-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Repositério Comum

Chatzarakis et al. Advances in Difference Equations (2015) 2015:53 ® Advances in Difference Equations
DOI 10.1186/513662-015-0391-0 a SpringerOpen Journal

RESEARCH Open Access

Oscillation results for difference equations
with oscillating coefficients

George E Chatzarakis', Hajnalka Péics?’, Sandra Pinelas® and loannis P Stavroulakis*

"Correspondence:
peics@gf.unsacrs Abstract

2Faculty of Civil Engineering, ) . . I . .
Universyity of Novi sgad Kozfraéka Sufficient conditions which guarantee the oscillation of all solutions of difference

2/A, Subotica, 24000, Serbia equations with oscillating coefficients and several deviating arguments are
Full list of author information is presented. The corresponding difference equations of both retarded and advanced
available at the end of the article . . . .
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1 Introduction
In the present paper, we study the oscillatory behavior of the solutions of the difference
equation

Ax(n) + Zpi(n)x(r,-(n)) =0, neNy, (Er)
i=1
and the (dual) advanced difference equation
Vax(n) - Zpi(n)x(a,»(n)) =0, neN, (Ea)

i=1

where m € N, {p;(n)},en,, 1 < i < m, are real sequences with oscillating terms, {;(1)},en,
1 <i < m, are sequences of integers such that

;(n)<n-1, nelNy, and lim g(n)=00, 1<i<m, 1.1)
n— 00
and {0;(n)},en, 1 < i < m, are sequences of integers such that
on)=n+1, neNl1<i<m. (1.2)

Here, as usual, A denotes the forward difference operator Ax(n) = x(n + 1) — x(n) and V
denotes the backward difference operator Vx(n) = x(n) — x(n - 1).

By a solution of (Eg), we mean a sequence of real numbers {x(n)},~_,, which satisfies (Eg)
for all n € Ny. Here,

w= —r;lzi(r)l{n(n):l <i< m}
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It is clear that, for each choice of real numbers c_,, c_y41,...,c_1, ¢o, there exists a unique
solution {x(n)},>_, of (Er) which satisfies the initial conditions x(-w) = c_,,x(-w + 1) =
Cowely - x(=1) = c_1,%2(0) = ¢p.

By a solution of (E,), we mean a sequence of real numbers {x(#)},cn, which satisfies (E5)
forallm e N.

A solution {x(n)},>_w ({x(1)},en,) of (Er) ((Ea)) is called oscillatory, if the terms x(rn)
of the sequence are neither eventually positive nor eventually negative. Otherwise, the
solution is said to be non-oscillatory.

In the last few decades, the oscillatory behavior of all solutions of difference equations
has been extensively studied when the coefficients p;(n) are nonnegative. However, for the
general case when p;(n) are allowed to oscillate, it is difficult to study the oscillation of (Eg)
((Ea)), since the difference Ax(n) (Vx(n)) of any non-oscillatory solution of (Eg) ((Ea)) is
always oscillatory. Therefore, the results on oscillation of difference and differential equa-
tions with oscillating coefficients are relatively scarce. Thus, a small number of paper are
dealing with this case. See, for example, [1-17] and the references cited therein.

For (Eg) and (E) with oscillating coefficients, Bohner et al. [2, 3] established the follow-
ing theorems.

Theorem 1.1 ([2, Theorem 2.4]) Assume that (1.1) holds and that the sequences {t;(n)},en,
are increasing for all i € {1,...,m}. Suppose also that for each i € {1,...,m} there exists a
sequence {n;(j)}jen such that lim;_, o, n;(j) = 00 and

pin) >0, neA= ﬂ{U m(]))ni(i)]ﬂN}#@, l<k<m, (13)
i=1 *jeN
where
t(n) = 1133X 7i(n), neNp. (1.4)

If, moreover,
lim sup Z Z pilq)>1, (1.5)
J=oe i q=1(n(j))
where n(j) = min{n;(j) : 1 <i < mj}, then all solutions of (Er) oscillate.

