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1. Introduction

In this paper we study properties of weakly analytic vector-valued measures.
To motivate the discussion, let us start with some relevant results for scalar-valued
measures. A fundamental result in harmonic analysis, the F. and M. Riesz Theorem,
states that if a complex Borel measure p on the unit circle T (in symbols, p € M(T))

is analytic that is,

/ e~ du(t) = 0,for all n < 0,

-7
then p is absolutely continuous with respect to Lebesgue measure m, that is p < m.
Furthermore, the classical result of Raikov and Plessner [10], shows that pu < m
if and only if the measure p translates continuously. That is the mapping ¢t —
(- 4+ t) is continuous from R into M (T). Hence, if p is analytic, then ¢t — (- +
t) is continuous.

The F. and M. Riesz Theorem has since been generalized to groups and measure
spaces by Helson and Lowdenslager [6], de Leeuw and Glicksberg [3], Forelli [5],
Yamaguchi [14], and many other authors.

In recent work in [1], it is shown that under certain conditions on T, where
T = (T})ter is a collection of uniformly bounded invertible isomorphisms of the
space of measures on a given measure space, if a measure p is analytic, in some

weak sense, then the mapping ¢ — Tyu is continuous.

This research is part of the second author’s doctoral thesis.
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However, not as much is known for vector-valued measures. First, let us con-
sider measures on the unit circle with values in some dual space X = Y*, that
is measures in M (T,Y™*). R. Ryan [12] obtained that if p is weakly analytic i.e.
[T e d(y,ut)) =0, foralln < 0, forally € Y, then p < A. Unlike the
scalar case, there exist weakly analytic vector-valued measures that do not trans-
late continuously. As a corollary of our main result, we show that if we further
assume that Y* has the analytic Radon-Nikodym property (ARNP), then every
weakly analytic measure translates continuously.

We start with some definitions and notation. Denote the real numbers, the
complex numbers and the circle group {e* : 0 < t < 27} by R, C and T respectively.
Let M(R) be the Banach space of complex regular Borel measures on R. Denote
by L'(R) the space of Lebesgue integrable functions and by L°°(R) the space of
essentially bounded Lebesgue measurable functions. Define the spaces H!(R) and
H>(R) as follows:

H'(R)={f € L'(R) : f(s) =0,s < 0},
and
H>®R) ={f € L*(R) : /Rf(t)g(t)dt =0, for all g € H'(R)}.

Throughout this paper, let ¥ denote a o-algebra of subsets of a set 2, and X
will be an arbitrary Banach space with norm denoted || - ||. If u is a positive
measure on {2, then a vector-valued function f : Q — X is said to be Bochner (or
strongly) p-measurable if there exists a sequence { f,, } of X-valued simple functions
on €2 such that nh—>Holo fn(w) = f(w) p-a.e. on Q. Let L1(, i, X) denote the Banach
space of all strongly measurable functions which satisfy [, || f(w)]| du(w) < oo, with
norm || f|| = [, |f(w)| du(w). Such functions f are always limits, in the norm of
LY(X), of simple functions, and this allows us to define the Bochner integral of
[, Jo f(w)du(w). For the remainder of this paper we will only consider Bochner
integrals. A function f : Q — X is called weakly measurable if for each z* € X*,

the map ¢ — z*(f(t)) is a scalar-valued measurable function.



VECTOR-VALUED WEAKLY ANALYTIC MEASURES 3

Also, denote by M (€2, X) the space of countably additive X-valued measures of

bounded variation on (2, %), with the 1-variation norm ||u|; < oo where
il =sup >~ 1| w(B) 1.
Ber

and the supremum is over all finite measurable partitions 7 of ¥. We obtain results
for M (€2, X), where X is a dual space, that is X = Y™, for some Banach space Y.
So for the rest of the paper we will consider only M (£, Y™).

From now on, let T' = (T})¢er denote a collection of uniformly bounded invertible

isomorphisms of M (€2, Y™) such that
(1.1) sup [T < e,
teR

where c is a positive constant.
We can now turn to the notion of analyticity for measures. Two definitions are

needed.

