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Disclination unbinding transition in quantum Hall liquid crystals
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We derive the long-wavelength elastic theory for the quantum Hall smectic state starting from the Hartree-
Fock approximation. Dislocations in this state lead to an effective nematic mod&bfor, which undergoes
a disclination unbinding transition from a phase with algebraic orientational order into an isotropic phase. We
obtain transition temperatures that are in qualitative agreement with recent experiments that have observed
large anisotropies of the longitudinal resistivities in half-filled Landau levels, lending credence to the liquid
crystal interpretation of experiments.
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Recent experiments® in high-mobility two-dimensional (I) Hartree-Fock approximation for the charge-density-
electron system&@DES have revealed remarkable phenom-wave stateln order to study the energetics of a charge den-
ena in the transitional regions between the different plateagity wave(CDW) in the 2DES we closely follow the strategy
of the Hall conductance. In particular, striking anisotropiesdeveloped in Refs. 16-18, and use the Hartree-Rétf
and nonlinearities in the magnetotransport were observed féPproximation, which corresponds to the assumption that the
Landau level(LL) filling factors nearv=n+1/2, forn=4, e_Iectronic state can be described as a Slater determinant of
corresponding to partially filled LL indices=2. This an-  Single-electron states. In the Landau gaugg) = (0,Bx,0),
isotropy tends to align with the crystalline axes of the@nd the eigenstates of the noninteracting problem are
sample, but can be reoriented by the application of in-plane
magnetic field;> and resistance ratios as high Bg /R,y
~3500 have been observBdhis anisotropic behavior has
been attributed to the formation of a striped phase. A unidi-
rectional charge density wau&/CDW) had been predicted Wherei, o, n, andx, indicate the electric subband indédue
several years addor nearly-half-filled high LL's; exact di- to the confinement in the direction, spin index, LL index,
agonalizations for systems of up to 12 electformroborate  and guiding center, respectivell;=(#/eB)"? is the mag-
this picture forL=2, and many experimental results can benetic lengthL, is the length of the system in thedirection,
qualitatively understood under the assumption of a UcDwandH, are Hermite polynomials.

The presence of stripes has already been directly observed in Since the electric subband splitting is very largout
a large class of low-dimensional, strongly correlated elec9-8 MeV in the sample of Ref,)lin what follows we con-
tronic systemg, and the present experimental evidence inSider only states witti=0. The Coulomb interaction be-

guantum Hall devices is compelling, even if still somewhatf[Ween the basis states above can be replaced by the effective

i~ 16-18
circumstantiaf® interactiort
Due to the similarities of the UCDW state with a classical
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smectic liquid crystal, these states have been dulojorah- ny.n, - 47re? |Mxl,x2(q)|
tum Hall smecticsy Fradkin and Kivelsod>*? In two di- Vi (O Oy) = — T ’ @)

mensions thermal fluctuations destroy the positional orter,
but the system should still exhibit anisotropic transport aswhere « is the dielectric constant of the semiconductor
long as there is some remnant of orientational or@ge- (~13 in GaAs/AlGa, _,As), with the matrix element
braic order in thequantum Hall nematic'* As the tempera-
ture is increased, the algebraic orientational order will disap- Ny, 5 gt
pear in a Kosterlitz-Thoules¢KT) disclination-unbinding Mxlyxz(Q)Zf A€ Yo x, (N Poon (), (3)
transition®®

To study this process we have mapped the interactingvhich may be expressed in terms of associated Laguerre
electron systentin the Hartree-Fock approximatiponto a  polynomialst®~!8Since the anisotropic states occur for mod-
classical smecti¢the UCDW). We then consider the role of erately weak magnetic fields, the effect of a CDW on the
thermal fluctuationgphonons and dislocationsn reducing  valence LL is to polarize the fully occupied LL's below. This
the order from smectic to nematic at larger distances. Withpolarization may be accounted for with an effective dielectric
out the use of any fitting parameters, and using only experieonstante(q), which can be calculated in the random phase
mentally accessible values for the electron density and thapproximatioh’~° (RPA). This effective interaction greatly
width of the 2DES, we are able to estimate values for thesimplifies the calculation, as we only need to consider states
disclination-unbinding transition temperature, which are inwithin the valence LL for the determination of CDW ener-
qualitative agreement with the transport measurements.  gies.
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FIG. 1. Dependence of the average energy per electron state
EVCPW  for various filling factors of Ref. 1 f,=2.67 !
X 10" cm?,z,,.=58.3 A).

