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NOVEL ANALYTICAL CONTINUATION BASED SHAPE
RECONSTRUCTION METHODS FOR PERFECT ELECTRIC
CONDUCTING TARGETS

SUMMARY

In this thesis, the inverse scattering problem of which the aim is to remotely retrieve
the shape of an inaccessible, perfect electric conducting target through the use of
electromagnetic waves is studied. This is one of the fundamental questions in inverse
scattering theory and from the theoretical perspective; it is a nonlinear ill-posed
problem. Thus the existence and the uniqueness of a stable solution cannot be
anticipated initially. Within this framework, two new shape reconstruction methods
are developed in this thesis. These methods can be classified as analytical continuation
(or decomposition) methods in which the nonlinearity and the ill-posedness of the
underlying problem are handled separately.

The first method is based on the analytical continuation of the scattered field by means
of Taylor series expansion. In particular, the measured far-field data which is corrupted
with inevitable measurement noise first backpropagated to a circular domain enclosing
the inaccessible object in terms of regularized inversion of a single layer potential.
The reconstructed single layer potential density enables to approximate scattered field
outside of the encircled object quite accurately, while a Taylor series expansion in the
radial direction is exploited to represent the field in the vicinity of the target. From the
boundary condition, the problem is then recast as a polynomial equation containing the
contour of the object as an unknown. Later this nonlinear equation is iteratively solved
via the Gauss-Newton algorithm to retrieve the unknown shape.

The second method introduced in this thesis is based on creating an equivalent
scattering problem by means of standard impedance boundary condition (SIBC).
More precisely, the inaccessible perfectly conducting target is modeled as a circular
impedance cylinder having inhomogeneous surface impedance. By virtue of
equivalence, the impedance cylinder generates the same field distribution on whole
space outside of the inaccessible object, as long as the latter is enclosed by the
inaccessible target. In order to determine the equivalent surface impedance, first
the measured far-field data which is corrupted with noise is backpropagated to the
surface of the impedance cylinder, through the regularized inversion of the single-layer
potential. Then, the surface impedance is recovered by exploiting the SIBC imposed
over the impedance cylinder. Since the reconstructed surface impedance enables to
represent scattered field outside of the unknown target, the retrieval of the unknown
shape turns out to be the solution of a nonlinear optimization problem, which is solved
iteratively through the Gauss-Newton algorithm.

Several numerical simulations are performed to validate and to expose both capabilities
and the limitations of the presented methods. As a result, it is concluded that
both methods provide quite accurate reconstructions for the objects having starlike
boundaries with both convex and concave parts. It is observed that the size of the
object should be comparable to the wavelength when only a single illumination is

Xvil



employed. However this limitation can be overcome in multiview configuration where
several plane waves with different incidence directions are employed. Moreover the
multiview data improves the robustness against to noise such that it becomes possible
to reconstruct with lower signal-to-noise ratios (SNR).
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MUKEMMEL ELEKTRIK ILETEN HEDEFLER ICIN ANALITIK DEVAM
TEMELLI YENI SEKIL BELIRLEME YONTEMLERI

OZET

Bu tez calismasi kapsaminda yanina erisilemeyen, miikemmel elektrik ileten cisimlerin
elektromagnetik dalgalar aracilifiyla sekillerinin uzaktan belirlenmesi konulu ters
sacilma problemi incelenmistir. Bu konu ters sagilma teorisindeki temel sorulardan
biridir ve teorik acidan dogrusal olmayan, kotii kurulmus bir problemdir. Bu nedenle
bastan kararli bir ¢oziimiin varlig1 ve tekligi ongoriilemez. Bu cercevede, bu tez
calismasinda iki adet yeni sekil belirleme yontemi gelistirilmistir.  Bu yOntemler
problemin dogrusal olmayan ve kotii kurulmus parcalarmin ayri ayri kotarildigi
analitik devam (veya ayristirma) yontemleri olarak siniflandirilabilirler.

Geligtirilen ilk yontem sacilan alanin Taylor serisi agilimiyla analitik olarak devamina
dayanmaktadir. Olciim giiriiltiisiiyle bozulmus olan uzak alan verisi oncelikle cismi
cevreleyen dairesel bir bolgeye, bir tek-katman potansiyelinin regiilerize edilmis
bicimde tersi alinarak devam ettirilir. Elde edilen bu tek-katman potansiyel yogunlugu
erigsilemeyen cisim digindaki bolgede alami yeterince iyi bicimde ifade etmeye
olanak verirken, Taylor serisi agilimi radyal dogrultuda ice dogru olan bolgede
alam ifade etmek icin kullamilmigtir. Cismin iizerindeki sinir kosulu yardimuiyla,
problem cismin sinirinin bilinmeyen olarak goziiktiigii polinom yapisindaki bir esitlige
doniistiiriilii.  Ardindan bu dogrusal olmayan esitlik Gauss-Newton algoritmasi
araciligiyla yinelemeli olarak ¢oziilerek, bilinmeyen sekil belirlenir.

Geligtirilen ikinci yontemse standart empedans sinir kosulu (SIBC) anlaminda
esdeger bir sacilma probleminin olusturulmasina dayanmaktadir. Daha ayrintili
belirtmek gerekirse, yanina erisilemeyen iletken hedef, tizerinde homojen olmayan
bir ylizey empedansina sahip dairesel bir empedans silindiri olarak modellenir.
Esdeger problem anlaminda, empedans silindiri cismin i¢inde kaldig: siirece, yanina
erisilemeyen cismin disindaki bolgede cisimle ayni alan dagilimi yaratacaktir. Esdeger
ylizey empedansinin belirlenmesi icin, ilk yontemdekine benzer olarak giiriiltiilii
uzak alan verisi, bir tek-katman potansiyelinin regiilerize edilmis tersi aracilifiyla
empedans silindirinin yiizeyine kadar devam ettirilir. Ardindan, yiizey empedansi
empedans silindiri tizerinde tanimlanan SIBC kullanilarak bulunur. Bulunan bu
ylizey empedansi cismin disindaki bolgede alani ifade etmeye imkan verdiginden
cismin ylizeyindeki sinir kosulu yardimiyla, bilinmeyen yiizeyin bulunmasi problemi
Gauss-Newton algoritmasiyla yinelemeli olarak c¢oziilen dogrusal olmayan bir
optimizasyon problemine doniistiiriiliir.

Tanmitilan yoOntemleri hem sayisal olarak dogrulamak hem de yontemlerin
sinirlamalarini ortaya cikarmak amaciyla cesitli simiilasyonlar gerceklestirilmistir.
Sonug¢ olarak, her iki metodunda hem konveks hem de konkav taraflar1 olan
yildiz-bigimi sinira sahip cisimler i¢in olduk¢a iyi sonuglar verdii sonucuna
vartlmistir.  Tek bir aydinlatmanin kullanilmasi durumunda cismin boyutlarinin
dalgaboyu mertebesinde olmas gerektigi gozlemlenmistir. Ote yandan bu sinirlama,

Xix



farkli gelis acilarina sahip birden ¢ok diizlem dalganin kullanildig: ¢oklu aydinlatma
kullanimiyla asilabilmektedir. Dahas1 ¢oklu aydinlatma kullanimi giiriiltiiye
olan duyarlilig1 iyilestirerek daha diisiik isaret-giiriiltii-oranlarinda da sekillerin
belirlenebilmesine olanak vermektedir.
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1. INTRODUCTION

The inverse scattering problems are encountered in many areas of engineering and
applied sciences such as medical imaging, microwave remote sensing, geophysical
exploration, or non-destructive testing, etc. In these inverse problems, the basic
aim is to identify the desired features of inaccessible objects (or mediums) remotely,
through the use of electromagnetic, acoustical or elastic waves, depending on the
physical requirements of the applications. The scattered wave which is the result of
the interaction between the obstacles and the incident wave is exploited in order to
extract physical and geometrical properties of the scatterers such as shape, location or
electrical constitutive parameters.

The material properties of the objects to be reconstructed mainly determine the solution
approaches of the related inverse scattering problems. If the object is impenetrable
such as sound soft targets for acoustical case and perfect electric conductors for
the electromagnetic case etc.; the problem becomes a shape reconstruction problem
[1,2]. On the other hand, for penetrable objects such as dielectric materials in
electromagnetics, one has to establish a solution approach in order to recover shape
and/or electrical constitutive parameters [1,2]. Although these two major groups in
inverse scattering problems have been extensively studied in the open literature, fast
and effective solution approaches are still required. In this thesis, we will present two
novel shape reconstruction methods for perfect electric conducting targets which is in
the first group.

Beside their significance in many engineering areas, these inverse problems have a
remarkable theoretical aspect that they are mostly ill-posed [2] and nonlinear thus
solution approaches have to handle these properties in an appropriate way. In the sense
of Hadamard’s postulates, well-posedness of a problem is defined by the following

conditions:

1. Existence of the solution



2. Uniqueness of the solution
3. Continuous dependence of the solution on the input data

If a problem inherently does not have one of these crucial properties, it is classified as
ill-posed or improperly-posed. Mathematically, it is possible to enforce the existence
of a solution by enlarging the solution space and the uniqueness can be cured by
introducing additional constraints on the solution [1]. Among these criteria, continuous
dependence to the input data is most restrictive. As the solution exhibits strong
sensitivity to small perturbations on the input data, it becomes practically impossible
to calculate a solution when the input data is provided through measurements of a
physical process where the noise is inevitable. Therefore the solution of an ill-posed
problem requires imposing certain constraints on the problem, and in most cases only
an approximate solution can be achieved. The procedure of getting an approximate
but stable solution for an ill-posed problem is called regularization. Well known
methods include Tikhonov regularization and truncated singular value decomposition
(TSVD). These regularization methods are function of a regularization parameter
whose selection provides a trade-off between accuracy and stability of the solution.
Optimal selection of the regularization parameter generally requires a priori knowledge
on the expected noise level of the measured data. If there is no a priori information
available, then only choice for selecting the regularization parameter becomes trial and
error such that the inverse problem is solved for a set of regularization parameters and

the most reasonable solution is selected [2].