Theorem 1.2 ([2, Theorem 3.4]) Assume that (1.2) holds and that the sequences {o;(1n)},en
are increasing for all i € {1,...,m}. Suppose also that for each i € {1,...,m} there exists a
sequence {n;(j)}jen such that lim;_, o, n,(j) = 0o and

p(n)>0, neB= ﬂ{Un(,)a (ni(j)))]ﬂN};!@, 1<k<m, (1.6)

i=1 *jeN

where

o(n) = 1m,in o;(n), neN. 1.7)
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If, moreover,

m o (n(f))

hmsupz Z pilg) >1, (1.8)

J7o0 g q=n(j)
where n(j) = max{n;(j) : 1 < i < m}, then all solutions of (Ex) oscillate.

Theorem 1.3 ([3, Theorem 2.1]) Assume that (1.1) holds and that the sequences {t;(n)}sen,
are increasing for all i € {1,...,m}. Suppose also that for each i € {1,...,m} there exists a
sequence {n;(j)}jen such that lim;_, o, n;(j) = 0o,

p(n) >0, neC= ﬂ{U (w(m()), ()] HN} 40, 1<k<m, (1.9)
i=1 *jeN
and
lim sup Zpi(rz) >0, forallneC. (1.10)

i=1

If, moreover,

m n;i(j)-1
liminfz Z pl q)> (1.11)
joo £

i=1 q=1;(n;(j)

then all solutions of (ER) oscillate.

Theorem 1.4 ([3, Theorem 3.1]) Assume that (1.2) holds and that the sequences {o;(n)},eN
are increasing for all i € {1,...,m}. Suppose also that for each i € {1,...,m} there exists a
sequence {n;(j)}jen such that lim;_, o, n;(j) = oo,

pi(n)>0, neD-= ﬂ{U (), o1(oi(m:())) ] N N} 40, 1<k<m, (1.12)
i=1 *jeN
and
11m sup Zp,(n) >0 forallneD. (1.13)

i=1

If, moreover,

m  0i(n(j))
liminf» "~ Y p; q)> (1.14)
S i=1 gq=n;(j)+1

then all solutions of (E) oscillate.

Recently, Berezansky et al. [1] and Chatzarakis et al. [4] established the following theo-
rems.

Theorem 1.5 ([1, Theorem 8] and [4, Theorem 2.1]) Assume that (1.1) holds and the se-
quences {t;(n)},en, are increasing for all i € {1,...,m} and the sequence t is defined by
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(L.4). Suppose also that for each i € {1,...,m} there exists a sequence {n;(j)}jen such that
lim;_, o, 7;(j) = 00,

pi(n)>0, neA= ﬂ{U )n(])]ﬂN};lQ 1<k<m.
i=1 *jeN
Set
o —hmmfz Z pilq (1.15)
/e i=1 g=t(n(j))

where n(j) = min{n;(j) : 1 <i < mj}.
If0<a <1/2,and

m o?
hmsupz Z pi(q) > , (1.16)
J—> 00 i=1 )
q=t(n(j))
or
m n(j)
lim sup Z Z pilq) >1- —(1 o —+1-2a), (1.17)
J=oo i q=1(n(j))

then all solutions of (ER) oscillate.

Theorem 1.6 ([1, Theorem 9] and [4, Theorem 3.1]) Assume (1.2) holds and the sequences
{0i(n)}nen are increasing for alli € {1, ..., m} and the sequence o is defined by (1.7). Suppose
also that for each i € (1,..., m} there exists a sequence {n;(j)};en such that lim;_, o, n;(j) = oo,

prn)>0, neB= ﬂ{U n(])zf (n,-(j)))]ﬂN};’@, 1<k<m.
i=1 *jeN
Set
o -hmlnfz Z pilq (1.18)
/e i=1 g=n(j)+1

where n(j) = max{n;(j) : 1 < i < m}.
If0<a <1/2,and

m o (n(j)
hmsupz Z pilq) >1- (1.19)
J7o0 =1 q=n(j) )
or
m o (n(f)) 1
hmsupz Z pilq >1— —(1-a-+1-2a), (1.20)
J70 i q=n(j)

then all solutions of (E) oscillate.
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The authors study further (Er) and (E5) and derive new sufficient oscillation conditions.
These conditions are the analogues of the oscillation conditions for the corresponding dif-
ference equations with positive coefficients, which were studied by Chatzarakis et al. [5].
Examples illustrate cases when the results of the paper imply oscillation while previously
known results fail.

