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The construction of a radar coordinate system about the world line of an observer is discussed.
Radar coordinates for a hyperbolic observer as well as a uniformly rotating observer are described
in detail. The utility of the notion of radar distance and the admissibility of radar coordinates
are investigated. Our results provide a critical assessment of the physical significance of radar
coordinates.
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I. INTRODUCTION

A physical observer’s most basic measurements involve the determination of temporal and spatial intervals. The
fundamental nongravitational laws of physics have been formulated with respect to ideal inertial observers; therefore,
let us first discuss the spacetime measurements of inertial observers. In an inertial frame of reference with Cartesian
coordinates z* = (t,z,y, z), the fundamental observers are the ideal inertial observers that are at rest in the global
reference system. Such observers have access to ideal clocks and measuring rods. The clocks are assumed to be
synchronized; for instance, two adjacent clocks at rest can be synchronized by a fundamental observer and then
one of the clocks can be adiabatically transported to another location. The transport can be so slow as to have no
practical impact on the synchronization of clocks. Similarly, lengths are determined in general by placing infinitesimal
measuring rods together. The measurements of uniformly moving inertial observers are related to those of the
fundamental observers by Lorentz invariance, which leads to the phenomena of length contraction and time dilation
ﬂ] To apply these elementary ideas in realistic situations involving accelerated systems and gravitational fields,
certain generalizations must be considered. In fact, all actual physical observers are more or less noninertial. The
standard generalization of the Cartesian inertial coordinates to the case of observers in accelerated systems and
gravitational fields involves the introduction of Fermi coordinates ﬂa] These constitute a geodesic coordinate system
X" =(T,X,Y,Z) that is established along the world line of a reference observer that carries an orthonormal tetrad
frame along its path. At each event on the path characterized by the observer’s proper time 7, a hypersurface
normal to the world line is constructed by all spacelike geodesics normal to the world line. On these hypersurfaces of
simultaneity, lengths away from the world line are defined using the proper length of the spacelike geodesic. This is
based on the summation of infinitesimal meter sticks placed together along a locally straight line. We note that the
underlying assumption regarding these measurements of a noninertial observer in the standard theory of relativity
is the hypothesis of locality. That is, the noninertial observer is pointwise equivalent to an otherwise identical
momentarily comoving inertial observer E]

In an inertial reference frame, the above construction along a straight world line with a parallel-propagated frame
generates the entire Minkowski spacetime. However, for accelerated systems and gravitational fields there are well-
known limitations that are related to the existence of invariant acceleration and curvature lengths ﬂa, E]

Since the early days of relativity theory, an alternative method of synchronization of distant clocks — as well as
the measurement of the distance between them — has been discussed based on the transmission and reception of
light signals. Specifically, imagine an arbitrary observer P on a reference world line and suppose that at its proper
time 7 it transmits a light signal to a (moving) observer Q that immediately and without delay transmits a light
signal right back to P as in figure 1. The second signal is received by P at its proper time 75. We suppose that
the clock carried by Q at the event of signal interchange is simultaneous with the event along the world line of the
reference observer P at its proper time n = (71 + 72)/2. In this way the clocks of P and Q are synchronized. That
is n — 7 = 12 — 1), so that the time (n — 71) that it takes for the first signal to reach @ is equal to the time (72 — 7))
that it takes for the second signal to reach P. The corresponding distance from P to Q at the instant of simultaneity
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is then p = ¢(m2 — 71)/2. The limiting case of 71 = 7 refers to the location of observer P, where p = 0 and n = 7
is the proper time of the reference observer. It is well known that for inertial observers in Minkowski spacetime,
these operational procedures are equivalent to the standard approach discussed above. Moreover, this method can
be employed in accelerated systems and gravitational fields for observers whose world lines are infinitesimally close
to each other []; the results are then identical to those obtained by using Fermi coordinates. On the other hand, it
has been suggested that this “radar” approach may also be useful for general observers [fl]. The synchronization of
distant clocks by light signals may lead to a foliation of spacetime by spacelike hypersurfaces of fixed 7. Indeed in
view of the well-known limitations of Fermi coordinates in terms of their admissibility, some authors have recently
suggested that radar coordinates may be preferable [1, |€]. The purpose of this paper is to demonstrate that this is not
the case by pointing out the limitations of radar coordinates. We confine our main discussion to noninertial observers
in Minkowski spacetime for the sake of simplicity. In section 2 we define radar coordinates and discuss critically the
concept of radar distance. Hyperbolic and uniformly rotating observers are considered in sections 3 and 4, and the
limited domains of admissibility of their radar coordinates are demonstrated. Section 5 contains a brief discussion
of our results. Fermi coordinates for a uniformly rotating observer and the standard admissibility conditions are
discussed in appendices A and B, respectively.

