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The nonlocal electrodynamics of uniformly rotating systems is presented and its predictions are discussed. In
this case, due to paucity of adequate experimental data, the nonlocal theory cannot be directly confronted with
observation at present. The approach adopted here is therefore based on the correspondence principle: the
nonrelativistic quantum physics of electrons in circular “orbits” is studied. The helicity dependence of the
photoeffect from the circular states of atomic hydrogen is explored as well as the resonant absorption of a
photon by an electron in a circular “orbit” about a uniform magnetic field. Qualitative agreement of the
predictions of the classical nonlocal electrodynamics with quantum-mechanical results is demonstrated in the
correspondence regime.
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I. INTRODUCTION

Imagine a background inertial reference frame with coor-
dinates x�= �t ,x� in Minkowski spacetime. An accelerated
observer follows a worldline x����, where � is the proper
time along its path. According to the standard theory of rela-
tivity, the accelerated observer—at each instant along its
worldline—is equivalent to an otherwise identical momen-
tarily comoving inertial observer �1,2�. This hypothesis of
locality implies that an accelerated observer passes through a
continuous infinity of hypothetical momentarily comoving
inertial observers. Lorentz invariance can then be locally ex-
tended to noninertial observers via this basic assumption.
Each inertial observer is endowed with an orthonormal tetrad
frame; therefore, the hypothesis of locality implies that an
accelerated observer carries an orthonormal tetrad frame
�������� along its worldline such that ���0�=dx� /d� is its
temporal axis and ���i�, i=1,2 ,3, are the unit axes of its
local spatial frame.

The motion of the tetrad frame along the worldline of the
accelerated observer may be expressed as

d�����

d�
=��

� �����, �1�

where ������ is the antisymmetric acceleration tensor. In

analogy with the Faraday tensor, ���→ �−g̃ ,�̃�; that is, the
“electric” part ��0i= g̃i� consists of the translational accelera-

tion of the observer, while its “magnetic” part ��ij =�ijk	̃
k�

consists of the rotational frequency of the spatial frame with
respect to a nonrotating �i.e., Fermi-Walker transported� tet-

rad frame. The scalar invariants g̃��� and �̃��� characterize
the rate of change of the state of the observer and may be
used to construct the acceleration scales—i.e., acceleration
length L and acceleration time L /c—of the observer. For an
Earth-based laboratory, for instance, L=c2 /g��1 light year
is the translational acceleration length, while L=c /	�

�28 A.U. is the rotational acceleration length.
If all physical phenomena could be reduced to pointlike

coincidences, then the hypothesis of locality would be
strictly valid. Indeed, the hypothesis of locality originates
from Newtonian mechanics, where the state of a point par-
ticle is characterized by its position and velocity. The accel-
erated particle and the momentarily comoving inertial par-
ticle have the same state; therefore, they are pointwise
physically equivalent. Thus no new physical hypothesis is
needed in the Newtonian treatment of accelerated systems.
However, for wave phenomena we expect deviations from
the hypothesis of locality that would be proportional to � /L,
where � is the wavelength of the radiation. To illustrate this
viewpoint, consider the measurement of the frequency of in-
cident radiation by an accelerated observer. At least a few
oscillations of the incident wave must be received by the
observer before a reasonable determination of its frequency
can be made; however, during this time interval of �� /c the
state of the observer has changed. Nevertheless, this may be
ignored if � is sufficiently small compared to L. The consis-
tency of this approach can be illustrated in the case of a
classical particle of mass m and charge q that is accelerated
by an external force f. The accelerated charge radiates elec-
tromagnetic radiation of wavelength ��L, where L is the
particle’s acceleration length. It is expected that the hypoth-
esis of locality is violated in the interaction of the particle
with the electromagnetic field as � /L�1. Thus the state of
the particle cannot be characterized by its position and ve-
locity as demanded by the hypothesis of locality. This is in
agreement with the equation of motion of the particle, which
in the nonrelativistic approximation may be expressed as

m
dv

dt
−

2

3

q2

c3

d2v

dt2 + ¯ = f . �2�

The dependence of this Abraham-Lorentz equation on the
temporal derivative of the acceleration implies that the state
of a radiating particle cannot be adequately characterized by
its position and velocity.

It follows from these arguments that it is necessary to
contemplate a generalization of the hypothesis of locality
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that would be adequate for all wave phenomena. To proceed,
we restrict our attention to the measurement of an electro-
magnetic radiation field F�
 by an accelerated observer,
though the general approach is applicable to any radiation
field �3�. According to the hypothesis of locality, the accel-
erated observer may be replaced at each instant by the mo-
mentarily comoving inertial observer for which the measured
field is equivalent to the projection of F�
 onto its tetrad
frame. Consider the class of fields F��������� measured point-
wise by the hypothetical momentarily comoving inertial ob-
servers; then

F��������� = F�
�
�

����



���. �3�

Let F��������� be the electromagnetic field that is actually
measured by the accelerated observer. The hypothesis of lo-
cality states that at each instant �, F��������� and F��������� are
the same. On the other hand, the most general linear relation-
ship between F��������� and F��������� consistent with causal-
ity is �3�

F��������� = F��������� + u�� − �0��
�0

�

K������
��������,���

F����������d��, �4�

where u�x� is the unit step function such that u�x�=1 for x
�0 and u�x�=0 for x�0. The kernel K is expected to be
directly related to the acceleration of the observer. In Eq. �4�,
the measured field involves a weighted average over the past
worldline of the observer. This is consistent with the view-
point developed by Bohr and Rosenfeld �4� that a pointwise
field determination is not possible in principle and must in-
deed be replaced by a certain averaging process. Using the
decomposition F�
→ �E ,B�, it is useful to replace F�
 by a
column six-vector F that has E and B as its components,

respectively. Thus Eq. �3� may be expressed as F̂=�F,
where ���� is a 66 matrix and is a representation of the
Lorentz group. In this way, Eq. �4� may be written as

F̂��� = F̂��� + u�� − �0��
�0

�

K̂��,���F̂����d��. �5�

The Volterra integral equation �5� implies, via Volterra’s
theorem �5�, that in the space of continuous functions the

relationship between F̂ and F is unique. Volterra’s theorem
has been extended to the Hilbert space of square-integrable
functions by Tricomi �6�. The ansatz �4� is manifestly Lor-
entz covariant; moreover, the kernel is given by quantities
that are invariant under Poincaré transformations of the back-
ground Minkowski spacetime.

To determine the kernel K̂, we postulate that an electro-
magnetic radiation field can never stand completely still with
respect to an accelerated observer �3�. This is a simple gen-
eralization of a well-known result of Lorentz invariance,
which may be illustrated using the Doppler effect. If � and k
are the frequency and wave vector of an electromagnetic
wave with respect to static inertial observers, then an inertial
observer moving with velocity v would measure a frequency
��=���−v ·k�. This implies that ��=0 if and only if �=0.

Imposing the same requirement in the general noninertial

case, we conclude that if F̂ turns out to be constant in time,
then F must have been a constant field in the first place. This
requirement leads to an integral equation that could be

solved in principle to determine K̂ �3�. The Volterra-Tricomi
uniqueness theorem then implies that for any realistic radia-

tion field F, the measured field F̂ will definitely depend upon
time. A detailed analysis �7–9� reveals that the unique kernel
of the nonlocal theory of accelerated observers is given by

K̂�� ,���= k̂����, where

k̂���� = −
d�����

d��
�−1���� . �6�

Some of the observational consequences of this nonlocal
theory of accelerated observers have been worked out in the
case of linearly accelerated observers �10�; therefore, the
present paper is devoted to the observational consequences
of the theory for rotating observers. These are worked out in
Sec. II for a uniformly rotating observer. Indirect and quali-
tative evidence in support of the theory is presented in Secs.
III, IV, and V. Section VI contains a discussion of our results.
Mathematical details are relegated to the appendices.

II. ROTATION-INDUCED NONLOCALITY

We now consider the application of the nonlocal theory of
accelerated systems to the important special case of a uni-
formly rotating observer in the �x ,y� plane. Let us assume
that for −�� t�0, the observer moves along the straight
line parallel to the y axis at x=r�0 with constant speed v
and arrives at x=r and y=0 at t=0. From this instant on, it is
forced to move in the positive sense on a circle of radius r
with uniform frequency 	=v /r. The azimuthal angle that
indicates the position of the observer for t�0 is given by
�=	t=�	�, where � is the Lorentz factor corresponding to
�=v /c=r	 /c. For t�0, the natural tetrad frame of the ob-
server is given by

���0� = ��1,− � sin �,� cos �,0�,

���1� = �0,cos �,sin �,0�,

���2� = ���,− sin �,cos �,0�,

���3� = �0,0,0,1� , �7�

with respect to the global inertial coordinates �t ,x ,y ,z�. In
this case, Eq. �3� implies that

� = � �1 �2

− �2 �1
	 , �8�

where
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�1 = 
� cos � � sin � 0

− sin � cos � 0

0 0 �
� ,

�2 = ��
 0 0 1

0 0 0

− cos � − sin � 0
� . �9�

Moreover, it follows from Eq. �1� that the observer has in-
variant translational centripetal acceleration g̃
=−v�2	�1,0 ,0� and rotational frequency �̃=�2	�0,0 ,1�
that are defined with respect to the spatial axes ���i�, i
=1,2 ,3, that correspond to the radial, tangential, and z di-
rections, respectively. In terms of these components of the
acceleration tensor, the kernel �6� turns out to be a constant
66 matrix given by

k̂ = ��̃ · I − g̃ · I

g̃ · I �̃ · I
	 , �10�

where Ii, �Ii� jk=−�ijk, is a 33 matrix proportional to the
operator of infinitesimal rotations about the xi axis. It follows
that the electromagnetic field as measured by the rotating
observer for t�0 is given by

E1 = ��cos �E1 + sin �E2� + ��B3 + �2	�
0

�

�sin ��E1

− cos ��E2�d��,

E2 = − sin �E1 + cos �E2 + �	�
0

�

�cos ��E1 + sin ��E2�d��,

E3 = �E3 − ���cos �B1 + sin �B2� + ��2	�
0

�

�− sin ��B1

+ cos ��B2�d��,

B1 = ��cos �B1 + sin �B2� − ��E2 + �2	�
0

�

�sin ��B1

− cos ��B2�d��,

B2 = − sin �B1 + cos �B2 + �	�
0

�

�cos ��B1 + sin ��B2�d��,

B3 = �B3 + ���cos �E1 + sin �E2� + ��2	�
0

�

�sin ��E1

− cos ��E2�d��. �11�

Let us next consider a normally incident plane monochro-
matic wave of frequency � given by

F±�t,x� = i�a�e±

b±
	e−i��t−z/c�, �12�

where a is a complex amplitude, e±=� �x̂± iŷ� /�2, b±

=� ie± and the upper �lower� sign represents positive �nega-
tive� helicity radiation. Here, e± and b± are unit circular po-
larization vectors such that e±

� =−e� and e± ·e±
� =1. As usual,

we define the intensity of the radiation field �12� to be I0

= �1 � 2 ��2 a2. In employing complex fields, such as in Eq.
�12�, we adopt the convention that only the real part of the
field is of physical interest. This is compatible with our gen-
eral linear approach based on the superposition principle.

