding full conditionals for
V1, U4 Ay ey Mgy @1, -+ -, 04 and &g are from equations (3.26), (3.27), (3.28)
and (3.29).

The tensor product decomposition decomposes the Hilbert space H into six
subspaces as discussed in the beginning of this example. The spaces Ho,) ®
Hoo(zoy and Horz,y @ Hoi(z,) are finite dimensional spaces containing functions
that are not going to be penalized. We will only smooth the functions from
the other four subspaces.

In this model, we are interested in testing the effects of the estimated
functions from each subspace. We set up a series of partially nested models of
interest and use the Bayes factor as the model selection criteria to test for the

effects. The partially nested models are:

Model 0 : f(x1,22) = p+ By + s1(21) + s2(22)
+l12($1,l’2) + 822(.%1,1'2), (356)

Model 1: f(xy,22) = p+ Pas+ s1(x1) + so(x) + l12(x1, 22), (3.57)

Model 2 : f(x1,29) = p+ B+ si1(x1) + so(22), (3.58)
Model 3 : f(x1,22) = p+ Prs+ s1(xq), (3.59)
Model 4 : f(x1,22) = p+ Pas+ sa2(xs), (3.60)

where p is the constant term, 3 is the coefficient for the linear effect in o,
s1 represents the level effects in xq, sy represents the smooth effect in o,

l1o represents the interaction effects between the level effects in z; and linear
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effects in x4, and s99 represents the interaction effects between the level effects
in 7 and the smooth effect in 5.

To test if there is evidence to conclude the level effects from x; interact with
the smooth effect from x5, we will have model 0 compete with model 1. The
parameters for model 0 are wyg = {v1,...,04,A1,..., A\, 00} and for model
1 are wy = {v1, 09,03, A1, Ao, A3, 0o }. Since it is intractable to compute the
marginal distribution of y for both model 0 and model 1, we will use bridge
sampling to compute the Bayes factor after integrating out the parameters vy
and A\y4.

The product of likelihood and priors under model 0 is

Ip(Mo) = (2#50)—@6—ﬁ\\F£y—Pz‘:1 Quil? (% y
0
g ((%)‘Té %Di = e—risgviDivi> X li (ﬁ)(&(ﬂ)
The product of likelihood and priors under model 1 is
Ip(M;) = (znao)—@e—ﬁllféyf; Quil? 51 .
0

4
D,

11 ((%)“ﬁ’ .

=1

7% _ i Dty a;
2ty Vil — I )3.62

After integrating out w4 analytically, the term A4 will be integrated out nu-

merically under model 0. Then

Qo = //lp(Mo)dU4d)\4
R JR

P
_(n72) _ 1 1 F/ _ 3 v 5
- /(27“50) 2 [2rA 6|2 oy 1Fy— o Quuill®
R

/ P: / P,
ez (Foy— L Qi) QAT Qi (Fy— L, Qivi)
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1
2

J

3 rs i o y—
11 ((27r)5 )\_ODi exp 20" 1”") X
i=1 ‘
? 1] - |72
a; 0 :
Y Vw2 |2p,| 3.63
g ((ai+>\i)2> oo [ ! (363
where A = I,, + \,D;*. Finally,
@ B /"27TA150‘é62;0(F2/y_P§1 ini)/Q4A71Q§1(F2/y_P?:1 Qi’Uz‘)Xa
@1 R
“__\%p E (27) % dA (3.64)
— |= T .
(CL4 + /\4)2 /\4 4 4

We use the random samples generated from the full conditionals and apply
equation (3.55) to compute the Bayes factor BFy; and test the significance of
vy, the interaction effect between the level effects in x; and the smooth effect
in 9. A similar approach can be done to calculate BF}, to test the interaction
effect between the level effects in x; and the linear effect in x5, BF53 to test
the smooth effect in x5, and BFyy to test the level effects in x;. By definition,
BFy, = BFy x BFis provided the statistic to test for interaction effects. To
illustrate the application of this model selection method, the simulated and
manufacturing examples in Sections 3.1.3 and 3.1.4 will be revisited and the

results will be compared.

3.2.5 Simulated Example in Bayesian SSANOVA

Consider again the example in Section 3.1.3. Instead of fitting the data
with a smoothing spline, we will fit the data with the five models (3.56),
(3.57), (3.58), (3.59) and (3.60) proposed in Example 3.1.

The effect of each component is tested by model selection. The Bayes
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factors for each pair of models is listed in Table 3.1. The hyper-parameters
ai, as, az and ay for the Pareto priors on A was set to be a; = ay = az =
ay = 0.01, which corresponding to effective degrees of freedom 1, 1, 1 and 2 for
each term in model (3.56). The results showed BFy = 0.438 for testing the
effect of s15 was inconclusive, BFi, = 0.192 favored model 2 and concluded
l1o is insignificant, BF,3 = 883 strongly favored model 2 and concluded s, is
significant and BF54 = 75.7 favored model 2 and concluded s is significant. As
shown in Figure 3.5, model 0, model 1 and model 2 provided almost the same
fit as confirmed in the model selection, while model 2 is the most parsimonious

model.

Table 3.1: Bayes factors in simulated example
BFy | BFi5 | BFy3 | BFyy

0.438 | 0.192 883 | T75.7

3.2.6 Manufacturing Example in Bayesian SSANOVA

Now we revisit the manufacturing example in Section 3.1.4. Since there
were 18 operators, we do not consider the interaction effects between x; and
xo. We fit the data with three partially nested models so we can inspect the

linear and smooth effects individually.

Model 2 : f(x1,22) = p+ PBre+ si1(x1) + s2(xg),
Model 3 : f(z1,72) = p+ Bxy+ s1(1),

Model 4 : f(xy,29) = p+ Pra+ so(xe),
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where p is the constant term, [ is the coefficient for the linear effect in x5, s1
represents the level effects in z1, and s, represents the smooth effect in .
The effect of each component is tested by model selection. The Bayes
factors for each pair of models is listed in Table 3.2. The hyper-parameters a,
and ay for the Pareto priors of the A are a; = a; = 0.01, which corresponding
to effective degrees of freedom 16.9 and 0.9. Note that BFy3 = 4.04 favored
model 2 and BFy; = 4.38 x 1072 strongly favored model 4. We conclude
that the level effects in x; are insignificant since we favored model 4 over 2.
The smooth effect in x5 is significant since we favored model 2 over model
3. As shown in Figure 3.6, model 2 and model 4 provide almost the same fit
as confirmed in the model selection, while model 4 is the most parsimonious

model.