1.1 Reconstructing the Shape of Inaccessible Objects

As mentioned, retrieving the shape and the location of inaccessible objects from
a set of far field measurements constitutes one of the basic problems in inverse
scattering theory. Accordingly, such problems have been extensively investigated
in the open literature. Since the very first attempts for the solution [3, 4],
many methods based on different approaches such as physical optics theory [5—
7], Newton-Kantorovich method [8], equivalent source method [9], analytical
continuation methods (decomposition methods) [10-15], linear sampling method [ 16—
21], factorization method [22,23], probe method [24], singular source method [25,26],

no response test [27], range-test method [28], level set method [29], metaheuristic

2



optimization based methods [30,31] have been developed. Most of these methods can
be roughly classified into three major groups:

a) Iterative Methods:

These methods require a priori knowledge of the boundary conditions which is
employed on the surface of inaccessible objects. By using the boundary conditions,
the shape reconstruction method is formulated as a minimization of a nonlinear
ill-posed operator equation, then iterative schemes such as regularized Newton
methods, Landweber iterations or conjugate gradient methods are applied for its
solution. These methods work with minimum amount of singleview data at a fixed
frequency and provide reasonable reconstructions when the noise level of measured
data is sufficiently low. However these methods generally requires to solve forward
problem at least once at each iteration step which makes them impractical in most
cases. As a minimization problem, these methods also suffer from local minimums
depending on selection of initial guesses. Examples of iterative methods include
Newton-Kantorovich method [8], metaheuristic optimization based methods [30,31].

b) Sampling and Probe Methods:

The sampling methods do not model directly the physical scattering phenomena. On
the other hand this conceptional difference provides their major advantage over other
methods. In theory, sampling methods does not require any a-priori knowledge about
boundary conditions. The sampling methods based on the numerical evaluation of an
indicator function over a domain where the objects are searched. Major disadvantage
of sampling methods is that they need large amount of multiview data and do not
provide sharp reconstructions as compared to other methods. Well known sampling
methods include the linear sampling method [16-20], the factorization method [22,32]
which is related to linear sampling method, probe method [24], singular source method
[25,26], no response test [27] and range-test method [28].

c) Decomposition or Analytical Continuation Methods:

The decomposition or analytical continuation methods handles the ill-posedness and
the nonlinearity of the underlying inverse scattering problem separately [10-15].
Initially, an ill-posed linear operator is used to reconstruct the scattered field in the
vicinity of the obstacle from its measured far field. To this aim regularized single-,

double- or mixed layer potential approaches are generally employed. Then by using the



boundary conditions, the shape reconstruction problem is formulated as a minimization
of nonlinear equation of the shape. These methods share similar characteristics with
iterative methods however their major advantage over iterative methods that they do
not require to solve forward problem at each iteration. Thus they can be considered as

improved versions of iterative methods.

1.2 The Aim of the Study

Although the shape reconstruction methods mentioned in section 1.1 had made
important contributions to solution of inverse obstacle scattering problem, the problem
of accurately retrieving geometrical properties of the unknown objects with a limited
amount of far field data is still a very active research area due to importance of possible
applications.

Within this framework, the objective of this thesis is to develop new and efficient
methods to reconstruct the shape of inaccessible, electrically conducting structures
by utilizing the scattered field measurements performed in the far-field region.
Consequently, two new shape reconstruction schemes which are in the class of
analytical continuation methods are developed for imaging perfect electric conducting
targets.

The first method is based on the analytical continuation of the scattered field by means
of single layer potential representation and Taylor series expansion. In particular,
the measured far-field data which is corrupted with inevitable measurement noise,
first backpropagated to a circular domain enclosing the inaccessible object in terms
of regularized inversion of a single layer potential. The reconstructed single layer
potential density enables to approximate scattered field outside of the encircled object
quite accurately, while a Taylor series expansion in the radial direction is exploited to
represent the field in the vicinity of the target. From the boundary condition that the
total electric field vanishes on the surface of the target, the problem is then recast as
a polynomial equation containing the contour of the object as an unknown. Later this
nonlinear equation is iteratively solved via the Gauss-Newton algorithm to retrieve the
unknown shape.

The second method introduced in this thesis is based on creating an equivalent

scattering problem in terms of standard impedance boundary condition (SIBC). More



precisely, the unknown perfectly conducting target is equivalently modeled as a
circular impedance cylinder, having inhomogeneous surface impedance. By virtue
of equivalence, the impedance cylinder generates the same field distribution on whole
space outside of the unknown object, as long as the latter is enclosed by the unknown
target to be reconstructed. In order to determine the equivalent surface impedance,
first the noise corrupted measured far-field data is backpropagated to the surface of the
equivalent impedance cylinder, through the regularized inversion of the single-layer
potential. Then, the surface impedance is recovered by exploiting the SIBC imposed
over the impedance cylinder which requires the total electric and magnetic field values
on the boundary. Since the reconstructed surface impedance enables to represent
scattered field outside of the unknown target, the retrieval of the unknown shape turns
out to be the solution of a nonlinear optimization problem, which is solved iteratively
through the Gauss-Newton algorithm.

The organization of thesis is as follows: In chapter 2 details of the shape reconstruction
problem and preliminary definitions required to formulate the solutions are described.
Then, the shape reconstruction algorithm for conducting objects which is based on
the analytical continuation of scattered field in terms of Taylor series expansions is
introduced in chapter 3. The concept of the modeling unknown scatterer by means
of inhomogeneous surface impedance, and the usage of this equivalent impedance
in shape reconstruction is addressed in chapter 4. In chapter 5 several numerical
results are demonstrated to show the validity and the capabilities of the both shape
reconstruction methods. The results achieved are concluded in chapter 6. Through the
i

thesis, time factor e '?! is assumed and factored out.






2. SHAPE RECONSTRUCTION PROBLEM FOR INACCESSIBLE,
PERFECT ELECTRIC CONDUCTING TARGETS

In this chapter, the details of the inverse scattering problem which is investigated
through this thesis and the associated assumptions which are necessary to formulate the

shape reconstruction methods, later presented in chapter 3 and chapter 4, are explained.

2.1 Inverse Obstacle Scattering Problem for 2D Case

Through the thesis, only two dimensional scattering problem illustrated in figure 2.1 is
considered, hence it is assumed that the shape of the scatterer does not change at Ox3
direction and the scatterer is infinitely long at that direction in terms of the operating
wavelength A. In this configuration, D is a perfectly conducting cylindrical body
whose boundary dD is assumed to be starlike shape, i.e., an arbitrary point on dD
can be represented in polar coordinates as (f(¢),®) where f(¢) is a real single-valued
function of ¢ € [0,27). The body D is located in a homogeneous infinite space whose
electromagnetic constitutive parameters are €, i and ©.

The inverse scattering problem considered here consists in recovering the boundary
of the object dD, i.e., the function f(¢), from a set of far field measurements of the
scattered wave. To this aim, the body D is illuminated with a time-harmonic plane

wave whose electric field vector E is always parallel to the Ox3 axis. This field is

given by:

E'= (0,0,u'(x)) 2.1
with

' (x) = e *xd  x cR2 (2.2)

where d = (cos0,sin0) is the propagation direction with incidence angle 6 and
wavenumber k which is the square root of k> = w?e 4 ioc 1. Due to the homogeneity
in the Ox3 direction, the total and scattered electric field vectors will have only x3

components, thus the problem is reduced to a scalar case.
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(€, 1, 0)

v

Figure 2.1: 2D cross section of the problem geometry which is considered for shape

reconstruction of PEC objects.

Let u(x) denote the total electric field then the scattered field, u*(x), is defined as the

difference between total field and the incident field
u*(x) = u(x) — u' (x)

and satisfies the Helmholtz equation

Au'(x) +k%u’(x) =0, xeR*\D

with the boundary condition

u(x)=0, xe€dD.

In addition u*(x) satisfies the Sommerfeld radiation condition

S
lim\/;<au —ikw) =0, r=|x

r—o0 8;"

and has an asymptotic behavior of the form

e ()}
lim (X)) = —<u"(X)+0| — )7, X=—
aim W) =T 1O ]

2.3

24)

(2.5)

(2.6)

(2.7)



uniformly in all directions. The function ¥ (X) is known as far field pattern of the
scattered field.

Here the direct scattering problem is defined as the determination of the scattered field
u®(x) or its asymptotic form u™(X) provided that the boundary dD and the incident field
u'(x) is known. This problem is well-posed and the uniqueness of the solution can be
proven under the assumption that Im(k) > 0 [33]. To solve the direct problem related
to arbitrary shaped obstacles, several numerical methods such as boundary integral
equations, finite element method are applicable.

The corresponding inverse scattering problem is defined as the retrieval of the
boundary dD from a given set of far field ¥ (X) data. This is a well-known ill-posed
problem and as pointed out in the introduction, several methods based on quite
different approaches have already been established. However due to the nature of the
inverse problem, there is no general solver which can handle all kind of configurations.
The uniqueness of the solution is proven under quite restrictive assumptions on the size

of the obstacle and on the variation of its boundary [2].