Along the worldline of the rotating observer z=0 and t

=�� in Eq. �12�, so that from F̂=�F we obtain in accordance
with the hypothesis of locality

F̂±��� = i��a� ê±

b̂±
	e−i�̂�, �13�

where b̂±=� iê± and

ê± = �
1
�2
 1

±i�−1

±i�
� �14�

are unit vectors such that ê± · ê±
� =1 and ê±→e± as �→0.

Moreover, �̂=����	� in Eq. �13�, so that the transverse
Doppler effect is modified by the helicity-rotation coupling.
The observational evidence in support of the helicity-rotation
coupling for ��	 is discussed in Refs. �11–13�. The gen-
eral spin-rotation-gravity coupling has been reviewed in Ref.
�14�.

It follows from Eq. �11� that the nonlocal field measured
by the rotating observer is given by �cf. Appendix A�

F̂± = i��a� ê±

b̂±
	 e−i�̂� �

	

�

1�
	

�

. �15�

It is important to recognize two aspects of this nonlocal re-
sult as compared to the local result given by Eq. �13�: �i� The
oscillatory part of Eq. �15� is the same as in Eq. �13� except
for the multiplicative factor of �1�	 /��−1. It follows from
this feature that the measured intensity of the positive helic-
ity incident wave with ��	 is enhanced by a factor of �1
−	 /��−2, while the corresponding negative helicity intensity
is diminished by a factor of �1+	 /��−2. Thus for the same
incident frequency � and intensity I0, the ratio of the mea-
sured intensity of the positive helicity radiation I+ to the
measured intensity of the negative helicity radiation I− is

I+

I−
= �� +	

� −	
�2

. �16�

�ii� In contrast with Eqs. �12� and �13�, Eq. �15� contains a
constant part proportional to 	; in fact, this constant term is

necessary in order that F̂+��� would have a proper limit in
the resonance case �=	. Indeed, for �=	 we have �̂=0 in
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the positive helicity case, �̂=2�	 in the negative helicity
case and

F̂±��� = i�	a� ê±

b̂±
	 f±��� , �17�

where f+=1− i�	� and f−=cos��	��exp�−i�	��. Thus in
the positive helicity case the measured field grows indefi-
nitely with proper time. This linear divergence of the field is
a consequence of the fact that the incident plane wave has a
constant amplitude for all time; that is, the divergence would
disappear for any finite incident wave packet. Let us note
that in the corresponding negative helicity case, the mea-
sured intensity is given by I−= �1 � 2 ��2I0. It follows that for
�=	, I+ / I−→� as 	�→�.

These predictions of the nonlocal theory of accelerated
observers follow directly from the nonlocality of our ansatz
�4�. It is therefore important to provide observational evi-
dence for these predictions.

Available data regarding rotating systems involve situa-
tions with ��	 and appear to be consistent with I+� I− and
the nonlocal theory within the limits of the accuracy of the
observations �13�. Imagine, for instance, radio waves of fre-
quency 10 GHz normally incident on a disk that is rotating
very rapidly at a rate of 103 rounds per second; then, 	 /�
=10−7 and I+ / I−�1+4	 /� in this case. The nonrelativistic
nature of this thought experiment should be noted: If the disk
has a radius of 5 cm, then v /c�10−6 at the rim of the disk.
It is important to emphasize that the nonlocal theory involves
the properties of pure vacuum, whereas in an actual experi-
ment one works with rotating devices whose characteristics
must therefore be known to high accuracy. An interesting
discussion of this point in the case of the emission of radia-
tion by a rotating atomic system is contained in Ref. �15�.
Nevertheless, one can hope that future experiments may
achieve levels of accuracy that would make it possible to test
predictions �i� and �ii�. In the absence of relevant experimen-
tal data of high accuracy, however, it is useful to employ
Bohr’s correspondence principle and determine whether
quantum mechanical results are in qualitative agreement
with the predictions of the classical nonlocal theory. This is
the subject of the sections that follow.

Specifically, in Secs. III and IV we imagine the rotating
observer to be an electron in a circular Rydberg state of the
hydrogen atom. We then consider a circularly polarized pho-
ton that is incident along the normal to the orbital plane. To
study the helicity dependence of the intensity of the radiation
field experienced by the electron, we calculate the depen-
dence of the ionization cross section of the electron upon the
helicity of the incident radiation. To this end, we employ
nonrelativistic quantum mechanics and ignore the spin of the
electron. In Sec. V, we imagine the rotating observer in �ii� to
be an electron in a circular “orbit” around a uniform mag-
netic field. Classically, the circular electron orbit has rotation
frequency 	c, which is the cyclotron frequency. We study the
helicity dependence of the dipole transition rates involving a
normally incident photon of frequency �=	c.

