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On the Oscillation of Fourth Order Superlinear

Dynamic Equations on Time Scales

Said R. Grace', Ravi P. Agarwal®> and Sandra Pinelas?

Abstract: Some oscillation criteria for the oscillatory behavior of fourth order superlinear dynamic equations
on time scales are established. Criteria are proved that ensure that all solutions of superlinear and linear equations
are oscillatory. Many of our results are new for corresponding fourth order superlinear differential equations and

fourth order superlinear difference equations.

1 Introduction

This paper deals with the oscillatory behavior of the fourth order superlinear and/or linear dynamic equation
22 (1) +q ()2 (o (1) =0, (1)

on an arbitrary time scale T C R with supT = oo, where ¢ : T — (0, 00) is rd-continuous function and + is the
ratio of positive odd integers.

We recall that a solution of equation (1) is said to be nonoscillatory if there exists a ty € T such that
z(t)x(o(t)) > 0 for all t € [tg,00) N T; otherwise, it is said to be oscillatory. Equation (1) is said to be os-
cillatory if all its solutions are oscillatory.

In the last decade, there has been an increasing interest in studying the oscillatory behavior of first and second
order dynamic equations on time scales [1]-[7]. With respect to dynamic equations on time scales, it is fairly new
topic, and for general basic ideas and background, we refer to [1] and [2]. To the best of our knowledge, there are
no results for the oscillation of equation (1). Therefore the main purpose of this paper is to establish some new

criteria for the oscillation of equation (1). Our results are new even for the cases when T =R and T = Z.

2 Main Results

In order to prove our main results, we shall use the formula
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1
=\ / [ha? () + (1 — k) z ()]} 22 () dh, (2)
0
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where z (t) is delta-differentiable and eventually positive or eventually negative, which is a simple consequence of

Keller’s chain rule (see [1, Theorem 1.90]).

The following lemmas are needed in the proof of our main results.

Lemma 1 Assume that x (t) is an eventually positive solution of equation (1). Then there ezists a to € T such

that one of the following two cases holds:

(I) z(@)>0, z2()>0, z2%(t)>0, z?(t)>0, z2({t)<0 foral telty,o0)NT,

(IT) x(t)>0, z2(t)>0, z2%(1)<0, 22 (t)>0, 2% (t)<0 forall t&[ty,00)NT.

The proof is easy and hence omitted.

In [1, Sec. 1.6], the Taylor monomials {h, (t,s)} -, are defined recursively by
t
ho (t,8) =1, hpyr(t,8) = / hp (u,8) Au, t,s € TN[ty,00), n =1
S
Lemma 2 [/]. Let y(t) be an eventually positive solution of the equation
YRR M +a(t)y (=0
where G (t) € Crq ([to,0),(0,00)) and 7 is as in equation (1). If
y() >0, y>()>0, y** (1) >0 and y>>>(t)<0 for t €[tg,00)NT,
then

ty (t
lim inf v ()

—_— > 1.
t—oo hy (t,t0) Yy (t)

The following result is a straightforward extension of Lemma in [4] and hence we omit the proof.

Lemma 3 Assume that y (t) satisfies (5). If

/Oo 7(7) (ha (7,10))" AF = o0,

to
then

Yy () = ty”2(t) and y* (t)/t  is eventually nonincreasing.
Next, we shall state some sufficient conditions for the oscillation of second order dynamic equation

v +Q M)y (0 (1) =0,

9)

where @ : T — (0, 00) is rd-continuous, v is as in equation (1), which are needed in the proof of our main results.



Theorem 4 Fquation (9) is oscillatory if one of the following conditions holds:

(1)

Q(s)As=00 forall ~>0; (10)
to
(i)
lim sup t/ Q(s)As>¢, ¢>0, or / / Q (u) AulAs =00,  wheny> 1, (11)
t—o0 t to Vs

(iii) There exists a positive nondecreasing delta differentiable function 1 such that for every t; € [tp,00) N'T

() limeup / 1@~ 1 ()] as =i or

t—o0

when v = 1. (12)

t—oo

t A (g 2
(a2) limsup / 1 ln (5)Q(s) 1(”(”)] As = oo

The proof of Theorem 4 is given in [5] and [6].

Q0= [ [ awauas

{ We assume that there exists a rd-continuous function g : T — T such

For t > ty, we let

. . . (13)
that g(t) < t, g(t) is non—decreasing for ¢t >ty and lim;_,, g(t) = co.

We also let ¢(t) =t — g(t) for ¢ > tg, and assume that
| @hala(s).10))” alw) = . (14)

Now, we establish the following oscillation result for superlinear (v > 1) as well as linear (7 = 1) equation (1).

Theorem 5 Let vy > 1 and conditions (13) and (14), and condition (11) when v > 1, and (12) when v =1 hold.
Moreover, assume that there exists a positive function & (t) € C},; ([to,o0),R) such that for every constant k > 0,

andt >t € [t(hOO) NnT

t o A
s | [(q“j’hg(g(smo)) & (5)q(s) — k5 | Ag = oo, (15)

t—oo

then equation (1) is oscillatory.