II. RADAR COORDINATES

Imagine an observer P following a world line Z#(7) in a global inertial coordinate system. Henceforth we use units
such that ¢ = 1. The radar time and distance that P assigns to observer Q at z* = (¢, x,y, z) are ) and p, respectively.
Thus in figure 1, 41 = n — p, 2 = n + p and the equations for the null rays in figure 1 imply that

t—tn—p) =Ix—zn—p)P+y—90n—p2+1[z—20n—p)? (1)
t—tn+p) ==Vle—zn+p)P+ -9+ p?+1z—20n+p)2 (2)

These equations basically define n and p in terms of ¢, x, y and z. We define the radar coordinates of Q to be
(n,p,0,0), where (0,¢) are the standard angular coordinates that uniquely identify the direction from P to Q;
therefore, —co < n < 00,0 < p<o0,0<60<m 0<¢<2r. The radar coordinate system is thus a “spherical” polar
coordinate system that is set up such that P is fixed at the origin of the spatial coordinates. As usual, the proper
domain of definition of these polar coordinates excludes their associated z—axis.
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FIG. 1: Schematic representation of the interchange of light signals by observers P and Q.

Imagine, for instance, that P is an inertial observer moving with constant speed v along the x—direction

t=~1, T=~vr, §=0, z=0, (3)
where v = 1/4/1 — v2. Then ([[l) and @) reduce to
t—(n—p) = Iz —0(n =) +y> + 22, (4)

t—y(n+p)=—VIx—yv(n+p)? + 92+ 2% (5)



After squaring (@) and () and then adding and subtracting the resulting equations we find the transformation between
(t,z,y,2) and (n,p, 0, ),

t = v(n+ vpsinbcos @),

z = 7y(vn+ psinfcos¢),

y = psinfsin ¢,

z = pcosd, (6)

such that for v = 0 we recover the standard inertial coordinates where the spatial coordinates are expressed using a
spherical polar coordinate system. This result has a simple physical interpretation. First consider the Lorentz boost
(t,z,y,2) — (t',2',y, 2"), where P is at the spatial origin of the new coordinates

t=~v{t"+v2'), x=~yE"+ot"), y=vy, z=2. (7)
Next, consider the transformation to spherical polar coordinates in the boosted frame, i.e. (t',2',y’,2") — (1, p, 0, @),
t'=mn, 2’ =psinfcosp, 3y =psinfsing, 2z’ = pcos. (8)

Substituting () in ([{d) results in @). It proves useful to define the straight line segment £# = x# — z#(n) that connects
simultaneous events on the world lines of P and Q as in figure 1. The components of this vector with respect to the
boosted frame are given by &'* = (0,2/,y’, 2’); therefore, the angular coordinates (6, ¢) can be defined by the direction
of the vector ¢ with respect to the inertial frame comoving with the observer. It is thus clear that for an inertial
observer radar coordinates can in principle cover the whole Minkowski spacetime and ds? = naﬁda:o‘d:cﬁ is then given
by

ds® = —dn?® 4 dp? + p*(db? + sin? 0dp?). 9)

To generalize our approach to include accelerated observers in gravitational fields, it is advantageous to introduce
the natural tetrad frame of the observer. For instance, let A" (,) be the natural tetrad frame of the inertial observer
P:

Alu‘(O) :7(171)7050)7 )‘#(l) :7(0715070)5
M9 =7(0,0,1,0), Mg =~(0,0,0,1). (10)

The components of the vector § with respect to this frame are given by §() = {u ' (a), i-e. {0) =0, §1) = psinb cos ¢,
§(2) = psinfsin ¢ and 3y = pcosf. Thus the spherical polar coordinates (p, 6, ¢) completely characterize the spatial
vector £ with respect to the natural tetrad frame of the observer. Extending this analysis to noninertial observers
provides a definite method of choosing the angular coordinates # and ¢. To solve this problem in general, we introduce
a natural tetrad frame for the reference observer P. At each instant of proper time 7, P is at the spatial origin of its
local orthonormal triad. The polar angles are then chosen with respect to this local triad, that is, at each instant 7,
(p, 8, ¢) are the spherical polar coordinates of £ in an infinitesimal spatial neighborhood of P.

