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Abstract

The motion of a spinning test particle given by the Mathisson—Papapetrou
equations is studied on an exterior vacuum C metric background spacetime
describing the accelerated motion of a spherically symmetric gravitational
source. We consider circular orbits of the particle around the direction of
acceleration of the source. The symmetries of this configuration lead to the
reduction of the differential equations of motion to algebraic relations. The
spin supplementary conditions as well as the coupling between the spin of
the particle and the acceleration of the source are discussed.

PACS number: 04.20.Cv

1. Introduction

In a recent paper [1], the absence of spin—acceleration coupling has been examined via wave
perturbations of the vacuum C metric [2-6], which represents the static exterior gravitational
field of a spherical mass M that is accelerated uniformly with acceleration A such that
MA < 1/(3+/3). This gravitational field may be considered to be a nonlinear superposition
of the Rindler and Schwarzschild spacetimes. The aim of the present work is to investigate the
motion of a classical spinning test particle in the C metric using the Mathisson—Papapetrou
equations [7, 8]. For the sake of simplicity, we confine our analysis to motion along circular
orbits about the direction of acceleration. We find that for a given circular orbit the results
are unchanged when the particle spin flips and at the same time the sense of motion reverses,
a circumstance that is consistent with time-reversal invariance. Our results thus indicate that
a spin—acceleration coupling analogous to the spin—rotation coupling [9, 10] does not exist.
This particle result thus reinforces and complements the previous wave result [1].
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This paper is organized as follows: in section 2, we present a brief discussion of the
geometric properties of circular orbits around the direction of acceleration of the C metric. In
section 3, we discuss the motion of spinning test particles along the circular orbits for the three
standard spin supplementary conditions and determine the allowed orbits and spin directions.
Section 4 contains a discussion of our results.

2. Vacuum C metric and circular orbits

In its restricted interpretation, the vacuum C metric describes the static gravitational field
associated with a uniformly accelerated mass with MA < 1/(3+/3) [2, 3]; it is of Petrov-type
D and belongs to the Weyl class of solutions of the Einstein equations [5]. In the {u, r, 0, ¢}
coordinate system, the C metric takes the form

2 2 2 r’sinfd o, 2
ds® = —H du” — 2dudr + 2Ar~ sin6 du d6 + do” +r-G do~, 2.1

where G and H are given by
G(®) =1—cos’6 —2M A cos’ 6,

M 2.2 2 3
Hr,6)=1— — —Ar“(1 —cos“8 —2M A cos’ 0)

r
—2Arcos6(1+3MAcosf)+6MAcos6. 2.2)

The constants M > 0 and A > 0 denote the mass and acceleration of the source,
respectively. Unless specified otherwise, we choose units such that the gravitational constant
and the speed of light in vacuum are unity. Moreover, we assume that the C metric has
signature +2; to preserve this signature, we must have G > 0. As mentioned above, it turns
out that the physical region of interest in this case corresponds to MA < 1/(3+/3) [4, 11-13].

The metric (2.1) can be seen to be a nonlinear superposition of two metrics, one associated
with a Schwarzschild black hole (case A = 0) and the other corresponding to a uniformly
accelerating particle (case M = 0) [2, 3]. The C metric has event horizons (which are also
Killing horizons) given by hypersurfaces of the form r = r(6) that are solutions of H = 0.
These can be determined exactly. To this end, let us introduce the new variable [6]

Ar
W = _ 2.3)
1 — Arcos@
so that H = 0 becomes
W3 —W+2MA =0. (2.4)

Following [6], let us also introduce an acceleration lengthscale based on A > 0: L4 = ﬁ.
There are three cases depending on whether M is less than, equal to or greater than L 4. As
we are interested only in the case M < L4, the solutions of (2.4) can be written as

w, =20, W, = -0 ++/3V, Wi = -0 -3V, (2.5)
where
1/3
U+iV ! M+'1 M (2.6)
WW=—|—-—+1/1—-—— . .
V3 \ La Ly

It is worth noting that, when M — 0, the solution W; gives the Rindler horizon
r = [A(l + cos®)]~!, while, when A — 0, the solution W, gives the Schwarzschild
horizon r = 2M; W3 gives instead a negative value for r and should be rejected. Thus,



Spinning particles in the vacuum C metric 711
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Figure 1. The accessible spacetime region (not shaded) in the (X, Y) plane with X = 7siné
(abscissa) and Y = 7 cos 0 (ordinate), # = r/M, is shown for the value of the parameter M A = 0.1.
The upper curve represents the Rindler horizon while the lower curve represents the Schwarzschild
horizon. The forbidden conical region corresponds to negative values of the metric function G,
i.e., to signature changes which are not considered here.

r = [A(cosf + I/Wl)]’1 and r = [A(cos6 + 1/W2)]’1 correspond to the modified Rindler
and Schwarzschild horizons, respectively.