The main objective of these calculations is to learn via the
correspondence principle what quantum mechanics can teach

us about the physics of accelerated systems �16�. The results
of these studies, based on nonrelativistic quantum mechan-
ics, qualitatively bear out, in the correspondence limit, the
consequences of the nonlocal theory of uniformly rotating
observers.

It is important to note that, due to the nature of the subject
matter, the notation employed in the following sections is
independent of Secs. I and II, except when otherwise indi-
cated.

III. HYPOTHESIS OF LOCALITY IN QUANTUM
MECHANICS

The hypothesis of locality is necessary for the extension
of quantum mechanics to noninertial frames of reference
�17�. Moreover, the impulse approximation scheme in quan-
tum scattering theory, first discussed by Fermi �18,19�, turns
out to be an application of the hypothesis of locality to quan-
tum particles. To illustrate this point, the impulse approxima-
tion is employed in this section to show that the cross section
for the ionization of the circular states of atomic hydrogen by
a normally incident circularly polarized plane wave is inde-
pendent of the helicity of the radiation in complete corre-
spondence with the standard classical theory �cf. Sec. II�.

The hypothesis of locality involves the replacement of an
accelerated system, e.g., a bound electron, by a free system
that is otherwise the same. For instance, in the ionization of
the bound electron by an incident photon, this �impulse� ap-
proximation is valid if the photon energy is much larger than
the binding energy of the electron. That is, during the inter-
action, the momentum of the electron does not change ap-
preciably because of its binding force; therefore, the electron
may be treated as a free particle. A free particle of momen-
tum p= qq has a wave function proportional to exp�iq ·x�;
therefore, we must express the normalized wave function
��x , t�=��x�exp�−iEt / q � of the bound electron in terms of
the Fourier integral

��x� =
1

�2��3/2 � d3q�̂�q�eiq·x, �18�

where �̂�q� is in effect the momentum-space wave function
given by

�̂�q� =
1

�2��3/2 � d3x��x�e−iq·x. �19�

To illustrate this application of the hypothesis of locality,
we consider the circular states of the electron in the hydrogen
atom and assume that ionization occurs due to the absorption
of a perpendicularly incident photon of frequency � such
that Mc2� q�� En, where M is the mass of the electron
and En is the electron binding energy. The electron in the
final state is free, i.e., we neglect the Coulomb interaction.
The impulse approximation is valid so long as during the
interaction the net impulse due to the Coulomb force can be
neglected.

The bound states of the electron in the hydrogen atom are
given by the normalized wave functions
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�n�m�r,�,�,t� = Rn��r�Y�m��,��e−
iEnt

q . �20�

The circular states with n�1, �=n−1 and m= ±� corre-
spond to classical circular orbits in the �x ,y� plane. The nor-
malized radial part of the wave function for �=n−1 is

Rn n−1�r� = � 2

a0n
�3/2 1

��2n�!
� 2r

a0n
�n−1

e− r
a0n , �21�

where a0=q2 / �Me2� is the Bohr radius, En=−e2 / �2rn�, rn

=a0n2, and −e is the charge of the electron. We assume for
the sake of simplicity that the proton is in effect fixed at the
origin of our spherical polar coordinate system. It follows
from Eq. �21� that �r�n=n�n+ 1 � 2 �a0, so that for n�1,
�r�n→rn.

The circular states of atomic hydrogen have been the sub-
ject of extensive experimental studies, especially in the case
of Rydberg atoms �see Refs. �20,21�, and references therein�.
In connection with the ionization of atoms in the correspon-
dence regime, it is interesting to note that experimental and
theoretical studies have been carried out regarding the ion-
ization of Rydberg atoms by circularly polarized microwave
radiation �see Refs. �22�, �23�, and references therein�.

Let us now assume an initial counterclockwise circular
state with m=n−1 and consider an incident electromagnetic
radiation field given by the vector potential A such that
� ·A=0. In this Coulomb gauge, p and A commute and the
interaction Hamiltonian can be written as

Hint =
e

Mc
A · p +

e2A2

2Mc2 . �22�

The vector potential may be expressed as

A = �
k�
�2� q c2

�V
�ek�ak�e

−i�t+ik·x + ek�
� ak�

† ei�t−ik·x� ,

�23�

where V is the volume of space within a large cube, � is
either plus or minus, and �=ck. Here, the circular polariza-
tion basis for a photon of wave vector k is denoted by ek�;
these are so defined that for a photon propagating along the
positive z direction ek±→e± given in Sec. II.