Instead of a background global inertial system, as in the present paper, consider now the motion of the observer
P in general curvilinear coordinates. The light signals will follow null geodesics in this case and the line segment ¢
connecting simultaneous events on P and Q will no longer be a vector; in fact, it must be replaced by a (spacelike)
geodesic. Let é“ be the unit tangent vector to this geodesic at P; then, the radar angles § and ¢ will be defined such
that they locally characterize é” in the natural spatial frame at P, i.e.

éu/\”(l) = V14 6%2sinfcos ¢,
éu)‘#@) = V14 62sinfsing,
éu)\“(g) = vV 1+ 82cost, (11)

where 0 := éu A ). As Q approaches P, 6 — 0; indeed, in the immediate neighborhood of P, radar coordinates
(1, p, 0, ®) essentially reduce to Fermi coordinates (T, X,Y, Z) such that T =7, X = psinfcos¢, Y = psinfsin ¢,
Z = pcosf for p < L, where L is a characteristic lengthscale. It follows that the hypersurfaces of radar simultaneity
are always orthogonal to the world line of P.

The principal advantage of radar coordinates has to do with the nonlocal synchronization of distant clocks as well
as a definition of radial distance based on a certain average light travel time. We now wish to show that the utility
of the latter is quite limited. To see the problem with radar distance, consider an observer P rotating uniformly on



FIG. 2: Schematic representation of the determination of the radar distance from P to Q.

a circle of radius r» about an observer Q as in figure 2. If a light signal traverses the radius of the circle in a time ¢,
t =r, then /o — 17, = 2tv/1 — v2, where v is the uniform speed of the observer P. Thus we have the unusual result that

p=rv1—12 (12)

The direction of motion of P is always orthogonal to the direction from P to Q, yet the radar distance to the center
has a contraction factor of v/1 — v? and thus depends on the speed of motion of P. That is, the radar distance from P
to Q is always less than r and approaches zero if the speed of P approaches the speed of light. This problem is absent
in Fermi coordinates; in fact, it is shown in appendix A that in terms of Fermi coordinates we get the standard result
that the distance from P to Q is r.

In a sufficiently small neighborhood around any regular event in a gravitational field, the spacetime is approximately
flat. It then follows from our results that in such a neighborhood the infinitesimal radar distance employed for instance
in [A] in fact agrees with the corresponding Fermi distance in that limit; however, for finite separations the Fermi
distance is in general different from the radar distance, which must then be employed with great care [9].

The relationship between the radar and Fermi coordinates can be further clarified as follows: Let (T, X,Y, Z) be
the Fermi coordinate system around the world line of observer P. In the immediate neighborhood of P, we introduce
the spherical polar coordinates (p, 6, ¢) such that X = psinfcos¢, Y = psinfsing and Z = pcosf. Here p is
sufficiently small by construction, i.e. p < L, where L is the acceleration length of P. It follows that (T, p, 0, ¢) is
an admissible coordinate system and with 7' = n and p = p coincides with the radar coordinate system around P.
Beyond this limiting situation, the two coordinate systems generally differ from each other. On general grounds, we
expect that for p ~ L the radar coordinate system may become inadmissible. The standard admissibility conditions
are discussed in [4]; in any case, we must have g,, < 0 in radar coordinates. We will show in the next section that
for the hyperbolic observer (L = 1/g), the regime of applicability of the two coordinate systems coincide, whereas
this is not the case for the uniformly rotating observer (L = 1/Q) discussed in section 4. A brief treatment of the
standard admissibility conditions is given in appendix B; for a more detailed treatment as well as a discussion of
Mpller’s admissibility conditions see [10].