2.2 Surface Potentials
Through the thesis, surface potentials [33] have been extensively used. Thus basic
definitions are summarized here.

The Green’s function G(x,y) for the Helmholtz equation is the solutions of

AG(x,y) +K*G(x,y) = —8(x—y), X#Y, (2.8)
and is given by

Glxy) = () (x—y), x€ R\ {y) .9

where Hél)(.) denotes the zero order Hankel function of the first kind. It has an

asymptotic form as [x —y| — oo

eiﬂ?/4 ) 1
lim G(x)y)= ——— kXYl {1 +0 (—) } (2.10)
[x—y|—eo (x.3) \/8Tk|x —y| x—y]|

and has a logarithmic singularity when source and observer points coincide

1 1 i1 K\ C 1
lim G ——In{—|+-——In(=)-—+0(|x—y]’l
Xyl 0 (xy) 27rn<|x—y|)+4 27rn(2> T (‘X yl n|x—y|>

(2.11)




where C = 0.577215... is an irrational number known as Euler-Mascheroni constant.
In the numerical evaluation of the Green’s function, a special treatment is required to
avoid this singularity.

The single-layer potential and the double-layer potential are defined as

u(x) = / G(x,y)w(y)ds(y), xe€R>\aD 2.12)
oD

and

v(x) = %X)’,;)(p(y)ds(y), x e R?\aD (2.13)
oD

respectively, where w(x) and ¢(y) are called single- and double-layer potential
densities respectively and n(y) denotes outward surface normal. It is proved that
any solution to Helmholtz equation can be represented as a combination of single-
and double-layer potentials [33] and these potentials satisfy the Sommerfeld radiation
condition (2.6) as well. The single- and double-layer potentials can be extended to the

boundary by means of jump relations [33] and one has

s (%) = / G(x,y)w(y)ds(y), x€aD (2.14)
oD
2 ) - Y yw)asts) ¥ yux). x€aD @19
D
vy (x) = aa%g)w(p(y)ds(y) 4 %(p(x), X € dD (2.16)
oD

where subscripts + and — denotes to the limits obtained by approaching the boundary

dD from outside of D and inside of D, respectively.
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3. SHAPE RECONSTRUCTION BY ANALYTICAL CONTINUATION OF
THE SCATTERED FIELD THROUGH TAYLOR SERIES EXPANSION

In this section, a new shape reconstruction method for inaccessible PEC targets is
presented. The method basically consists of two steps. The first step aims to obtain
an approximate scattered field variation in the vicinity of the target to be reconstructed
from the given, noise corrupted far field pattern of the scattered wave, while the second
step is to reduce the problem into solution of a nonlinear system of equations through
the use of boundary condition on the surface of the unknown object.

In the first step, by utilizing the single-layer potential representation (2.12), the far
field pattern is modeled as if it is generated by an unknown potential density on the
boundary of a circular cylinder which is assumed to cover the unknown target with
a preferably minimum radius. The resulting Fredholm integral equation of first kind
is ill-posed. Thus it is inverted in a regularized fashion via truncated singular value
decomposition in order to solve the unknown single-layer potential density. With the
reconstructed potential density, it possible to calculate the approximate scattered field
in whole space outside of the minimum circle, while a Taylor series expansion of the
scattered field is exploited inside the minimum circle in the radial direction to get the
scattered field in the vicinity of the target.

At the final step, the Taylor series expansion together with the boundary condition
that the total field on boundary of the unknown target must vanish, is used to get
a polynomial equation which contains the shape of the target as unknown. This
nonlinear equation is solved iteratively with Gauss-Newton algorithm with the initial
guess chosen as the minimum circle. As demonstrated in chapter 5, the presented
method provides accurate reconstructions for both convex and concave obstacles even
when signal-to-noise ratio (SNR) is low. With a careful implementation, the method is
quite fast since the nonlinear equation is in a polynomial form and the coefficients

containing the derivatives of the scattered field become constants in the iteration
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procedure. Moreover only a few terms in the Taylor series expansion are enough when

the variation of the boundary is small in terms of the operating wavelength.

3.1 Backpropagation of the Scattered Field by Single-Layer Potential
Representation

As mentioned earlier, it is first considered a circle with radius p = a which separates
the space outside of the object into two parts i.e p > o and f(¢) < p < a. In the
exterior domain p > «, the scattered wave is expressed as a single-layer potential of

the form

.2z
wp,9)= i/H(()l) (k\/p2+ o —2pacos(¢ —7) ) Y(t)adr, p>a 3.1
0

with an unknown potential density function ¥(7) on the circle p = a. For the sake of
simplicity, it is assumed that k? is not at interior resonance, that is, k2 is not a Dirichlet
eigenvalue for the negative Laplacian in D. In this case, any solution to the Helmholtz
equation in the exterior of D that satisfies the radiation condition (2.6) can be indeed
represented as a single-layer potential [2]. Note that, in order to avoid the mentioned
restriction, one would need to replace the single-layer potential by a combined single-
and double-layer potentials [2]. In the inverse scattering problem considered here, the
scattered field is known in the far field region and (3.1) can be written in compact form

as follows:
SY = u™ 3.2)

for the unknown density W. By using the asymptotic form of Hankel function of the
first kind [34], the integral operator S is represented by

2r

eim/4 )
¢~ keos0=T)g (1) d. (3.3)

NG T /

(S¥)(¢)

Since S is a linear compact operator, (3.2) is severely ill-posed [2]. For this reason,
a kind of regularization has to be applied and only an approximation of the sought
function ¥ can be achieved [2, 35].

A convenient tool to solve (3.2) is provided by the Singular Value Decomposition

(SVD) [35]. For a linear compact operator S, the SVD is defined as the triple

12



Figure 3.1: The problem geometry for the shape reconstruction method based on
Taylor series expansion. «: radius of the minimum circle, B: radius of
the circle where the scattered field is expanded to Taylor series.

{Or, @r,v,} such that:

S¥ =Y o (¥ 0)vr (3.4)
r=1

which provides the explicit inversion formula

> 1
Y= —(u”,v) 3.5)
—1 Or

—

where (,) denotes the inner product in the proper space. Due to the properties of
the kernel of the operator S, the singular values o, accumulate to zero exponentially
fast as r — o [35,36]. In presence of uncertainties on data, this behavior leads to
unstable solutions, as contributions related to high order singular values are completely
overwhelmed by noise [35]. A possible way to overcome this instability is given by
the regularized solution provided by truncated SVD (TSVD) inversion formula:

R = ¥ L g, (3.6)

0,>0p
in which the truncation index R acts as regularization parameter. In particular, accuracy

of the approximation introduced in (3.6) requires R to be large enough, whereas in
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order to restore stability and reduce the effects of noise R is needed to be small enough.
Consequently, selecting a proper regularization parameter is crucial on the accuracy of
the reconstructed scattered field. In order to tackle this tradeoff, one can exploit the

Morozov’s discrepancy principle [37]
|s¥®) —a=|* < 8, 3.7)

which provides a practical strategy to select a proper regularization parameter when a
priori knowledge is available for expected noise power 6.

By applying TSVD inversion (3.6) to (3.3), one can reconstruct the single-layer density
¥ (y) which yields to obtain the scattered field and consequently the total field u(p, ¢)
in the region p > o from the measured values of the far field pattern u*(¢). However,
due to the above mentioned “smoothing” properties of the kernel of the operator S,
this reconstructed field would actually be a low-pass version of the actual one. In
particular, as the field in the vicinity to the boundary dD is expected to have a larger
high-frequency spectral content [38], the accuracy of this approximation worsens as
p — «. As it will be shown in the following, this circumstance has also to be taken
into account in the choice of R. Interestingly, as this undesired and unavoidable loss
of accuracy in the reconstruction of the close-proximity scattered field is less critical
for scatterers whose size is comparable or lower than the working wavelength [38], in
the following only this class of scatterers is considered. Numerical implementation of

TSVD inversion is later discussed in Appendix A.

3.2 Analytical Continuation of the Scattered Field through Taylor Series
Expansion

Let us now turn to the interior region f(¢) < p < a. Within the approximation
introduced by the TSVD inversion and the above recalled limitations concerning the
size of the body, the total field in this region can be obtained by using the field u*(p, ¢)
given by (3.1). In particular, u(p, ¢) is expanded into a Taylor series in terms of p

around the circle p = 3, where o < B, see figure 3.1, as follows [39,40]:

, M
u(p,§) = "0 L N ¢ (p—B)"+Ru(p.9), pE(f(9)B] (3.8)
m=0
with coefficients
1 a"u*(B,9)
" = ﬁ—ap’" 3.9)
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and remainder term

P

1 ) aM—I—l K /’ ,
Ru(p.9) =7 [(0—p >MW@. (3.10)
B

The m’th order derivatives of u*(p,¢) at p = B appearing in the right hand side of

(3.9) can be obtained from (3.1) and one has

o"(B.o) o | O

apm = Z / W lP(T)dT (3.11)

p=p

[Hél)(k\/p2 +o?—2pocos(p — ’L')]

Although u(p, @) is a regular function of p, in general, the remainder term in (3.8)
does not necessarily tend to zero for all p € (f(¢), B], that is, the corresponding Taylor
series does not always converge down to the surface dD. Nevertheless, by neglecting
the remainder, the Taylor formula is exploited as an approximation within the inverse
algorithm described later.