. . FIG. 2. Two characteristic examples of low-ener erturbations
In the absence of LL mixing, the state of the system is P 9yp

. " ; ; : of the UCDW. Top: thdongitudinal modulationBottom: thetrans-
uniquely specified by the particle density funct®rt’ The P g

; ) o verse modulationOn each panel, the right-hand side shows the
energy per electron in a CDW state at a fractional fillifg  gragg peaks of\(G) in reciprocal spaceG; is the wave vector of

is given by the UCDW, andy, ,q, are the wave vectors of the modulation. See
Egs.(8)—(10).
1

2v*

E:

DIA(G)|? 4
z,-: U(GpIaG)I, @ =R.=2.84,2L +1 (in general agreement with Ref. 7, even

) ) o ~ though we are far froni. —«), where each electron gains
where A(G;) is the Fourier coefficient of the occupation gne to a few degrees; see Table I. Since the anisotropic-
number at the reciprocal lattice vect@; and the kernel isotropic transition is observed at temperatures much smaller
U(a)=H(a)+ X(q) with the direct and exchange contribu- than this, it is clear that the observed transition is not related
tions to the formation of the stripes but, as we shall see, to the
unbinding of topological defects in the stripes.

(I Low-energy excitations of the UCDVWHere we con-
sider low-energy states that correspond to long-wavelength
fluctuations of the UCDW. We take care to construct modu-

d2p , Igtions of th_e stripgs that do not _accumL_JIate charge over large
X(q)=— J —— ARy (). distances since this would significantly increase the Coulomb

(27)2%€e(p) X1 1Py energy of the system. These modulations add extra “Bragg
(6)  peaks” to the density function (G) (see Fig. 2, and of the

many modulations one can devise, very few avoid adding
significant peaks far from wherdJ(G) is near its

1 n,n
H(gq)= ———V"" > (q), 5
(@ 27l 5e(q) Xl'xl+'bqy(q) ©

In the UCDW state, we hav&;=e,G;j with j an integer,

and minimum?? These can be described by a distortion in the
sin(v* j) position of the UCDW stripe edges of the form
AG)=—— (7
u(x,y) = a cogqyx)cogq,y), ()

whereG;=21/a, with a the period of the UCDW. Inserting

this into Eq.(4) we findEY“PY(G;), the average energy per where a,qy,q, are the amplitude and wave-vector compo-
electron in the UCDW(see Fig. 1 The optimal UCDW nents of the modulation, respectively. Longituding|€0)
corresponds to the minimuEY“PY, and is observed a  and transverseg|,=0) modulations are illustrated in Fig. 2.

TABLE |. UCDW: optimal wave vectorG,, period a, energy gain per electroB"“P" and elastic
constantd andK. The calculations were performed for the realization of Ref. 1.

v B(T) Ih(A) Gyly a(A) EVCDW (K) B (uK/A?) K (mK)
9/2 2.46 164 0.983 1048 -3.603 25.5 189
11/2 2.02 181 0.978 1163 -2.830 15.7 144
13/2 1.70 197 0.842 1470 -2.234 13.0 192
15/2 1.48 211 0.839 1580 -1.864 9.07 158
17/2 1.30 225 0.746 1895 -1.549 7.58 196
19/2 1.16 239 0.744 2018 -1.332 5.66 167
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To determine the energy of this excited stateQtn?), we
need to retain the following peaks:

si * G2j2 2
MG 1= 1 18“), ©
| Sin(v* j) Gy
Ale(Gii=a)+ea,]=~ - 5, (10

wherej is an integer. The energy per electron, relative to th
optimal UCDW is then given by

Gia?
AE= gz 2 St aD UGG + a0+ a))

+UW(Gyj — 0,0 +a7) —2U(G4j) .