The C metric has two commuting hypersurface-orthogonal Killing vectors, one timelike
(9,) and the other spacelike (9g).

To illustrate this situation, in figure 1 we have shown the accessible spacetime region in
the (r, #) plane for the value of the metric parameter M A = (.1. In this plot, it is possible
to identify both the Rindler horizon (Hg) and the Schwarzschild horizon (Hg) as well as the
forbidden conical region corresponding to negative values of the metric function G, i.e., to
signature changes.

In the spacetime represented by the metric (2.1), let us consider as ‘fiducial observers’ the
family of static observers with 4-velocity aligned with the Killing direction d,, e; = H~'/23,;
it is convenient to introduce an orthonormal frame adapted to these observers

e, = 71/281,49 ep = H71/2[H8i’ - au]’
G112 2.7
3ei| ,

ey =G'? [Ara, + ey = -

rsinf r

We are interested in the study of circular motion of test particles along the ¢ direction
with constant speed and at a fixed value of the polar angle 6 as illustrated in figure 2; so the
family of test particles is characterized by the following (timelike) 4-velocity U

U =T¢[0, +¢3p] = ylea +vegl, (2.8)

where ¢ and v are the angular velocity and linear velocity parametrizations, respectively, of
the whole family such that

12
v=r (%) Z. (2.9
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Figure 2. Schematic diagram representing circular orbits under consideration in this paper. The
orbital plane is parallel to the & = /2 plane. The spherical source M is accelerated with uniform
acceleration A in the & = 7 direction.

Here, I'; is defined by the timelike condition U - U = —1 as
H
—Q4=gw+;%M==—H+;%%;=—;E (2.10)
andy = -U -¢; = (1 — p2)~12 = I‘;H’l/2 is the Lorentz factor. Note that I';, £, v and y
are all functions of 7 and 6 only; therefore, they remain constant along the orbit (see figure 2).
We also define the unit direction orthogonal to U in the (e, e;) 2-space
E; = ylves + ¢4l (2.11)
which is a vector field defined only along the worldline of U; in fact, its definition requires the
relative velocity field v of U with respect to fiducial observers e; which only exist along U.
Two quantities are relevant for the discussion below: the acceleration of the line U,
a(U) =DU/dty = VyU, where 1ty is the proper time along U, and the directional derivative
along U of the local ¢ direction as seen by the observer U, DE;/dty = VyEj. A direct
evaluation shows that both these quantities belong to the (e, ¢5) plane and are given by

DU
_— = yz[kf(vz — v(zr))e; + kg(l)2 — vfg))eg], (2.12)
dTU
DE; k; ks
CRVNY (LR A (2.13)
dry Vi Yo
where
M — Ar[GAr +cosO(1 + 3AM cos6)]
2 2 2
Vin = I c Y =1/(=vg),
oA (2.14)
2 _ r L =1/0-4%)
Vo) = Yoy = ®)

GAr +cos6(1+3AMcos6)’
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and the Lie relative curvature [14, 15] of the orbit ki) = kK = —VIn(,/gs¢) has been
introduced with frame components

L VH L GAr +cos6(1 +3AM cosf)
P= T 6= B

r r«/@

172

(2.15)

and magnitude k = (kf + kz)
Analogously, it is easy to derive the directional derivatives along U of e; and ¢;, which
instead belong to the (eg, ;) plane:

De; 2 ) 2 v

= 2% | (V= 2)U — —E; | (2.16)
dry |:( ()) V(Zr) ¢:|
Dey 2 ) 2 v
2 2 | (=2 U= E | 2.17)
dry 0 |:( (9)) V(ZH) ¢

The following useful relations hold

M
ki) +kjv = - AVG = —kyv}y,. (2.18)

A detailed analysis of circular orbits, ‘special’ for geometrical or kinematical reasons, is
considered in [16].