Table 3.2: Bayes factors in manufacturing example
BFy3 BFyy
4.04 | 4.38 x 1073

3.2.7 Alternative Bayes Factor Computation

As discussed in Section 3.2.4, bridge sampling provides one way to compute
Bayes factors for fully Bayesian smoothing spline ANOVA models. So far,
bridge sampling has been used to test the smooth effect, the level effects and
the interaction effects among independent variables. In addition to testing for
these effects, it is sometimes interesting to test for variables in the null space.
In particular, when testing for the effect of a continuous variable, one wants
to simultaneously test for the linear and smooth effects.

Consider p independent discrete variables z1, ..., z,, ¢ independent contin-
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uous variables 41, ..., Zp4+q and the response variable y. The model proposed

to fit the data is a smoothing spline function

p+q p p+q

Model 2 : f(xl, ce ,Z'erq) = W + Z ﬁzxz + Z ll(l'z) -+ Z SZ(IEZ) -+
i=p+1 i=1 i=p+1

Z fij(xi, x;),

>
where p is the constant term, Bpi1,...,By+q are the coefficients for the lin-
ear effects in xpi1,...,2p4q, l1,..., 1, represent the level effects for discrete
variables 1, ..., Ty, Spt1, ..., Spiq represent the smooth effects for continuous
variables 41, ..., 7,44 and f;; represent the interaction effects between z; and

x; for both linear and nonlinear effects.

Suppose we are interested in testing the significance of some independent
variables, smooth effects or interaction effects such as {ls,, ..., Bus- -+, Bars
Styy- s Squs fsstrs -5 fpra ), Wwhere 1 < sy, pp <p,p+1<tyand ¢y <p+gq.

The corresponding reduced model for testing is

p+q p
Model 1 : f(,il}’l, c. ,.Z'p+q) = u -+ Z 52£E1 + Z ll<l’l)
i=p+1,i#(t1,...,q1) 1=1,i#(s1,...,p1)
p+q

7’:p+172#(t177q1)

+ > fij (i, ;)

J>,87(81,-,01) 0 (E150-5q1)

With Zellner-Siow priors assigned for (8,,...,04), (ls,...,l,) and the
interaction effects between level effects as discussed in Section 3.2.2 and the
scaled x7 priors assigned for (s, ..., s, ) and the interaction effects between

the linear effects and nonlinear effects, we can consolidate the terms receiving
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the same type of priors. Let py represent the number of terms receiving Zellner-
Siow priors and ¢, represent the number of terms receiving scaled x? priors
in model 2, and let ps represent the number of terms receiving Zellner-Siow
priors and g3 represent the number of terms receiving scaled x? priors in model

1. Both model 2 and model 1 can be rewritten as

P+q P2 92
Model 2 : f(l'l, . ,l'erq) = W + Z ﬁle —+ Z ll(ili'l) -+ Z Sz(l'l)
i=p+1 =1 =1

p+q

p3 q3
Model 1: f(xy1,...,2p1q) = H+ Z Bix; + Z li(x;) + Z si(x;),
i=1 =1

i=p+1,i#(t1,..,q1)

where [; represents the terms received Zellner-Siow priors, s; represents the

terms received scaled x? priors, ps > p3 and g2 > gs.

The parameters in model 2 are wyra = {Fpi1, -+ Bptgs V1s - - - s Upytgas M,
ooy Apatgnr 5 00} The parameters in model 1 are wy; = {Bp+1,-- -, By
Bars- s Bptgs U1y -« s Upgtazs ALy« - - s Apatass 00 - One way to implement bridge

sampling for computing the Bayes factor BF5; is to integrate out those para-
meters that are in model 2 but not in model 1 from the product of likelihood
and priors under model 2. This is intractable.

An alternative has been proposed to accommodate the computation of
Bayes factor BFy;. Instead of integrating out those parameters that are in
model 2 but not in model 1 to match the parameter spaces for both model
2 and model 1, those parameters will be included in the MCMC steps under
model 1 by sampling from the full conditionals derived from the priors those

parameters received under model 2. The product of likelihood and priors under
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model 2 is

(M) = <zmso>—n/26—ﬁHFiy—Fdenz—ﬁHFw—F’fz?”anﬁ
q2 /2 1 /D q2 b1/2 12
7‘1/2 T 7'1 v; ) - —X\ib;
XH (27) S0 |D;|~ bem HF(l/Z))\i e
=1 =1
% H 2 —r /2(5 7‘1/2>\7‘Z/2( )T /24 25 k viv; ﬁ (1/2)1/2 )\_1/2 —Xi/2
7T 7 7 t _ A (& g
ki L)
i=1 =1
, 5
X(27T950(T2T2)_1)_1/26 2090(TyT2) =1 ¢
(”/2)1/ -3/2_— 1
€72 X — 3.65
T2 ? 3’ (3:65)
where T = [mp+1, Ce ,mp+q], T1 = [:Bp+1, v Ly =1, Ly 415 - - - ,:l?p+q], T2 =
(@, 2q], B = (By,...,3,), bi is the scale parameter for xi and g is

the hyperparameter for the Zellner-Siow prior. The full conditionals for d; =
(Bps1y -+ Br—1,Bgut1s - - - Bptq), Vi, Ai and 9y refer to equations (3.25), (3.26),
(3.27) and (3.29) in Section 3.2.1.

The full conditionals for 3 and g are

Bld,g ~ N{(TyF,FT,+ (¢TyTy) ) (TyF, Fly),

So(TFwF1,Te + (9T T) 1) 7Y, (3.66)
T.T,3?
g|B,00 ~ Inverse Gamma (1, 2252'3 —1—2), (3.67)
0

where Fy = [Fy,, F};], F} is the n X ¢ matrix of vectors spanning the column
space of T' and Fj;, has dimension n x (g — t1).

The product of likelihood and priors under model 1 is

/ 4 ’ P
- — L || B y—B Tid1|? —5— || By— p3+q3 2
lp(Ml) = (27750) ”/26 260 | By y—FB Tid:|| e~ 2% | By Qivill
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1 q3 b1/2
A =1, ; — b
XH 27T n/26 Ti/2 7‘1/2|D| 2e 250'UZD1 ’UzH i A\ 1/26—)\le

1=1 =1 F(1/2) !
Ain P3 1 2
X H (2m) “/2(5 711/2)\”/2(]{;‘)7"1/2 530k, Vivi H (P{1;2> )\—1/2€,A /2
=1 ! =1

1 2

/ -8
X (2mg0o(TyTy) ) 2 momm
2)1/2 |
W2) 2 vz L, (3.68)
I'(1/2) 8o
where F = [Fy, Fy], F\ is the n x (¢ — q1 + ) matrix of vectors spanning the
column space of T}.