Definition 1.1. Let (7}):cg be a uniformly bounded collection of isomorphisms
of M(Q,Y*). A measure p € M(Q,Y™) is called weakly measurable if for every

A € ¥, the map t — Tyu(A) is Bochner measurable.

Definition 1.2. Let (7})ter be a uniformly bounded collection of isomorphisms
of M(Q,Y™). A weakly measurable p € M(Q,Y™) is called weakly T-analytic (or
simply weakly analytic) if for all A € ¥ and for all y € Y, the map t — y(Tiu(A))

is in H*(R).
We will repeatedly use the following two lemmas.

Lemma 1.3 ([7], Corollary to Theorem 7.5.11). IfT : X — Y is a bounded
linear operator, and f : Q1 — X is a Bochner integrable function with respect to a

positive measure A\, then T f is Bochner integrable with respect to X\, and

(1.2) /QT(f(t))d)\(t):T(/Qf(t)d)\(t)>.
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Lemma 1.4. Let T = (T})ter be a uniformly bounded collection of isomorphisms
of M(Q,Y™), and suppose that y € M(Q,Y™) is weakly measurable with respect to

T. Then for all f € L1(R), and ally € Y,

(13 [ o(mnta)) soae = o [ Tintarsoar).

Proof. Since

/QHy(TtM(A))f(t)Hdt < Il el ll £

then T;uu(A) is Bochner integrable and the result follows from Lemma 1.3. |
The following is a fundamental property that was introduced in [1] for scalar

valued measures.

Definition 1.5. Let T" = (T})icr be a uniformly bounded collection of isomor-
phisms of M(,Y*). Then we say that T satisfies hypothesis (A) if whenever
w € M(Q,Y*) is weakly analytic and is such that for every A € ¥ we have

Tipu(A) = 0 for almost all ¢t € R, then p is the zero measure.

Next we introduce a property that has been studied extensively by several math-
ematicians (for instance see [2],[8]). One way of defining it is the following. Let A

denote the normalized Haar measure on T.

Definition 1.6. A complex Banach space X is said to have the analytic Radon-

Nikodym property (ARNP) if every measure p € M (T, X), such that

/ et du(t) =0, n <0
T

has a Radon-Nikodym derivative in L' (T, \, X).

The following theorem shows that ARNP passes from X to M(Q, X) if X is a

dual space.

Theorem 1.7 [11]. The Banach space M(Q,Y*) has the ARNP whenever Y*

does.
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2. Main Lemma
First we will define a subspace of M (£,Y*)", which is in effect the simple Y-

valued functions on 2. This concept was used by Talagrand [13]. Given By, ..., B,, €|}

Y and y1,...,yn €Y define @B1,B2:Bn ¢ NM(Q,Y*)* in the following way:

Y1,Y2,--3Yn
(2.1) B1.Ba,eo.. B (1)) — (u(By)), pe MEQ, Y
) S0y17y2 77777 Yn ’UI y'L /’L (3 9 /~’L 3 .
i=1

Let E denote the collection of all such linear functionals. The set F is a norming

subspace, that is for all p € M(X,Y™)

[1lls = sup{p(p) : ¢l =1, € E}.

Now we will state the principal result of this section.

Lemma 2.1. Suppose Y* has ARNP. Let E be as above, and let f : R — M(Q,Y™)

be such that sup || f(t)||1 < co. Suppose further that for all A € ¥, t — f(t)(A) is
teR

Bochner measurable and that for all y € Y, for all A € ¥ the map t — y(f(t)(A))

is in H*(R). Then there exists a Bochner measurable essentially bounded g : R —

M(Q,Y™*) such that for all ¢ € E we have

for almost allt € R .