It should be noted that u(p,¢) could also be expanded into a Taylor series around
the minimum circle p = . However, in such a case, the integral appearing in the
right hand side of (3.11) becomes singular due to logarithmic singularity of the Hankel
function (2.11) as its argument goes to zero. Thus it becomes quite difficult to evaluate,
especially for higher order derivatives of u(c, ¢). Hence, to avoid this difficulty, the

scattered field is expanded to the Taylor series around the circle p = 8 > «.

3.3 Reconstruction Algorithm for Singleview Case

Since the total field u(p, ¢) in the whole region p > f(¢) can be estimated through
(3.1) and (3.8), the reconstruction of the boundary dD can now be achieved by
searching those points where the total field vanishes. Substituting (3.8) in (2.5) and

neglecting the remainder term (3.10) yields
Fy(f)=0 (3.12)

where Fj; is the nonlinear operator given by

M
Fy(f) = e ®eos0=0) 4 V' ¢, (f = B)™. (3.13)
m=0

Note that, for given data, the coefficients ¢, in (3.13) are all known through the
relation (3.11). Thus the reconstruction problem is reduced to the solution of nonlinear

equation (3.12) for the unknown function f.
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The accuracy of the Taylor series in (3.8) (neglecting the remainder for p = f(¢)) is
related to Ipz_ﬁ\, which is the distance between the surface dD and the circle p = 3 for a
certain ¢. If the circle p = B is close to the surface (with respect to the wavelength) and
the surface function f(¢) is a slightly varying one, the distance |f(¢) — | becomes
small. Therefore, provided that the above condition (which entails some limitations
on the angular variability of the unknown profiles) is fulfilled, the number M which is

the truncation number of the series (3.8) can be small. To select the appropriate M, a

threshold value 8 is chosen and the series (3.8) is truncated at the smallest M satisfying

cm (min[f(9)] - B)"| < 6. (3.14)

As this expression requires a knowledge of (¢ ), which is the unknown of the problem,
from a practical point of view an estimate of M can be achieved by substituting
min[f(¢)] = a/2 into (3.14).

The nonlinear equation (4.32) is solved iteratively via Newton method [40]. Hence, for

an initial guess fo, the nonlinear equation (3.12) is replaced by the linearized equation

Fu(fo) + Fy(fo)Af =0 (3.15)

where Af = f — fo, which needs to be solved for Af in order to improve an approximate
boundary dD given by the function f; into a new approximation with surface function
fo+Af. In(3.15) F, 1\//1 denotes the Fréchet derivative of the operator Fy; with respect to
f [2]. Tt can be shown that F}, reduces to the ordinary derivative of Fj,; with respect to
f-

The Newton method consists in iterating this procedure, i.e.: solving

for Afi,1 to obtain a sequence of approximations through fi1 | = fi +Afi+1. As this
solution will be sensitive to errors in the derivative of Fj; in the vicinity of zeros, a finite
dimensional approximation of Af is looked for in order to obtain a stable procedure.
In particular, the approximated solution is expressed in terms of a linear combination

of some basis functions ¥,(¢), p=1,...,P, as

,
Af(9) = Z]apﬁpw). 3.17)
=
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Then (3.15) is satisfied in the least squares sense, that is, the coefficients ay,...,ap in

(3.17) are determined so that for a set of grid points ¢',..., ¢’ the sum of squares

J . P . . 2

Y [Fu(f(07)) X apBp(¢7) + Fiu(£(97)) (3.18)
j=1 p=1

is minimized.

The number of basis functions P in (3.17) can be considered as a further regularization
parameter. As a matter of fact, choosing P too large may lead to instabilities due to
the ill-posedness of the underlying inverse problem, while choosing P too small would
result in poor approximation quality. On the other hand, a reduction of the number P of
unknown coefficients has a beneficial effect in reducing occurrence of false solutions,
which may arise due to the nonlinearity of the problem. Hence, one has to compromise

between stability and accuracy and in this sense P serves as a regularization parameter.

3.4 Reconstruction Algorithm for Multiview Case

The reconstruction algorithm explained in section 3.3 is designed to exploit singleview
data corresponding to a single illumination at a fixed frequency but it cannot utilize
multiview data when more than one illumination is employed. In such a case, one may
attempt to solve the inverse scattering problem for each illumination, then averaging
the reconstructions to achieve a final solution. Although it may provide a reasonable
reconstruction depending on the noise level, the improvement of the reconstruction
quality is limited [41]. Instead here a global solution which can utilize all the available
data simultaneously is searched for. This is quite important since the unknown
boundary dD is actually independent from the source excitation. Moreover as it
will be demonstrated later in chapter 5, by exploiting multiview data, it becomes
possible to reconstruct larger targets in terms of wavelength, which are not possible
with singleview data.

Let u,(x) denote the total field corresponding to n’th illumination with incidence angle
6,. For each illumination, the procedure explained in section 3.3 provides a complete
characterization of the field in whole region exterior to the target. Therefore, since
the total field u,(p, ¢) for any p > f(¢) can be estimated through (3.1) and (3.8), the
reconstruction of the boundary dD can be achieved by searching those points where,

according to the boundary condition, this latter field vanishes.
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As given in the previous section, for a single illumination 6,, the above can be
formulated as the solution of the nonlinear equation which arises from the Taylor series
expansion (3.8) by neglecting the remainder term:
Fa(f) = e M09 1 3 o) (5 pym. (3.19)
m=0
where the truncation index M can be small provided the unknown shape is sufficiently
smooth [13]. As the operator in (3.19) changes with the incidence direction, for each
illumination, a different solution for the surface function f, say f;, is solved. On the
other hand, the function f is actually independent of the illumination direction, so that
one can simultaneously exploit all the multiview data by simply recasting the problem
as the system of nonlinear equations:
F(f)=0
(3.20)
Fn(f)=0
for the unknown surface function f.
The nonlinear system (3.19) is solved iteratively via Gauss-Newton algorithm [42]. In
particular, given an initial guess fj, at each iteration one has to solve the system arising
from linearization of (3.19) in the Newton sense [13]:
F{(fi) Fi(fi)
Afip1=— : (3.21)

Fy(fi) Fy(fi)

where f; is the estimated shape at the i-th iteration and Af;;; provides the updated
shape fi+1 = fi+Afit1. In(3.21) the term F| denotes the Fréchet derivative of F,, with
respect to f;, which reduces to the ordinary derivatives since in the present cases the
operators are the polynomials of f;.

In a similar manner to the reconstruction algorithm in singleview case, the solution of
the linear system (3.21) is sensitive to errors in the derivative of F1<, in the vicinity of
zeros. Thus a finite dimensional solution is sought by expanding Af to a series as in
(3.17). Then, by substituting (3.17) into (3.21) and discretizing ¢ into Q collocation

points @1, ... g, the system is recasted 3.21 in a matrix form as:

Jr(fi)xir1 = =V(fi), (3.22)
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which leads to the least squares solution

xie1 = — [T (Ir() TR (V). (3.23)

In (3.22) and (3.23), the column vector x; | contains the P coefficients of the expansion
(3.17), the (N x Q) x P matrix Jr denotes the projection of the matrix F’ over the basis
functions, the (N x Q) x 1 column vector V corresponds to the value of F' at collocation
points and J} is the adjoint of the matrix Jr. For a fixed threshold 8, the iterative

process is stopped when the condition ||x; ] — x;|| < J is satisfied.
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4. SHAPE RECONSTRUCTION BY INHOMOGENEOUS SURFACE
IMPEDANCE MODELING

The impedance boundary conditions (IBC) provide a relation between the electric
and the magnetic field vectors on a given structure in terms of surface impedances
[43, 44]. In general, the surface impedance is a tensor which can be reduced to
an inhomogeneous scalar under certain assumptions. In scattering theory, IBCs are
essential tools to model electromagnetic characteristics of complex materials in order
to simplify the formulations and reduce computational costs [45,46]. To determine the
surface impedance for a given scatterer, the general approach consist of first solving
direct electromagnetic scattering problem and then obtaining the surface impedance
from the electric and the magnetic field vectors on a given surface. To this aim, various
analytical and approximate methods for canonical geometries have been established in
the open literature [43,44]. On the other hand, the surface impedance of a scatterer
can also be obtained by using the scattered field collected through measurements on a
certain domain. In such a case, it is considered as an inverse scattering problem whose
aim is to get the electric and the magnetic fields on the boundary of the object in terms
of the measured data [47—49].

Within this framework, here the aim is to develop a new shape reconstruction method
based on creating an equivalent scattering problem in terms of standard impedance
boundary condition (SIBC). In particular, the unknown perfect conducting target is
modeled as a circular impedance cylinder, having inhomogeneous surface impedance.
As a matter of fact, as long as the impedance cylinder is enclosed inside the unknown
target, by virtue of equivalence, the two scatterers generate same field distribution in
the whole space outside of the unknown target. In order to determine the equivalent
surface impedance, first the measured far-field data which are corrupted with noise,
are backpropagated to the surface of the equivalent impedance cylinder through the
regularized inversion of the single-layer potential [48]. Then, the surface impedance is

recovered by exploiting the SIBC imposed over the impedance cylinder. Since the
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reconstructed surface impedance enables to represent scattered field outside of the
unknown target, the retrieval of the unknown shape turns out to be the solution of
a nonlinear optimization problem, which is solved iteratively via the Gauss-Newton

algorithm [14].

4.1 Equivalent Representation of the Unknown Target in Terms of
Inhomogeneous Surface Impedance

This section is devoted to discussion of creating an equivalent direct scattering problem
in terms of inhomogeneous surface impedance modeling. As illustrated in figure 4.1
the problem configuration is same with the previous configuration explained in section
2.1.