Take the ratio of Ip(Ms) to Ip(My),

/ / / |
qo €_ﬁ||F1y_F1TdH2 _%”FQ?J_ f21q2Qi’UiH2

(3.69)

y—B[Tidi | s (| Bjy— 2% Quil?

q1 e 20 250 I e 25

Utilize the random samples generated from the full conditionals under both
model 2 and model 1, then apply equation (3.55) to compute the Bayes factor
BFy; to test the significance of {ls,, ..., Ly, By Bars Sty -3 Squs fsrtrs -« - s
foran}-

In order to adapt the Bayes factor for testing the linear effects in continuous
variables, the linear terms must have informative priors such as Zellner-Siow
priors, which is different from the estimation and prediction situation where
a flat prior in the null spaces constructed by the linear effects of continuous
variables is favored. So if the goal of the study is parameter estimation or
prediction, then the flat prior in the null space is chosen. However, if the goal
is testing the linear effects in continuous variables, then the informative priors
are needed.

Two simulated examples demonstrate this alternative approach in comput-
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ing Bayes factors.

Example 3.2

Consider simulated data from a balanced design with two independent
continuous variables x; and x5 and one response variable y. Take xy; = (i —
1)/(m—1), 295 = (j —1)/(m — 1) and y;; = 1 + 3sin(2rxy; — m) + €;; with
0o =1, wherei=1,....,m, 7 =1,...,m. We vectorized this model as follows.
Let e=(0,...,(m—1))/(m—1) and 1 = (1,...,1)! ., with m = 30. Then

let ¢y = e® 1 and 3, = 1 ® e, where ® is the Kronecker product. Let
Yi = (Y1, -, Yim) and y = (¥}, ..., y.,). The sample size is n = 900.

Suppose one wants to test if x5 is a significant variable to predict y. The

models proposed for testing are

Model 2 : f(&ll, JJQ) = W + 51371 + ﬁ2$2 + 81(371) + 82(.’132), (370)

Model 1: f(x1,22) = p+ Bz + s1(z1),

where p is the constant term, [3; is the coefficient for the linear effect in x1, (5
is the coefficient for the linear effect in x9, s; represents the smooth effect in
1 and s, represents the smooth effect in 5.

To test for the effect of zy, it is required to test f(xe) = [oxs + So(w2).
The Zellner-Siow prior was used for (5, the coefficient for the linear effect in
75. The scaled x? priors were applied to test smooth effects, both s; and s,.
The scale parameters in x3 priors were selected to be 0.01 for both s; and s,
which provided 5.25 effective degrees of freedom for each of the smooth effects,
s1 and sg. Figure 3.7 shows the MCMC trace plots for parameters uqg, A1, Ag

and dp under model 2. Convergence is rapid in all cases.
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Followed the procedure of the alternative approach for computing the Bayes
factor, BFy = 8.24 x 10788, providing conclusive evidence that x5 contributes
no information in predicting y. This conclusion agrees with the true model.

The second simulated dataset is also a balanced design with two indepen-
dent variables, one discrete (x1) and one continuous (x3), and response variable
y. Take x1; =i, w95 = (j — 1)/(m — 1) and y;; = 1 + 214,,—1) + 3sin(2may; —
m) + &;; with 69 = 4, where ¢ = 1,2,3,4, j = 1,...,m. We vectorized this
model as follows. Let e = (0,...,(m — 1))//(m — 1), 11 = (1,...,1)},
and 1o = (1,...,1)00x1, With m = 100, and let ; = (1,2,3,4)’ ® 1, and
Ty = 1, ®e. Finally, let y; = (Yi1, .-, ¥im) and y = (v}, ..., y})". The sample
size is n = 400.

Again the goal is to identify if x5 is a significant variable to predict y, and

the models proposed for testing are

Model 2 : f(zy,22) = p+ Poxa+ li(x1) + s2(22), (3.71)

Model 1: f(zy,22) = p+li(z1), (3.72)

where 4 is the constant term, 35 is the coefficient for the linear effect in x5, [4
represents the level effects in x; and sy represents the smooth effect in x,.

To test for the effect of x5, it is required to test f(zg) = Baxo + Sa2(x2). The
Zellner-Siow priors were used for 5 and the level effects in x;. The scaled
X3 prior was applied to test the smooth effects in x5. The scale parameter
in x? prior was selected to be 0.001, which provided 5.33 effective degrees of
freedom for the smooth effect, sy. Figure 3.8 shows the MCMC trace plots

for parameters uig, A1, A2 and dg under model 2. Convergence is rapid in all
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cases.

The result for testing f(z2) = fozo+52(19) is BFy = 1.70x10'° providing
conclusive evidence that xs contributes information in predicting y. This again
agrees with the true model.

Example 3.3

We revisit the manufacturing dataset in Section 3.2.6 using the alternative
Bayes factor to test the effect of time. The models proposed for testing are
equations (3.71) and (3.72), where x; represents the variable operator and x5
represents the variable time.

To test for the effect of time, it is required to test f(time) = [otime +
so(time). The same set of priors for model 2 in equation (3.71) were used.
The scale parameter in the x? prior was selected to be 0.0001, which pro-
vided 5.01 effective degrees of freedom for the smooth effect, s,. Figure 3.9
shows the MCMC trace plots for parameters w9, A1, A2 and &g under model
2. Convergence is rapid in all cases.

The corresponding BF,; = 3.44 x 10 provides conclusive evidence that

time contributes information in predicting y.

3.2.8 Simulated Example 1

Consider a simulated dataset with three independent variables, a discrete
variable (z;) with four levels, a second discrete variable (z3) with twenty lev-
els and one continuous variable (z3), along with response variable y. Take
(%11, T12, 13, T14)" = (a,b,¢,d), xo; = j, w3 = (kK —1)/(m — 1) and y,j, =
1+ 20y ,—ay + 3sin(2mws, — ) + €51 With dg = 1, where ¢ = 1,2,3,4, j =

1,...,20, k = 1,...,m. We vectorized this model as follows. Let e =
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0,...,(m—=1))/(m—1), 1y = (1,...,1)j0ox1 and 1y = (1,...,1)5,,, where
m = 20 then ®; = (a,b,¢,d) ® 11, 3 = (1,...,20) ® 1, and 3 = e ® 1,.
Let yij = (Yij1s - - Yijm)'s and Y = (Yiy, - -, Yia0) and y = (yy,...,yy)". The
sample size is n = 400.