2 Oscillation criteria

2.1 Retarded difference equations

We present new sufficient conditions for the oscillation of all solutions of (Er), under the
assumption that the sequences t; are increasing for all i € {1,...,m}.

Theorem 2.1 Assume that (1.1) holds, the sequences {t;(n)},en, are increasing for all i €
{1,...,m} and the sequence t is defined by (1.4). Suppose also that for each i € {1,...,m}
there exists a sequence {n;(j)}jen such that lim;_, o, n;(j) = oo,

pr(n)>0, neA= ﬂ{U n(]))n[(j)]ﬂN};!@, 1<k<m,
i=1 *jeN
with

liminf{pk(n):neA} >0, 1<k=<m. (2.1)
n— 00

If, moreover,
1/m 1
|:l_[ (thmf Z pilk) )] > -, (2.2)
j=00 e
£=1 k=1¢(n(j))
where n(j) = min{n;(j) : 1 <i < mj}, then all solutions of (Er) oscillate.
Proof Assume, for the sake of contradiction, that {x(#)},>_, is an eventually positive so-

lution of (Eg). Then there exists jo € N such that

pi(n) >0 for allneﬂ n,(]o))),ni(jo)]ﬂN, 1<k<m,

i=1

x(tk(n)) >0 forallne m (1)), miGo)| NN, 1<k <m.

i=1

Therefore, by (Eg) we have
x(n+1) —x(n) = Zpl(n r,(n)

for every n € (%, [t(z(1:(jo))), m:(jo)] N N. This guarantees that the sequence x is strictly
decreasing on ()2, [ (t (1)), m:(jo)] N N.
Set

n(jo) = min{ni(jo) 11<i< m}
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and

alolio) = S, 1<i<m

with

@i = liminfz;(n(o)), 1<i<m.
Jo—> 00

It is obvious that
zl-(n(jo)) >1 and ¢;>1 fori=1,2,...,m
Dividing both sides of (Er) by x(n(jo)), we obtain

Ax(n(jo)) “ x(ti(n(jop)))
ooy 2P0 =G0y =

or

Ax(n(jo))

*1Go) T le i(n6)zi (o)) =O-

Summing up (2.5) from 7, (n(jy)) to n(jo) —1for p =1,2,...

,m, we find

x(n(jo))

n(jo)-1 m  nlio)—
Z iy Z pi()zilj) = 0.
=1 (n(jo)) i=1 j=1,(n(jo))
But
njo)-1 n(jo)—
Ax() xG+1) >
HZU () Z ( x())
n(jo)-1
x(/+1) )
1+ 1) =In— 2%~ |
Z/ﬂp(Znuo»( () A
or
n(jo)-1 )
Ax(j) )
> =20 > —Ing (o).
ooy V) ’

Combining (2.6) and (2.7), we obtain

m  nijo)-1

—Inz,(n()) + Z Z pi()zi(j) <0,

i=1 j=1p(n(jo))

Page 6 of 17

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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or
m n(jo)—
Inz, n(]o Z Z priNz(G), p=12,...,m. (2.8)
i=1 j=t,(n(jo))

