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IN VECTOR SPACES OVER FINITE FIELDS
Jeremy Chapman

Dr. Alex losevich, Dissertation Supervisor

ABSTRACT

We study a variety of combinatorial distance and dot product related problems
in vector spaces over finite fields. First, we focus on the generation of the Special
Linear Group whose elements belong to a finite field with ¢ elements. Given A C F,,
we use Fourier analytic methods to determine how large A needs to be to ensure that
a certain product set contains a positive proportion of all the elements of SLy(F,).

We also study a variety of distance and dot product sets related to the Erdos-
Falconer distance problem. In general, the Erdos-Falconer distance problem asks for
the number of distances determined by a set of points. The classical Erdos distance
problem asks for the minimal number of distinct distances determined by a finite
point set in R?, where d > 2. The Falconer distance problem, which is the continuous
analog of the Erdos distance problem, asks to find so > 0 such that if the Hausdorff
dimension of E is greater than sy, then the Lebesgue measure of A(F) is positive.

A generalization of the Erdds-Falconer distance problem in vector spaces over
finite fields is to determine the minimal o > 0 such that F contains a congruent copy
of every k dimensional simplex whenever |E| 2 ¢*. We improve on known results (for
k > 3) using Fourier analytic methods, showing that o may be taken to be #. If
E is a subset of a sphere, then we get a stronger result which shows that a may be

taken to be %.
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Chapter 1

Introduction

1.1 A Brief Overview

In geometric combinatorics, we often try to answer the following general question:
how large does a set need to be in able to ensure that certain geometric properties
hold? In recent years, mathematicians have looked to finite fields as models to gain
insight to analogous problems in the Euclidean setting. We are hopeful that if a
certain property holds in the finite field setting, then an analogous result will hold
true in the Euclidean version. However, this is certainly not always the case. It is
also a fallacy to believe that the finite field problem is always easier to solve than the
Euclidean version. Often, the finite field problem entails complications not present
in the Euclidean setting which makes the finite field problems interesting in their
own right. In this dissertation, the author studies several geometric combinatorial
problems in vector spaces over finite fields related to distance and dot product sets.

To get started, let F, denote a finite field with ¢ elements, where in general ¢ = p"
for an odd prime p and a positive integer n. Let SLy(F,) denote the Special Linear
Group of two by two matrices with determinant one whose elements belong to a finite

field. In the second chapter, we will focus on the generation of SLy(IF,).
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Given A C [F,, define

R(A) = {( 0 G12 > € SLQ(F(]) caip, g, Aoy € A} .

ag1 A2

We determine how large A needs to be to ensure that the product set
R(A)-R(A)={M -M": M, M€ R(A)}
contains a positive proportion of all the elements of SLy(F,). We prove that if A C
F,\{0} with |A| > Cqs, then |R(A) - R(A)| > C'¢?.
Since the operation of matrix multiplication can be viewed as the dot product of
a row vector and a column vector, we were able to make use of a dot product result

previously established by D. Hart and A. Iosevich ([11]) which implies that if |A| is

much larger than q%, then
|{(a11,a12,a21,a22) EAXAXxAxA: 110922 + Q12021 = t}| = |A|4q_1(1 + 0(1))

Our result is partly motivated by the following result due to Harald Helfgott ([14]).

See his paper for further background on this problem and related references.

Theorem 1. (Helfgott) Let p be a prime. Let E be a subset of SLy(Z/pZ) not

contained in any proper subgroup.
o Assume that |E| < p*=° for some fized § > 0. Then
|E-E-E|> cE|',
where ¢ > 0 and € > 0 depend only on §.
o Assume that |E| > p° for some fized 6 > 0. Then there is an integer k > 0,

depending only on &, such that every element of SLy(7Z/pZ) can be expressed as

a product of at most k elements of E U E~1.
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In the third chapter we will turn our attention to problems related to the Erdos-
Falconer distance problem. The classical Erdos distance problem asks for the minimal
number of distinct distances determined by a finite point set in R? where d > 2. More
precisely, the problem is to find the smallest possible size of A(FE) in terms of the size
of E where A(E) = {||xr —y||: 2,y € E} and E C R? is finite. The Erdds conjecture
is that |A(E)| Z |E[¥4, and taking E to be a subset of the integer lattice shows the
exponent 2/d is the best possible . Erdés showed in [7] that |A(E)| > |E|Y/4. Here,
and throughout, X < Y means that for every ¢ > 0 there exists C. > 0 such that
X < C.N€Y. Similarly, X <Y means that there exists C' > 0 independent of ¢ such
that X < CY.

The continuous analog of this problem, called the Falconer distance problem, asks
for the optimal threshold such that the set of distances determined by a subset of R,
d > 2, of larger dimension has positive Lebesgue measure. That is, if £ C R?, then
the problem is to find sy > 0 such that if the Hausdorff dimension of E is greater
than sg, then the Lebesgue measure of A(E) is positive. It is conjectured that sy may
be taken to be %.

Neither problem is close to being completely solved. See [17], [16], and the refer-
ences contained therein for the latest developments on the Erdés distance problem.
See [6] and the references contained therein for the best known exponents for the
Falconer distance problem.

In vector spaces over finite fields, one may use the same definition of A(F), F C IE‘Z,
by defining ||z|| = 23+ - - -+ 2. While |- || does not satisfy the metric space definition

of distance, it is still a rigid invariant in the sense that if ||z — y|| = ||2' — ¢/||, then



there exists 7 € IF;I and O € SO,4(F,), the group of special orthogonal matrices, such
that 2’ = Oz + 7 and v = Oy + 7.

One may again ask for the smallest possible size of A(F) in terms of the size of
E. There are several issues to contend with here. First, if £ = Fg, the whole vector
space, then A(E) = F, which implies |A(E)| = |E|*/¢. Also observe that if ¢ is a
prime congruent to 1 (mod 4), then there exists ¢ € F, such that * = —1. This allows
us to construct a set Z in F2, Z = {(t,it) : t € F }, such that A(Z) = {0}.