Let u;’(X) denote the far field pattern of the scattering wave from the PEC target D,
corresponding to n’th illumination (n = 1,2,...,N) with an incidence angle 6,. Here
the main focus is to determine the normalized surface impedance 1, (x) from u;, (X) on
an impedance cylinder with radius |x| = y which generates the same field distribution
in the region outside of dD. To this aim, the impedance reconstruction algorithm [48],
which is briefly summarized below, is exploited.

It is assumed that on the surface of the equivalent object the standard impedance

boundary condition [50],
—nx (i xE)=Z(x) i x H, 4.1)

is satisfied, where E and H are the total electric and magnetic field vectors and fi is the
outward unit normal vector. In (4.1) Z(x) is the surface impedance to be determined
which is assumed to be a function of the location. It can be proven that (refer to

appendix B) in the problem configuration (4.1) is reduced to a scalar relationship

u ik
%<X) +

u(x) =0, 4.2)

where 71(x) is the normalized surface impedance defined by

Z(x)

=, 4.3)

n(x) =

and Zy = § denotes the intrinsic impedance of the background medium with &’

being the complex dielectric permittivity. Since both problems have the same field
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(€. 1, 0)

Figure 4.1: The problem geometry for the shape reconstruction method based on
equivalent surface impedance modeling. 7y: radius of the equivalent
impedance circle.

distributions outside of D, the unknown surface impedance 1(x) can be determined
from the measured far field of the actual scatterer.
It proves convenient to divide the problem into two parts. In the first part, a proper
representation of the scattered field in the region external to the auxiliary object
is determined. Later, the equivalent impedance which is obtained through such
representation is exploited to retrieve the unknown surface. It should be noted that,
in the first part the scattered waves are handled separately for each incidence, whereas
in the second one they are exploited simultaneously.

As far as the first step is concerned, the single layer-potential representation provides

a convenient way to model the scattered field from PEC target. In a similar way to

the shape reconstruction method explained in chapter 3, a regularized single-layer

potential inversion is exploited to determine an unknown surface potential density
¥, (x) on the impedance circle. When the potential density on |x| = ¥ is reconstructed,

the total field and the normal derivative of the total field can be evaluated by using the
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jump conditions for single-layer potential (2.14) and (2.15).

Un(X) = ul(x) + / G(x,y)¥,(y)ds(y), xedl 4.4)
ar
%(X) = %(X) +ar %Z;)Y)‘Pn(y)ds(y) - %\Pn(x), xedl 4.5)

In principle, in view of (4.2) the surface impedance can be obtained from the values of

the total field u, and its normal derivative du,/dn on |x| = y via

(4.6)

Possible zeros of the denominator on the right hand side of (4.6) are eliminated in the
least squares sense and here and in the sequel, it is assumed that 717,(x) # 0 for all
x| = 7 [48,51].

For the numerical evaluation of these singular integrals in (4.4) and (4.5), first they are

parameterized as:

sin

. 2z
Mn((P) :e—ikycos((p—@,,) +%//H(§l) (2](7
0

’ D W(7)dr, @.7)

du, . . —ikycos(¢p—6,)
p (¢) =—ikcos(¢ —6,)e
o 4.8)
_iky . 0—T| (1) .07 1
5 sin — ‘Hl 2ky |sin 5 ¥(r)dt Z\P(ﬁb)

0
then Nystrom method which is later discussed in the next section is applied.

4.2 Reconstruction Algorithm

Since the surface impedance is determined through (4.6), the direct scattering problem
related to the equivalent configuration in figure 4.1 can be solved in order to get the
field in the exterior region |x| > y. The field calculated in the region between the
impedance circle and the boundary of the unknown obstacle, is not physical, but it is
identical to the one created by the original object in the region outside of the unknown
object R?\ D.

The direct scattering problem related to the equivalent problem can be solved by

applying Green’s representation theorem [2]. The scattered field #° has the following
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representation in region |x| > y

0= [{e e S ey b at, xeBAL @)

ar

Similarly, the incident field ul is represented with [2, 48]
8G (x ou' . _
0= / [ 2500 2 )6y bulyasty), xR\ T @10

By combining (4.9) and (4.10) together with (4.2), the following representation for the

scattered field in term of single- and double-layer potentials is obtained

S (x) — dG(x,y) ik . L4(v\ds x e R2\T
v >—a{ {0t 4 G fus(y), e FAT @1

Extending the representation to the boundary JI" by using the jump conditions given

in (2.14) and (2.16) yields to the following singular integral equation.

) / { IG(x y i(’; ) G(x,y)} u(y)ds(y) = 26(x), x€ar 4.12)

For the numerical treatment of this singular integral equation (4.12) and the integrals
appearing in (4.4) and (4.5), Nystrom method which takes proper care of the
logarithmic singularity of the fundamental solution is used [52,53]. In particular, with
Nystrom method a singular integral equation is divided into singular and non-singular
parts. While the non-singular part is simply calculated with trapezoidal rule, the
singular part is approximated with a special quadrature rule. Since the singular
integrals in (4.12) are all defined on the boundary dI" which is a circle with radius
7. the required calculations are greatly simplified. Hence here the Nystrom method is
summarized in a form as it is applied to the integral equations in (4.12). Parameterizing

X as

x(¢) = (ycos¢,ysing), ¢ €[0,27) (4.13)

yields the following parameterized integral equation for (4.12)

- [ K9 o)z = g(9). 4.14)
0

where v(¢) = u(x(¢)) and g(¢) = —2u’ (x(¢)). The kernel of (4.14) can be written as

K(¢,7) = L(¢,7)+ M(¢,7) (4.15)

n(7)
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where L(¢,7) and M(¢, ) is given by

L(¢,7) = ”‘7" sin? 5 P (Zky sin? 5 ‘ D (4.16)
M(9,7) = 1;;/ (0 (2ky sin? S ’ D 4.17)

Both L(¢,7) and M(¢, ) can be separated into singular and non-singular parts as such

L(¢,7) = Li(¢,7)In (4sin2¢_r) +Lo(9,7) 4.18)

M(9,7) = Mi(9,7)In <4sin2¢gf) +Mo(9,7) 4.19)

where

Ly(,7) =— 2k sin? =1/, < sin 2 D (4.20)
Ly(9,7) =L(¢,7 (4 sin’ ) (4.21)

Mi(0,7) = — 2lJO (Zky sin? . D 4.22)

M>(¢,7) =M(p,7) — M, (¢,7)In <4sm2 ¢ - 5 ) (4.23)

The diagonal terms further simplifies to:

L2(9,0) = L(11) = o @24

M2(¢,¢):%{7—c—1 (kg)} (4.25)

As seen in above equations, the logarithmic singularity of the fundamental solution is
separated as in the form of In <4 sin? 2% ) Later integrals regarding to this singular
part is approximated with the quadrature rule for an equidistant set of nodes ¢, =

yn,n=0,.,2N~-1

2N—1
/ln (4sm ) Ades 1 R 0<¢<2m (4.26)

with the quadrature weights given as [2]:

V) gy 2B T T _ _
RY(0) = =37 X Jcos(n(0—00)) Treos(N(9 — ) 1 =02~

(4.27)
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and the non-singular parts are calculated through trapezoidal rule:

2 o 2N-1
[r@ar=3 Y (g 4.28)
0 n=0

Consequently, the integral equation (4.14) is replaced with the approximating equation

2N—-1

W)= X {RM@IK(0.00) + 1 Ka(0,90) M (0) = g(0) (429)

n=0

By further discretizing v’ = v¥)(¢,,), m = 0,1,...,2N — 1, the solution of (4.29) is

reduced to finite dimensional linear system of equations

IN—1
T

W= X R K (G 00) L Ko )} = g(0n), m=0,1,.2N 1
4.30)

where

N—1 X
w)  2m 1 nxw, (—1)y'=nm B
R\ __WE;COS( N ) — N x=0,1,....2N—1 4.31)

Once the resulting system of linear equation is solved, the scattered field u}, for each
illumination is calculated through (4.11). With the knowledge of the total field, the
unknown shape dD can be reconstructed by searching the points where the total field

for each experiment vanishes according to the boundary condition (2.5), which yields:
4.32)

where F,(f) are the nonlinear operator corresponding to n’th measurement and is

explicitly given by
E(f(9)) = ¢ ikf(@)cos(9—6,)

n ky T £(6) = yeos(9 — ) ' (4.33)
l — YCOS — (1) 1 (1) .
+TO/{ | H, (k|R|)+WH0 (k|R])}un(7:)d*c
where
R=1/12(0) + 7~ 2£(9)ycos(9 — 7). (4.34)

Thus the shape reconstruction problem is reduced to the solution of a set of nonlinear

equations (4.32) for the unknown function f(¢). To solve (4.32), the Gauss-Newton
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algorithm which is previously explained in section 3.4 is exploited. Briefly, (4.32) is
first linearized in Newton sense as in (3.15) where the Fréchet derivative F’ is explicitly

given by:

F'o(f(9)) =—ikcos(¢ — en)g—ikf(a))cos(q)—e,,)_I_

”‘Ty Z(AOHél)(kR) +A1H1(1)(kR)) ¥(7)dt (433
where
o= K res(s =00y~ peosts—) w36
and
A, — (kR (p —yeos(T — ¢)) +i(=2yp + (v’ +p?) cos(z— ¢)) (7)) a3

Rin(z)
The difference A f which updates the reconstructed shape at each iteration is expanded

into a series (3.17) to search for a finite dimensional solution in order to reduce

instabilities. Thus the resulting system of linear equations are given as

Fo1(¢) F{ta(9) - F{Op(9)| |a F
Fl F! .- FIO F
2 1(‘P) 2’9:2(47)) 2 1:"(‘15) 61:2 _ :2 4.38)
Fy01(9) Fyda(9) - Fyop(9)] |ar Fy
which can be written in a compact form as follows:
Je(fi)xir1=—V(fi), 4.39)
Later the least squares solution is achieved by iterating
xip1 = — [T (f)Ie ()] TRV (i)- (4.40)

until the inequality ||x;1; —x;|| < O is satisfied for a predefined threshold §.