III. HYPERBOLIC OBSERVER
Let P be uniformly accelerated along the z-axis with a world line
_ 1 . _ __ 1
t=—sinhgr, =0, =0, Z=—(—1+coshgr). (13)
) )

In this case (@) and @) reduce to

1 2
t—gsinhg(n—p) —\/I2+y2+[2+§—§coshg(n—p)} : (14)



1 2
t— ESiﬂhg(ﬁ+P) = —\/3:2 +y?+ {24— é - écoshg(n+p)} . (15)

One can show on the basis of these equations that (¢,z,y,2) — (1, p,0, ¢) is given by

1
t = —(coshgp + cos@sinh gp)sinh gn, (16)
g
1. . 1. o
z = | —sinhgp | sinf cos ¢, y = | —sinh gp | sin @ sin ¢, (17)
g g
1 1
z = —= 4 = (cosh gp + cos 8 sinh gp) cosh gn. (18)
9 9

We note that as ¢ — 0, ([[H)-([J)) reduce to the standard spherical polar coordinates, as expected. By treating p to
first order in ([[@)-([IF), it is possible to show that (p, 8, ¢) is indeed the spherical polar coordinate system constructed
about P in an infinitesimal spatial neighborhood in the natural Fermi - Walker transported triad along the hyperbolic
observer’s world line. To this end, we recall that the Fermi coordinates are given in this (Rindler) space by [11]

t:(§+z)sinhgT, r=X, y=Y,

z=—§+(%+2) cosh gT. (19)

Let us introduce polar coordinates via X = psinfcos¢, Y = psinfsin¢ and Z = pcos@, where p is treated to first
order in comparison with the acceleration length 1/g. Then, with T = n, (Id) and () - (&) are identical since
cosh gp ~ 1 and sinh gp ~ gp for p < 1/g.

The spacetime metric in radar coordinates is given by

ds® = —(cosh gp + cos § sinh gp)2dn? + (cosh 2gp + cos f sinh 2gp)dp?
2
+ (; sinh gp) (—2gsinfdpdd + d§? + sin® 0de?). (20)

It can be shown on the basis of the standard admissibility conditions given in appendix B that these radar coordinates
are admissible if and only if

—9nn = Gpp — g§9/900 > 0. (21)

2
We note that —g,, = (2 + %)2 —t2 = (Z + é) > 0 and vanishes at the Rindler horizon.

It is possible to work out the components of £¢# = z# — Z#(n) in this case using equations (3)) and (@) - [¥). With
respect to the natural tetrad frame of the observer P,

Alu‘(O) = (COShgnaovoaSinhgn)a )‘M(l) = (0715070)5
M 2) = (0,0,1,0), A (3) = (sinh gn, 0,0, cosh gn), (22)

the components of § are §(,) = £, A" (), so that in radar coordinates
1. .
0y =0, §1) = <§ sinh gp> sin 6 cos ¢,

1 1
§2) = (% sinh gp) sin 6 sin ¢, &3 = — (=14 coshgp) + (— sinh gp) cosf. (23)
: g g
Thus to lowest order in gp < 1,

£y = psinfcosp, &y~ psinfsing, ) ~ pcosb, (24)

as expected. The hypersurfaces of simultaneity are hyperplanes orthogonal to the world line of the hyperbolic observer,
just as in the case of Fermi coordinates.

The construction of radar coordinates makes it evident that these are restricted to the Rindler wedge. As an
example, consider an observer QQ that moves along the z-axis: z =y = 0 and z = vgt. For ¢ > 0, Q starts at P and
moves along the § = 0 direction according to

cosh gn — vg sinh gn = e~ 9° (25)



from 1 = 0 to n = ny given by

no—11n<””°>, (26)

g 1—wo

when it returns back to P. We note that p(n = 0) = vy and p(n = 19) = —vo, while j(n = 0orng) = —g(1 — v3). In
contrast, the corresponding result for Fermi coordinates is —g(1—2v3); see [12]. Here an overdot denotes differentiation
with respect to the radar time 1. For n > g, the motion is along § = 7, hence

cosh gn — vy sinh gn = €97, (27)

so that as  — oo, Q approaches the Rindler horizon at p = oo, since —g,, = €729 in this case. In the limit that Q
is a null ray with vy = 1, the motion is simply given by p = 1. These results should be compared and contrasted with
the results of [12] based on Fermi coordinates.