We are interested in the ionization cross section due to the
absorption of a photon incident along the z axis. The initial
�i�� and final �f�� states are unperturbed energy eigenstates;
indeed, each is a product of the electron state and the photon
state. It follows from the standard first-order time-dependent
perturbation theory that the rate of transition from an initial
state to a final state in which the electron is free is given by

dW =
2�

q
H fi2��Ef − Ei�� fdEf , �24�

where H fi= �f Hint  i�, � f is the density of final states, i.e., the
number of final states per unit energy. The flux of the inci-
dent photon is c /V; therefore, the differential cross section
for this process is d�=dW / �c /V�. Using energy conservation

En + q � =
q2k�2

2M
, �25�

where Ei=En+ q� and Ef =q2k�2 / �2M�, and the expression
for � f

� f =
V

�2��3

Mk�

q2 d	�, �26�

where dkx�dky�dkz�=k�2dk�d	� and 	� is the solid angle asso-
ciated with the final momentum of the electron �qk��, we
find

d�

d	�
=

Mk�V2

4�2cq3 Hfi2. �27�

Here, Hfi is the reduced matrix element connecting only the
electronic states for which the interaction Hamiltonian re-
duces to

Hint =
e

M
�2�q

�V
eik·xe± · p , �28�

where we have assumed that e A  /c is much smaller than
the electron momentum, so that the term proportional to A2

in Eq. �22� may be neglected. Thus

Hfi =� d3x� f
�Hint�i, �29�

where � f =V−1/2exp�ik� ·x� and

�i =
1

�2��3/2 � d3q�̂n�q�eiq·x. �30�

We find that

Hfi =
4�2eq3/2

MV�1/2 e± · �k� − k��̂n�k� − k� , �31�

where e± ·k=0 by assumption and e± ·k�=� �kx�± iky�� /�2.
Thus

d�

d	�
=

2�2� q k�

M�
�k�x

2 + k�y
2��̂n�k� − k�2, �32�

where �=e2 / �qc� is the fine-structure constant. It is already
clear from Eq. �32� that there is no helicity-dependent photo-
ionization in the impulse approximation. The general nature
of this result should be emphasized, since it is independent of
the nature of the initial state.

For comparison purposes, it is useful to compute d� /d	�
explicitly. To this end, we note that �see Appendix B�

�̂n�q� =
1

2�
� 2

a0
�2a0n�n+1 �iqei�qsin �q�n−1

�1 + a0
2n2q2�n+1 , �33�

where q̂= ��q ,�q�. From k̂�= �� ,�� and q=k�−k, we find
that

q sin �q = k�sin �, q cos �q = k�cos � − k, �q = � .

�34�

Thus Eq. �32� may be written as
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d�

d	�
= 4�a0

2n3 En
q�

�2a0nk��2n+1 sin2n �

�1 + a0
2n2q2�2n+2 , �35�

where q2=k2+k�2−2kk�cos �. In the impulse approximation,
Mc2� q�� En; therefore, k /k��v� / �2c� 1,

a0nk� � � q�

En�
1
2
, 1 + a0

2n2q2 �
q�

En
�1 −

v�

c
cos �� ,

�36�

where v�= qk� /M. Hence, we find that

d�

d	�
� 22n+3�a0

2n3� En
q�

�n+ 5
2 sin2n �

�1 −
v�

c
cos ��2n+2 . �37�

The total ionization cross section is then �see Appendix B�

�� 24n+5��a0
2n3 �n ! �2

�2n + 1�!
� En

q�
�n+ 5

2
, �38�

which is valid to O�v�2 /c2�, since the term linear in v� /c
vanishes. Though this formula has been derived for circular
states �n�1�, it applies equally well to the n=1 spherically
symmetric ground state of the hydrogen atom �24�.

The calculation of � has been based on the impulse ap-
proximation, which means that during the electron-photon
interaction, the change in the momentum of the electron due
to the Coulomb binding force has been neglected. However,
the ionization cross section is expected to become dependent
upon the helicity of the incident radiation when the Coulomb
interaction is fully taken into account.

IV. HELICITY-DEPENDENT PHOTOEFFECT

The standard treatment of the photoeffect is contained in
Refs. �25,26�. The purpose of this section is to go beyond the
impulse approximation of Sec. III and show that the inclu-
sion of the Coulomb interaction in the final state leads to the
helicity-dependent photoeffect that is in qualitative agree-
ment with the nonlocal prediction �i� of Sec. II.

As in Sec. III, we assume that a hydrogen atom is initially
in a circular state of energy En. A photon with wave vector
k= �� /c�ẑ is normally incident on the electron orbit such that

Mc2� q �� En , �39�

leading to ionization. In dealing with the reduced matrix el-
ement Hfi, we take the Coulomb interaction into account in
the final state wave function. But to simplify matters, we use
the electric dipole approximation, i.e., exp�ik ·x��1. It fol-
lows that �rn c, where rn=a0n2, and hence,

1

2
�  

En
q�

� 1. �40�

Let �n be the initial state and �C be the final Coulomb
state, then

Hfi
± =

e

M
�2�q

�V
� d3x�C

� �e± · p��n. �41�

We can replace the momentum operator p with �−iM / q �
�x ,H0�, where H0 is the unperturbed hydrogen Hamil-
tonian. It follows from energy conservation, Eq. �25�, that

Hfi
± = ie�2� q �

V
� d3x�C

� �e± · x��n. �42�

We note that

e± · x =�4�

3
rY1 ±1��,�� . �43�

Moreover, �C
� can be expressed as �see Ref. �19�, p. 470�

�C
� =

4�
�V

�
�m

i−�C��k�;r�Y�m��,��Y�m
� ��,�� , �44�

where

C��k�;r� =
�2k�r��e

1
2
��+ik�r

�2 � + 1�!
!�� + 1 − i��

F�� + 1 − i�,2 � + 2,− 2ik�r� . �45�

Here, �−1=k�a0 and F is a confluent hypergeometric func-
tion. Let us note that if C��k� ;r� is replaced by j��k�r� in Eq.
�44�, then �C