The only non-vanishing components of the 4-acceleration a(U) = VyU can be
conveniently rewritten as
aU) =y (V2 —2,), a(U)? = y2ky(v® —v2). (2.19)

Conditions for circular geodesics, namely, (a(U)", a(U )é) = (0,0) (or equivalently, v =
£v¢) and v(zr) = v(ze)) can easily be obtained from (2.19); it follows that for a fixed angle 6,
only the value r = r, is allowed with

1 3AMG + (AM)'?[cos6(4 + AM cos® ) + 9AM (3 — 2G)]'/?

Tg = , (2.20)
2A G +cosf[cosf +3AM (2 — AM cos? 0)]
where
+ AryG 171 =12 2.21)
V= v,y = , = —v2,. )
&+ AryG +cos6(1 +3M A cos ) Ve 8+

Note that r, and v, depend on 6 only. In the same diagram of figure 1, the curve of the r and
0 values corresponding to circular geodesics is shown in figure 3.

The circular geodesics of the C metric, which represents the gravitational potentials of
a Schwarzschild black hole accelerating uniformly with acceleration A < 1/(3+/3M) along
the & = = direction, have been obtained with the assumption that A > 0; moreover, the
geodesics are timelike for 6y < 6 < m/2 and spacelike for 7/2 < 0 < 6.. There is a unique
null geodesic for 8 = /2 given by r, = 3M irrespective of the acceleration A so long as
MA < 1/(3\/5). Here 6y and 6. depend upon M A, 6, is given by G(6y) = 0 and 6, is
such that r,(6.) lies on the modified Schwarzschild horizon that satisfies H (r,(6.), 6.) = 0,
see figure 3. In the nonrelativistic limit M A < 1, the circular geodesics reduce to the orbits
that can easily be obtained from the Newtonian theory of gravitation: (M /r;)cos6 = A
follows from (2.20) and vg = (M/rg) sin? @ from (2.20) and (2.21). Furthermore, in the
Newtonian limit 7 = M /r].

It is interesting to consider the significance of these orbits in the gravitoelectromagnetic
analogy [6]. When one explores the correspondence between classical and quantum
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Figure 3. Circular geodesics exist for fixed values of 6 only for certain corresponding values of r.
The solid line in the allowed region represents the location of the geodesics, which are respectively
timelike, null and spacelike above, on and below the equatorial plane § = 7/2. The pair of straight
lines dropping down from the centre correspond to the limiting value & = 6.. The value of the
parameter M A = 0.1 is the same as in figure 1.

descriptions of electron motion in the Stark effect, the circular orbits that correspond to those
under consideration here describe the classical motion of the electron in a quantum-mechanical
phenomenon, namely, the quadratic Stark effect in hydrogen [17].

The purpose of this paper is to explore the accelerated motion of classical spinning test
particles on circular orbits » = r(6) in the C metric. We therefore turn to the investigation of
the allowed orbits for particles with spin.

3. Spinning test particles along circular orbits

The motion of a (classical) spinning test particle is described by the Mathisson—Papapetrou
equations

DPr 1

T = 5 RNl ST = Fau, (ER))

U

DA

= PHUY — PYUH, (3.2)
U

where P* is the total 4-momentum of the particle and S*¥ is the antisymmetric spin tensor.
Here, U is the timelike unit tangent vector of the ‘centre line’ that is used to perform the
multipole reduction of the energy—momentum tensor associated with the particle in order to
derive equations (3.1) and (3.2).

We assume here the centre line to be a circular orbit, i.e., U is given by (2.8). From (3.2),
contracting both sides of the second equation with U,,, one has
v

D
Pt = —(U - P)U* — U, =mU" + P, (3.3)
d'L’U

where m is the component of —P along U and it is usually referred to as the mass of the
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particle under the Pirani supplementary conditions (see below). Equation (3.2) implies that

Sig =0, S:p =0, ki (Vi) Spa +vS55) — ko (v, Sia + vS;4) = 0. (3.4)
The spin tensor then takes the form
S = o A[Sj0" + Sig® ]+ 07 A [Sp;0" + Sz500], (3.5)

where {0, o, wé, a)“g} is the dual frame of (2.7). It is clear from (3.3) that P, is orthogonal
to U; moreover, it turns out to be also aligned with E F;

Py =myE, (3.6)
where
my = 1P =y [k (S0 + V2, :4) + ks (vS3a + v S3g)] (3.7)

is the component of P along Ej. It follows from (3.3) and (3.6) that the total 4-momentum
P can be written in the form P = U, where u represents the magnitude of P and the unit
timelike direction U, is given by

Vv +mx/m W= l(m + vms). (38)

Ur=learvesh v = T v
s P

Here y, = (1 — vlz,)il/z, as expected.