28



S. NUMERICAL RESULTS

Two analytical continuation based shape reconstruction methods for inaccessible,
perfect electric conductors are presented in chapter 3 and chapter 4. Here, numerical
validations of the presented methods are addressed. To this aim, several numerical
simulations are performed in order to reveal both capabilities and the limitations of
the methods. Moreover, by using the same problem configurations, methods are
compared by means of the accuracy and the numerical efficiency. The quality of the
reconstructions is quantified with the reconstruction error err defined as:
o =TIl \/zn £(60) = F(0,)
1711 L lf(9n)?

where f denotes the estimated shape.

(5.1)

As noted before, only starlike, smooth boundaries with parametric representations

ID :={(x1(¢),x2(9)) : ¢ € [0,27)} (5.2)

are considered for the numerical simulations. The far field data is synthetically
generated by solving the associated direct scattering problem through a mixed
representation of single- and double-layer potentials [33]. By using the jump
conditions on the boundary, the direct problem is transformed into the solution of a
singular integral equation which is again handled with the Nystrom method outlined
in section 4.2. In all simulations, the far field pattern is sampled at total 7 = 60
equiangular points and a random noise term is added to the sampled far field data

as:
i (%) = ™ (8) + §|u” (%) ], (53)

where £ > 0 is noise level and r, is uniformly distributed random variable between
[0,1), to assure the stability of the reconstructions. In this case, the corresponding
signal-to-noise ration is SNR = —201og;, &.

In the application of the least square solution (3.17), the basis functions are chosen as
Oy(9) =e P’ p=0,+1,..+P, (5.4)
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which in turn, means the expansion of the unknown function to a Fourier series. As
the Fourier series is truncated for numerical evaluation, the estimated shape becomes

smoothed replica of the exact shape.

5.1 Numerical Result for the Method Based on Analytical Continuation of the
Scattered Field Through Taylor Series Expansion

Before advancing into numerical result, here the details of numerical implementation
will be discussed. The method is quite suitable for vectorization, thus it is possible to
write quite fast programs implementing the method. In fact, each of the simulations
performed in rest of this section took less than 5 seconds on a standard PC. One major
problem in numerical implementation is calculation of the derivatives in (3.11). It is
not possible to simplify them in a straightforward manner, thus symbolic computation
techniques are used for numerical evaluation. The complexity of the derivatives
increases nonlinearly as the order M increases. Since it is not proven that the Taylor
series expansion of the scattered field (3.8) is always convergent to the surface,
for practical purposes, the order M of the derivatives is limited to 5 or less in the
simulations. It should be noted that one can attempt to take advantage of the addition

theorem

(\/p + o2 —20p cos(¢ —‘L') ZJkp ka)e" 0% p <o

i (5.5)

by truncating the series for the numerical evaluation. In this case it is possible to take
the derivatives in a simple manner [34]

M (kp) _ k

—ap( p M Z < > n—M—2m (kp) (5.6)
Although this approach approximates lower order terms with a reasonable accuracy, it
does not converge sufficiently fast to higher order derivatives. Thus it is not suitable
for numerical evaluation of the derivatives in (3.11).

As a first example, an object whose boundary dD; is given by the normalized

parametric equation
x1/A =0.2(cos¢ +0.2cos3¢)

(5.7)
xp/A =0.2(sin¢ +0.2cos3¢),

30



is considered. The object is illuminated by a time harmonic, plane wave with incidence
angle 6; = 0 at f = 300MHz. A random noise with & = 0.01 is added to the far field
pattern, thus SNR = 40dB. In order to demonstrate how the proposed approach works,
in this example it is assumed that the radius of the minimum circle @ = 0.25A is known
a priori.

The first part of the method is concerned with the reconstruction of the scattered field
in the vicinity of the object from the knowledge of the noisy far field pattern. To
apply the TSVD inversion method described in section 3.2, it is needed to choose a
proper regularization parameter R. Before advancing into details of the method, here
the selection of regularization parameter is discussed. In figure 5.1 general behavior
of singular values is shown. As it can be observed, the singular values of the far field
equation (3.3) are grouped as pairs and rapidly decays. As a result of the ill-posedness
of the underlying problem, the discretized version of (3.2) becomes ill-conditioned.
For this example the condition number is k = 5.9244 x 10'6 and it is not possible to
calculate the correct inversion of the system of linear equations without improving its

condition number. By truncating the singular values and their corresponding singular
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Figure 5.1: Variation of the normalized singular values in the TSVD inversion of the
far field equation
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vectors, the higher order singular values are discarded. As a result, the regularized
matrix shares the same characteristics such as having the same matrix norm but it is
better conditioned so that it is possible to numerically evaluate the inversion. Moreover
by discarding the higher order singular values, the noise on the data is filtered to some
extent since the higher order singular values are more likely to be corrupted.

To select a proper regularization parameter R, as described in section 3.2, the
Morozov’s discrepancy principle is utilized [37]. Figure 5.2 depicts how the optimal
parameter is selected. By plotting ||S¥(") — u*|| in logarithmic scale, the index of the
first singular value of which the values is smaller than the predetermined threshold
is selected. For this example R is selected as 9. The major disadvantage of this
approach is that in order to determine the threshold, an estimate of the noise power is
needed, but such an estimate may not be available in practical cases. Another possible
method which does not require the estimate of noise power is so called “L-curve”
approach [54]. By plotting ||S¥(") — u>|| vs |[#(")|| in a logarithmic scale, generally a
L-shaped plot appears. The regularization parameter is the index of the singular value
which is on the corner of the L-curve. In figure 5.3, the plot of L-curve is shown. Here
again the truncation index is chosen as R = 9.

When the regularization parameter is fixed, by inverting (3.2) the single layer potential
density is solved. In figure 5.4 the variation of the amplitude and the phase of the
reconstructed single-layer potential density ‘P(R)(T) are shown. As a result of the
symmetry in the problem configuration, g(R) (1) is symmetrical as well. To confirm
the effectiveness of the single-layer potential inversion, the scattered field on the circle
B = 0.3 is calculated by the use of reconstructed single-layer potential density.
Figure 5.5 shows the comparisons between the amplitudes and the phases of the exact
and the reconstructed scattered field values, respectively. As it can be observed, the
regularized analytical continuation through single-layer potential approach yields a
very accurate result for the phase, while the reconstructed amplitude is slightly affected
by the approximation introduced by the TSVD. In any case, it appears that the method
provides a good approximation of the scattered field, even in presence of noise on data.
This is a very important point, as the reconstruction algorithm given in section 3.3
exploits the knowledge of the scattered field and its derivatives on the circle p = 3.

As these required values are calculated through the analytical continuation of the
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Figure 5.4: The amplitude and the phase of the reconstructed single-layer potential
density

measured data to the minimum circle, the overall performance of the method is closely
related to the accuracy of the reconstructed field.

In the second step of the method, the estimated field is used to build the nonlinear
functional (3.13) and the Newton minimization is performed. Figure 5.6 illustrates
the exact and reconstructed shapes. As it can be observed, it yields to be a very
accurate reconstruction. Here, the number of terms in the Taylor expansion is M = 3,
the minimum circle is used as the starting guess and the number of basis functions is
P=09.

The shape of the target in the first example is simple and only single illumination is
enough to achieve satisfactory reconstruction. In order to reveal the behavior of the

method in the case of complex shapes, an object with parametric boundary dD, given
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Figure 5.5: Comparison of the reconstructed and the actual scattered fields on a circle
with radius p = 8 = 0.31.
by

x1/A =0.48cosd +0.20cos2¢ —0.12
(5.8
X /A =048sing, ¢ €[0,27].

which has quite apparent convex and concave regions is considered. The object is
illuminated with a set of plane waves with incident angles 68; = 0,6, = %, 03 = m and
04 = 37” at f = 600MHz. A random term with & = 0.0316 (SNR = 30dB) is added
to the simulated data. Here it is assumed that a good estimate about the size of the
target is available so the radius of the minimum circle is selected as o = 0.644 while
B = 0.80A. Other simulation parameters are M = 4 and P = 9. The reconstructed
shapes are shown in figure 5.7(a), figure 5.7(b) and figure 5.7(c) for the incidence
directions 6; = 0, 6, = % and 63 = m, respectively. It is observed that the method

provides quite accurate reconstructions on the illuminated side but the quality of the
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Figure 5.6: Comparison of exact and reconstructed shapes of the object given by the
boundary dD; with a single illumination.

reconstructions degrades gradually on the unilluminated side depending on the noise
level and the complexity of the unknown shape. In order to demonstrate the effects of
the multiview configuration on the quality of reconstructions, two illuminations in the
opposite directions are considered and successful reconstructions are obtained for the
illuminations with 8; = 0 and 63 = 7 in figure 5.7(d), and for the illuminations with
6, =% and 64 = 37” in figure 5.7(e). The last simulation for this example is performed
for the case the object is illuminated in four directions and the result is shown in figure
5.7(f). As the reconstruction in figure 5.7(f) is not superior as compared to simulations
with two opposite incidence directions, it is concluded that there is an upper limit on
how much the reconstruction quality can be improved by introducing multiview data.