� →� f
� of Sec. III. Equation �42� can be ex-

pressed as

Hfi
± =

8�2ie

V
�2 q �

3 �
�m

i−�I�m
± C�Y�m��,�� , �46�

where

I�m
± =� d	Y�m

� �	�Y1 ±1�	�Yn−1 n−1�	� , �47�

C� = �
0

�

dr r3Rn n−1�r�C��k�;r� . �48�

It follows from a standard result �see Ref. �19�, p. 290� that

I�m
± =� 3�2n − 1�

4��2 � + 1�
���,��,1, ± 1 � ,m����,0,1,0 � ,0� ,

�49�

where ��=n−1. From the general properties of the Clebsch-
Gordan coefficients, it is clear that I�m

+ can be nonzero only
for �=m=n, while I�m

− can be nonzero only for m=n−2 and
�=n, n−1, n−2. Using the table on p. 220 and formula
�34.40� on p. 290 of Ref. �19�, one finds that

In n
+ =� 3n

4��2n + 1�
, In n−2

− =� 3

4��4n2 − 1�
, �50�

In−1 n−2
− = 0, In−2 n−2

− = −� 3�n − 1�
4��2n − 1�

. �51�

Therefore,
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Hfi
+ = −

4�e

Vin+1�2�n q �

2n + 1
CnYnn��,�� , �52�

Hfi
− = −

4�e

Vin+1�2��n − 1� q �

2n − 1 �Cn−2Yn−2 n−2��,��

+
1

��n − 1��2n + 1�
CnYn n−2��,��	 . �53�

Computing the total cross section

�± =
Mk�V2

4�2cq3 � Hfi
± 2d	�, �54�

we find that

�+ = 8�
kk�

a0

n

2n + 1
Cn2, �55�

�− = 8�
kk�

a0
� n − 1

2n − 1
Cn−22 +

1

4n2 − 1
Cn2	 . �56�

The quantities Cn and Cn−2 can be calculated using the results
given in Appendix B. Hence,

Cn = �8�a0n�5/2�4n

�
�n!�n + 1 − i��

��2n�!

�1 +
n2

�2�−n−2

e
1
2
��−2� cot−1��n� . �57�

Similarly, we find that

Cn−2

Cn
=

1

2n

n + i�

n − 1 − i�
. �58�

It follows from these results that

�−

�+
=

3n2�n − 1� + �3n + 1��2

4n3��n − 1�2 + �2�
, �59�

which is valid for n=1,2 ,3 , . . .. The n=1 ground state of
hydrogen is spherically symmetric; therefore, �+=�− in
agreement with Eq. �59�. For circular states with n�1, Eq.
�59� implies that �−��+ in correspondence with the nonlo-
cal theory of Sec. II.

To bring out this qualitative agreement more explicitly,
we recall that for a Bohr orbit of speed vn=c� /n and radius
rn, one can define a Bohr frequency 	n given by vn=rn	n; it
is then simple to show that 	n=2 En  / �qn�. Let us consider
the ratio "ª	n /� for a circular state. Then, from Eq. �25�
and �−1=k�a0 we find that

�2 =
n3"

2 − n"
. �60�

Substituting this relation in the expression for �− /�+ results
in

�−

�+
=

3�n − 1� + 2n"

2n�2�n − 1�2 + n�2n − 1�"�
, �61�

so that for a given circular state n, �− /�+ only depends on
"=	n /� in agreement with the classical nonlocal theory. We
note that Eq. �40� can be written in terms of " as

�

n
 "�

2

n
; �62�

therefore, for n�2 this approach can be qualitatively com-
pared with the nonlocal theory, cf. Eq. �16�.

The treatment of ionization presented here can be used
near threshold ��→� � as well as for q� in the intermediate
energy regime given by Mc2� q�� En, where � 1. The
threshold behavior has been discussed, for instance, in Refs.
�19,26�; therefore, we concentrate on the latter case �� 1�
that was treated in the previous section using the impulse
approximation. In general, it is possible to express n /� as

n

�
=� q�

En
− 1, �63�

so that for � 1, q�� En and

n

�
� � q�

En�
1/2

� 1. �64�

It follows that d�+ /d	� reduces in this case to the result of
the impulse approximation d� /d	� given in Eq. �37�, i.e.,
for � 1;

d�+

d	�
�

d�

d	�
. �65�

For n�2, however, d�− /d	� does not approach d� /d	� for
� 1; in fact, �− /�+�3/ �4n�n−1�� in this case. This helic-
ity dependence is a noteworthy aspect of the Coulomb inter-
action. It would be interesting to investigate experimentally
this helicity dependence of the photoeffect for n�2.

V. RESONANT ABSORPTION

Let us now consider the motion of an electron in a uni-
form magnetic field B=Bẑ. We are interested in circular or-
bits about the magnetic lines of force; therefore, we consider
the solution of Schrödinger’s equation in cylindrical coordi-
nates �� ,� ,z�, i.e.,

1

2M
�p +

e

c
A�2

� = i q
��

�t
, �66�

where A= �1 � 2 �B��̂. It is useful to introduce a magnetic
length �0, �0

2= qc / �eB�. The nonrelativistic treatment is valid
so long as the Compton wavelength of the electron is much
smaller than the magnetic radius �0; this requirement can be
satisfied for B M2c3 / �eq �.