Now we will show that ¢; < oo for i =1,2,...,m. Indeed, assume that ¢; = co for some i,
i=1,2,...,m. By using (2.5) we have

x(n(jo) +1) m ‘ N
“atntioy "L 2 pilnti)ai(i) =
or
x(”(fo) +1) "
x(n(jo)) 21 pi(nGo))zi(n(o)) =1
Consequently,

limi f|:x(n(jo )+ 1) Zpl n(]o) z n(]o)):|

jo—oo | x(n(jo))

and therefore

m

+ Z1}Orii£f(p,-(n(jo))z,»(n(jo))) <1,
i=1

limnf ©200) + 1)
jo—=oo  x(n(jo))

or

. 1 m
x(njo) +1) + Z]im inf p;(n(jo) liminfz;(n(jo)) < 1.
py jo—o00 Jo—>00

liminf
jo—oo  x(n(jo))

In view of (2.1) and taking into account the fact that ¢; = co for some i, the above inequality
is false. Hence ¢; < co fori=1,2,...,m.

Taking the limit inferiors on both sides of the above inequalities (2.8), we obtain
n(jo)—
Ing, > Z% (hmlnf Z pilk) ) 0=12,...,m, (2.9)
k=1, (n(jo))
and by adding we find
njo)—
Zln 0 > Zgo, (Z hmmf Z p,(k))
i=1 k 7j(n(jo))

Set

nljo)-1
flen e, ,wm)—zlnfpl Z%(thmf > pl(k)>

k= T (n(jo))
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Clearly

floL oo, 0m) =0 forall g, ¢0,..., 0, > 1.

Since
n(jo)—
— = llmmf pi(k) =
o Zl > s
j k 7j(n(jo))
for

1

Qi = I , i=12,...,m,
Sy timinfjy o0 Y000 £i(K)

the function f has a maximum at the critical point

1 1 )
. Go) imi Yors
(Z}'Zl liminf;_, o Z 2 (n(jo)) Pl(k) Z,Z limintj, o Z:gi(n(j()))p””(k)

because the quadratic form

i 82f O[,'Ol/‘Z—ia—lz<0
i=1

i 09109, ¥;

Since f(¢1,¢2,...,¢m) > 0, the maximum of f at the critical point should be nonnegative.
That is,

Z[ 1n<211m1nf % p,(k)>:|—m20,

Jo—00
i=1 k=tj(n(jo))

n(jo)—
maxf(q)lr D25 .. rq)m) = _lnl_[<z hl’nll’lf Z pl(k ) m.

j=1 k 7j(n(jo))
Hence

n(jo)-1
H(lemmf Z pl(k)) <—

k=tj(n(jo))

or

Q| =

e ¥ o]

Jo—>o©
k=1j(n(jo))

which contradicts (2.2).
The proof of the theorem is complete. g
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Theorem 2.2 Assume that (1.1) holds, the sequences {t;(n)},en, are increasing for all i €
{1,...,m} and the sequence t is defined by (1.4). Suppose also that for each i € {1,..., m}
there exists a sequence {n;(j)}jen such that lim;_, o, n;(j) = oo,

pi(n)>0, neA= m{U n(]))n,»(j)]ﬂN};!@, 1<k=<m,

i=1 *jeN

with
liminf{pi(n):neA}>0, 1<k=<m.

n—00

If, moreover,

—thlnf Z pilk

k=1;(n(j))
2 m n(j)— n(j)-1 1/2 1
Z(hm inf Z pilk) x hm mf Z pg(k)) > -, (2.10)
m e
i<t k=1 (n(f)) k=T;(n(j))
i,0=1

where n(j) = min{n;(j) : 1 <i < mj}, then all solutions of (Er) oscillate.

Proof Assume, for the sake of contradiction, that {x(n)},>_, is an eventually positive so-
lution of (Eg). Then there exists jo € N such that

pr(n)>0 for allnem n(]o )),n,»(jo)]ﬂN, 1<k<m,

i=1

x(t(n) >0 forauneﬂ t(m:60))), miGjo) | NN, 1<k <m.

i=1

Therefore, by (Eg) we have
x(n+1)—x(n) = sz(l’l ‘L',(I’l)

for every n € (2, [t (t(1:(jo))), m:(jo)] N N. This guarantees that the sequence x is strictly
decreasing on (2, [z (t (n:(jo))), ni(jo)] N N.