IV. UNIFORMLY ROTATING OBSERVER

Consider next the world line of a uniformly rotating observer P parametrized by its proper time
t=~71, T=RcosQr, 7= RsinQr, z=0. (28)

The observer moves with speed v = Rf)y on a circle of radius R with its center at the spatial origin of the global
inertial coordinates. The azimuthal angle of P with respect to inertial coordinates is given by Qot = Q7, where
Q = ~vQp and 7 is the Lorentz factor of P,

=1+ R2Q2. (29)

The radar coordinate system around P can be developed as in figure 1 with 71 = n — p and 7 = n+ p. The following
conditions must be satisfied:

t—~(n—p) =[x —RecosQn — p)]? + [y — RsinQ(n — p)2 + 22 := Ry, (30)
—v(n+p) = =[x = ReosQn + p)]? + [y — RsinQ(n + p)]? + 22 := —Ros. (31)

To simplify the analysis, consider the rotation (z,y,z) — (2/,y’, )

x=a"cosQn—1y sinQn, y=2a"sinQn+y cosQn, z=2". (32)
It follows that
R1 = /(2/ — RcosQp)2 + (y' + RsinQp)2? + 22, (33)
Ro = /(2/ — RcosQp)2 + (y — RsinQp)? + 22, (34)
From @0)-B1) and B3)-Bd) we get
(' — RcosQp)? + (v + RsinQp)? + 2% = [t —v(n — p)]%, (35)
(@' — RcosQp)? + (v — RsinQp)® + 2% = [t —v(n + p)]°. (36)

Adding and subtracting BH) and (B8] result in

(2 — ReosQp)? +y'? + R?sin® Qp + 22 = v%p* + (t — )2, (37)
y'RsinQp = yp(t — ). (38)

It proves useful to define the quantities U and V,

t=n 202
= = Q
" RsinQp’ \/ (vp)* = R sin” Qp, (39)

where (yp)? — R?sin? Qp > 0 and V = 0 only when p = 0. Based on these definitions, we have
t=~n+ RUsinQp, v =~ypU (40)



and from (B)
(' — RcosQp)? 4 22 = (1 — U*)V?, (41)
or

(' — RcosQp)? 22 9

We now define the spherical polar angles (0, ¢) as follows:

!/ /
— Q
cos@:%, sin@cosgbzw,

since it follows from equation (@) that 2'2/V? < 1 and U? < 1. Hence

sinfsin¢ = U, (43)

2 = RcosQp+ Vsinf cos ¢,

" = qpsinfsin ¢,
2 = Vcosb, (44)
and from (B2), @) and E3)
= 1+ Rsin#sin ¢sin Qp,

(RcosQp + Vsinf cos ¢) cos Qn — (ypsin 6 sin ¢) sin O,
(RcosQp + V sin 6 cos ¢) sin Qn + (yp sin 6 sin ¢) cos O,
= V cos#. (45)
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Note that for Q = 0 these relations reduce to the usual spherical coordinates with origin at (R, 0,0):
t=mn, x=R+psinfcos¢, y=psinfsing, z = pcosh. (46)

To examine the physical significance of radar coordinates [@H), it is important to consider the limiting case of R = 0.
The observer P is then fixed at the spatial origin of the global inertial frame and () reduces to ¢ = 7 and

x = psinfcos(éd + Qon), y=psinfsin(¢d + Qon), 2z = pcosh. (47)

This is the standard transformation to rotating Cartesian coordinates, which means that though P is fixed it is still
noninertial as it refers its observations to axes rotating uniformly about the z—direction with frequency €. Indeed,
these rotating axes are the natural orthonormal triad of P, as illustrated in appendix A and the radar angles (6, ¢)
are defined with respect to these rotating axes.