The model proposed to analyze the effect of each covariate is a smoothing

spline function

Model 7: f(x1, 29, x3) = p+ Paxs+ s3(w3) + li(z1) + lo(z2) + liz(x1, 23)

+Hisiz(x1, x3) + log(2, x3) + lsaz(z2,x3),  (3.73)

where g is the constant term, (5 is the coefficient for the linear effect in 3,
s3 represents the smooth effect in x3, I; represents the level effects in x1, lo
represents the level effects in x5, [13 represents the interaction effects between
the level effects in z; and linear effects in x3, [si3 represents the interaction
effects between the level effects in x; and smooth effect in w3, ls3 represents
the interaction effects between the level effects in x5 and linear effects in z3
and [so3 represents the interaction effects between the level effects in x5 and
smooth effect in 3.

To test for the significance of each term in the model 7, a series of partially

nested models of interest is proposed:

Model 6 : f(x1, 29, 23) = p+ Bsxs+ ss(x3) + li(z1) + lo(2) + liz(21, 23)
+l813($1, lL‘g) + lgg(fbg, 173), (374)

Model 5 : f(x1, 29, x3) = p+ Paxs+ s3(z3) + li(z1) + la(z2) + liz(x1, 23)
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+l513<l’1,£€3), (375)

Model 4 : f(x1,22,23) = p+ B3xs + ss(w3) + l(x1) + lo(22)

+h3(w1, 73), (3.76)

Model 3 : f(x1,29,23) = p+ Bsxs + ss(x3) + l1(x1) + lo(z2), (3.77)
Model 2 : f(xy,23) = p+ Bsxs + ss(x3) + l1(x1), (3.78)
Model 1: f(z3) = p+ B3xs+ s3(x3), (3.79)
Model 0 : f(xy,23) = p+ Bszs+ (). (3.80)

The Zellner-Siow prior was used for (33, the coefficient for the linear effect in
r3. Two different types of priors, Pareto and scaled x?, were applied to test
the smooth effects. The scale parameters in the Pareto priors or those for the
X3 priors were selected by the effective degrees of freedom method as discussed
in Section 3.1.2. The values of A corresponding to reasonable prior effective
degrees of freedom for each term in model 7 are listed in Table 3.3. Figure
3.10 shows the MCMC trace plots for parameters uyg, A1, A2, A3, A4, A5, Ag,
A7 and &y under model 7 with scaled x? priors. Convergence is rapid in all
cases. These were used in the computation of the Bayes factors. The Bayes
factors under both the Pareto and scaled x? priors for model comparison and
the specific terms to be tested are listed in Table 3.4.

Based on Table 3.4, both the Pareto and scaled x? priors have come up
with the same conclusion that there is insufficient evidence to conclude that
lsa3(x2, x3), log(x2, x3), Is13(x1, x3) and ly3(xy, z3) are significant and sufficient
evidence to conclude that ls(xz5), {1(x1) and s3(x3) are significant in predicting

y. The most parsimonious model to predict y is model 3. Figure 3.11 shows
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the model 7 and model 3 provided almost the same fit and is a more suitable
fit than those in model 1 and model 0 as confirmed in the model selection.
When constructing the response variable y, the x5 is not involved. But the
hypothesis testing concluded that ly(x5) is significant. This is caused by the
confounding effect between x; and x5. There are 5 levels of x5 for each level

of x1 in this data. Since the x; is significant, so is xs.

Table 3.3: The As for each term in Model 7 giving the desirable effective
degrees of freedom.

53 lis lsi13 l23 ls93
A 0.0001 | 0.1 0.1 10 1
Effective df | 4.44 | 2.83 | 2.781 | 2.775 | 5.92

Table 3.4: The Bayes factors for testing each term in model 7 adapted both
the scaled x? and the Pareto priors in all the terms except lo(z2) and Iy (x),
which received Zellner-Siow priors.

BFrg B Fgs BFs, BFy3
scaled 2 0.202 0.371 0.357 0.121
Pareto 0.351 0.539 0.479 0.244
Terms lso3(xo, x3) | lag(wa, x3) | lsiz(xy,x3) | l13(z1, x3)
BFs BFy BFy
scaled x7 | 1.0 x 10™ | 1.4 x 101 00
Pareto 1.0 x 10™ | 2.5 x 10" 00
Terms lo(xo)* li(xq)* s3(x3)

3.2.9 Potassium Measurement on Dogs

In this section, a dataset from Wang and Ke (2004) is revisited using fully
Bayesian SSANOVA models. Thirty-six dogs were assigned to four groups:
control, extrinsic cardiac denervation three weeks prior to coronary occlusion,
extrinsic cardiac denervation immediately prior to coronary occlusion, and bi-

lateral thoratic sympathectomy and stellectomy three weeks prior to coronary
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occlusion. Coronary sinus potassium concentrations were measured on each
dog every two minutes from 1 to 13 minutes after occlusion. The goal is to
identify if the variables group, dog and time are useful to predict the potassium
concentrations.

In order to adapt the model setting in Section 3.2.8, z; represents the
variable group, xs represents the variable dog, x3 represents the variable time
and y represents the response variable potassium. The model proposed to fit
the data is model 7 in equation (3.73). To test the significance of each term,
a series of models in equations (3.74), (3.75), (3.76), (3.77), (3.78), (3.79) and
(3.80) are proposed with the same priors, linear/level effects with Zellner-Siow
priors and smooth effects with Pareto or scaled x? priors, chosen in the Section
3.2.8. The scale parameter in the Pareto prior or that for the scaled x? prior
were selected by effective degrees of freedom. The values of A corresponding
to desirable effective degrees of freedom for each term in model 7 are listed
in Table 3.5. Figure 3.12 shows the MCMC trace plots for parameters wuqq,
A1, A2, Az, Mg, log(Xs), log(Xg), log(A7) and &y under model 7 with scaled x?
priors. Convergence is rapid in all cases. The Bayes factors under both Pareto
and scaled x? priors for model comparison and the specific terms to be tested
are listed in Table 3.6.

Based on Table 3.6, under either the Pareto or the scaled 3 priors, we
conclude that there is sufficient evidence that [so3(dog, time), las(dog, time),
l13(dog, time), l3(dog), li(group) and s3(time) are significant in predicting
potassium. However BFs, didn’t provide sufficient evidence to conclude if
Is13(group, time) is significant or not. Figure 3.13 shows the fits from model

7, model 3, model 1 and model 0, while the most suitable fit to the dataset is
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model 7 as confirmed in the model selection.

In the study conducted by Wang and Ke (2004), model 7, model 6 and

model 5 in equations (3.73), (3.74) and (3.75) were fit to the data. Through

the AIC criteria, model 7 was judged best. The Bayes factor analysis suggests

that the ls13(group, time) term could be omitted. The focus of their study is

more in model fitting and parameter estimation rather than hypothesis testing.

The flexibility of hypothesis testing is the advantage of this fully Bayesain

SSANOVA approach.