Proof. Let x (t) be a nonoscillatory solution of equation (1), say, « (¢) > 0 for ¢ > ¢ty € T. Then by Lemma 1,
there are two cases to consider:

Assume that z (t) satisfies Case (I). Then



and since 22 (t) is an increasing function for ¢t > tq, we get
z(t) = (t=g(1)a® (g(t) = d(t)2™ (9(1))  for t=t >to.
Using (16) in equation (1) and setting y () = 2 (¢) in the resulting inequality, we have
yEA2 (1) + (0(1)) a8y (9(t) <O for  t >t
Define
y22 (1)

(v )"
Then W (t) > 0 for ¢t > ¢; and by using the product rule, we find

O e (yMA (1) (= ()" —y22 (1) (v <t>>V)A>

for t>1t;.

W(t) = £ (1)

WA = &)L

W) WO A (o 0)

a0 e A0 L (P

= SOy T Yoy YT emy
Using (17) — (19), we get

Aty < e 60\ a gy 9220 e (PO
W= < o0 (e (D) <yﬂ<o<t>>> Oy YT ey P
Thus,
A o y(®) \7" | .a, v22 1) .
W2 (t) < —¢7 ()¢ (t)q(t)(yA(J(t))> +&7 (1) B0 for t>t

From (6) and (8), for any constant ¢, 0 < ¢ < 1, we obtain

() - (B () = (0 () o oo

Also from (8), there exists a ty >t € [tg, 00) N'T such that

Using (22) and (23) in (21), we get

WA (1) <~ (fﬁgh <g<t>,to>) € (1) q (1) + € (1)

Since y2(t) is an increasing function for ¢ > t;, there exist a constant cy > 0 such that

% (yA (t))l_w for t>ts.

Using (25) in (24), we get

WA (1) < <¢(t)h2 (a(0). to>> € (B)q (1) + el

(16)

(18)

(20)



Integrating the above inequality from to to t > t9, we have

t ~y A
—c*”W(tQ)é—/t Kd’(s)hg (g(s),to)> & (s)q(s)—c<’E (5)>

o(s) s

As,

where C' = ¢ 7¢; 7, which yields

lim sup [(f z ’t0)>v§0 (5)a(s)— C (gA (s))

t—oo

As < ¢ TW (t) < oo forall t>ta,

which contradicts (15).

Assume that z () satisfies Case (II). Integrating equation (1) from ¢ > ¢y to u > t and letting u — oo, we get

B8R (1) > (/tooq(s) As) 2V (o (t)) for t>t. (26)

Integrating (26) from ¢ > ¢y to u > ¢ and letting u — oo, we have

0 ([ [ amaras)ai@m) o izn

2O +QH) a7 (c(t) <0 for t>to. (27)

or

By a comparison result (see [7]), the equation

S +QM)y (a(1) =0 (28)

has a positive solution, while condition (11) or (12) implies the oscillation of equation (28), a contradiction. This
completes the proof. m

The following corollary is immediate.

Corollary 6 In Theorem 5, let the condition (15) be replaced by

imsp (420, (9(5),750))7 £ ()4 () As = o0, (29)
and
tlgg)/ & A < 00, (30)

then the conclusion of Theorem 5 holds.
Next, we present the following result.

Theorem 7 Lety > 1, conditions (11) and (14) hold and assume that there exists a function & (t) € C2, ([to,0) ,R)
such that

E@)>0, 2()=0 and &2 () <0 for t>to. (31)



If fort >ty € [to,00)NT

imsup | (&0 9061.10)) € () a(s) s = o (32)

t—o0

then equation (1) is oscillatory.

Proof. Let x () be a nonoscillatory solution of equation (1), say, = (¢t) > 0 for ¢t > 5. Then by Lemma 1, there
are two cases to consider. The proof of Case (II) is similar to that of Theorem 5 - Case (II) and hence omitted.
Now, we consider Case (I). As in the proof of Theorem 5 we obtain the inequality (17). Next, we define W by (18)

and apply the product rule to
W)= () y*> @) (v> () for t=t € [tg,00)NT
to find
W2 (1) = [ 022 )+ € 0y 0] > 0 0) T +emr2 o) (02 1))
A
Since y~4 (t) > 0 and ((yA (t))_y) < 0 for ¢t > ¢, we see that
W2 () <20y () (v (0 (1) " =& ()7 () a (1)

for t>t,. (33)

As in the proof of Theorem 5, we obtain (22) and hence (33) becomes

WA <€ 004 0 (% 0 0) & 00 (PPN (YT s

By applying (2), we have

A 1

(*@)'7) = =9 [ [ @)+ -ny* @] "y (1) dn

.:\Hc\

Using (35) in (34), we get

e < e 0 (00 0)7) - (Do) € a0 otz

Integrating this inequality from ¢, to ¢, we obtain

—W(h) < W(t%WnKﬁ €2 > )7 =6 ) (v ()]
= [0 A ) A [ (S8 k) € @l A

Using condition (31) in the above inequality, we get

/tt <f8 hz (9<5>vt0))7€" (s)q(s) As < W (t) < oc.