The first non-trivial result on the Erdés-Falconer distance problem in vector spaces
over finite fields was obtained by Bourgain, Katz and Tao in [1]. They consider
the case d = 2 and get around F being the whole vector space by assuming that
|E| < ¢°7¢ for some € > 0. They avoid the existence of i by assuming that ¢ is
a prime = 3 (mod 4). As a result they prove that |A(E)| 2 |E]%+5, where 0 is a
function of e.

In [15] Iosevich and Rudnev solve an analog of the Falconer distance problem for
general fields. They prove that if |F| > 2q%, then A(E) = F, directly in line
with Falconer’s result ([8]) in the Euclidean setting which says that if the Hausdorff
dimension of a set is greater than % then the Lebesgue measure of the distance set
is positive. Hart, Tosevich, Koh, and Rudnev discovered in [12] that the exponent %
is sharp in odd dimensions. In even dimensions, it is still possible that the correct
exponent is g in analogy with Falconer’s conjecture.

A classical result due to Furstenberg, Katznelson and Weiss (][9]) states that if
E C R? has positive upper Lebesgue density, then for any 6 > 0, the J-neighborhood

of E contains a congruent copy of a sufficiently large dilate of every three-point



configuration. Bourgain ([2]) showed that for arbitrary three-point configurations it
is not possible to replace the thickened set £/5 by E. He did this by giving an example
of a degenerate triangle where all three vertices are on the same line whose large dilates
could not be placed in E. In [2] Bourgain applied Fourier analytic techniques to prove
that a set E of positive upper Lebesgue density will always contain a sufficiently large
dilate of every non-degenerate k-point configuration where k < d. If £ > d, it is not
currently known whether the d-neighborhood assumption is necessary.

In combinatorics and geometric measure theory the study of k-simplices, that is
k 4+ 1 points spanning a k-dimensional subspace, up to congruence may be rephrased
in terms of distances. Asking whether a particular translated and rotated copy of a
k-simplex occurs in a set E' is equivalent to asking whether the set of (k'gl) distances
determined by that k-simplex is obtained by some k41 point subset of E. Notice that
if we set £ = 1 then this is equivalent to the already discussed Erdés and Falconer
distance problems.

One may then phrase the following generalization of the Erdds-Falconer distance
problem in vector spaces over finite fields. How large does F need to be to ensure
that E contains a congruent copy of every or at least a positive proportion of all
k-simplices? Observe that the lack of order in a finite field makes the notion of a
sufficiently large dilation meaningless, which is why dilations are not used.

The first investigation into this was done by Hart and Iosevich in [10] (see also

k
2

[13]). It was shown that if a subset E of F¢,d > (31 is such that |E| > gt

then F contains a congruent copy of every k£ dimensional simplex. This was improved

using graph theoretic methods by Vinh ([18]) who obtained the same conclusion for



E such that |E| 2 q%““,d > 2k. In the case of triangles in ]FZ, Covert , Hart,
Tosevich, and Uriarte-Tuero ([5]) showed that if E has density greater than p for some
Cq~'? < p < 1 with a sufficiently large constant C' > 0, then the set of triangles
determined by F, up to congruence, has density greater than cp. Vinh ([19]) has
shown that for |E| 2 q% then the set of triangles, up to congruence, has density
greater than c.

In this dissertation, we improve on known k-simplices results for k£ > 3 using
Fourier analytic methods. We show that if |E| 2 q#, d > k, then E contains a
congruent copy of every k dimensional simplex.

If F is subset of a sphere S where S = {z € F? : ||z = 1}, then one has for
xz,y € FE that ||z — y|| = 2 — 2z - y. Therefore, determining distances is equivalent
to determining dot products. Under this assumption on E we obtain a stronger

result. We show that if |E| 2 qd+§71, then E contains a congruent copy of every k

dimensional simplex.

The only sharpness example we have at this point is the Cartesian product of
sub-spaces. If ¢ = p?, then there exists a subset of IFZ of size exactly q% such that
all the distances among the vertices of a k-simplex are elements of F, and thus a
positive proportion of k-simplices cannot possibly be realized. We conjecture that
in odd dimensions, the exponent # is sharp. In even dimensions, we believe the

exponent d“g_l to be the best possible.




1.2 Basic Formulas

We shall make use of the following basic formulas of Fourier analysis on F Z. Let

f: Fg — C and let x denote a non-trivial additive character on F,. Define the

Fourier Transform by the relation

fm)=q*> " x(—2-m)f(x).

zeFd

Also recall that the Fourier inversion theorem is given by

f(@) =" x(z-m)f(m)

7n€Fg

and the Plancherel theorem is given by

ST Fm)l =0t S @)

d d
7n€Fq xGFq

We shall also frequently use the following orthogonality property which is given

by

_d _J 1 :m =0
q Z X(@-m) = { 0 : otherwise

zeRd



Chapter 2

Rapid Generation of SLy(F,)

2.1 Statement of Results

Recall the following definition.

Definition 2. Given A C F,, let

a1 Q22

R(A) = {( an iz ) € SLy(F,) : a1y, ara, az € A}.
Notice that the size of R(A) is exactly |A]*. Our main result in [4] is the following.
Theorem 3. Let A C F \{0} with |A| > Cqé. Then there exists C' > 0 such that
|R(A) - R(A)| > C'|SLy(F,)| > C"¢". (2.1.1)

Remark 1. Observe that if ¢ = p*, then F, contains F, as a sub-field. Since R(F))
is a sub-group of SLy(F,) we see that the threshold assumption on the size of A in

Theorem 3 cannot be improved beyond |A| > qz.

Since the operation of matrix multiplication can be viewed as the dot product of
a row vector and a column vector, we were able to make use of the following dot

product result due to Hart and Tosevich ([11]).



Theorem 4. Let E C F¢, d > 2, and define
v(t) = {(z,y) EEX E:x-y=ay + -+ xaya = t}].

Then

v(t) = |E['¢ +D(t),

where for every t > 0,

d—1
D) < |Elg =
In particular, if |E| > q%, then v(t) > 0 and as E grows beyond this threshold,
v(t) = |E[*g (14 o(1)).