Table 3.5: The As for each term in Model 7 giving the desirable effective
degrees of freedom.

s3(time) lis(group, time) | ls13(group, time)
A 0.0001 0.1 0.1
Effective df 3.09 2.59 2.01
las(dog, time) | lso3(dog, time)
A 10 1
Effective df 2.08 5.13

Table 3.6: The Bayes factors for testing each term in model 7 adapted both
scaled x# and Pareto priors in all the terms except l5(dog) and [;(group), which

received Zellner-Siow priors.

BFzg BFs; BFs, BFy3
scaled X7 954 1.58 x 10% 1.23 4.56 x 10°
Pareto 116 3.85 x 10° 1.27 3.86 x 10°
Terms Isoz(dog, time) | loz(dog, time) | lsi3(group, time) | li3(group, time)

Bl By Bl
scaled 7 9 x 10% 4.3 x 10> 8.08 x 105
Pareto 6 x 1052 3.8 x 107 8.07 x 1053
Terms lo(dog)* l1(group)* ss(time)
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Chapter 4

Fully Bayesian SSANOVA for Binary response

variables

In Chapter 3, the fully Bayesian SSANOVA model is for Gaussian response

variables. In this chapter it will be extended to binary response variables.

4.1 Binary response variable

Let y denotes the vector with components y;, © = 1,2, ..., n, where y; is the
observed response with only two possible outcomes. Take y; to be independent
Bernoulli random variables with probability p; = p(y; = 1) = H(x;3), where
x; = (zi1,...,7ip), the data vector for the ith case, B = (Bi,...,/3,) are
the parameters to be estimated and H is a cumulative distribution function
for a continuous random variable. The inverse, H~!, is also known as the
link function. There are many choices for link function. One popular choice is

H = &, the cumulative distribution function of a standard normal distribution,

leading to the probit model. Thus the probability function of y is

p(y | B) Hp g) ()
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= J[e@p)" (1 - o(;8)¢

As in Hastie and Tibshirani (1999), Gu (2002) and Wang and Ke (2004), this
generalized linear model setup can be extended to a generalized additive model

with the probability

pi=plyi=1)=H (M + ij(%j)) : (4.1)

where p is the constant term and the f; represent linear effects, smooth effects
or interaction effects.

The SSANOVA approach has been applied to generalized linear models
by Gu (2002). In this section, we extend the fully Bayesian SSANOVA mod-
els of Section 3.2.1 to the case of probit regression. The solution for fully
Bayesian SSANOVA model discussed in Section 3.2.1 was for a Gaussian re-
sponse variable. To extend the work for binary response variables, one solution
is through data augmentation. Followed Albert and Chib (1993), introduce
n independent latent variables z = (21, ..., z,), where the z; are independent
N(Td+ (> _12k) )i, 1), and y; = 1if z; > 0 and y; = 0 if z; < 0. With the
solution for the fully Bayesian SSANOVA model discussed in Section 3.2.1,

the distribution of the latent variables z is

Flz F'Td
‘ d7 U2, A~ N ) In )
Fjz U
z ‘ d, UQ,>\ ~ N(Td-'-FQ’U,Q,In), (42)

where the variance is set to be 1 for identifiability.
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The prior for d is assigned to be flat. The prior distribution for ws is
suggested as equations (3.23) and (3.24). As discussed by Sun et al. (2001), the
posterior distribution for z is proper. For the linear effects, Zellner-Siow priors
in equation (3.44) are suggested as discussed in Section 3.2.2. For smooth
effects, the scaled x? priors are suggested as discussed in Section 3.2.2. The
scale for the scaled x? is selected by the effective degrees of freedom discussed
in Section 3.1.2.

Given the data y;, the full conditional truncated normal distribution for

the latent variables z given y satisfies

p(z |y dus \) o [[{Les0lwen + Lm<olw=o}
i=1

% (2,/T)—n/26{—%(z—Td—F2u2)2}7

where 1(;¢4) is the indicator function, 1,es) = 1 if 2 € A and 0 otherwise.

This can be simplified as

Y; = 1, Zi ‘ d, ’U,Q,/\ ~ N+((Td+ F2'u/2)i, 1), (43)

Y; = 0, Zi ‘ d, ’U;Q,)\ ~ N,((Td—F FQ’U,Q)i, 1), (44)

where N, is the positive normal distribution restricted to (0,00) and N_ is
the negative normal distribution restricted to (—o0, 0).
Followed the algorithm in Devroye (1986), sampling from the full condi-

tionals in equations (4.3) and (4.4) can be accomplished as follows:

Yy, = 1, zZ; > 0: zZ; = (Td—|— FQ’U,Q)i + (I)il(l — U(I)((Td+ F2u2)7;>),
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Y, = O, z < 0: zZ; = (Td —+ FQ’U;Q)/L' + CI)*l(uq)(—(Td + F2u2)i))’

where u is a random draw from the uniform distribution on [0, 1].
The full conditionals for each of the parameters are similar to equations
(3.25), (3.26), (3.27) except that z is involved, scaled x} priors have been

assigned for smooth effects, and oy = 1:

p -1

d|ve ~ N((T’T)*lT’ <z =3 ini), <T’T) ) (4.5)
i=1
P
o | v A~ N((Im + MDY QL <z —Td - FQ( 3 ini),
i=1,ik
(I, + AkD,;l)*l), k=1,....p, (4.6)
1 2
e | v~ Gamma(rk+ : ( — >>, (4.7)
k=1,...,p,

where 71, ...,r, are the ranks of the nonzero eigenvalue matrices D, ..., D,,
B, ..., Bp are the scale parameters in the prior distribution for each smoothing

parameter Aj,...,\,, and v_j denotes the set of vectors {v;,j # k}. When
the covariates are discrete, the full conditionals for each of the parameters
stay the same except in equation (4.6), where the diagonal elements in D,:l
are replaced by n/K and in equation (4.7), where [y, is replaced by 1/2.