In terms of a dimensionless radial variable #, #
=�2 / �2�0

2�, the solutions of Eq. �66� can be expressed in
terms of the confluent hypergeometric functions �27�. The
acceptable solutions of the Schrödinger equation �66� are of
the form
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� = C0eim�+i
pz
q

z−i
E
q

t$�#� , �67�

where C0 is a normalization constant, m is the azimuthal
quantum number, and

$�#� = #
1
2

me− 1
2
#Ln�

m�#� . �68�

Here, n�=0,1 ,2 , . . . , is the radial quantum number and Ln�
m

is an associated Laguerre polynomial �see Appendix C�. The
energy of the electron is given by

E =
pz

2

2M
+ q	c�n +

1

2
� , �69�

where 	c=eB / �Mc� is the cyclotron frequency, q	c Mc2,
and

n = n� +
m + m

2
. �70�

To discuss the correspondence limit, it is convenient to
define the following three Hermitian operators:

Hc =
pz

2

2M
+

1

2
M	c

2�2, Jc = M	c�
2 �71�

and �=Mrv, where v is defined by p=Mv−eA /c. Let us
note that Hc corresponds to the classical energy of the elec-
tron, Jc corresponds to its angular momentum about the z
axis and � is the operator of the classical orbital angular
momentum. Thus �=L+ �e /c�rA and �z=Lz+eB�2 / �2c�.
We find that in the eigenstate given by Eq. �67�, �#�=2n�
+ m  +1, so that

�Hc� =
pz

2

2M
+ q	c�2n� + m + 1� , �72�

�Jc� = 2 q �2n� + m + 1� , �73�

��z� = 2 q �n� +
m + m

2
+

1

2
� . �74�

Clearly, Hc= pz
2 / �2M�+ �1 � 2 �	cJ

c and E= pz
2 / �2M�

+ �1 � 2 �	c��z�. We expect that in the correspondence limit
E��Hc� and, hence, �Jc����z�, so that the wave function
with m�1 and m�n� would correspond to classical orbits
based on the comparison between Eqs. �69� and �72�.

We are interested in the transition of the electron to a state
of higher energy as a result of the resonant absorption of a
photon of frequency �=	c that is normally incident along
the z direction. We therefore assume that the electron is ini-
tially in a circular orbit with energy Ei, pz=0, and ni=n�
+mi, where mi�1 and mi�n�. Conservation of energy and
momentum imply that the excited state should have energy
E f =Ei+ q� and momentum pz= q� /c with �=	c. Thus the
initial and final principal quantum numbers are related by
nf −ni=1− q	c / �2Mc2�; however, we neglect q	c / �Mc2�
 1 in our nonrelativistic approximation scheme and set nf
equal to ni+1.

The interaction Hamiltonian is given by

Hint =
e

Mc
A · �p +

e

c
A� +

e2A2

2Mc2 , �75�

where A is given by Eq. �23�. Assuming that the incident
radiation is sufficiently weak, i.e., e A  /c is very small
compared to the electron momentum, we neglect the term
proportional to A2 in Eq. �75�. The transition probability for
the ideal case of resonant absorption can be simply worked
out using first-order time-dependent perturbation theory �27�,
and the result is

P =
1

q2 �f Hinti�2t2; �76�

clearly, the validity of Eq. �76� is limited in time. Here i�
and f� are unperturbed energy eigenstates; in fact, each is a
product of the electron state and the photon state. To simplify
matters, line broadening is totally neglected here; in particu-
lar, the unperturbed states are assumed to have infinite life-
times.

Concentrating on the matrix element �f Hint  i�, we note
that Hint reduces to

Hint =
e

M
�2�q

	cV
e± · �p +

e

c
A� �77�

that acts only on the electronic states. It can thus be ex-
pressed as

Hint = ± i q e� �

2MV
e±i�#

1
2�2

�

�#
±

i

#

�

��
� 1� . �78�

It follows from the conservation of angular momentum that
we must have mf =mi±1, since a photon of helicity ±1 car-
ries an angular momentum of ±q along its direction of mo-
tion. Writing nf =n��+mf and ni=n�+mi, we find that n��=n�
in the positive helicity case and n��=n�+2 in the negative
helicity case. Thus the computation of the matrix element
�f Hint  i� reduces to the evaluation of the integrals

I± = �
0

�

$ f
�#

1
2�2

�

�#
�

mi

#
� 1�$id# , �79�

since �d�d�=�0
2d#d�. Here, $i and $ f are given by Eq. �68�

for the initial and final states. It turns out that �see Appendix
C�

I+ = − 2
�n� + mi + 1�!

n�!
, I− = 0. �80�

The correspondence principle connects the square of the
amplitude of the classical field measured by the accelerated
observer with the probability of transition. In the positive-
helicity case, both of these functions increase quadratically
with time, while in the negative-helicity case the classical
field is periodic in time and averages to zero in agreement
with the fact that the transition probability vanishes in quan-
tum mechanics. We conclude that the qualitative results of
first-order perturbation theory for resonant absorption are
consistent with the nonlocal electrodynamics of uniformly
rotating observers.
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VI. DISCUSSION

The nonlocal theory of accelerated observers is an attempt
at the simplest physical theory that has a consistent math-
ematical structure and goes beyond the standard theory that
is based on the hypothesis of locality, namely, the assump-
tion that an observer’s acceleration is irrelevant at each in-
stant for measurement purposes, so that the accelerated ob-
server is equivalent to a hypothetical momentarily comoving
inertial observer. The nonlocal theory involves an averaging
procedure over the past worldline of an accelerated observer;
the corresponding weighting function is a kernel that repre-
sents the memory of past acceleration. The consequences of
this theory have been worked out in the present paper for a
uniformly rotating observer. These are compared with the
helicity dependence of the rates of ionization of circular
states of atomic hydrogen as well as the helicity dependence
of the transition probabilities for electrons in circular “or-
bits” about a uniform magnetic field. The nonlocal results
agree better with quantum mechanics in the correspondence
limit than the standard relativistic theory of accelerated ob-
servers based on the locality hypothesis.