At a given radar time 7, which identifies the event Z*(n) on the world line of the reference observer P, the corre-
sponding simultaneity hypersurface can be determined by eliminating the three spatial variables p, 6 and ¢ from the
four equations given in display (45). In contrast to the hyperbolic case, the form of this hypersurface for the rotating
observer is not simple; nevertheless, by expanding sin Q2p and cos 2p in powers of {2p one can show explicitly that the
hypersurface perpendicularly intersects the world line of P.

Let us compute the components of the vector £ = x# — z#(n) for the uniformly rotating observer P using (Z5)
and HH). With respect to the natural tetrad frame (AJ]) given in appendix A, the measured components of &,

§(a) = EuM (a), are given by
£y = YR(Qp — sinQp) sin Osin ¢,
&a) R(—1+4 cosQp) + Vsinf cos ¢,
{2) = (v°p— R*QsinQp) sin O sin ¢,
§i3) = Vcoso.

(48)

It is important to note that this vector is not in general orthogonal to the world line of P, so that the simultaneity
hypersurfaces in this case differ from the normal hyperplanes employed in the case of Fermi coordinates. For Qp <« 1,
cosQp ~ 1, sinQp ~ Qp and V =~ p; therefore, {5y ~ 0 and

£y @ psinfcosg, £y ~ psinfsing, ) ~ pcosh, (49)



as expected.
It is interesting to return to the problem of the radar distance from P to the center of the circle of radius R. This
center has inertial coordinates (t,z = y = z = 0); therefore {H) implies that

n=t/v,p=R/y,0=1/2,¢=m, (50)

in agreement with section 2. As is clear from figure 4 in appendix A, the center of the circle is always at (0, ¢) = (7/2, )
for the reference observer P.

The metric in radar coordinates has a complicated form in this case; therefore, to simplify the analysis of the
admissibility of radar coordinates we use the coordinates (n,z’,y’,2’) instead. Let us note that 2/, y’ and 2’ are
independent of ) and they have their origin at the center of the circle, while (p, 8, ) has its origin at P. It turns out,
as demonstrated in detail in appendix B, that a further coordinate transformation to the actual radar coordinates,
(n,2",y',2") — (n,p,0,0), does not affect the admissibility analysis presented here. We assume that (z/,y’,2") —
(p, 0, ¢) is a proper coordinate transformation and define

W(z',y',2") = Rsinfsin ¢sin Qp. (51)
Then, in terms of (n,2’,y’, 2’) the metric is
ds® = —(ydn + dW)? + Q*(2'? + y/?)dn® + 2Q(/dy’ — y'da’)dn + da'® + dy'* + d=">. (52)

It follows from the general form of this metric that the conditions for the admissibility of the (n,2’,y’, 2’) coordinate
system reduce to

— g =72 — Q@ +y?) > 0. (53)

Thus the boundary of the admissible region for radar coordinates is given by g, = 0.
It follows from ([B3) that

Gy = —(1+ Q2RH)[1 — (2p)? sin? O sin? @] + Q?(Rcos Qp + V sin 0 cos ¢)?, (54)

so that the boundary surface p = p(0, ¢) is given by
— (1+Q*R*)[1 — (Qp)?sin? Osin® ] + Q* (R cos Qp + Vsinf cos ¢)? = 0. (55)
This surface has the topology of a cylinder about the observer’s Z—axis (cf. appendix A), since for § = 0 or © we have
—gnyy = 14+ R%Q? sin? Qp, which is always positive. Moreover, for p > R/, equation () implies that psiné ~ 1/Q,

so that the asymptotic radius of the cylinder is ~ Q7. For § = /2, the boundary surface reduces to a closed curve
that is depicted in figure 3, where Qpsin ¢ is plotted versus (2pcos ¢ for QR = 1.

FIG. 3: Schematic representation of the closed boundary curve p = p(w/2, ¢). We plot Qpsin ¢ versus Qp cos ¢ for the special
case where QR = 1 and hence v = 1/v/2.