Taking into account the fact that ¢; < co for i =1,2,...,m (see Theorem 2.1), by using
(2.9) and the fact that

1 In
-> ﬁ, p=12,...,m,
e @,

we obtain

n(jo)-
Di
—>Z<1/1£1£}f Z p,(k) £=1,2,...,m.

k=t¢(n(jo))
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Adding these inequalities we have

m m n(jo)-1
” > Z(hmlnf Z p,(k))

i=1 k=1;(n(jo))

njo)— n(jo)-1
+ Z[(hmmf Z pi(k) ) — + (hmmf Z pg(k)> <ﬂe:|

i<l k=t (n(jo)) k=t;(n(jp))
if=1
m n(jo)-1
>
= Z(l}gg;f 2. p )
k=t;(n(jo))
n(jo)— n(jo)-1 172
+22|:<hm1nf Z pl(k)> (11m1nf Z pg(k)>j| ,
i<t k=14 (n(jo)) k=1,(n(jo))
it=1
or
n(jo)— n(jo)— n(jo)—
Z]lmmf Z pilk +2Z llmmf Z pi(k) x llmmf Z pek) < —
foee k=1;(n(jo)) i<l k 70 (n(jo)) k 7i(n(jo))

il=1

which contradicts (2.10).
The proof of the theorem is complete. O

A slight modification in the proofs of Theorem 2.1 or Theorem 2.2 leads to the following
result about retarded difference inequalities.

Theorem 2.3 Assume that all conditions of Theorem 2.1 or Theorem 2.2 hold. Then
(i) the difference inequality

Ax(n) + Zpi(n)x(r,»(n)) <0, neN,,

i=1

has no eventually positive solutions;

(ii) the difference inequality

Ax(n) + Zpi(n)x(ti(n)) >0, neNy,

i=1

has no eventually negative solutions.

2.2 Advanced difference equations

Similar oscillation theorems for the (dual) advanced difference equation (Ex) can be de-
rived easily. The proofs of these theorems are omitted, since they follow a similar proce-
dure as in Section 2.1.

Theorem 2.4 Assume that (1.2) holds, the sequences {o,(n)},cn are increasing for all i €
{1,...,m} and the sequence o is defined by (1.7). Suppose also that for each i € {1,..., m}
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there exists a sequence {n;(j)}jen such that lim;_, o, n;(j) = oo,
pr(n)>0, neB= ﬂ{U n (), o (n,-(j)))]ﬂN} 0, 1<k<m,
i=1 *jeN

with

liminf{pk(n) ine B} >0, 1<k<m. (2.11)

n—00

If, moreover,
op(n(j)) 1/m 1
|:l_[ (thlnf Z pl(k)>:| > -, (2.12)
k=n(j)+1 €
where n(j) = max{n;(j) : 1 < i < m}, then all solutions of (Ex) oscillate.

Theorem 2.5 Assume that (1.2) holds, the sequences {0,(n)},cn are increasing for all i €
{1,...,m} and the sequence o is defined by (1.7). Suppose also that for each i € {1,...,m}
there exists a sequence {n;(j)}jen such that lim;_, o, n;(j) = oo,

pi(n)>0, neB= m{Un(/)o (ni(j)))]ﬂN}#V), l<k<m,

i=1 *jeN
with
liminf{py(n):n € B} >0, 1<k <m.
n—> 00

If, moreover,

a;(n(j))
— thmf Z pi(k)
k=n(j)+1
oy (n(j)) o (n() 1/2 1

1 U i i ] .
Z( 1m1nf Z pilk) x laygglf Z pg(k)) > . (2.13)
i<t k=n(j)+1 k=n(j)+1
i,f=1

where n(j) = max{n;(j) : 1 < i < m}, then all solutions of (Ep) oscillate.

A slight modification in the proofs of Theorems 2.4 or Theorem 2.5 leads to the follow-
ing result about advanced difference inequalities.