Observe that Theorem 4 implies that if E = A x A C F; and |A[ is much larger

than q%, then
|{(a11,a12,a21,a22) EAXAXAXA: a11092+a12a91 = t}| = |A|4(]_1(1+O(1)) (212)

This is what we actually use in the proof of Theorem 3.
The basic idea behind the argument below is the following. Let T € SLy(F,) and

define

V(T) = {(S,5") € R(A) x R(A): S-§ =T}

We prove below that

var(v) < CJAP'g %,

where variance is defined, in the usual way as

E((v —E®))"),

9



with the expectation defined, also in the usual way, as

E(v) = [SLo(F)| ™ Y (1) = |AIISLo(F,)| 7" = [AI'¢~*(1+ o(1)).

TeSLa(Fq)

One can then check by a direct computation that y/var(v) is much smaller than
E(v) if |A| > Cqé, with C sufficiently large, and we conclude that in this regime,

v(T) is concentrated around its expected value E(r) = |A|°¢3(1 + o(1)).

2.2 Proof of Theorem 3

We are looking to solve the equation

< a1y 12 > ( bi1 ba1 ) _ < t  « )
14aj2a21 ' 14+b12b21 - 1+ai )
A g b12 B B =

which leads to the equations

airbin + aibin =14, (2.2.1)
b, 02 _
bu b ’
and
b
an an

Let £ = A x A and let D, denote the characteristic function of the set

{(a117b117a12,b12) EAXAXAXA:anbi + arghie = t}~

10



Let

H= Dt(alh bi1, a1z, le)E(Clm, b21)X(U(bzlt + a2 — Oébn))X(U(amt + b1a — 5%1)

where E(ag1,by1) denotes the characteristic function of the set E.
Then, using orthogonality, the number of six-tuplets satisfying the equations (2.2.1)

above equals

taﬂZZM

u,v ai1,b11,a12,b12,a021,b21

= DIEI +q¢* > Dy(Bu, au, —u, —v)E(tv, tu)
F2\{(0,0)}
= VO(ta «, ﬁ) + Vmain(ta (& ﬁ)

By (2.1.2),

vo(t,a, B) = ¢ °|AI"(1 + o(1)),
which implies that
SRty 8) = g A (1 + o(1)).

t7a75

We now estimate >, , 5 v2 o (t, a, 3). By Cauchy-Schwarz and Plancherel,

-~ 2 e 2
V’?nain(t’ «, 6) < q8 Z |Dt<ﬁv7 au, —u, _U)| : Z |E(tU, tU)|

~ 2
< |E|q6z | Dy(Bv, au, —u, —v)| .

U,V

Now,

B¢ Al g (1 + o(1))

|Elq° Z Z |ﬁt(ﬁv, Qu, —u, —0) 2 _

o, u,v

11



3
2

as long as |E| is much larger than ¢2. Tt follows that

Z mazn t Q,ﬁ < |A‘

t#0,a,0

Hence,

> VAt a,B) <C(APg* + A1), (2.2.2)
t,a,B

Now, by Cauchy-Schwarz and (2.2.2) we have

(|A|6 —Zu(O,a,m) _ ( 3 u<t,a,ﬁ>)

a,ﬁ t7£07a75
< C|support(v)| - (|A|"¢ + |A]°?).

Suppose that we could show that

S w(0,0,8) < %|A|6. (2.2.3)

o,

Then it would follow that

|support(v)| 2 C’mln{ 3 |2| }
This expression is
> C|SLy(Fy)| = ¢*(1 +0(1))
if
4] > Cqs,
as desired.

We are left to establish (2.2.3). Observe that if ¢ = 0, then 3 = —a~!. Plugging

this into (2.2.1) we see that this forces a;; = —abi2 and a;2 = aby; which implies that

V(O,(l/,ﬁ) = V(0,0z, _a_l) < q47

12



which implies that

We have

if

which completes the proof.
2.3 Proof of Theorem 4

For completeness, we give the following proof by D. Hart and A. losevich ([11]).

Observe that

v(t)= > Y x(s(z-y—1)),

zyck selFy

where x is a non-trivial additive character on F,. It follows that
v(t) = [BI’q " + D,

where

D= q¢'> x(s(xz-y—1)).

T,yer s#£0

Viewing D as a sum in z, applying the Cauchy-Schwarz inequality and dominating

the sum over x € E by the sum over z € IF;I, we see that

D <IEY 2> Y x(sz-y—sz-y)x(t(s' — 9)).

zeFyd 5,8'70y,y'cB

Orthogonality in the x variable yields

= |El¢"* Y x(t(s' = s)E@W)E®W).

sy=s"y’
s,8'#£0

13



If s # s we may set a = s/s',b = s’ and obtain

[Elq™> ) x(th(1—a)E(y)E(Y)

Y7y’
ay=y’
a#1,b

= —|El¢"™ Y E(y)E(ay),

y#y ,a#l

and the absolute value of this quantity is

< |El¢"?) |ENY

yekE
< |Efq™!

since

‘Eﬂly|§q

by the virtue of the fact that each line contains exactly ¢ points.

If s = 5" we get
|E|¢*Y E(y) = |E[¢" .
sy
It follows that
v(t) = |E)*¢" +D(t),
where
D*(t) < —Q(t) + |Ef¢",

with

It follows that
D*(t) < |E*¢",

14



SO

D(t)| < |Elg"T . (2.3.1)

We conclude that

v(t) = |E"¢"" + D(1)

with |D(t)| bounded as in (2.3.1).
This quantity is strictly positive if |E| > ¢"+ with a sufficiently large constant

C > 0. This completes the proof of Theorem 4.
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Chapter 3

Finite Point Configurations

3.1 Statement of Results

Let P, denote a k-simplex, that is k£ + 1 points spanning a k dimensional subspace.
Given another k-simplex P} we write P, ~ P} if there exists a 7 € F¢ and an

O € SO4(F,), the set of d-by-d orthogonal matrices over F, such that
P,g = O(Pk) + 7.

For F C Fg define

To(E)={Pre Ex---xE} [ ~.

Under this equivalence relation one may specify a simplex by the distances deter-

mined by its vertices. This follows from the following simple lemma from [10].