V. DISCUSSION

The theoretical construction of an extended frame of reference is a basic problem in the theory of relativity and has
been the subject of many recent investigations [10, [13, [14]. The present paper has been devoted to the construction
and investigation of radar coordinates. For the sake of simplicity , we have limited the scope of our main work to
accelerated observers in Minkowski spacetime and have found that radar coordinates have limited utility in terms
of the concept of radar distance. Moreover, the domain of applicability of radar coordinates is limited just as it is
with Fermi coordinates. Once an observer is accelerated, the absolute character of its acceleration is reflected in the
existence of local acceleration lengths. While these locally limit the pointwise applicability of the hypothesis of locality
[3], they also determine the scale of the domain of validity of physically - motivated coordinate systems established
around the world line of the observer. Radar coordinates may be interesting and useful, especially in connection with
the synchronization of distant clocks; however, they cannot in general replace the more basic Fermi coordinates.

For a general observer in a gravitational field, the light signals follow null geodesics and the calculations involved
in the determination of radar coordinates would then become considerably more complicated. Moreover, in addition
to possible acceleration scales, curvature radii must be taken into consideration. For distances beyond the curvature
radii, the uniqueness of null geodesics or the spacelike geodesics used to define the angular radar coordinates is not
assured.

The general issues discussed in this paper become relevant whenever electromagnetic or other (null) signals are
used for spacetime determinations. In this connection, we must mention the GPS system, where the coordinates of an
event are determined, in principle, by the simultaneous reception of four GPS signals |15, [16, [17]. We recall that the
radar coordinate system has the important property that it essentially reduces to the Fermi system when the range
p is sufficiently small compared to the characteristic lengthscale of the observer. Let us note that for observers on
the Earth, 1/Qg ~ 28 AU and 1/gg ~ 1 lt-yr , so that for the GPS system the corresponding p/L is generally very
small.

The scheme of setting up coordinate systems about the world lines of observers may be called the 1+3 splitting of
spacetime, since the time coordinate is essentially distinguished as it is the proper time of an observer. A complemen-
tary scheme is based on a natural foliation of spacetime by spacelike hypersurfaces. Admissible 341 splittings have
been discussed in [18]. Moreover, a dynamical realization of the 341 scheme in the case of weak gravitational fields
is contained in [19].

The present knowledge of the structure of the universe is dependent to a large extent upon the reception of
electromagnetic signals from distant astronomical bodies as well as communication with spacecraft via radio signals
that are transponded back to the Earth. This circumstance provides the motivation to investigate generalizations of
the radar coordinate system as, for instance, the approach recently proposed in [10].

APPENDIX A: FERMI COORDINATES FOR UNIFORMLY ROTATING OBSERVER

Consider the uniformly rotating observer P in section 4 with its world line given by ([28). The natural orthonormal
tetrad of this observer is given in (¢, z,vy, z) coordinates by [3]

Moy = 201, —vsing veos 0]
/\?1) = (0, cosp,sing,0),
Asz) = ’y(v,—SiHQD,COSSD7O)a

/\ﬁg) = (0705071)5 (Al)

where v = RQ and ¢ = Qot = Q1. The corresponding Fermi normal coordinates (T, X,Y, Z) are given by |3]

1
T = —(t—vyvY),
7( )
X = —R+xcosQT + ysin QT
1
Y = —(—zsinQT 4 ycosQT),
Y
Z = z. (A2)

The center of the circle is represented by Q: (t,2 = y = z = 0) with Fermi coordinates T = t/v, X = —R and
Y = Z = 0 as in figure 4. Thus the Fermi distance between P and Q is the radius of the circle R, as expected.
Transforming (X, Y, Z) to spherical polar coordinates (p, 6, ¢), we note that Q is at p = R, 8 = n/2 and ¢ = 7.
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FIG. 4: Local axes of the rotating observer P.

Moreover, with p = p very small and T = 7, ([AD) is identical with {H) when Qp is treated to first order (i.e.
cosQp ~ 1, sinQp ~ Qp and V ~ p); as discussed above, this is simply a consequence of the fact that the spherical
polar coordinates are defined with respect to the local spatial frame of the observer P. The spacetime metric in Fermi
coordinates is

ds? = —72 1—Q2(X + R)? —72(22Y 21dT? + 272(20 XdY -YdX)\)dT
0 0
+dX2 +dY? +dz2. (A3)

The Fermi coordinates are admissible for Q3(X + R)? ++2Q3Y? < 1. The boundary region is an elliptic cylinder whose
axis coincides with the Z—axis and is characterized in the (X,Y')-plane by an ellipse with its center at Q. The ellipse
has semimajor axis 1/ and semiminor axis 1/(7€); in fact, this ellipse with eccentricity v < 1 can be considered
in terms of a circle of radius 1/ that is Lorentz-Fitzgerald contracted along the direction of motion of P, which
occupies a focus of this ellipse.