Let us now consider the equation of motion (3.1). The spin force is given by

FOPn) — %[(2& +8;5)er — (Sz5 +2vS55)e5] (3.9)
=Y 3 ar rHIEF a6 0p)€41> .
while the term on the left-hand side of equation (3.1) can be written, from (3.3) and (3.6), as
DP DEQg
— =ma(U) + my , (3.10)
d'L'U dtU

where a(U) and DE;/dty are given by (2.12) and (2.13), respectively, and the quantities j, m
and m remain constant along the worldline of U. Hence, (3.1) can be written as

% M
y |:m(v2 — u(zr)) +m3y—2:| k; — r—3(2Sﬁf +v8;5) = 0,
(r)

(3.11)
v M
v m(v2 — v(29)) +my—— | kg + (S5 +20S44) = 0.
Yo g
Finally, it proves useful to introduce the quadratic invariant
2 _ 1 v 2 2 2 2
5% = 58,,8" =—Sm—Séﬁ+S?q3+S%, (3.12)

which is not in general constant along the trajectory of the spinning particle. It is constant,
however, in the situation under consideration in this paper.

Summarizing, the equations to be considered are: (a) the constraint equations (3.4) that
result from the evolution of the spin tensor whose nontrivial components are given in (3.5);
(b) the two equations of motion (3.11); (c) the definition of m; given in (3.7) and (d) the
quadratic invariant s introduced in (3.12). To solve these equations and, hence, to discuss
the features of the motion we need three further supplementary conditions. We shall follow
the standard approaches existing in the literature:

1. Corinaldesi—Papapetrou [18] conditions (CP): $*¥ = 0,
2. Pirani [19] conditions (P): S*U, = 0,
3. Tulczyjew [20] conditions (T): S*V P, = 0.
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It is helpful to introduce the spin vector
Ssop = 31%8ysUsc)aS”, (3.13)

where Usc) = (ea, U, U,) for the CP, P, T conditions, respectively, and 1,5 = /—&€apys
is the unit volume 4-form constructed with the Levi-Civita alternating symbol €44, s, such that
€769 = 1. It follows that in general s> = S, S*.

A consistent physical interpretation of the Mathisson—Papapetrou equations requires that
§ :=s/(mr) < 1. For s = 0, the orbit of the test particle coincides with the geodesic orbit
re = rg(0y); therefore, we expect that the circular orbit r = () of the spinning particle
should be close to such a geodesic. Hence, we assume that

r=r,+0, 0 =0, +d, (3.14)

where §, and 8y are of order § and will only be considered to linear order in what follows. Any
given function of the particle orbit, F'(r, 6), can then be written to first order in §, and §y as

F(r,0) = F(r,,0,) + oF 5, +(2F 8 (3.15)
" B rg, ¢ ar r=rg,0=>0, ' 89 r=rg,0=0, v '

In the following, we shall obtain for each SC explicit expressions in terms of 7 and 6 for both
the linear velocity v and the spin parameter § associated with the orbit of the spinning particle.
Close to a geodesic, we shall show that all the SC cases can be summarized as

VX Ve + o AvBS9, §~ o ASCO, (3.16)
where the notation o = sign(ve+) is conveniently introduced, so that o = +1 for a
counterclockwise orbit and 0 = —1 for a clockwise orbit (cf figure 2). The corresponding
angular velocity ¢ and its reciprocal are
1 1 o
(o = Lo + 0 ALBO, — o~ — — —ALS9, (3.17)

Ce Lex lon

respectively, with {4 = (Ve1/Hg)/(rg/Gg). As aresult, the orbital frequency turns out to
depend on the spin parameter. Explicit expressions for all of the quantities introduced above
can be found in the appendix.