Lemma 5. Let Py, be a simplex with vertices Vo, Vi,..., Vi, V; € Fg. Let P be another

simplex with vertices Vi, V], ..., V/. Suppose that
Vi = Vil = IV = V]l (3.1.1)
for all i, j. Then there exists T € F¢ and O € SOq(F,) such that 7+ O(P) = P

We will specify simplices by specifying the distances determining them piece by

16



piece. With this in mind denote a k-star by

Sk(t, - te) ={(z,y" ) e =yl =t o —of = ta},

where t1, ...t € Fy.
Define Ay e o(E) = {(|lz = y'll.....[lx — ¥*|]) € Fi : © € E} where y',
y%,... % € E. In [3] we have the following results, the first of which is a projec-

tion theorem involving distance sets.

Theorem 6. Let E C Fe. If |E| 2 ¢ then

1
LY Bz

yl,..ykeE

A pigeon-holing argument using Theorem 6 will allow us to move from sets of
k-stars to sets of k-simplices.

k+1

Theorem 7. Let E C F¢. If|E| 2 ¢k < d then |To(E)| = q( 2 ), in other words

E determines a positive proportion of all k-simplices.

Similarly, define 12 (E) = {(z-y', - 9% ...,x-y*) € F¥ : x € E} where y',

y?,...y* € E. Then we have the following projection theorem involving dot product

sets.

Theorem 8. Let E C Fe. If |E| 2 ¢ then

1
B > My (B) 2 d"

ylr'“:ykeE

If E is subset of a sphere S where S = {z € F¢ : ||z|| = 1} then one has for
x,y € E that || —y|| = 2 —2x-y. Therefore in this case determining distances is the
same as determining dot products. Under this assumption on E the proof of Theorem

dth—1
2

8 may be modified improving the exponent in Theorem 6 to as follows.

17



d+k—1

Theorem 9. Let EC S. If |[E| Z q 2 then

B[ Z Ay (B)] 2 ¢~
yl

This in turn yields the following result.

Theorem 10. Let E C S. If |E| 2 ¢k <d—1 then |7 (E)| 2 q(kgl), in other

words E determines a positive proportion of all k-simplices.
3.2 Proof of Theorem 6: k-star distance sets

We begin by defining the counting function,

Vg (b t) = > E(z)

le—ytll=ty,... le—y*[|=tx

where E(x) is the characteristic function of the set E. The proof of Theorem 6 is

based on the following lemma.

Lemma 11. Let E C IFle. Then

|k+2

|E
X% It S S Bl

..... ykeE t1,t2,...,tx €Fq

Proof. We proceed by induction. To prove the initial case we start by squaring v, (t).

We have

va(t) = > E(z)E(z").

lz—y*I=lla’'—y*|=t

Summing over y' € E and t € F,, we see

S S v = Y EGHE@ER),

y'eEtel, lz—y*lI=ll='—y"l

applying orthogonality,

=¢' ) D Xz =yl =l = ') EW") E(x) B,

s€Fq ylx,2/ €Fe

18



and extracting the s = 0 term,

=¢'EP+q" ) Y xG(lz =yl =2’ =y ) EWHE@)E() =1+ I1.
570 yl,x,2' €Fd
Here
2
IT=q"> Y D x(s(llzl] — 2" - x))
s#0 yleE |zeF
since

lz =yl = ll2" = 'l = (=]l = 29" - 2) = (|]2']| = 29" - 2").

It follows by extending the sum over y' € E to over y' € F? that
0<11< Y Y (25 - (o — )x(s(llel — 1)),
s#0 gy e]Fd r,x’'eR
and from orthogonality in the variable y' € FY,
e
s#0 z€E

which is less than the quantity ¢¢|E|. It therefore follows that

SN vat)y=T1+11<q 'E] +¢"E|.

yleE telFy

This proves the initial step. For the induction hypothesis, suppose that

Z Z V;l’m,yk—l(tl, eyt 1)

ylv"wykileE tl?"'7tk—le]Fq

B

+ B[
g

Now,

Z Z 1.. (h,...,tk):

yl .y~ lykeE 1, tk€Fq
ZZ E(y")...E(y* " E(W")E(x)E().
lz—y* =l =yt s lla—y* = =l =y P |

lz—y*ll=lla"~y*|

19



Then applying orthogonality,

=q" Doy X(s(llz]] = 24" - @) x(=s(ll2'[] = 24" - 2')).

5€Fq [la—yt|=lla’ =y | ,-..,lz—y*~ =z —y* |

x’m/7yl7"'7yk_17yk€E

since
lz = 4"l = lle" = ¥l = (2]l = 24" - 2) = (||l2"]] = 25" - 2').
Extracting the s = 0 term and applying the induction hypothesis gives

k+2
_ 1B

i ¢ E* + R,

2

where

R=q ') >y X(s([z]] = 2y* - 2))x (= s(||2']| — 2% - 2')).

SEFG o~y I=ll2’ —y |-ooslz =y~ M =[l2 —y* |

z@' gyt Yy ykeE

Then R may be expressed as

~YS Y S (el - 20t a)

SEFG b1, th—1€Fg yl b —1e B |[a—y! =t lle—yF~H|=tp 1
ykeE z€FR

Then extending sum over y* € E to over y* € Fg, expanding the square, and applying

orthogonality in y* gives

R<q¢™'y > 1

s€Fg yl,..yk—1l zek

which in turn is less than ¢¢|E|*.

Therefore we have

‘E|k+2
Yoo vt ) S +¢"E|F,

y17"'7ykEE t17"'7tkqu

which completes the proof of Lemma 11. O]
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We are ready to complete the proof of Theorem 6. By the Cauchy-Schwarz in-

equality, we have

2

|E|2k+2 _ Z Z Uyt 2. ok (t1,t, ... tg)

yl,... . ykEE t1,t2,...,t,€Fy

Z |Ay17y2,...7yk (E)l ’ Z Z |Vy1,y27...,yk (tly lo,. .. 7tk’)|2'

yl,...,ykEE ’y17...7’yk€E tlﬂfQ,.-.,th]Fg

IN

By Lemma 11 it follows that

242 < L2 S —
‘E‘ ~ Z ’Ayl,yQ,...,yk (E)’ ’ qk +q |E’ .

yl,...yk€E

Therefore,
| E|2k+2

Ay (B 2 = .
Z e IE\’;“Jqu’E‘k

yl,..ykeE q

A Y At B 2
1y2 gk = ,
|E|* Jten Yot |E(\1$ + ¢ Bk
which for [E| > ¢ gives
1 > ok
|Ek Z |Ay1,y2,~..,y’“(E)| ~4q-
yl,...,.ykcE
Thus the proof of Theorem 6 is complete.
Remark 2. Since
1
‘E‘k Z ’Ayl,y?--',y’f(E)’ Z qk
yl,...,.yk€eE

is an average and [Ny 2 (E)| is bounded above by ¢*, it follows that there exists

Y

ECEx---xE=E"* || Z|E|F such that

1Ayige, o (B) 2 4"

~Y

Y
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for all (y1,...,yx) € E. In other words, for a positive proportion of (y1,...,yx) we

have [Ny 2 o (E)| 2 ¢".