APPENDIX A

A simple way to derive Eq. �15� is via the following gen-
eral result: Substituting Eq. �6� for the kernel in Eq. �5�, then

using F̂=�F and integration by parts, we obtain for ���0

F̂��� = F̂��0� + �
�0

�

�����
dF

d��
d��. �A1�

Let us now specialize to the case of a monochromatic radia-
tion field such that F varies with proper time as
exp�−i����; then,

F̂��� = F̂��0� − i���
�0

�

F̂����d��. �A2�

Suppose that, as in Eq. �13�, F̂��� varies with proper time as
exp�−i�̂��; then, Eq. �A2� implies that

F̂��� = F̂��0��1 + ��
e−i�̂��−�0� − 1

�̂
	 . �A3�

Substituting Eq. �13� for F̂ and setting �0=0 in Eq. �A3�, we
recover Eq. �15�.

APPENDIX B

In computing the Fourier integral of Eq. �20�, the follow-
ing relations have been used:

e−iq·x = 4��
�m

�− i��j��qr�Y�m��q,�q�Y�m
� ��,�� , �B1�

Y���q̂� =
�− 1��

2� � !
��2 � + 1�!

4�
ei��q sin� �q, �B2�

�
0

�

�n+1e−�jn−1����d� = 2nn !
�n−1

�1 + �2�n+1 . �B3�

This integral follows from the second formula in �6.623� on
p. 712 of Ref. �28�, namely,

�
0

�

e−�xJ
��x�x
+1dx =

2��2��
!�
 +
3

2
�

����2 + �2�
+
3
2

, �B4�

where Re 
�−1 and Re �� Im �. Using

j���� =� �

2�
J�+ 1

2
��� , �B5�

�=1, �=�, and 
=n+ 1 � 2, we get Eq. �B3� with n→n+1.
The evaluation of the total cross section in Eq. �38� is

based on the relation

�
0

�

sin2n+1 � d� = 22n+1 �n ! �2

�2n + 1�!
. �B6�

To calculate Cn and Cn−2 in Eqs. �57� and �58�, one can use
the relation �see Ref. �27�, §f of Mathematical Appendices�

�
0

�

e−%zz
F�a,b,Kz�dz = �− 1�N!�b�
dN

d%N �%a−b�% − K�−a� ,

�B7�

where 
+1=b+N, N=1,2 ,3 , . . ., and

Re�b − a�� 0, Re�b + N�� 0, Re % � Re K .
�B8�

To calculate Cn, one can change the integration variable in
Eq. �48� to r / �a0n� and let N=1, %=1− in /�, 
=b=2n+2,
a=n+1− i� and K=−2in /�. In Eq. �57�, we have used the
relation

�� + in

� − in
�i�

= e−2� cot−1��n�; �B9�

moreover, !�n+1− i�� can be computed using !�1+z�
=z!�z� and

!�z�!�− z� = −
�

z sin �z
. �B10�

It follows that

!�n + 1 − i��2 =
��

sinh ���s=1

n

�s2 + �2� . �B11�

Furthermore, regarding the phase of !�n+1− i��, we note
that �26�

!�n + 1 − i��
!�n + 1 + i��

� 1 − 2i� ln�n +
1

2
� − 2�2ln2�n +

1

2
� + ¯

�B12�

for � 1 and n�1. More generally, one can use Stirling’s
series that is an asymptotic expansion given by
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ln !�1 + z� =
1

2
ln 2� + �z +

1

2
�ln z − z + �

n=1

�
B2n

2n�2n − 1�
z1−2n,

�B13�

where the B2n are Bernoulli numbers.
For the calculation of Cn−2, we change the integration

variable the same way as before and let N=3, %=1− in /�,

=2n, a=n−1− i�, b=2n−2 and, as before, K=−2in /�. It
follows from a long but straightforward calculation that Cn−2
is given by Eq. �58�.

APPENDIX C

The associated Laguerre polynomial Ln
k�x� is defined by

the generating function

e− xz
1−z

�1 − z�k+1 = �
n=0

�

Ln
k�x�zn �C1�

for z �1 and k=0,1 ,2 , . . ..
In the calculation of I± in Eq. �79�, the following relations

were used

dLn+1
k�x�

dx
= − Ln

k+1�x� , �C2�

Ln
k+1 = Ln

k + Ln−1
k + ¯ + L0

k, �C3�

as well as the orthogonality property

�
0

�

e−xxkLm
kLn

kdx =
�n + k�!

n!
�mn. �C4�

From Eq. �C3� one gets the useful relation

Ln
k = Ln

k+1 − Ln−1
k+1. �C5�
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