3.1. The Corinaldesi—Papapetrou (CP) supplementary conditions

These are conceptually the weakest conditions that have been imposed on the spin tensor; in
general, they do not even ensure that the quadratic invariant S,,S*" is conserved along the
path. In the simple configuration under consideration here, the CP supplementary conditions
require Sz = S5 = 0. Equations (3.4) as well as (3.12) are identically satisfied with

S
(Spgs Sig) = — ki Ky, (3.18)
where s can be of any sign. The spin vector,
Scryp = 31 pys(ea)aS”’, (3.19)

spatial with respect to e; in this case is given by
s
S(cp) = —qugee” + S@q,;e; = ;[—k;e@ + kéE;]. (320)

It follows from (3.7) that

M sy
my = ——

(3.21)

r3 ok’
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Finally, the spin force (see (3.9)) is given by
syv M

FOPn) — —— lker = 2kgeq), (3.22)
so that equations (3.11) reduce to
3 3 V2 _ 1)2
(2 —2) (s+ k=) =0, s+ el ——@ (3.23)
yv M yv M) 3—202 -}

Now, by eliminating s, we get the solution for v = v}. If v* # v(, then plugging the first
of equations (3.23) into the second, one gets v = %1 and so s = 0, which must be rejected.
The only possibility is then v = v,y (see (2.14)), with s given by

2 2
O R < Sk VN (3.24)
Yiryvey M3 — 21)(2,,) — v(zg)
Close to a geodesic, from (3.23) we obtain
AV = A, 8+ A 8o,
AGCP) _ 2 e r r 0 T (3:25)
K = _gnggM[‘Sr(Au(,> — AV(Q)) +89(Av(,) — Am))],

the linear velocity v and the corresponding angular velocity ¢ and its reciprocal are thus given
by (3.16) and (3.17), respectively.

3.2. The Pirani (P) supplementary conditions

It was first demonstrated by Pirani [19] that the Mathisson—Papapetrou equations with the
supplementary conditions S*"U, = 0 imply that the spin vector is Fermi—Walker transported
along the trajectory. Subsequently, Taub [21] demonstrated that these equations correspond
to the motion of a classical point particle with ‘intrinsic’ spin. The Mathisson—Papapetrou
equations were investigated in [22, 23] and it was found that of the various supplementary
conditions the only one that produces a consistent result in the massless limit is S**U, = 0
[23]. In fact, the trajectory in this case is a null geodesic with the spin vector either parallel or
antiparallel to the direction of motion; furthermore, the helicity of the particle is conserved in
an orientable spacetime [23].

In the case under consideration here, the P supplementary conditions (S*"U, = 0) require

Sar = S, Sap = Spgv- (3.26)
Using these relations one finds that equations (3.4) as well (3.12) are identically satisfied with
) k; ké
(Sf'(ﬁa Séq}) == <—2, —2) ) (3.27)
X\ Yo
where
K2k 12
Yoy Ve
and, as before, s can be of any sign. The spin vector
Sryp = 30 pysUaS” (3.29)

spatial with respect to U in this case is given by

S DS et sio="| K, ko (3.30)
Py = —[—S;pe5 + Spperl = = | ——5-ep+ ¢ | - .
4 v X V(2r> ’ 7’(29)
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Then, from (3.7) we have that

2 22(12 .2 2 12(12 _ 12
Yo ki (v —vi,) + v ks (v —v
m, = _Syz ©) ( ( )2) > (r) 0( (9)). (3.31)
YinYioy ™
Finally, the spin force (see (3.9)) is given by
2 X
pooim _ SV VM [k ko (3.32)
s S\29 2% :
Yy Yo
so that equations (3.11) reduce to
2 2 _ .2 2 22
. _my(r)Z Ll P _my(e)E VT — v, (333)
v (- T) -y v @ -

by solving both equations with respect to s. By eliminating s in (3.33), we get the solution
vV =vi:

172
v =+ [1 - %M_ = (i = y@ ] : (3.34)
(k2 + 23)v3) — (2 = 357
Close to a geodesic, we obtain from (3.33) and (3.34) that
(P) 1 Ks%r; 2 r r 0 0
At =20 vee[(A, — AL )8+ (AT — A7 )d]
+ (A7, +2A7 )8, + (A +2A0 )8 } , (3.35)
2
AP = ﬁr—g[a (AL — AL Y+80(AY =AY )]
3 MU\ T V) V() ROVEN

the linear velocity v and the corresponding angular velocity ¢ and its reciprocal are given by
(3.16) and (3.17), respectively.