Proof. Let ®(z) = z};i be the conformal mapping of the unit disk onto the upper

half plane, mapping T onto R. Let F' = f o ®. Consider the expression

y( / F(@(B)%),

where A is a Borel subset of T, B € ¥. Since F'(6)(B) is Bochner integrable, one

can apply Lemma 1.4 to obtain that y(F(0)(B)) is Lebesgue integrable and

(22) o( [ roxmg) = [ o)y
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Using (2.2), in the notation of (2.1), we see that for all ¢ = pl1Br ¢ E:

(2.3)
y1</AF(0)(B1)%) +...+yn(/AF(0)(Bn)%) :A¢il,?lilbin <F(9)>%,

and that p(F(0)) is Lebesgue integrable for every ¢ € E. Hence, § — ¢(F(0)) €
H>(T) by (2.3) and by the assumption that y(f(t)(A)) € H*(R).

Define a scalar-valued measure f, on the Borel sets of T by

do

(2.4 neld) = [ ePO)G. (0eE)

Then for all continuous functions h on T, one has that

[ p6)ina(0) = [ no)e(rng.

Now we will restrict to cpf € F, for the clarity of the proof, and later we will
generalize the formulas for any ¢ € E. First we want to prove that the Y*-valued

set function defined by:

m(B) = [ POBT. (Bex)

is a countably additive measure of bounded variation, that is m € M(Q,Y™*) . To
show that m is countably additive, it is enough ([4], Corollary 1.4.7) to prove that

the scalar measure, defined by:

w®) =u( [ FOm3),

is countably additive , for every y € Y. Hence we need to show that for any

sequence of disjoint sets {By} in 3, Jp—, Bx € :
: Y de =, do
(25 i o [ FoU sz ) = [ Fex sy )
n— 00 A e A 2m
k=1 k=1
Since F'(0) € M(Q,Y™), then

lim F(0)(|J Bx) = FO)(|J Br), (0€T)
k=1 k=1

n—oo
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and also

Bi)lly+ < [F(@)]x < o0, (n>0).

BONY
k=1

Therefore one can use the Dominated Convergence Theorem ([7], Theorem 3.7.9)

to obtain
lim F U Bk / F(f U Bk
Next we can apply y € Y to both sides to get (2.5), which shows that m is countably

additive. All that is left to show is that ||m]|; < oco:

Imlls = sup 3 || m(B) | Y*—supZH/ ly-
T Bexm T Bex
do
<
SQPZ/ 1£(0) 3
BeXY
d@
< sup Z | E(0)
A 7'('
BeXY

<sup/ | F(0) H1

< sup |[F(0)[|y < oo.
€T

Thus we have shown that m € M(Q,Y™). Denoting pu(A) = m € M(Q,Y™), it

follows from (2.3) and (2.4) that

pes (A) = y(m(B)) = ¢, (m) = ¢, (u(A)).

Yy

Similarly, for any ¢ € E using the definition of p,(A), and the formula (2.3) we

can show that

(26) o) = o () ).

We show now that the above defined p is a M (2, Y*)-valued countably additive
measure of bounded variation. First, the fact that p is countably additive follows

easily from the definition of u. Next, we will obtain the inequality:

(2.7) ()] < /HF o
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This follows because E is a norming subspace and hence, given A € 3 and € > 0,

there exists p € F, with ||¢| < 1 and ||u(A)|l1 < |@(n(A))| + €, and hence (2.7)

uanl =1 [ erongi< [ 1POhg,.

Therefore we have established that p is a measure of bounded variation, that is

follows since

we M(T, M(Q,Y™)).
Next we show that

/e_med,u(Q) =0, (n<O0).
T

This follows because E is norming, and if ¢ € F and n < 0, then

o [eran) = [emoaue) = [ emo(r@)) 50 =0

Since we assume that M(,Y*) has ARNP, one can find a Bochner integrable

function G € LY(T, M (€, Y*)) such that

2.9 ua) = [ 6oy,

for all Borel subsets A of T. Using (2.4), (2.6), and (2.8) one gets for all A € B,

/AQO(G(H)) g = p(u(A)) = pe(A) = /ASO<F(9)> %-

Since this is true for all ¢ € E and A € B, one can conclude that for given ¢ € E,

peFE,

©(G(0)) = e(F(0)) for almost all 6.