The posterior distributions for each of the parameters can be simulated

based on the full conditionals.
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4.1.1 Simulated Example 2

Consider a simulated dataset with two continuous independent variables.
The sample size is n = 500, and x1; and x5; are independent samples from the
uniform distribution on [0, 1]. The binary response variable y; is 0 if 0.25x; +
1.5sin(2mxy; — m) + €; is negative and y; is 1 if 0.25xy; + 1.5sin(27xe; — ) + ¢;
is positive. The variance 09 = 1. The model proposed for this study is a

smoothing spline function

Model 6 : f(z1,22) = p+ Biwy + Bowy + s51(21) + s2(w2) + Is12(w1, 22)

+slia(z1, 22) + s12(71, 22), (4.8)

where g is the constant term, (3; is the coefficient for the linear effect in xq,
(2 is the coefficient for the linear effect in x4, s represents the smooth effect
in 7, so represents the smooth effect in x9, [s1o represents the interaction
effects between the level effects in ;1 and smooth effect in x4, sl represents
the interaction effects between the smooth effect in x; and level effects in x5
and s1o represents the interaction effects between the smooth effect in x; and
smooth effect in x5. To test for the significance of each term in model 6, a

series of partially nested models of interest is proposed:

Model 5 : f(z1,22) = p+ frar + Boxg + s1(21) + sa(x2) + ls12(z1, 22)
+5ly2(x1, x2), (4.9)
Model 4 : f(x1,22) = p+ frar + Boxg + s1(21) + sa(x2) +
Is19(x1, 2), (4.10)
Model 3: f(x1,22) = p+ frxy + Poxa + s1(21) + s2(22), (4.11)

72



Model 2 : f(x1,22) = p+ fixy + Paxg + s1(21), (4.12)

Model 1: f(xy,z2) WA By + Baxo + sa(xs). (4.13)

Two different types of priors, Pareto and scaled %, were applied to test the
smooth effects. The scale parameters in the Pareto priors or those for the x?
priors were selected by effective degrees of freedom. The values of A corre-
sponding to desirable effective degrees of freedom for each term in model 6 are
listed in Table 4.1. Figure 4.1 shows the MCMC trace plots for parameters
U0, log(A1), log(As), log(As), log(As) and log(A;) under model 6 with scaled
X3 priors, which have converged in all cases. These were used in the compu-
tation of Bayes factors. The Bayes factors under both the Pareto and scaled
X2 priors for model comparison and the specific term to be tested are listed in
Table 4.2.

Based on Table 4.2, under either the Pareto or the scaled x? priors, we con-
clude that there is insufficient evidence that sya(x1, 22), slia(x1, 22), ls12(x1, 22)
and si(x1) are significant and sufficient evidence that sy(xs) is significant in
predicting y. The most parsimonious model to predict y is model 1, which
agrees with the true model. Figure 4.3 shows the fits of components in model
6 with 95% credible sets, and Figure 4.2 shows the fits of each component in

model 6 and prediction by model 6, which help us to visualize the effects.

Table 4.1: The As for each term in Model 6 giving the desirable effective
degrees of freedom.

81(551) 82(932) l$12(371,372) 8l12(3717332) 812(331,152)
A 0.005 | 0.005 0.005 0.005 0.005
Effective df | 5.27 5.25 4.57 4.43 5.57
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Table 4.2: The Bayes factors for testing each term in model 6 adapted both
scaled x? and Pareto priors.

BFgs BFs, BFy3 BF3 BFs
scaled 7 0.471 0.345 0.125 3.02 x 107 | 0.232
Pareto 0.347 0.272 0.156 2.15 x 107 | 0.260
Terms Slg(ﬁl,xg) Sllg(l'l,xg) l812($1,$2) SQ(IQ) Sl(ZEI)

4.1.2 Wisconsin Epidemiological Study of Diabetic Retinopathy

A dataset from Wahba et al. (1995) is revisited using a fully Bayesian binary
response SSANOVA model. The Wisconsin Epidemiological Study of Diabetic
Retinopathy (WESDR) is an epidemiological study of a cohort of diabetic pa-
tients receiving their medical care in an 11-county area in Southern Wisconsin.
Detailed descriptions of the data can be found in Klein and DeMets (1988). A
number of medical and demographical variables were collected for this study.
We analyze the subgroup of the younger onset population, consisting of 669
subjects with no or non-proliferative retinopathy at the start, and no missing
data from the variables we studied. The goal of this study was to examine
how the progression of diabetic retinopathy at the first follow-up depends on
the following continuous covariates: dur (duration of diabetes at baseline), gly
(glycosylated hemoglobin, a measure of hyperglycemia), and bmi (body mass
index = weight in kg/(height in m)?).

A smoothing spline function is proposed to study the effect of each covari-

ate.

Model 13 : f(gly, dur,bmi) = pu+ Bigly + Podur + Bsbmi + s1(gly)
+so(dur) 4 s3(bmi) + slya(gly, dur)

+s12(gly, dur) + s1a(gly, dur), — (4.14)
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where p is the constant term, (3 is the coefficient for the linear effect in gly,

(s is the coefficient for the linear effect in dur, (3 is the coefficient for the

linear effect in bmi, s; represents the smooth effect in gly, s, represents the

smooth effect in dur, s3 represents the smooth effect in bmi, slio represents

the interaction effects between the smooth effect in gly and linear effects in

dur, ls15 represents the interaction effects between the linear effects in gly and

smooth effect in dur, s1o represents the interaction effects between the smooth

effect in gly and smooth effect in dur.

To test for the significance of each term in model 13, a series of partially

nested models of interest is proposed. The partially nested models are:

Model 12 : f(gly, dur, bmi)

Model 11 : f(gly, dur, bmi)

Model 10 : f(gly, dur, bmi)

Model 9 : f(gly, dur, bmi)

Model 8 : f(gly, dur, bmi)

Model 7 : f(gly, dur, bmi)

p+ Brgly + Badur + Bzbmi + s1(gly)
+5o(dur) + s3(bmi) + sly2(gly, dur)
+s12(gly, dur), (4.15)
A+ Brgly + Bodur + Bsbmi + s1(gly)
+so(dur) + s3(bmi)

+sly2(gly, dur), (4.16)
A+ Brgly + Bodur 4+ Bsbmi + s1(gly)
+s2(dur) + s3(bmi), (4.17)

A+ Brgly + Podur + Bsbmi + s1(gly)

+so(dur), (4.18)
o+ Brgly + Badur + Bsbmi
+s1(gly), (4.19)
w+ Brgly + Bodur + Bsbmi
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+so(dur). (4.20)

The scaled x? priors have been applied to test the smooth effects. The scale
parameters for the x? priors were selected by effective degrees of freedom. The
values of A corresponding to desirable effective degrees of freedom for each term
in model 13 are listed in Table 4.3. Figure 4.4 shows the MCMC trace plots for
parameters log(A1), log(As2), log(A3), log(Ay), log(As) and log(Ag) under model
13, which have converged in all cases. These were used in the computation of
Bayes factors. The Bayes factors with scaled x? priors for model comparison
and the specific term to be tested are listed in Table 4.4.
Based on Table 4.4, there is insufficient evidence to conclude that

s12(gly, dur), 1s12(gly, dur), slia(gly, dur) and s;(gly) are significant and suf-
ficient evidence to conclude that s3(bmi) and sy(dur) are significant in pre-
dicting progression of diabetic retinopathy. The most parsimonious model to

predict y is

fgly, dur, bmi) = p+ Bigly + Godur + B3bmi + so(dur)

+s3(bmi). (4.21)

Wahba et al. (1995) analyzed this dataset and concluded the model to be

Model 6 : f(gly, dur,bmi) = p+ Bigly + Gadur + Bsbmi + so(dur)
+s3(bmi) + slsa(bmi, dur) + Lssa(bmi, dur)

+532(bmi, dur). (4.22)
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Table 4.3: The As for each term in Model 13 giving the desirable effective
degrees of freedom.

s1(gly) s3(bmi) So(dur)
A 0.01 0.01 0.01
Effective df 3.88 3.66 3.37
slia(gly, dur) | ls12(gly, dur) | s12(gly, dur)
A 0.001 0.001 0.001
Effective df 3.73 5.11 4.41

Table 4.4: The Bayes factors for testing each term in model 13 with scaled y?