3.3. The Tulczyjew (T) supplementary conditions

The general theory of the motion of an extended particle in a gravitational field has been
developed by Dixon (see [24] and references therein) on the basis of the dynamical equations
V,T*" = 0. In Dixon’s approach, when attention is limited to a pole—dipole particle and
higher multipole moments of the extended body are neglected, one recovers the Mathisson—
Papapetrou equations with the supplementary conditions $*” P, = 0. These require, in the
case under consideration here, that

Sar = S34Vps Sag = SapVp- (3.36)

Using these relations one finds that equations (3.4) as well as (3.12) are identically satisfied
with

(Sog: S3) = T (ke (v = vpv3y). ka (v = vy ). (337)
where
A= [k (v— vpv(zr))2 +k3(v— vpv(z(,))z]l/z. (3.38)

The spin vector

Sarvp = 30 8ys(Up) o S7° (3.39)
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spatial with respect to U, in this case is given by
1 s
S@)=:;—L—&$%4n%¢@]:=X{—kxu-wﬂﬁgeé+k@0)—1¢vége4. (3.40)
P

Moreover, from (3.7) we have that

Yy
my = ——2 L [k%(vvp — v(zr))(v — vpv(zr)) +k§(vvp — v(zg))(v — vpv(zg))], (3.41)

and the spin force (see (3.9)) is given by

spin SYY M
Fpin) Tpr—3[(v +2v,) (v — vpv(zr))k;e; —Qu+vy)(v— vpv(ze))kéeé]. (3.42)
Now, by solving both equations (3.11) with respect to s, we get
2 2
14 VT — V(r)

§ = —m——— ,
Vp ;’—vas + %(ZUP + v)(vpv(zr) - v)

« ., (3.43)

m Y™ = Yo

_ ——— ’
Y VYo %vms — Ly +20) (vpv, — V)

S =

where /ity = m/(syy,); by eliminating s, we have that v, must satisfy the following equation:

PRO (3.4
with
3IM
A=)
_g = (5 = Vi) [(v* + V5 )7 + (v2 + vy &7 ]
(3.45)

M
—3[(1;(2,) + 2‘)(29))(1 +1?) = 3(v? + ”(2r)”(29))]’

<

C= —3%1}2(\12 — v(zr)).

Let véi) = (=B £ +/A)/(2A) be the solutions of (3.44). The reality condition for these
solutions requires that v take values outside the regions implicitly defined by the equation
A = B* — 4AC = 0. By substituting v, = v{® into either of equations (3.43), we obtain
a relation between v and s, which must be considered together with the following further
equation directly resulting from the definition (3.8) of v,:

V=1V,

m——————— .
yyping(l —vvy) vp=v®

P

(3.46)

§=—

As a result, solutions for both quantities v} and s can be derived explicitly from (3.43) and
(3.46).

Close to a geodesic we obtain the same results as in the case of P supplementary conditions
with

Vi = v+ 0@ (3.47)

so the linear velocity v and the corresponding angular velocity ¢ and its reciprocal are given
by (3.16) and (3.17), respectively, with AvT) = Av®),
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4. Discussion

The test-particle approximation in the case of the Mathisson—Papapetrou equations for a
spinning particle implies that the acceleration of the worldline due to the spin force defined by
(3.1) should be relatively small. This means, in the case under consideration, that qualitatively

[(GM/r?)s/c] s

(GMm/r2]  (mer) & b @D

spin force/Newtonian force ~

since in the multipole expansion around U, the dipole term should be smaller than the monopole
term; we neglect quadrupole and higher order terms in (3.1) and (3.2). The condition (4.1)
can be expressed as ry; < r, where ry; is the Mgller radius of the test mass [25].