Proof. Define & = {(y1,...,yx) € E¥ 1 |Ayi 2 o (E)| > co¢"} and B = {(y1,...,y) €

E* Ay o (E)| < cgg®}. Then it follows that
o < BF > A (B)]
1. ykeE
1 1
= ’E’k Z | yhy2,.., yk(E)‘ + ‘E|k Z ’Aylﬂﬂ ,,,,, yk(E)’
(yl,....y*)eE (y1,...y*)eB
L€l + | Bleyd®
— ——|B|c
S IEET e
Solving for €| and setting ¢, = £ we obtain || > £|E*. O

3.3 General Version of Theorem 6

In order to prove the k-simplices result, we need the following theorem which is a

more general version of Theorem 6.

Theorem 12. Given E C F¢ let € C Ex --- x E = E*,s > 2, with || ~ |E|*.

Define
E={'..., 0¥ HYe b (y,...,y* L y') € E for some y* € E}.
In addition, for each (y*,...,y*1) € & we define
EW ...,y HY={yeckb:(y,...,.v" " y) €&

If |E| = ¢"%, then we have

W Z ’Ayl ~~~~~ ys—t (8<yla . 73/571))’ 2 q8717 (3-3-1)



where

Ayt (E@S Ly ) =Ll =yl =y ) € F) iyt €€y )

Proof. For each ty,...,ts; € Fy, the incidence function on Ay s-1(E(y, ..., y5 1))

is given by

Eyt,...ys1 s s— s s s—
VA . teen) = Hy € EW Ly =yt =l T = .

Yy’

Observe that

1 s—1
V?fl(?iy;gl )(tl, N 7ts—1) S Vylw.’ysfl (tl, e 7ts_1)

=H e B lly —y'll=ti,.. . |ly" =y | =t}
By the Cauchy-Schwarz inequality, we have

2

1 s—1
S T S SR = AN

(y17-~~7y3_1)€5/ tl---7tsf1€IF'q

< ( Z ’Ayl ..... y51(5(y17'--ay51))) ’ ( Z Z Vyl,...,y51(t17-~-7ts1)2) :
( Jee’ y?

yl,..ys—1 yenySTLEE t1,.. ts_1€Fy
Using Lemma 11, we therefore have

|g|2 < Z |A E 1 s—1 . ‘E|S+l d E s—1
= yl,...,ys—l( (y ) ))’ (]871 +4q | | .

(yl,‘..,ysfl)GS’

Observe that |€'| ~ |E|*~! because otherwise |€| < |£'||E| << |E|* which contradicts
|E| ~ |E|*. Therefore, if |E| > ¢(s=1/2 then it follows that

1 N ~
W Z |Ay17“"y571 (5(y17‘."y 1))‘ Z q 1'

Thus the proof of Theorem 12 is complete. O

When a pigeon-holing argument similar to Remark 2 is applied to the inequality

(3.3.1) in Theorem 12, the following corollary immediately follows.
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Corollary 13. Let E C F and € C E x --- X E = E* s > 2, with |E| ~ |E*. If

d+s—1

|E| 2 ¢~ =, then there exists EV C & C B! with |EW| ~ || ~ |E|*~! such that

for every (yt,...,y°" 1) € EW,

‘Aylw,’ys_l(é'(yl, . ,ys’l))‘ > ¢t

Namely, the elements in € determine a positive proportion of all (s — 1)-simplices

whose bases are fived as a (s — 2)-simplex given by any element (y*,... y*= ) € £V,

3.4 Exposition of k = 2

To help make the proof of Theorem 7 as clear as possible, we first prove the result
for k = 2. We want to show that if |E| 2 q%, then the set F determines a positive
proportion of all triangles.

Using Remark 2 together with Theorem 6, we see that for |E| 2> q%, there
exists aset £ C E x E = E? with |€| 2 |E|? such that for every (y',y?) € £, we have
|Ay12(E)| 2 ¢*. Notice that this implies that if |E| 2 ", then the set E determines
a positive proportion of all 2-simplices whose bases are given by any fixed 1-simplex
determined by (y!,y?) € £. It therefore suffices to show that a positive proportion
of all 1-simplices can be constructed by the elements of £. Since |E| 2 q% e q%
and |E] C |E|* with |€| ~ |E|?, we can apply Corollary 13 where s is replaced by 2.
Then we see that there exists a set £1) € & C E with |[EM| ~ || ~ | E| such that
for every y* € €W, we have |A,1(E(y"))| = q. Since we have constructed a positive

proportion of all 1-simplices from the elements of £, the proof is complete.
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3.5 Exposition of k = 3

The case k = 3 encompasses all of the necessary ideas needed to prove Theorem 7.
We want to show that if |E| 2 q%, then the set E/ determines a positive proportion
of all 3-simplices.