The third example is dedicated to show how the selection of minimum circle affects

the quality of the reconstructions. Since the method uses Taylor series expansion
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Figure 5.8: Comparison of the exact and reconstructed shapes of the object with the
boundary d D5 for different estimation of the radius of the minimum circle.
(a) ¢ = 0.48A (exact) (b) @ = 0.64 (c) ¢ = 0.672A (d) ¢ = 0.241
of the reconstructed field, the distance ‘f@’lﬂ should be small so proper selection
of the radius of minimum circle o is important for computational purposes. In
the open literature, there are proposed method for estimating the convex hull of the
target [55,56]. The method presented in [56] estimates the radius of minimum circle
as AW = 2ko where the spatial bandwidth AW is determined through the Fourier
analysis of the scattered field. However it is reported that the approach works better for
electrically large objects [56] while the estimate is generally larger than actual radius
for electrically small objects [13]. Instead of attempting to estimate the minimum
circle, here the main focus is to determine the limitations of the method depending

on the radius of minimum circle. To this aim, a rounded square whose parametric
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boundary dDj is given by

x1/A =0.24(cos’ ¢ +cos¢)

5.9
X2/A = 0.24(sin’ ¢ +sin¢)
is considered. The object is illuminated with four different incident angles 6; =
0,6, =7%,03 =7 and 64 = 37” at f = 1200MHz. Other simulation parameters are
P=5fy=0oa,M=>5and & =0.0316 (SNR = 30dB). The reconstructed shape with
a correct minimum circle o = 0.48A is shown in figure 5.8(a). Other parameters are
B =0.72A,Ry = 11,R, = 10,R3 = 11,R4 = 10. Although the method is unable to
catch the corners exactly, the reconstruction is very successful. The reconstruction
shown in figure 5.8(b) is produced for the parameters o = 0.64,8 = 0.8A,R| =
12,Ry, = 13,R3 = 12,R4 = 13. In this case, while the estimated minimum circle is
25% larger than previous simulation, the reconstruction is still very accurate. The
same simulation was repeated for larger estimates of the minimum circle and it
was observed that, for this example, the reconstructions become unreliable when
the estimates are around 50% or larger than the exact radius. In figure 5.8(c) the
simulation with a 40% larger minimum circle is shown. The simulation parameters
are o0 = 0.672A, = 0.84A,R; 234 = 11 and the reconstruction error is comparable
to previous results. The last simulation for this example is performed when the radius
is underestimated. The reconstruction in figure 5.8(d) is produced for the parameters
o =024A,8 =0.44A,R; = 11,R, = 10,R3 = 11,R4 = 10. From these figures, it
is concluded that the method can tolerate the variation of the radius of the minimum
circle.
The sizes of the targets in previous examples are all smaller or comparable to the

wavelength. Hence, as a last example, a larger object in terms of the wavelength whose

boundary is given with the parametric equation

x1/A = (1.74+0.3cos2¢)cos ¢
(5.10)
x2/A = (1.74+0.35in6¢ ) sin @

is considered. The object is illuminated at f = 1800MHz with six different incidence
angles 8; =0, 6, = %, 6; = ZT”, 0y=m, 05 = %” and 65 = 5?” The simulated data is
corrupted with a higher noise level & = 0.316 (SNR = 10dB) as compared to previous
examples. The simulation parameters are o = 2.1A, B = 2.224, Rj». ¢ = 19 and

P = 11. The reconstructed shape is shown in figure 5.9. For this simulation selecting
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Figure 5.9: Comparison of the exact and reconstructed shapes of the object given by
the boundary dD.

initial guess equal to the estimated minimum circle does not work, so the initial guess
is chosen as fy = 1.74A. Here it should be noted that since the method is quite fast, it
is possible to repeat the simulation with different initial guesses to check the validity of
the reconstruction. With this example, it is concluded that the usage of multiview data
enables to reconstruct larger shapes in terms of wavelength. Besides, angle diversity
enhances the robustness against noise.

As a final remark, let us note that, in order to avoid the solution of the nonlinear
equation (3.20), one could consider to “directly” obtain the reconstruction of the
unknown shape by simply plotting the total field as given by (3.8) inside the minimum

circle and observing points where this field vanishes. Unfortunately, such a simple
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strategy is not effective as it is not able to provide any reconstruction of the boundary

of the object in the shadow region.

5.2 Numerical Results for the Method Based on Inhomogeneous Surface
Impedance Modeling

Here, the simulations performed in the previous section are repeated with same noisy
far field pattern for the method based on inhomogeneous surface impedance modeling,
explained in chapter 4. This enables direct comparison of the methods as well as
numerical validation of the impedance modeling based method.

Analogously, the first example is devoted to demonstrate how the surface impedance
modeling based method works. Here the boundary defined in (5.7) is considered with

the same source configuration. The real and the imaginary parts of the reconstructed
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Figure 5.10: Real and imaginary parts of the reconstructed, normalized surface
impedance
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surface impedance 7M(¢) on a circle with radius y = 0.154 are shown in figure
5.10. Due to the symmetry in the problem geometry in the illumination direction,
a symmetry in the reconstructed 71(¢) is apparent as well. Later in figure 5.11 the
amplitude and the phase of the reconstructed scattered field on a circle with radius
0.3A is shown. This result is quite similar to what is achieved with the first method in
figure 5.5.

To validate the reasoning of modeling the unknown target with an inhomogeneous
surface impedance, the 2D spatial variations of the total field is plotted in figure 5.12.
As it is observed the variation of the total field which is calculated by using the
reconstructed surface impedance discloses a rough sketch of the unknown target but

the sketch becomes indistinguishable at the unilluminated side. However the sketch
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Figure 5.11: Comparison between the exact scattered field and the reconstructed
scattered field calculated through the equivalent surface impedance 1 (¢)
on a circle with radius p = 0.31.
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Figure 5.12: 2D variation of the amplitude of total field outside of the equivalent
impedance cylinder.

may be used to choose a better initial guess for the non linear inversion. Nevertheless,
being interested in assessing the performance of the method as it is, this approach is
not considered in this thesis. By exploiting the reconstructed impedance and taking a
circular cylinder with radius fy = 0.25A as initial guess, the shape obtained through
the proposed method is shown in figure 5.13. As it can be observed, it yields to a
very accurate reconstruction and the quality of the reconstruction is comparable to the
previous method. The parameters adopted in the inversion are R =8 and P =9.

As a second example, the object given in (5.8) is considered. Here the aim is to
reveal the performance of the object with a concave shape. The comparisons of the
reconstructed shapes and the exact shapes are shown in figure 5.14(a), figure 5.14(b)
and figure 5.14(c) for incidence angles 8; =0, 6, = % and 63 = 7 respectively. Here
the simulation parameters are ¥ = 0.36A, fp = 0.48A,P = 9 and the regularization

parameter R = 12 for the simulations with incidence angles 0;,0; and R = 13 for
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Figure 5.13: Comparison of the exact and the reconstructed shapes of the object given
by the boundary dD; with a single illumination.
the simulation with 6, = Z. From these three figures, a similar performance has been
observed as compared to previous method. The method achieves better quality at the
illuminated side however quality gets worse at the unilluminated side. Later multiview
simulations are performed and the comparisons of the reconstructed shapes and the
exact shape are shown in figure 5.14(d) corresponding to illuminations 61,63 and in
figure 5.14(e) for the illuminations 6,, 6, and finally for the illuminations 61, 6>, 63, 6,4
in figure 5.14(f). Similar to the first method, the method achieved better reconstructions
when more than one illumination is employed. Although overall quality of the
reconstructions is quite similar to the first method, the reconstructions have more
ripples in the convex part. Finally it is concluded that the diversity of illuminations
are crucial on the accuracy of the reconstructions for both methods but the quality does

not improve linearly with each additional illuminations.
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Figure 5.15: Comparison of the exact and reconstructed shapes of the object with
the boundary dDj3 for different selection of the radius of the equivalent
impedance circle. (a) ¥ = 0.344 (b) v =0.274 (¢) ¥ = 0.216A (d)
Yy=0.44
In the first method selection of the minimum circle covering the object affects the
quality of reconstructions. Analogously for the second method selection of the radius
of impedance circle is effective on the quality of the method. Thus here the effects
of selection of the radius of the impedance circle are investigated by performing the
simulation with same parameters but with different radius of impedance circles. To this
aim the object whose boundary given by (5.9) is considered and simulation parameters
are chosen as P =0, fy = 0.48A. The comparison between the reconstructed shape and
the exact shape is shown in figure 5.15(a) when the radius Y = 0.48A which is the inner
circle with maximum radius. Later the simulations are performed for the radius y =

0.27A and the reconstructed shape is shown in figure 5.15(b). As it is clear the quality
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of the reconstruction is similar to the previous simulation. The same simulation is
repeated for a smaller Yy = 0.216A in figure 5.15(c). Although the reconstruction is still
acceptable the quality reduces as the radius of the impedance cylinder becomes smaller.
Finally the reconstruction becomes completely useless for very small radii as nonlinear
equation does not converge to the boundary due to increasing distance between the
surface and impedance cylinder in terms of wavelength. The last simulation for this
example is performed for ¥ = 0.4A4 when the impedance cylinder intersects with the
unknown surface. It should be clear that there is no theoretical justification in this
situation as the surface impedance is not applicable to represent the field inside but it is
still interesting to see the behavior of numerical scheme when the impedance cylinder

selected wrongly. The resulting reconstruction is shown in figure 5.15(d). However

3 H T [N
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T=60
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Figure 5.16: Comparison of the exact and reconstructed shapes of the object given by
the boundary dDy.
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when the impedance cylinder completely covers the object, as expected there is no
solution. The reconstruction in figure 5.15(d) is interpreted as that the method can
tolerate small intersections between the target and the equivalent impedance cylinder.
Finally the last example is devoted to demonstrated behavior of the method for object
which are large in terms of wavelength. The object given in (5.10) is considered and
simulation parameters are P = 11, fo = 1.74A and y = 1.2A. The reconstruction is
shown in figure 5.16 which is a better reconstruction than the reconstruction shown in

figure 5.9.