Keeping terms up ta(qy,dy,0505), the energyper unit
areais

(11)

2

o
AE= §[qu+ Kay+K'gza;+K"qgl, (12)
with the elastic coefficients given by
B V* G%O"ZEUCDW (13)
2wl 0G2
1 Sire(mv*j) 'U”(G - U'(G4j)
1673257 2 | 7 Gij |
(14
o G s (") [U"(Gyj)  U"(Gyj)
AmdE [ e j 2 G4j
U'(G4j)
n Gi . H H nn 1
g jZ Sif(mv*j)U""(G4j).  (16)
b =—0

It is easy to see from energetics abdte. (12)] that the

low-energy perturbations of a UCDW correspond one-to-one

to those of a smectic liquid crysta:

Esm:%f d2r{[B(axu)*+K(d5u)?]
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TABLE IlI. Frank elastic constant&; and K3, renormalized
elastic constanK and KT disclination unbinding temperature cal-
culated for the experimental realization of Ref. 1. Note the charac-
teristic oscillations with the spin index.

v o Ky (mK) Kz (mK) K(mK) Tgr (mK)
9/2 7 189 1030 610 206
11/2 ! 144 783 463 156
13/2 7 192 1041 616 208
elS/Z ! 158 848 503 170
17/2 7 196 1034 615 208
19/2 ! 167 875 521 176

(1) Effects of thermal fluctuations: from smectics to nem-
atics The energy functional for a smecfigq. (17)] has been
extensively studied. We follow closely the formulation of
Toner and Nelsoh? Since the dimensionality of the system
(d=2) is one below the lower critical dimension for layered
materials, phonon fluctuations readily destroy positional or-
der for T>0 (the Landau-Peierls arguméntvhile preserv-
ing order in the layer orientation. However, this argument
omits dislocations, which have finite energy; their energy can
be estimated &8

Ba’
EDzm[\/ch)\—i—l—l], (19
where\?=K/B and q.~ w/a is a large-momentum cutoff.
Therefore, forT>0 we expect a density of dislocations
given by np~a 2e Fo’/keT. At distances larger thamp
=n;Y?, and as long a€p*dksT, dislocations can be
treated in a Debye-Hikel approximation. Then, to lowest
order ing? and qi, the correlation function for the layer
normal angled= —d,u can be written a$

kT

— (19
2Ep0;+Ka?

(0(a)o(—q))=

which is precisely the correlation function of a two-
dimensional nematic, with a free energy

o= | HIKA(V -2 KX (WX, (20)

2
wheren= (cos#,sin 6) is the director field, and the two Frank
constants are given by

KlzK, K3:2ED. (21)

+[K' (dgdyu) >+ K"(33u)?]}. (17)

Results for the elastic moduf andK are presented in Table Orientational correlations in the directa(r) should decay

| for parameters relevant to the sample used in Ref. 1. Thalgebraically at distances much larger tiggn Table Il sum-
terms between the second set of brackets in(Eg. are not marizes the values d€; andK;. The values of these elastic
expected to be relevant since they only become large foconstants are determined at distances comparablépto
momenta near the edge of the Brillouin zdmeéhere the va- (~10a at T~100 mK).

lidity of the elastic theory is doubtful We now use the en- (IV) The nematic to isotropic transitiomAt sufficiently
ergy functionalEg, (without the terms involvind<’ andK") long wavelengths Nelson and Pelcovts, using a

for all further analysis of the quantum Hall liquid crystal. momentum-shell renormalization approach, have shown that
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deviations from the one-Frank-constant approximatigns simultaneously the matrix elements of the Coulomb interac-
=Kj are irrelevant, and the system is equivalent to a twotion [Eq. (3)] increase with increasing LL inddx, resulting

dimensionalXY model: in the observed spin dependence.
1 There are a couple of caveats that apply to our results.
_= 2 2 First, we have left out the native anisotropy of the sample
Fxv=3 K(T)f dr (V)" (22 that tends to align the smectic structusémilar effects arise