Since we have (2.7), and (2.8), we can apply Lemma 2.3 in [1], from which it
follows that G is essentially bounded. Let g(t) = G(®71(¢)). Then g is a Bochner

measurable, essentially bounded function and for every ¢ € F,

p(g(1) = p(G(271(1))) = @(F(27(t))) = ¢(f(1)), for almost all ¢ € R

completing the proof of the lemma. [ |
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We will use the lemma in the following setting. Let T' = {T}}:cr be a family of
uniformly bounded isomorphisms of M (€,Y™) such that ||73|] < c¢. Suppose that
p € M(Q,Y*) is weakly analytic and let f(¢) = Tyu for t € R. Then we have that
1f(®)]l1 < c||p]]1, and that the map ¢t — y(f(t)(A)) € H*®(R) for all y € Y and

for all A € X.

Corollary 2.2. Let Y* have ARNP. Let T = {Ti}1er be a family of uniformly
bounded isomorphisms of M(Q,Y*). Let p € M(Q,Y*) be a weakly analytic
measure. Then there exists a Bochner measurable essentially bounded function

g:R— M(Q,Y™") such that for all A € %,

g(t)(A) = Tiyu(A)  for almost all t € R.

Remark 2.3. Since the results in this section hold for Banach spaces which are
dual spaces and have ARNP, we give some examples of these spaces. Examples of

Banach spaces which are dual spaces and have ARNP are:

(1) Orlicz spaces L®(u), where (2,3, 11) is a o-finite measure space, and ® is an
Orlicz function for which it and its Young’s complementary function satisfy
the As-condition (see [4] and [9]).

(2) All dual spaces that are Banach lattices not containing ¢, or preduals of a

von Neuman algebra (see [8]).

3. Bochner measurability of weakly analytic measures

For all the results of this section, which include the main results of this paper,
we will suppose that T' = (1})er is a one-parameter group of uniformly bounded

invertible isomorphisms of M (3) for which (1.1) holds. We will also suppose that
(3.1) T; . E— E,

where F denotes the closure of E in M (£, Y*)*.
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We begin with some properties of the convolution, which are technical, but
needed for proving the main theorem.
Consider a weakly measurable p € M(2,Y*) and v € M(R), where v is abso-

lutely continuous with respect to Lebesgue measure. Define:

(3.2) ver pld) = [ Tap(A)avie)

When there is no risk of confusion, we will simply write vy for v*p u. The integral
is well defined since T_p1(A) is v-measurable and bounded, hence v-integrable. One
can check that the formula defines a countably additive vector-valued measure of
bounded variation, using properties of Bochner integral and the fact that u €
M(Q,Y™*). Hence, vxppu e M(Q,Y™").

From now on assume that v,0 € M(R) and let p € M(£,Y*) be weakly mea-
surable. Let v, 0 be absolutely continuous with respect to Lebesgue measure. Let

FE be defined as in the previous section.

Lemma 3.1. Suppose that ¢ € E. Then the mapping t — o(Tip) is Lebesgue

measurable on R. Futhermore,

/R DT o) (s) = o +7 1),

Proof. 1t is sufficient to prove it in the case that ¢ € E. The mapping t — ¢(T:u)

is Lebesgue measurable, because p is weakly measurable. Consider goﬁ € E. Then

[t ([ @ i) )= (vrr ua) )= o

Similarly, one can show the result holds for any ¢ € E, so the lemma follows. I

Corollary 3.2. For allt € R, we have
Ti(vsp) =vx(Tiu).

Moreover, the measure v * j is weakly measurable.
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Proof. Using lemma 1.3 we have that for any A € ¥, y € Y :

(v @) =o( [ Tsmtarans)
= 4y(T—s+tM(A)>dV(S)
= /R @y (Tt(T_su)> dv(s)
= [ T DTt
Applying the previous lemma:
[ T ins) = T (o)
— ¢ (T )
=y <Tt(’/ *T u)(A)) :
hence v * (Typ) = Ti(v * ).
Next we want to show that v u is weakly measurable, that is we need to prove

that f(t) = Ti(v*u)(A) is Bochner measurable for all A € ¥. By the previous part

we have that

FO) =T = m)(A) = v (Tun)(A) = [ Tuca(A)io(s).