APPENDIX B: STANDARD ADMISSIBILITY CONDITIONS

Consider a region of spacetime where events have been assigned coordinates z# = (¢, %) such that the spacetime
interval takes the form ds® = g, dz#dx” with signature +2. The fundamental observers in this region are the observers
at rest, i.e. ° = constant for each observer. The standard admissibility conditions for this system of coordinates refer
to the local measurements of the fundamental observers using clocks and infinitesimal measuring rods. The proper
time 7 of each fundamental observer is given by —d72 = ggodt?, so that ggo < 0 is the first admissibility condition.
Let

ut = (——,0,0,0) (B1)
—4goo

be the four-velocity field of the fundamental observers. Each has access to infinitesimal measuring sticks that exist in
an infinitesimal hypersurface orthogonal to its world line, i.e. g, u"dz” = 0. The infinitesimal orthogonal hypersurface
is thus given by goodt 4+ go;dx’ = 0, which combined with

1 . o
guvdatdz” = —(goodt + gmdgcl)2 + yijdaztda? (B2)
goo
where
9oigoj
Vi = 9i — = (B3)
goo

implies that the length of an infinitesimal measuring rod is dI* = v;;dz’d2?. It follows that other standard admissibility
conditions are required to ensure that di? is positive. A theorem of linear algebra [2(] states that for a symmetric
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n x n matrix M, M,;dx'dz’ is positive if and only if the principal minors of M are all positive, i.e.

My . . . My
det . . >0, for k=1,...,n. (B4)
Mg . . . My

Moreover, it can be shown that M is positive if and only if there exists an invertible matrix N such that M = NTN,
where NT is the transpose of N. Then, M,;jdx'dr? can be expressed in matrix notation as (Ndz)'(Ndz), which is
manifestly positive; that is, if dz # 0, then Ndz # 0, since N is invertible, and so M, dz*dz? > 0 [2(].

The admissibility conditions (B4 are the same as those given in [3] on the basis of a different analysis involving the
determination of radar distance between two infinitesimally close observers. Let us now apply these conditions to the
spacetime metric in radar coordinates for the case of the rotating observer in section 4. The transformation from the
inertial coordinates to radar coordinates in ([@3) may be considered to be a combination of (¢, z,y,z) — (n,2',y’, 2)
given by t = ynp + W(a’,y’,2") and B together with (n,z',y’,2") — (n,p,0,¢) given by ). Consider first the
transformation (¢, z,y,z) — (n,2’,y’,2’") that results in the metric @2). It is straightforward to show that for this
metric g, < 0 implies that the relations (BZ) are all satisfied. This means that for g,, < 0, there exists an invertible
matrix S such that v/;;da’'dx’ = (Sdx’)T(Sdz’). Next, we apply the transformation @) to the metric (E2) to get
the general metric in radar coordinates, which are admissible if v;;dz'dz? is positive. Let H be the Jacobian matrix of
the transformation ([@l). This matrix is invertible if the corresponding Jacobian, J = det H, is nonzero. It is possible
to express J as

J = yp*sin F, (B5)
where F(p,0, ¢) is given by
V |dV v
F=— - (cos? 6 4 sin? § cos® ¢) + — sin” @ sin? ¢ — RQsin 6 cos psin Qp| . (B6)
p Ldp p

It is simple to see from (BAl) that F is always positive along the axis of rotation (§ = 0,7), F' — 1 for p — 0 and
F > 0 for p — oo. Moreover, F(p,0,7/2) > 1. Extensive numerical analysis has shown that F' is indeed positive.
On this basis, we assume that H is invertible. Then it follows from the structure of (B2) that in radar coordinates
vijdride?d = (SHdz)T(SHdx), where SH is an invertible matrix. Thus (v;;) is a positive matrix and g,, < 0 is the
only condition that we need in order to ensure that the radar coordinates for the rotating observer are admissible.
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