. . from an in-plane component of the magnetic fjeldniaxial
with K=[K4(ép) + K4(ép)1/2 at very large distances. For anisotropy will produce a term of the for®' (dyu)? in the

our values oK, andK3, at the characteristic temperatures of . densitv: althouah th ; indi
the experiments, convergence is achieved at distances arousr@ectlc energy er)s_|ty, although the experiments indicate
' it B’'<B, at sufficiently long length scalegsof order

(20—100%p . We then expect unbinding of disclination pairs JKIB') the anisotropy will dominate over the bending en-

at the KT temperaturé: ergy. In this case the dislocation energy diverges as the loga-
- rithm of the system size, and the transition to the isotropic
kBTKT=§ K(Tkr), (23)  phase occurs through the unbinding of dislocations. Second,
as is customary in studies of smectics, we have dropped
where then/8 comes instead of the more commei2 for  terms in the smectic free energy, H4.7), of O(qiqf,). To
vortices since each disclination winds up the anglesy check the validity of this truncation we have calculated the
rather than Zr. In general K(Tky) corresponds to the large- elastic coefficient&’ andK”, and find that whileK”>0, it
distance elastic constaiteduced by disclination pairso s possible fork’ to be negativé® This does not seem to
the bare elastic constant at small distani€€8) by means of cause any problems in the long-wavelength limit, but it may

the KT renormalization groupRG) formulas™ change our estimates of the dislocation energy. This issue is
. currently under stud$?
&zwsyz(” d—y=[8—7-rk(l)]w (24) In conclusion, we have mapped a 2DES with half-filled
dl Todl 4" LL's to a liquid crystal with smectic/nematic order at short/

where k=K/ksT and we have introduced the fugacigy long distances and that undergoes a KT disclination-
~eX|:[—772K(OB)/kBT] In practice, these RG equations unbinding transition, after which the system becomes isotro-

. _ pic, as seen by transport measurements. Without the use of
iaznw exb;{e— ﬂzirzggfﬁn}ate]?NOté% (:;‘7;)'?2 ( O()ng::(roe)éat any fitting parameters we have obtained transition tempera-
BlKTlr =Y. : :

Lo . tures in qualitative agreement with experimental evidence. A
tion is in general agreemefalthough somewhat less impor- ; . :

. . particularly robust feature is the spin dependence of the nem-
tand to results for Monte Carlo simulatior.

Table Il presents the resuling estimates for theatlc elastic moduli and transition temperat(@fable Il): they

disclination-unbinding transition temperatures for half-filled are larger for the lower-spin subband%9/2,13/2,17/2).

: : : \While precise experimental values for the transition tempera-
LLs. Although these can only be considered estimates due t? res have not been established and the transition is rounded
the approximations used, they are in qualitative agreeme "

with the temperatures at which the anisotropies are seen ?)oy d'SOTde“ the same cha_lractenstm spin dependence is ob-
vanish. For comparison, Fradket all? find Ty;=65 mK Served in the transport anisotrapy py/pyy-

with significant rounding by 5% intrinsic anisotropy for We would like to acknowledge numerous helpful discus-
=9/2 by fitting the results of a Monte Carlo simulation of an sions with A. MacDonald, S. Girvin, E. Fradkin, J. Eisen-
XY model to the resistivity data of Ref. 1. We also see thestein, H. Fertig, L. Radzihovsky, M. Lilly, M. Fogler, and G.
characteristic spin oscillation of the transition parametéfs. Vignale; A.T.D. would also like to thank the Aspen Center
The reason for this spin oscillation is simple: in the energetfor Physics for its hospitality during the completion of this
ics of Egs.(4)—(6), there is an energy scai¥/R, that de-  work. This work was supported by the NSF Grant No. DMR-
creases with increasing filling facter (both because of the 9978547 (A.T.D.) and by the University of Missouri Re-
change in LL indexandthe reduction of the magnetic fiegld search Board and Research Cour@IW.,).