BFi312 BFisn BFi1,10
scaled x? 0.450 0.349 0.068
Terms s12(gly, dur) | ls12(gly, dur) | slia(gly, dur)

BFiog BFyg BFy;
scaled X7 10.3 525 0.145
Terms So(dur) s3(bmi) s1(gly)

Wahba et al. (1995) excluded s1(gly) from the model, agreeing with our conclu-
sion based on B Fy;. However, they claimed that the interaction effects between
bmi and dur, f(bmi, dur) = slso(bmi, dur) + lssa(bmi, dur) + ssa(bmi, dur),
were not negligible by the evidence of examining the size of the fitted f(bmi, dur)
term, along with cross sections of its confidence intervals, suggesting that the
components were not negligible in a practical sense.

To verify the significance of f(bmi, dur), another set of partially nested
models of interest was proposed based on model 6 in equation (4.22) to test

the interaction effects between “dur” and “bmi”:

Model 5 : f(gly, dur, bmi)

= p+ Bigly + Badur + Bsbmi + so(dur)

+s3(bmi) + slga(bmi, dur)

+1s32(bmi, dur), (4.23)
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Model 4 : f(gly, dur,bmi) = pu+ Bigly + Bodur + Bsbmi + so(dur)
+53(bmi) + slsa(bmi, dur), (4.24)
Model 3 : f(gly, dur,bmi) =+ Bigly + Bodur + Bsbmi + so(dur)
+s3(bmi), (4.25)
Model 2 : f(gly, dur,bmi) = u+ Bigly + Podur + Bsbmi
+s9(dur), (4.26)
Model 1: f(gly, dur,bmi) = u+ Bigly + Podur + Bsbmi

+s3(bmi). (4.27)

Scaled x? priors were applied to test each smooth effect. The scale parameters
for the x?7 priors were selected by effective degrees of freedom. The values
of A\ corresponding to desirable effective degrees of freedom for each term in
model 6 are listed in Table 4.5. Figure 4.5 shows the MCMC trace plots for
parameters uig, log(\1), log(Aa), log(As), log(A4) and log(As) under model 6,
which have converged in all cases. These were used in the computation of the
Bayes factors. The Bayes factors with scaled x? priors for model comparison
and the specific terms to be tested are listed in Table 4.6.

Based on Table 4.6, there is insufficient evidence to conclude that
sl3o(bmi, dur), lssa(bmi, dur) and sso(bmi, dur) are significant and sufficient
evidence to conclude that s3(bmi) and so(dur) are significant in predicting
progression of diabetic retinopathy. Figure 4.6 shows the fits of s3(bmi) and
so(dur) with 95% credible sets in Model 3 and the fit by model 3, which
helps us to visualize the effects. Based on the definition of Bayes factor, the

statistic to test f(bmi, dur) is BFg3 = BFg5 X BFsy X BFy3 = 0.011. This

78



is fairly strong evidence that the effect of f(bmi, dur) is insignificant, which
disagrees with the conclusion by Wahba et al. (1995). Thus we conclude the
most parsimonious model is model 3. This fully Baysesian SSANOVA method
has provided a more powerful tool for hypothesis testing in the interaction

effects than the frequentist approach.

Table 4.5: The As for each term in Model 6 giving the desirable effective

degrees of freedom.

Table 4.6: The Bayes factors for testing each term in model 6 with scaled y?

So(dur) s3(bmi) slgo(bmi, dur)
A 0.01 0.01 0.001
Effective df 3.66 3.37 3.20
Is3o(bmi, dur) | sso(bmi, dur)
A 0.001 0.0005
Effective df 4.07 3.87

priors.
BFgs BFs, BFy3
scaled x? 0.609 0.703 0.340
Terms S3o(bmi, dur) | lsse(bmi, dur) | slga(bmi, dur)
BF3 BF3
scaled x? 10.1 48.9
Terms s3(bmi) So(dur)
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Chapter 5

Comments and Future Work

Previous research in smoothing spline ANOVA models has focused on sta-
tistical inference in estimation and prediction while the needs of hypothesis
testing for model selection have emerged. This study adapts a Bayesian ap-
proach to smoothing spline ANOVA models. These fully Bayesian smoothing
spline ANOVA models provide flexibility for hypothesis testing and better sta-
tistical inference on parameters of interest since the posterior distribution for
those parameters are available.

Smoothing spline ANOVA models have a tensor sum decomposition of in-
ner product spaces to ensure that the estimated functions are from the or-
thogonal subspaces. This nice property facilitates Bayesian computation with
better mixing in the MCMC steps, which provided more efficient estimation.
However, computation in fully Bayesian smoothing spline ANOVA models is
still intensive. To promote fully Bayesian SSANOVA models, we would like
to improve the computation performance. Nychka (2000) suggests selecting a
subset of the full bases derived from locations that are widely separated, which
will give a good approximation to the full expansion. This is an opportunity

for us to cut down the computation but still obtain a good approximation.
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An alternative to model selection in some contexts is Bayesian model aver-
aging (see, e.g. Clyde (1999)). One advantage is that Bayesian model averag-
ing can be applied with improper priors, so it’s not necessary to use different
priors for testing and estimation. We plan to explore model averaging methods

in Bayesian SSANOVA models.