Theorem 2.6 Assume that all conditions of Theorem 2.4 or Theorem 2.5 hold. Then
(i) the difference inequality

Va(n) - ) piln)x(oi(n)) =0, neN,

has no eventually positive solutions;
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(ii) the difference inequality
Va(n) - Y pimx(oin)) <0, neN,

i=1

has no eventually negative solutions.

2.3 Special cases

In the case where p;, i = 1,2,...,m, are oscillating real constants and t; are constant re-
tarded arguments of the form t;(n) = n — k;, (0; are constant advanced arguments of the
formo;(n) =n+k;), k; eN,i=1,2,...,m, (Eg) ((Ea)) takes the form

Ax(n) + Zpix(n —-k)=0, neNp (Vx(n) - Zpix(n +k)=0, ne N). (E)

i=1 i=1

For this equation, as a consequence of Theorem 2.1 (Theorem 2.4) and Theorem 2.2 (The-

orem 2.5), we have the following corollary.

Corollary 2.1 Assume that

m 1/m m
[]_[pl} (Z ki) > 2 (2.14)
i=1 i=1

or

m 2
1 1
— (Z M) s 2. (2.15)
m\“5 e
Then all solutions of (E) oscillate.

3 Examples

The following two examples illustrate that the conditions for oscillations (2.14) and (2.15)
are independent. They are chosen in such a way that only one of them is satisfied. Also,
in Example 3.1, Theorem 1.1 [2], Theorem 1.3 [3] and Theorem 1.5 [1, 4] do not imply
oscillation, and neither do Theorem 1.2 [2], Theorem 1.4 [3] and Theorem 1.6 [1, 4] in
Example 3.2. According to conditions (2.14) and (2.15) oscillation is established in Exam-
ple 3.1 and Example 3.2, respectively.

Example 3.1 Consider the retarded difference equation
Ax(n) + pr(m)x(n—1) + pr(m)x(n-2)=0, neNp, (3.1)

where p;(n) and p,(n) are oscillating coefficients, as shown in Figure 1.
In view of (1.4), it is obvious that t(n) = n — 1. Observe that for

m()=12j+5, jeN,
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- 0.089

Figure 1 Coefficients of Example 3.1.

p(n) &

0.17

IIIII-----Illllllll8 Ny
) 5||||||12 17 o
-0.17
pz2(n) A
0.089

L1 s w L] s ny
T

we have p;(n) > 0 for every n € A, where

A=[r(e(m0), m()] nN={_J12j+3,12j+5] N N.
jeN jeN

Also, for
ny(j)=12j+4, jeN,
we have p,(n) > 0 for every n € B, where

B=|J[r(r(m())),ma()] "N = _J12j +2,12j + 4] NN.
jeN jeN

Therefore

pi(n)>0 and py(n) >0 forallneAﬂB:U[12j+3,12j+4]ﬁN#Q),

jeN

that is, (1.3) is satisfied. Moreover, the computation immediately implies that

2 1/2 2
7 89 1
- k)= == - (1+2)~0.369012194 > -,
[li_l[p’} (Z ) 100 Looo 1*2 p

i=

that is, condition (2.14) of Corollary 2.1 is satisfied and therefore all solutions of (3.1) os-

cillate. Observe, however, that

100 1,000

17 89 2 1
Z [pik; 1+ .2) ~0.347954016 < -,
e

that is, condition (2.15) of Corollary 2.1 is not satisfied.
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Also,

n(j) =min{n(j):1<i<2}=12j+4, jeN,

o =liminf} Z pi@)

i=1 g=t(n(j))
12j+3 12j+3 89
=li f =0.259,
pad [ 2 @+ ) pla ] 100 * 1,000
q=12j+3 q=12j+3

2
hmsupz Z pilq

J=00 i=1 g=t(n())

12j+4 12j+4 17 89
= 11msup|: Z nig) + Z pg(q):| +2- =0.518.

J=00 q=12j+3 q=12j+3 100 1’000
Observe that
0.518 <1,
2
0.518<1- ~0.977368083,

—a)

1
0.518 <1 - 5(1 —a —+/1-2a)>~0.976631099.