M. P. Lilly et al, Phys. Rev. Lett82, 394(1999. et al, Phys. Rev. Lett76, 499 (1996; R. Moessner and J. T.
°R. R. Duet al, Solid State CommuriL09, 389 (1999. Chalker, Phys. Rev. B4, 5006(1996.
3M. Shayegaret al, Physica E6, 40 (2000. 8E. H. Rezayi, F. D. M. Haldane, and K. Yang, Phys. Rev. 188t.
4W. Panet al,, Phys. Rev. Lett83, 820(1999. 1219(1999.
SM. P. Lilly et al, Phys. Rev. Lett83, 824 (1999. 9J. M. Tranquadat al, Nature(London 375 561 (1995.
5The effect is exaggerated by the current distribution geometry; thé®J. P. Eisensteiet al, Physica A6, 29 (2000; F. von Oppen, B. I.
intrinsic anisotropy is smallerp,,/p,,~20. See S. Simon, Halperin, and A. Stern, Phys. Rev. Le8d, 2937(1999.
Phys. Rev. Lett83, 4223(1999. E. Fradkin and S. A. Kivelson, Phys. Rev.53®, 8065(1999; S.
M. M. Fogleret al, Phys. Rev. B54, 1853(1996; M. M. Fogler A. Kivelson, E. Fradkin, and V. J. Emery, Natuileondon 393
and A. A. Koulakov,ibid. 55, 9326 (1997; A. A. Koulakov 550(1998.

115312-4



DISCLINATION UNBINDING TRANSITION IN . .. PHYSICAL REVIEW B 64 115312

2E . Fradkin, S. A. Kivelson, E. Manousakis, and K. Nho, Phys. Nauk 155 219 (1988 [Sov. Phys. Usp31, 511(1988]; I. L.
Rev. Lett.84, 1982(2000. Aleiner and L. I. Glazman, Phys. Rev. %2, 11 296(1995.

13at zero temperature the existence of an ordered smectic phase 18A. H. MacDonald and S. M. Girvin, Phys. Rev. B8, 6295
still unsettled. See A. H. MacDonald and M. P. A. Fisher, Phys. (1988. .
Rev. B 61, 5724 (2000; H. Yi, H. A. Fertig, and R. Ct&, 2For the UCDW see Ref. 16, for a detailed report for more general
cond-mat/0003138unpublishedl configurations see Ref. 22.

22 ;
C. Wexler and A. T. Dorseyunpublishegl
14
o) Toner and D. R. Nelson, Phys. Rev28, 316 (1982. 23D, R. Nelson and R. A. Pelcovits, Phys. Rev1B 2191(1977.
J. M. Kosterlitz and D. J. Thouless, J. Phys61181(1973; J.

24J. P. Eisenstein and M. P. Lillyprivate communication J. P.

" M. Kosterlitz, ibid. 7, 1046(1974. Eisensteiret al, cond-mat/000340%unpublishedl
A. H. MacDonald, Phys. Rev. BO, 4392(1984). 25Ar. Abanov, V. Kalatsky, V. L. Pokrovsky, and W. M. Saslow,
YT, Jungwirthet al, Phys. Rev. B8O, 15 574(1999. Phys. Rev. B51, 1023(1995, also findK’ <0 (their «) in their
18T, D. Stanescu, I. Martin, and P. Phillips, Phys. Rev. L&, study of the phase diagram of ferromagnetic films. Thermal fluc-
1288(2000. tuations due to nonlinear elasticity may ren#€r>0 (see their

191, V. Kukushkin, S. V. Meshkov, and V. B. Timofeev, Usp. Fiz.  Appendix O.

115312-5