81



a0=0.001 a0=0.0001

N A
o 4
o
gV E oo
) )
= a ¢
o | [SI|
£ £
o] o]
g ¢- g ¢
S S
8 g o
5 © | > 1
s ! i)
° 4
=
3]
o -
T T T T T I T T T T T
0 10000 20000 30000 40000 0 10000 20000 30000 40000
Index Index
a0=0.00001 a0=0.000001
N
|
o ? |
X X
&) g o
B a
o o
g 7 g
kel kel o |
Qo Q |
S S
8 8
= SN
g 5 g 71
< -
N
.
T T T T T T T T T T
0 10000 20000 30000 40000 0 10000 20000 30000 40000
Index Index

Figure 3.1: MCMC trace plots for samples of the log(\) from the models with
ap=0.001, ap=0.0001, ag=0.00001 and ay=0.000001 for the simulated example
in Section 3.1.3. This is based on 50,000 iterations with 5,000 iterations for
burnin.
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Simulated Example
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Figure 3.2: The estimated f(zy) of the models with ay=0.001 (dashed line),
ap=0.0001 (dotted line), ag=0.00001 (dotdash line) and a;=0.000001 (longdash
line). The fits for ag=0.00001 and ax=0.000001 are overlapped. The solid line
represents the true function. This is for the simulated example in Section 3.1.3
and based on 50,000 iterations with 5,000 iterations for burnin.
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Figure 3.3: MCMC trace plots for samples of the log(\) from the models with
apg = 1 x107% ap = 1x107% ay = 1 x 1077 and ag = 1 x 1078 for the
manufacturing example in Section 3.1.4. This is based on 50,000 iterations
with 5,000 iterations for burnin.

84



Manufacturing Example
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Figure 3.4: The estimated f(z2) of the models with ag = 1x 107> (dotted line),
ap = 1 x 1079 (dashed line), ay = 1 x 1077 (dotdash line) and ag = 1 x 1078
(longdash line). The fits for ag = 1 x 107% ay =1 x 107" and @ = 1 x 107®
are almost overlapped. This is for the manufacturing example in Section 3.1.4
and based on 50,000 iterations with 5,000 iterations for burnin.
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Figure 3.5: The estimated f of the model 0, model 1, model 2, model 3 and
model 4 (corresponds to panels a, b, ¢, d and e) for the simulated example in
Section 3.2.5 when ag=0.001. This is based on 30,000 iterations with 5,000
iterations for burnin.
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Figure 3.6: The estimated f of the model 2, model 3 and model 4 (corresponds
to panels a, b and c) for the manufacturing example in Section 3.2.6 when
ap=0.001. This is based on 30,000 iterations with 5,000 iterations for burnin.
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Figure 3.7: MCMC trace plots for samples of the w1, the 10th component
of w, A1, Ay and &y (corresponds to panels a, b, ¢ and d) under model 2 in
equation (3.70) for the Example 3.2 in Section 3.2.7. This is based on 30,000
iterations with 5,000 iterations for burnin.
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Figure 3.8: MCMC trace plots for samples of the w1, the 10th component
of w, A1, Ay and &y (corresponds to panels a, b, ¢ and d) under model 2 in
equation (3.71) for the Example 3.2 in Section 3.2.7. This is based on 30,000
iterations with 5,000 iterations for burnin.
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Figure 3.9: MCMC trace plots for samples of the uyg, the 10th component
of w, A1, Ay and Jy (corresponds to panels a, b, ¢ and d) under model 2 for
manufacturing example in Section 3.2.7. This is based on 30,000 iterations
with 5,000 iterations for burnin.
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Figure 3.10: MCMC trace plots for samples of the uy, the 10th component
of w, A1, A2, A3, Ay, A5, A6, A7 and &y (corresponds to panels a, b, ¢, d, e,
f, g, h and i) under model 7 in equation (3.73) with scaled x3 priors for the
Simulated Example 1 in Section 3.2.8. This is based on 30,000 iterations with
5,000 iterations for burnin.
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model 3, model 1 and model 0 for
the Simulated Example 1 in Section 3.2.8. This is based on 30,000 iterations

with 5,000 iterations for burnin.
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Figure 3.11: The estimated f of the model 7
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Figure 3.12: MCMC trace plots for samples of the u1g, the 10th component of
w, A1, Ao, A3, Ay, log(As), log(Ne), log(A7) and dy (corresponds to panels a, b,
c,d, e, f, g hand i) under model 7 with scaled x7 priors for the Dogs Example
in Section 3.2.9. This is based on 30,000 iterations with 5,000 iterations for
burnin.
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Figure 3.13: The estimated f of the model 7, model 3, model 1 and model 0
for the Dogs Example in Section 3.2.9. This is based on 30,000 iterations with
5,000 iterations for burnin.
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Figure 4.1: MCMC trace plots for samples of the uy, the 10th component of
u, log(\1), log(Aa), log(A3), log(A\g) and log(As) (corresponds to panels a, b,
¢, d, e and f) under model 6 in equation (4.8) with scaled x# priors for the
Simulated Example 2 in Section 4.1.1. Those samples are the every 10th of the
MCMC samples from the 30,000 iterations after 10,000 iterations for burnin.
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Figure 4.2: The estimate of each component in Model 6, s1(x1), sa(z2),
Is19(x1, T2), slia(1,x2), s12(x1,x2) and the fit by model 6 in equation (4.8)
with scaled x? priors for the Simulated Example 2 in Section 4.1.1. Those
samples are the every 10th of the MCMC samples from the 30,000 iterations
after 10,000 iterations for burnin.
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Figure 4.3: The estimates of s15(0.5,x2), 1$12(0.5,22), sa(x2), s12(x1,0.5),
slyo(21,0.5) and s;(x;) with 95% credible sets in Model 6 with scaled x? priors
for the Simulated Example 2 in Section 4.1.1(corresponds to panels a, b, ¢, d,
e and f). Those samples are the every 10th of the MCMC samples from the
30,000 iterations after 10,000 iterations for burnin.
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Figure 4.4: MCMC trace plots for samples of the log(\1), log(A2), log(As),
log(Ay), log(As) and log(Ag) (corresponds to panels a, b, ¢, d, e and f) under
model 13 in equation (4.14) with scaled x? priors for the Diabetic Retinopathy
Example in Section 4.1.2. Those samples are the every 10th of the MCMC
samples from the 30,000 iterations after 10,000 iterations for burnin.
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for burnin.
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MCMC trace plots for samples of the u1g, the 10th component of
u, log(A1), log(A2), log(As), log(Ay), and log(As) (corresponds to panels a, b,
¢, d, e and f) under model 6 in equation (4.22) with scaled x? priors for the
Diabetic Retinopathy Example in Section 4.1.2. Those samples are the every
10th of the MCMC samples from the 30,000 iterations after 10,000 iterations
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Figure 4.6: The estimates of s3(bmi) and so(dur) with 95% credible sets in
Model 3 and the fit by model 3 in equation (4.25)(corresponds to panels a, b
and c) with scaled x? priors for the Diabetic Retinopathy Example in Section
4.1.2. Those samples are the every 10th of the MCMC samples from the 30,000
iterations after 10,000 iterations for burnin.
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