Therefore the conditions (1.5), (1.16), and (1.17) are not satisfied.
On the other hand, p;(n) > 0 for every n € A’ = A and py(n) > O for every n € B, where

B = J[r(n2(m())), m()] NN =(_J12/,12j + 4] N N.

jeN jeN
Hence

p1(m)>0 and py(n)>0 forallue AANB =ANBH#Y,

that is, condition (1.9) is satisfied. In view of this, we have

2 (-1 12j+4 12j+3
liminfz pilq )-11m1nf|: Z ng) + Z )20 :|
S i=1 g=1;(n;(j)) q=12j+4 q=12j+2

17 89 1
=—+2- =0.348< -,
100 1,000 e

that is, condition (1.11) is not satisfied.

Example 3.2 Consider the advanced difference equation
Vx(n) - pr(m)x(n+1) —pa(n)x(n+2)=0, neN, (3.2)

where p1(n) and p,(n) are oscillating coefficients, as shown in Figure 2.
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pi(n) A

p2(n) 4

0.16
0.113

0

-0.113
-0.16

Figure 2 Coefficients of Example 3.2.

In view of (1.7), it is obvious that o (n) = # + 1. Observe that for
m@)=16j+3, jeN,
we have p;(n) > 0 for every n € A, where

A={J[mG),o(o(m())]NN=|_Ji6j+3,16 + 5] N N.

jeN jeN
Also, for
m()=16j+1, jeN,
we have p,(n) > 0 for every n € B, where

B=|Jlm0),o (o (m()))]nN=|_Ji16j+1,16j+ 3] NN.

jeN jeN
Therefore

pi(n)>0 and po(n)>0 forallme ANB={16j+3}#0,

that is, (1.6) is satisfied. Moreover, the computation immediately implies that

2 2 2
1 1/ [ 87 16 1
- ok | == .1+\/— -2 ~0.370353228 > —,
2 (21: pi ) 2 <\/1,ooo 100 ) e
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that is, condition (2.15) of Corollary 2.1 is satisfied and therefore all solutions of (3.2) os-

cillate. Observe, however, that

, 12
16 1
‘ k| = 1+2)~ 0.353949148 < -,
[1:1[1”!} (Z <‘> Tooo 100 2= <

that is, condition (2.14) of Corollary 2.1 is not satisfied.
Observe that

n(j) = max{nm;():1<i<2}=16j+3, jeN.

Now
= hglnfz Z pilq)
/ i=1 g=n(j)+1
16j+4 16j+4 87 16
4 ; =0.247.
1m1n |: Z pilg) + Z pz(Q):| 1,000 100
q=16j+4 q=16j+4
Also
2 a(n())
lim supz Z pi(q)
j=oo g q=n(j)
16j+4 16j+4
87 16
Ly =2.— _4+2. - =0.494.
1/n3)(s;1p|: Z pilg) + Z Pz(Q)j| 1,000 - 100
q=16j+3 q=16j+3
Observe that
0.494 <1,
o2
0.494 <1 - ~0.979744687,
4(1-a)

1
0494 <1~ (1-ot~ V1-2a)~0.979168384.

Therefore the conditions (1.8), (1.19), and (1.20) are not satisfied.
On the other hand, p;(n) > 0 for every n € A’ = A and py(n) > 0 for every n € B, where

B = J[m(), 02 (02 (ma())) | "N = _J116j+ 1,16 + 5] N N.
jeN jeN

Therefore

pi(n)>0 and py(n)>0 forallme A'NB = U[16j+ 3,16j + 5] #0,
jeN
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that is, condition (1.12) is satisfied. In view of this, we have

m 0i(n;(j)
liminf} > > pilg)
J=% i=1 q=n;(j)+1
16j+4 16j+3
87 113 16 1
— liminf - — =036<-,
imin Z P9+ Z P24 | = 7500 * 1000 * 100 < e
q=16j+4 q=16j+2

that is, condition (1.14) is not satisfied.
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