Using Remark 2 together with Theorem 6, we see that for |E| 2 q%, there exists
aset £ C Ex Ex E = E* with |€] 2 |E|® such that for every (y',v% ¢%) € &,
we have |A,1 2 ,3(F)| 2 ¢*. Notice that this implies that if |E| > ¢"s", then the set
E determines a positive proportion of all 3-simplices whose bases are given by any
fixed 2-simplex determined by (y',4?% y3) € £. It therefore suffices to show that a
positive proportion of all 2-simplices can be constructed by the elements of £. Since
2 and |€] C |E)® with |€] ~ |E]?, we can apply Corollary 13
where s is replaced by 3. Then we see that there exists a set £ c & C E? with
|EW] ~ |E'| ~ |E|? such that for every (y!,y?) € EW, we have |A,1 2 (E(yL, v?))| 2 @2
Namely, the elements in £ determine a positive proportion of all 2-simplices whose
bases are fixed as a I-simplex given by any element (y!,32) € €Y. It therefore suffices
to show that a positive proportion of all 1-simplices can be constructed by the elements
of €W, Since |E| > ¢F > ¢" and £V C E? with |EW| ~ |E|?, we see that we can
apply Corollary 13 where & is replaced by €1 and s = 2. Then we see that there

exists £ ¢ (€M) ¢ E with [E@)| ~ ‘(5(1))/ ~ | E| such that for every y' € £ we

have |A,1 (€M (y'))| Z ¢. Namely, the elements in £!) determine a positive proportion

of all 1-simplices. Therefore, the proof for the case k = 3 is complete.
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3.6 Proof of Theorem 7: k-simplices

After looking specifically at the cases k = 2 and k£ = 3 in the previous two sections,
we now give a proof for general k. As stated in the introduction, in order to specify
a k-simplex up to isometry it is enough to specify the distances determined by the
points. Here we will specify our k-simplices using Theorem 6 as one set of distances
at a time.

First, using Remark 2 together with Theorem 6, we see that for |E| 2 q%, there
exists aset £ C Ex .-+ x E = E¥ with || 2 |E|* such that for every (y!,...,y*) € &,

we have
1Ay (B = H{ly® — &/ Di<jer € (Fy)* :y° € B} Z ¢~

Notice that this implies that if |F| 2 q#, then the set E determines a positive
proportion of all k-simplices whose bases are given by any fixed (k — 1)—simplex
determined by (y',...,y*) € £. It therefore suffices to show that a positive proportion
of all (k — 1)-simplices can be constructed by the elements of &. Since |E| > ¢% >

d+k—1

q 2 and |€| ~ |E|*, we can apply Corollary 13 where s is replaced by k. Then we

see that there exists a set £V C & with |EW| ~ |&'| ~ |E|*~! such that for every

(y', ...,y 1) € £EM, we have

Observe that this estimation implies that the elements in £ determines a positive
proportion of all possible (k — 1)-simplices where their bases are fixed by a (k —
2)—simplex given by any (y',...,y*!) € £W. Thus, it is enough to show that the
elements in £ can determine a positive proportion of all (k —2)—simplices. Putting
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£ = & and using Corollary 13, if we repeat above process p-times, then we see that
there exists a set ¥ ¢ (£¢-1)" ¢ EFP with [EP)| ~ | (EP~D)"| ~ |E[*? such that

for each (y!,...,y"?) € P we have

and so it suffices to show that the elements in £P C E* P determine a positive
proportion of all (k — p — 1)—simplices. Taking p = k — 2, we reduce our problem
to showing that the elements in £#~2 C E x E determine a positive proportion of
all 1—simplices. However, it is clear by applying Corollary 13 after setting s = 2 and
E = &%= To see this, first notice from our repeated process that £#¥2 c E x E
and |EF=2| ~ |E|2 Since |E| > ¢*5° > ¢“%", Corollary 13 yields the desired result.

Therefore, the proof of Theorem 7 is complete.
3.7 Proof of Theorem 8: k-star dot product sets

Define 1,1 2 x(51,52,...,sk) by the relation

Z g(81, 52, -, Sk)Myr g2, gk (51,52, ..., 8) = Z g(x-yl,a:-yQ, . ,x-yk)E(a;),

51,82,...,5kEFg z€Fd
q

where g is a complex-valued function on F;, and 4/ € F¢ for j = 1,2,..., k. The proof

of Theorem 8 is based on the following lemma.

Lemma 14. Let E C Fg. Then

> X I 2 V2 oy
Myt a2 (81552, -, 1) |7 S 7 + q°|E|".

yL,...,yk€E 51,52,...,5kEFq

Proof. We proceed by induction. To prove the initial case, take g(s) = ¢~ tx(—ts).
Then we see that
(1) = ¢" T E(ty").
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It follows that
. B ~ 2
SN P =YD B
teFq yleE teFy ylekE

and extracting ¢ = 0 we have that

SN i @F = [EPg 2+ 0SS Ewyh))

teFq ylekE 1#0 ylek

-~ 2
= [EPq 4+ ¢V Y [B@)] - n(x)

zelFd

where

n(z) = H{(t,y") €eF; x E: ty' = x}|.

Observe that n(x) < ¢ since every line in Fg contains exactly ¢ points. Therefore,

it follows by the Plancherel theorem that

S )P < 1B+ ¢ (Elg )

teFq yleF
=|E’¢? + ¢ |,

and applying the Plancherel theorem once again, we see that

C]Z Z Wyl(t)’z = Z Z [y (5)I*

teF, yleE s€Fq yleF
<|EPq '+ ¢'|E.
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This proves the initial step. Now, suppose that

Z Z | 2 < | B d| k-1
nyl,yQ,...,yk—l (Sl, S92y ..., Sk_1)| ~ qkfl + q | | .
yl,...yk—1€E s1,52,...,55_1€F,
Let g(s1,82,...,8,) = ¢ F*x(=s1t1 — saty — - -+ — sty). It follows that

Ay gt (b ta, ) = @ E(by + by + -+ ).