By the Pettis measurability theorem [4,Theorem II.2], we need to show that f(t)
is weakly measurable and essentially separably valued. Since T;u(A) is Bochner

measurable, there exists a sequence of simple functions {f,} such that f,(¢) —

Tip(A) in Y* -norm. Let

k
Fnt) =yl axa,,(b).
=1

Note that for all n € N

k
v fo(t) = /RZZ/;:»@XALTL@ — 8)du(s)
=1
k
- ;yzn /IRXAi’n(t - S)dy(s)

k
=S (><Ai,n . u(t)).
=1
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This calculation shows that v * f,, has finite dimensional range, hence v x f,,(R) is
separable for all n € N. It can be easily checked that v* (Tyu)(A) = nli_)ngo(y * fn)(t)
in Y*-norm, therefore v« (Tyu)(A) has separable range. To show that f(t) is weakly
measurable, we need to verify that y(f(¢)) is measurable for all y € Y . It follows

from Lemma 1.3 that

w50) = [ ot v

and hence y(f(t)) is measurable being the convolution of a measure in M (R) and

a bounded measurable function on R. This finishes the proof of the corollary . W

Corollary 3.3. With the above notation, one has

(oxv)xp=o0x*(v=p).

Proof. For A € ¥,y € Y, one can reduce it to the scalar case using Lemma 1.3:

|y eutn) =u| [ @ m@io o) = [ oo )

Next we can use the results known in scalar case [5, Theorem 19.10] to obtain that

[z wanaio s = [ y( ' T—su(A)) do(s).

Finally, using Lemma 1.3 again gives us that:

Lo Tt )aots) = (o 0 )

Let g be the Bochner measurable function defined on R with values in M (£2,Y™)

given by Corollary 2.2. Let u be a weakly analytic measure in M (2, Y*). For y > 0,

let P, be the Poisson kernel on R:

Iy

We can form the Poisson integral of g as follows :

P, xg(t) = /Rg(t —2)Py(z)dz,

where the integral exists as a Bochner integral.
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Proposition 3.4. We have that

(33 i P, « 9(t) = g(¢)
y—)
in M(Q,Y*)-norm, for almost all t € R.

Proof. Since g is measurable and essentially bounded, the proof is similar to the

classical proof for scalar-valued functions. [ |
Lemma 3.5. For allt € R, one has that

P, xg(t) = Py *Typ.
Proof. For any A € ¥, y; € Y, one has by Lemma 1.3:

n(Pa0) = ([ a1R, - 9s) = [ (a0 pyte - s

By Lemma 1.3 again,

which completes the proof of the lemma. |

Lemma 3.6. Let ty be any real number such that (3.3) holds. Then for all t € R,

we have:
;ii% Py« Tip =Ty, (g(t0)>
in M(Q,Y*)-norm.
Proof. Since P, g(ty) — g(to), it follows that
Ti 4, ((Py * g(to)) — T4, (g(to))-
By Lemma 3.5 and Corollary 3.2 we get
T4, (Py * g(to)) =Ty 4, (Py * Ttoﬂ) = Py xTip,

establishing the lemma. |
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Theorem 3.7 (Main theorem). Suppose T' = (T}):er satisfies hypothesis (A).

Let g be as above. Then we have
Ty = g(t), for almost all t € R.
Consequently, the mapping t — Ty is Bochner measurable.

Proof. 1t is enough to show that the equality in the theorem holds for all t = ¢
where (3.3) holds. Fix such a ¢y and let A € ¥. Since t — Tyu(A) is a bounded,

measurable function on R, then, as in Proposition 3.4, one can show that

P, * (Typ)(A) — Typu(A), for almost all ¢ € R.