5.3 Comparison of the Shape Reconstruction Methods

In previous two sections, both methods are tested with same noisy far field patterns at
each simulations to make a direct comparisons of the methods in the sense of accuracy
and computation times. In table 5.1 the achieved results are summarized. Here err;

and errp denote the associated reconstruction errors given by (5.1) while #; and #,

Table 5.1: Comparison of the methods in terms of reconstruction errors and simulation

times.
Boundary | Frequency | Incidence angle(s) | erry 1 erry 153
(MHz) (rad) (%) | (s) | (%) | (s)
dD; 300 0 3.023 | 0.70 | 2.642 | 3.58
dD, 600 0 13.139 | 2.09 | 9.795 | 11.73
daD; 600 z 15.362 | 2.24 | 28.008 | 13.28
dD, 600 T 17.578 | 2.05 | 18.376 | 12.67
dD; 600 0,7 4707 | 2.50 | 5.049 | 7.53
dD, 1200 z 37” 7.451 | 245 | 7955 | 6.78
daD, 1200 0,%,m, 37” 5.564 | 3.06 | 4.608 | 11.33
dD; 1200 0,%,m, 37” 3404 | 392 | 4.175 | 8.09
dD; 1200 0,%,m, 37” 2793 | 5.20 | 3.323 | 7.92
dD; 1200 0,%,m, 37” 3.777 | 4.81 | 8.039 | 7.55
dD; 1200 0,%,m, 37” 4.195 | 4.19 | 2.666 | 22.72
oD, 1800 0,228 7, 4% 3% | 5787 | 4.86 | 3.063 | 14.89
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shows the simulation times in seconds for the Taylor series based method and surface
impedance modeling based method, respectively. As it can be concluded from the
results, both methods provide similar reconstructions, thus there is no preference over
the methods in the sense of accuracy. However it is clear that the surface impedance
modeling based method is slower then Taylor series based method in all cases. This is
due to the fact that the second method requires to solve forward problem as compared
to the first method which does not. Although this may be seen as a drawback, it should
be noted that in any case simulations generally took less than 20s. on a regular PC.
Thus both methods are quite fast as compared to sampling based methods and other
iterative methods. Another important conclusion is that introduction of Gauss-Newton
algorithm for multiview data increased the quality of reconstructions while adding less

computational effort.
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6. CONCLUSIONS

Inverse scattering problems whose aim is to retrieve the requested physical properties
of inaccessible objects appear in many areas of engineering and applied sciences.
Within this framework, the shape reconstruction problem for inaccessible, perfect
electric conducting targets is studied in this thesis. Consequently, two different shape
reconstruction methods which can be considered in the class of analytical continuation
methods are developed. Both methods handle the ill-posedness and the nonlinearity of
the underlying inverse scattering problem separately. These methods are numerically
validated through the simulations and certain capabilities and limitations of the
methods are demonstrated.

Both of the presented methods provide quite accurate reconstructions for objects
having starlike boundaries with convex and concave parts. With an identical
configuration, the simulation results for the each method are comparable, thus there is
no preference over methods in terms of accuracy. It is observed that accuracy of both
methods improves when the variation of the boundary is slow. Both methods produce
better reconstructions at illuminated part of the object. When a single illumination
at a fixed frequency is employed, it is observed that the size of the object should
be comparable or smaller than the wavelength for both methods to get satisfactory
reconstructions. This limitation regarding to the size of targets is improved by
extending the methods via Gauss - Newton algorithm so that both methods can exploit
all the available far field data simultaneously when multiple illuminations are used.
With the introduction of multiview data, both methods can reconstruct objects larger
than wavelength and the robustness against noise is increased which means that the
methods are capable of reconstructing objects of larger size with data having low
SNR. Even in the multiview configuration only a few illuminations are enough as
long as the diversity of incidence angles are not in a limited aperture. As a result the
data requirement is quite low as compared to sampling based methods such as linear

sampling which is not a viable as long as the target is illuminated in many directions.
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Selection of regularization parameter greatly affects the quality of reconstructions.
Since both methods handles ill-posedness of the problem in a single step, only
one regularization parameter is required. This simplicity is an important advantage
over other optimization based reconstruction methods which require choosing a
regularization parameter at each iteration.

The computational requirements of the method based of Taylor series representation
of the scattered field are lower than the method based on inhomogeneous surface
impedance modeling since the latter requires to solve the associated the direct
scattering problem as a part of reconstruction algorithm. But still both methods
perform generally less than 20s with a regular PC configuration.

Although the shape reconstruction methods are presented in the context of
electromagnetic waves, these methods are valid for acoustical waves with sound soft
obstacles as well. The future research will focus on extending the methods to 3D

problems of electromagnetic and acoustical waves.
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A. NUMERICAL EVALUATION OF TSVD INVERSION

The theoretical background of the TSVD inversion is discussed in section 3.1. As both
of the presented shape reconstruction methods require the integral equation

eiﬂ.’/4 2% kcos(p—)
°° = — —ikeosO=TY (1) odt A.l
u (¢) Rk ko/e ( ) (A.1)

to be inverted to solve the unknown single-layer potential density W, here numerical
aspects of the TSVD inversion are addressed.

The far field pattern is only known at total 7' discreet measurements points, thus
(A.1) is reduced to a system of linear equation. The integral appearing in (A.1) is
approximated with trapezoidal rule

i 2ntl om

/ O Y (=) (A2)
L = L

0 -

It is possible to use different quadrature rules, however the trapezoidal rule is

intentionally selected because of its simplicity and its fast convergence for this kind

of integrals [57]. The resulting system of linear equations is in the form of
SY=u" (A.3)

where S is an T x L matrix of whose elements s; s are given by

510 = \/g%eikm(‘f’fm, 0 = z27”, 7 = 127” (A4)
and column vectors ¥ and u™ given accordingly

V=¥, Y], W =Y(r) (A.5)
and

u” = U s, ud), u = (). (A.6)

The SVD of (A.3) consist of three matrices
S=ULV" (A.7)
where U and V are unitary matrices and X is a diagonal matrix

Y =diag(0y,02,...,0p), P=min(L,T), 61 > 03,...,0p. (A.8)
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which contains the singular values o, in decreasing order and oy = ||S||. Since U and
V are unitary matrices, (A.7) provides the following generalized inversion formula

s~ =vxzty* (A.9)
where
1 1 1
>t =diag ( 7...,—) . (A.10)
61 (629 Op

As explained above (A.9) provides a convenient formula to solve unknown ‘Y.
However as a result of ill-posedness of the integral equation in (A.1), the linear
system (A.3) turns out to be ill-conditioned which is defined as the ratio of maximum
singular value to minimum singular value K = G’"‘”‘ to be very large. Inversion
of the ill-conditioned linear system (A.3) leads to lfnstablhues which means small
perturbations on u™ cause extremely large variations in W. Moreover the noise on
u™ completely overwhelms higher order singular values as their values are lower than
the noise level thus their inclusion in the calculations increases the instability.
Consequently, by omitting the higher order singular values and their corresponding
vectors, it is possible to achieve a better conditioned linear system

PR — st gy (A.11)

which has a same matrix norm with the original system. Here R denotes the
regularization parameter which is actually the total number of significant singular
values and V*, 5%, U correspond the truncated versions of associated matrices. Now
the issue becomes how to select which singular values are significant. To this aim it is
possible to use Morozov’s discrepancy principle which requires to calculate (3.6) with
an increasing number of R until it satisfies the condition in (3.7).
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B. REDUCTION OF SIBC TO SCALAR CASE

The standard impedance boundary condition is given by
—fix (h x E) =Zii x H. (B.1)

where E and H are respectively the total electric field and magnetic field vectors on
a given boundary on which the surface impedance Z and the outward unit normal
vector fi are defined [43,44]. E is polarized towards Ox3 direction in the problem
configuration described in section 2.1

E = uxs. (B.2)

Substituting (B.2) together with Faraday’s Law for the time harmonic case

VXE=—iouH (B.3)
into (B.1) results the following equation after straightforward calculations
o .z,
uiy = —i—nix (VxE). (B4)
ou
The right hand side of (B.4) is simplified as
R . ORI du
Ax (Vxufs)=—(A.V)uts = —5 % (B.5)
n

by using the following vector calculus identity

Ax(VxB)=Vp(AxB)—(A.V)B (B.6)
where Vp means the gradient operates on only B. The resulting equation
Z d
ks —i—— 20 =0 (B.7)
ou dn

Consequently, by combining

k=w\/€e'u (B.8)

z=,/2 (B.9)
and
Z

= B.10
n=z (B.10)
into (B.7) gives the the final equation after straightforward arrangements
du ik
— =0. B.11
) 349 B.11)
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