Then substituting in,

SN et )P

t1,.. 7tk€]Fq y ’ 7yk€E

Yy Z E(tiy' +t2” + -+ tigf) P,

i1, tk€Fq yl,... yk€E

and extracting the case when ¢, = 0 we have

=" P|E| Z Z |E(tiy' + tay? + - + iyt

t1,.tpe_1€EFg yl,... . yk—1cE

PRy S Bty +tayt + o+ )P =T+ 11

t1,.tk—1€Fg Y1, ykcE
10

For the first term we apply Plancherel and the induction hypothesis to get

| ’k+2

I <

S B

For the second term we write,

=" N N Bty +ta? + -+ ")

t1,.tk—1€Fg yl,. .. ykcE
tr k0

=@ ST 3 DX BWHIE(nyY ey’ -+ )

yl,..yk—leE t1,..tx_1€F, ykEFg
tr.#0
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and changing variables gives

§q2(d—k) Z Z Z |E t1y 4. +tk—1yk_1 —l—mt,;l),

Yyl b 1EE th, sty 1 EF g meFd
170

which summing in ¢;,. .., gives

_ q2(d—k) Z Z |E(m)|2|E N Hyl,,,_7yk_1,m|,

yl...yk—lek mEIFg

where Hy1 k-1, is k dimensional hyperplane running through the origin. Since

|[ENHy e ,,| < ¢F, it follows that

SPCPIET Y Em)P = ¢ E

meFrd
Therefore we have that
E k+2
> Z . tl,tg,...,tk)|2§| ’% + ¢ F| Bk,
t1,.. Jkaqu LY keE q
Applying Plancherel in ¢y, ..., t; we obtain
E k+2
Z Z |ny1,y2,...,yk(sla827'"a8k>|2 S.; % +qd|E|k

yl,....ykeE s1,82,...,5,€Fq
m
We are ready to complete the proof of Theorem 8 . By the Cauchy-Schwarz

inequality, we have

|E|2(k+1) — Z Z ny1,y27_,,,yk(51, 825040y Sk)

y17"-7ykeE 51?827"'75k€Fq

S D My w(BE)- D D gy (snsa sl

yl,...yk€E yl,....y*€E 51,52,...,5,€Fq
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By Lemma 14 it follows that

2%k+2 < |E|k+2 d| 1k
B S > [Mypye e (B)] - — +¢|E" ).
yl,....ykeE q
Therefore,
|E’2k+2
|H 1y2,..., k(E)’ Z/ k2 .
1ZkE YTl %_i_qdw‘k
yl,...yke q
Normalize to obtain
1 |E|k+2
k Z |Hy17y2 ,,,,, yk (E>| Z E|k+2 )
’El yl,...yk€E | _(‘11@ -+ qd]E|k
which for [E| > ¢ gives
1 o
|E‘k Z |Hy1»y2 ----- yk(E>’ ~ q *

Thus the proof of Theorem 8 is complete.

3.8 Proof of Theorem 9: k-star distance sets on a
sphere

Here we will need the following lemma whose proof is very similar to the proof of

Lemma 14.

Lemma 15. Let E C S. Then

| |k+2

E
Z Z Myt 2, e (51582, sK))P S q—k—i—qd_1|E|k.

yl """ ykGE 51,525+ SkEFq

Proof. We proceed by induction. To prove the initial case, take g(s) = ¢ tx(—ts).
Then we see that
e (t) = ¢ E(ty").

It follows that

SN AP =YY By

teF, yleFE teFq yleF
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and extracting ¢ = 0 we have that

SN i @F = [EPg 2+ 0SS Ewyh))

teF, ylcE t#0 yleF

-~ 2
= [EPq 7+ ¢V Y [E@)] - n(x)

d
z€Fg

where

n(z) =|{(t,y') €eF; x E: ty' = x}|.

Since £ C S, it does not contain the origin and n(x) < 2 as seen in [12]. Therefore,

it follows by the Plancherel theorem that

YD [ OF < [EPq? + 242 V(|Blg ™)

teFq yleF
=|E[’q7% + 2¢°7?| B

SIEP + 4B,

and applying the Plancherel theorem once again, we see that

@Y D N OF =) > (s

teF, ylek s€Fq yleE
SIEPq + ¢ E

This proves the initial step. Now, suppose that
Z Z | ( 2 < B d-1| p|k-1
Nyt 2, b1 (51, 82,y Sk-1)|” S = + ¢ B

Yyl yk—1€E s1,82,...,5,-1€Fq

32



Let g(s1,82,...,8%) = ¢ *x(=s1t1 — saty — - -+ — s3ty). It follows that

~

Ayt g (bt te) = @ Byt + toy” + -+ + ).

Then substituting in,

YD ey (tite, )]

1,5tk €Fg gl ykeRE

P Y Bty )P

t1,tk€Fg Y1, Yk eE

and extracting the case when ¢, = 0 we have

= qz(d_k)|E| Z Z \E(tlyl + t2y2 + -+ tk_lyk_1)|2

t1,tk—1€Fg yl, .. yk—1eE

+ER Y S Bty eyt + o+ )P =T+ 1

t1,.tk—1€Fg y1,.. ykeE
1,70

For the first term we apply Plancherel and the induction hypothesis to get

|k+2

I<|

< W + qdfkfl‘E|k'

For the second term we write,

=g 3 Z E(ty' + toy? + -+ + tiy®) 2

ti,tg—1€Fg yl ... ykeRE
trt0

=@ S Y X BWHIE(ny ey’ o+ )

yl,..yk—leE t1,.. tx_1€F, ykEFg
tr.#0

and changing variables gives

Sy > > IEmMPE(ty + . ey T+ mig Y,

yl,ybmleE t, k1 €Fg meFd
tr#0
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which summing in ¢4, ..., gives

=SS BOORIEN Hy

yhykleE melFd

where Hy1 k-1, is k& dimensional hyperplane running through the origin. Since

.Y

E is a subset of a sphere, we see that |[E N H,1_x-1,,| < ¢"'. Then the quantity is

SECPIEFTET Y Em)P = ¢ B

meFrd

Therefore we have that

~ t t 2 < |E|k+2 d—k—1 Ek
Z Z |nyl,y2,-~,y"( 1,62y, k)' ~ q% +q | | :

t1,. .t €Fg yl,... . ykcE

Applying Plancherel in tq,...,t; we obtain

Z Z Myt 2 e (51582, s1))P S q—k—i—qd_1|E|k.

yl)'“’ykeE 511527"-7Sk€Fq

We are now ready to complete the proof of Theorem 9.