It follows from this condition that spinning test particles can be maintained on circular
orbits in the vacuum C metric only for allowed values of 7 and 6 that are close to those of
geodesic circular orbits that have been discussed in section 2 for spinless test particles. Thus,
we have considered a one-parameter family of solutions in each of the CP, P and T cases.
That is, the spinning particle follows a circular orbit such that r — r, and 6 — 6, are linear
in § and higher order terms in § have been neglected. We find that the orbital frequency is in
general spin dependent, but there is no clock effect in contrast to the Schwarzschild case [26],
since for a given orbit, the orbital frequency is unchanged under the transformation v — —v
and § — —S§. In fact, it follows from (3.17) that the difference in the arrival times after one
complete revolution with respect to a static observer vanishes

1 1
Al =27 ( + ) =0, 4.2)
Sscat Gse—-)

where {(sc + +) denotes the angular velocity of U derived under a particular choice of
supplementary conditions and corresponding to a 0 = = orbit with spin-up/down alignment.
This is a consequence of the fact that the linear velocity v and the spin parameter § must
both have the same sign as v,4, see (3.16). In the Schwarzschild case, instead, when the
motion is confined to the equatorial plane the Mathisson—Papapetrou equations give rise to
a unique relation between v and §, which becomes linear in the limit of small values of the
spin parameter. All combinations of the relative signs between rotation and the two spin-up
and spin-down orientations along the z-axis are allowed, and so a non-zero clock effect can
appear.

One may consider this circumstance intuitively as follows: in the case of the Schwarzschild
circular equatorial orbits of a spinning test particle with its spin normal to the equatorial plane,
one may imagine a transformation of coordinates to the frame comoving with the test particle.
In this frame, the Schwarzschild source follows circular geodesic orbits about the spinning test
particle; therefore, one would qualitatively expect the existence of a gravitomagnetic clock
effect proportional to the specific angular momentum of the test particle. This effect would
then be expected to occur in the original coordinate system as well. It is interesting to observe
that a similar argument for the case of the C metric would fail, since the orbits of the source
in the frame comoving with the test particle would not be geodesics by assumption.

Appendix. Expansion of kinematical quantities around a geodesic

The expansion of the metric functions G and H, the linear velocities v and vy and the
components of the Lie curvature close to a selected geodesic can be expressed as
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G,r
G~ G, +2Asin0,— g 86 = Gy + ALSy,
l)g:i:yg:i:

V2
g:tg

H >~ H,+2 8, +2Asin0,(1 — Argycosy)[ry —3M (1 — Arg cos6,)]8g
Te

= H, + A5, + A% 8,
VA A
kp ~ — 89 = ki + AL S, +AY 86,

g ng:trz & 2”g\/_
A{_ J_ 8+ [2 sin 0, (1 +6AM cos6,) + Ar, AL <% - 2)} 8
Ver  VerVealg 2"5'\/@ Vet
= ki + AL S + A, 80,
kAL, +kSAL N kAL, +k5A;
(k2 +kg2) 7 (2 ekg)”

A’G 1 1
Vi) ~ Vgt — s’s T+ +—(l+2vgi) (S
Hgvgyr \vgy 2 2r,

9
+ Vgt {i,[—ArgA% +5sin 6, (1 + 6AM cosb,)]| — An } e
Al 2H,

IZ

kg

o~ (k82 + k%) 4

: 86 = kg + ALS, + A%5y,

—Vgi+A 3 +Av()80’

v % A% 2sin? 0,
£ 5+ ”'f |:—G +

2ygirg 2)/gjE G, AG

= Vgt + A 8+ A% &g, (A.1)

Vo) Vo)

V@) X Vet + (1 +6AM cos 0 ):|

where G, = G(0,) and H, = H(rg, 0g). As aresult, we obtain for each choice of SC the
following approximate expressions for the linear velocity v and the spin parameter §:

v ver +[AL98, + AIO8 ] = vy + 0 AV

A2
§~ [AE(SC)S, + Ag(SC)SQ] = o A§B9, (A2
The corresponding angular velocity ¢ and its reciprocal are then given by
8 A AL AY
{4 2 et + 00— G| {AV(SC) vl |:— <2 —rg H) + 8y <—G - —H>}}
Vg 2 Lr H, G, H,
= or + 0 ALBO (A.3)
and
L:L_L{AV(SC)_M[S_’ <2_r A_;l>+59 (A_%_A_%ﬂ}
Cx Cex gxllvel 2 Lr * H, G, H,
_ 1 _ AN (A4)
ot fox
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