By Lemma 3.6:

Py (1)) = T, (s(00)()). ¢ € )
Hence
(3.4) Tip(A) = Ti—4,9(to)(A), for almost all ¢ € R.

From Lemma 3.5, one has that T},g(tg) = tlir% P, s pin M(Q,Y™*) norm. Since p
is weakly analytic, it follows that P, * u is weakly analytic, because for all y; € Y

and all A € ¥ and all h(t) € H'(R) we have that

/R " (Tt(Py*,u)(A))h(t)dt: /R " (Tt /]R Ts,u(A)Py(s)ds)h(t)dt
= [ [ (B} Pyomoasa

_ /R /R " <TtsM(A))Py(s)h(t)dtds
_ /R " (T_S /R Ttu(A)h(t)dt>Py(s)ds:O.

One can also show that T_; g(to) is weakly analytic, because p is weakly analytic,

that is for all y; € Y and all A € ¥ and all h(t) € H'(R) we have that

/R " (Tt_tog(to)(A)>h(t)dt: /R " <Tt{?}ii% Py*u(A)}) h(t)dt

_ /R;E%yl (Tt (Py *M(A))>h(t)dt

—tin [0 (7 (P t)) )t

y—0
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Taking t = 0 in (3.5) one has that
1(A) =Ty, 9(to)(A) =0, (A€ X).

Since the measure u — T_4,g(to) is weakly analytic, then using hypothesis (A), we

have that

p="T_4,9(to)-
Applying T}, to both sides of this equality completes the proof. [ |

Theorem 3.8. Let T and p be as in the main theorem. Then
lir% Py s p=p in the M-norm.
y—)

Proof. Let ty be such that (3.3) holds. Then

T_t,(Py * g(to)) — T—t,(g(t0))

in the M (€2, Y™)-norm. By Lemma 3.2, we have that T, (P, * g(to)) = Py * . By

Theorem 3.7 we have that T_;,g(to) = p. The result follows. |

Theorem 3.9. Let u and T be as in the main theorem. Then the mappingt — Ty

is uniformly continuous from R into M(Q,Y™).

Proof. For each y > 0, consider the map ¢t — P, * g(t). Since g is essentially
bounded, one can easily see that this map is continuous. Hence by Lemma 3.2 we
have that the map ¢t — P, * Tyu = Ty(P, * p) is continuous. By Theorem 3.5. one
has that

Tt(Py * IU,) — Tt/i
uniformly in ¢. It follows that ¢ — Ty is uniformly continuous. |

Definition 3.10. Let p € M(,Y™) , where Q is a o-field and A € M(2). The
measure j is called A-continuous (in symbols p < ), if p vanishes on sets of

|A|-measure zero.
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Let Q =T, take T; to be translation, that is Tyu(-) = p(- 4+ t). It is possible to
show (see [1] and Proposition 1.7, [5]), similarly as in scalar case that, the definition

of weak analyticity of the measure u can be written as a condition:

/ e~ d (y, u(t)) =0, Vn <0, Vy € Y.

—x
This definition coincides with the definition of the analyticity in [12] by R. Ryan.
Although in [12] it is referred to as a Pettis integral, it is an example of what [4]
calls a Gelfand or weak* integral. R. Ryan [12] obtained that if u is weakly analytic,
then p < A. Unlike the scalar case, there exist weakly analytic vector-valued mea-
sures that do not translate continuously. For example, let g(t) = exp (—i cot %) .
Then the measure defined by du(t) = g(t — -)dt, is a weakly analytic measure in
M(T, L*>(T)), but it does not translate continuously, although p < A. We have

the following as a corollary of Theorem 3.9.

Corollary 3.11. Let p € M(T,Y™). Assume that Y™ has ARNP. If u is a measure

such that

/ e ""d (y, u(t)) =0,¥n <0, Yy € Y.
then the mapping t — pu(e'“+Y) is continuous.

Hence we have obtained that if we further assume that Y* has the analytic
Radon-Nikodym property (ARNP), then every weakly analytic measure translates

continuously.
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