By the Cauchy-Schwarz inequality, we have

|E|2(k+1) — Z Z ny1,y27_,,,yk(51, 825040y Sk)

y17"-7ykeE 51?827"'75k€Fq

S D My w(BE)- D D gy (snsa sl

yl,...yk€E yl,....y*€E 51,52,...,5,€Fq
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By Lemma 15 it follows that

2k+2 |E‘k+2 d—1 k
EELPERS \Hyl,ya,...,ykw)w( | +4 \E\)-

yl,....ykeE
Therefore,
|E|2kz+2
>
) Zk E‘Hy17y2,,..,yk<E)‘ ~ ‘E|IZ+2 —|—qd*1‘E’k'
yb,..yke q
Normalize to obtain
1 |E|k+2
— |11 Ly (E)| 2
|E|k . %GE YoyTey %_quﬂw‘k’
which for |E| > ¢“2 gives
1 Sk
|E‘k Z |Hy1»y27'--7yk(E>’ ~Y q *
yi,....ykeE

Since F is a subset of S, recall that determining distances is equivalent to determining

d+k—1

dot products. Therefore, for |E| 2 ¢ 2 we have

Thus the proof of Theorem 9 is complete.
3.9 Proof of Theorem 10: k-simplices on a sphere

For this proof, we will follow the same basic outline as the proof of Theorem 7. If
k =1, then the statement of Theorem 10 immediately follows when a pigeon-holing
argument similar to Remark 2 is applied to Theorem 9. We therefore assume that
k > 2. As stated in the introduction, in order to specify a k-simplex up to isometry
it is enough to specify the distances determined by the points. Here we will specify
our k-simplices using Theorem 9 as one set of distances at a time. In addition, we

need the following theorem which is more general version of Theorem 9.
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Theorem 16. Given E C S, let E C Ex---x E = FE* s> 2, with |E| ~ |E|*. Define
E={',...,y" HYe B (y,...,y* L y*) € E for some y° € E}.
In addition, for each (y*,...,y*"1) € & we define

EW', ...,y Y ={y eE: W, . ..y y) e}

If |E| 2 %, then we have
=4

1
B YAy EW ) 2 (3.9.1)

where

Ayt EWL ™) = LUy =yl =97 € (F) sy € €Yy )Y

Proof. Foreachty,...,t; € Fy, recall that the incidence function on A1 o1 (E(yH, ..., y* 1))

is given by

£ 17__., s—1 s o s s .
Vyl(?_.7ysg1 )(t17"-7ts—1) - |{y Gg(yl,,y 1) : ||y —y1|| :tl’_,,7||y -y 1|| :t5_1}|.

Observe that

Elyt,....ys1
I/yl(;y_”’ysgl )(tla cee 7tsfl) S Vyly,,,7ys—1(t1, e >t371)

=Hw e B lly =yl =t |ly =y =t}
By the Cauchy-Schwarz inequality, we have

2

1 s—1
= X A et

(!, .ys—1)eE tr...,ts—1€F,

<< > Aylmysl(g(yl,...,ys1)))~( > Vyl,m,ysl(tl,...,ts1)2),
(y g’ yloy

Loyt s=leFty,...ts—1€F,
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Using Lemma 15 and remembering that determining distances and dot products are
equivalent in this situation, it follows that

E’erl

Er< ) |Ay17,_.7ys1(5(?,1,...,;,8—1))|-(’qs_1 +qd—1yE|S—1>.

(yt,..ys—Heg!

Observe that |£'| ~ |E|*~! because otherwise |£| < |&||E| << |E|* which contradicts
|E| ~ |E|°. Therefore, if |E| > ¢(@+5=2)/2 then

1

1 —1 -1
X B ) 2
(y17""y371)€£,
Thus the proof of Theorem 16 is complete. O

When a pigeon-holing argument similar to Remark 2 is applied to the inequality
(3.9.1) in Theorem 16, the following corollary immediately follows.

Corollary 17. Let E C S and € C E X --- x E = E* s > 2, with |E| ~ |E]*. If

d+s—2

|E| = q7 =, then there exists EV C & C B! with |EW| ~ || ~ |E|*~! such that

for every (y*,...,y* ') € ED),

Ayt €y R

Namely, the elements in € determine a positive proportion of all (s — 1)-simplices
whose bases are fived as a (s — 2)-simplex given by any element (y*,...,y°" ") € ED,

We are now ready to prove Theorem 10. First, using a pigeon-holing argument

d+k—1

together with Theorem 9, we see that for |E| 2 ¢~ 2 , there exists a set £ C F X

-+ x B = EF with |€] Z |E|* such that for every (y*,...,y*) € €, we have

Ayt (B = K" = Diciz € F)" 9" € B} 2 ¢

d+k—1

Notice that this implies that if |E| 2 ¢ 2, then the set E determines a positive

proportion of all k-simplices whose bases are given by any fixed (k — 1)—simplex

determined by (y!,...,9*) € €. It therefore suffices to show that a positive proportion
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dtk—1

of all (k— 1)-simplices can be constructed by the elements of €. Since |E| 2 ¢ 2 2

~Y

d+k—2

q 2 and |€| ~ |E|*, we can apply Corollary 17 where s is replaced by k. Then we

see that there exists a set £V C & with |EW| ~ |&'| ~ |E|*~! such that for every

(y',...,y" 1) € €M, we have

‘Ay17...7yk—1(5(y17 R 7yk71)>‘ Z qkil

Observe that this estimation implies that the elements in £ determines a positive
proportion of all possible (k — 1)-simplices where their bases are fixed by a (k —
2)—simplex given by any (y',...,y*"!) € €W, Thus, it is enough to show that the
elements in €Y determine a positive proportion of all (k — 2)—simplices. Putting
£ = £ and using Corollary 17 we see that if we repeat the above process p-times
then there exists a set £ C (5(’7_1))/ C EF P with |£@)| ~ | (8(”_1))/] ~ |E|*=P such

that for each (y!,...,y* ) € £P) we have

Ay (EPV (YY) 2 7,

and so it suffices to show that the elements in £®) C E* P determine a positive

proportion of all (k — p — 1)—simplices. Taking p = k — 2, we reduce our problem

k—2)

to showing that the elements in &£ C E x E determine a positive proportion

of all 1—simplices. However, it is clear by applying Corollary 17 after setting s =
2,& = E*2) To see this, first notice from our repeated process that E¥2 ¢ E x E

d+k—1

and |EF=2)| ~ |E|?. Since |E| 2 ¢" =2 > g2, Corollary 17 yields the desired result.

Therefore, we complete the proof of Theorem 10.
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