Taking lim sup of both sides of the above inequality as t — 0o, we obtain a contradiction to condition (32). This
completes the proof. m

The following corollary is immediate.

Corollary 8 In Theorem 7, let conditions (31) and (32) be replaced by

imsup | (420 0t0.10)) (614985 = o

t—00 o(s)

then the conclusion of Theorem 7 holds.

Proof. The proof is similar to that of Theorem 7 by setting £ (t) =¢. m

Finally, we establish the following result.

Theorem 9 In Theorem 5, let condition (15) be replaced by: for every constant 8 > 0

s [ <fg'3h2(9(8),to))vé“”(5)ﬂ8)ﬁ(gis)y(g;((i))) As= oo, (36)

then the conclusion of Theorem 5 holds.

Proof. Let x (t) be a nonoscillatory solution of equation (1), say, « (¢) > 0 for ¢ > ;. Then by Lemma 1, there
are two cases to consider and the proof of Case (II) is similar to that of Theorem 5 - Case (II) and hence omitted.
Now, we consider Case (I). Proceeding as in the proof of Theorem 5 we obtain (17) and by defining W as in (18),

we obtain (19) and (22), that is,

WA (1) <~ (D) q () (fﬁgh <g<t>,to>) n

A

o 20 (> 1))
W™ ) 5 (e 0)

From (2), v > 1, we have

(B*@)) = » / [hy™ (o (1) + (1= h)y™ (0] 52 (8) dh

> A 0) T PO 2 (A (1) A ) =0 (1) for txt,

where C' = v (y* (tl))ﬁh1 . Thus, (37) takes the form

A < —orer $(t) T WO o (22 (1) -
W2 ) < -6 a0 (S r @0.10) )+ LW 0 - 00 D o ez (39
By (8), we see that y® (t) /t is nonincreasing, and hence
Y (t) > <oit)> y> (o (b)) for t>t. (39)
Using (39) in (38), we have
A ypo #(t) RS0, t\TER () e
W2 (t) < —c7€7 (t) q (1) <U(t)h2(g(t),to)) avar W (t) C<a(t)> 52(t)W (t) for t>=t;. (40)



By completing the square on the right-hand side of (40), we find

2
WA () < €7 (1) q(t) ((b(t)hz (g(t),to))v L (0?))7 (fA (t)> for t>t.

(1) T ioc

Integrating this inequality from ¢; to ¢, we have

W () < T (W) =W ()

which yields

/t: §7(s)q(s) (QS(S)hQ (g(s),to)>W 4 <‘7(5)>7 (gA (8)>2 As < MW (1) < oo,

o(s) s

where a = 1/4¢7C, which contradicts (36). This completes the proof. m

As an example, we let £ (t) =1 or ¢ in Theorem 9 and obtain the following immediate result.

Corollary 10 In Theorem 9, let condition (36) be replaced by: for every constant B > 0

limsup / 7096) (Do) - L (2] s - (a1)

o0 o(s) o(s) s

then the conclusion of Theorem 9 holds.
Proof. Set £ (t) =t in the proof of Theorem 9. m

Corollary 11 In Theorem 9, let condition (36) be replaced by:

imsup | 09 (D2ha 9151, 10)) 25 = x, (12)

then the conclusion of Theorem 9 holds.

Proof. Set £ (t) =1 in the proof of Theorem 9. m

Next, let T = R. In this case equation (1) takes the form
2 () +q (t) 27 (o (1) = 0. (43)
Now Theorem 9 when applied to equation (43) becomes:

Theorem 12 Let v > 1,and condition (13) with T =R hold,

| (- ang) atras =,

to



/ / Q (u)duds =00, when A>1
to

S

and assume that there exist two nondecreasing functions n (t), & (t) € C* ([tg, ), (0,00)) such that

(' (5))*
n(s)

Q= [ [ atwaduis

If for every constant 8> 0, t > t1 € [tg,00) NT

t (s 2
limsup/t ls% (s)q(s)— 5(6())] ds = o0,

t—oo

lim sup / ln ()Q(s) - |

t—o0

1053:00, when v =1,

where

then equation (43) is oscillatory.
When T = Z. In this discrete case equation (1) becomes
Az (t) +q(t) x> (t+1) =0. (44)
Now, Theorem 5 when applied to equation (44) takes the form:

Theorem 13 Let vy > 1,and condition (13) with T = Z hold,

> ((s=9() g°(5) " (5) = o,
> > Qu)=00, when A>1

and there exist two positive nondecreasing sequences {n (t)} and {£(t)} such that

li?isolip z_: ln(s)@(s) - m] =00 when =1,
where
Q) => > q(u)

If for every constant k > 0, and t > t1,

nmsupgtj [( - )W§<s+1>q<s> —kA“‘ﬂ o,

t—00 s+1 S

then equation (44) is oscillatory.

Remark 14 The results of this paper are presented in a form which is essentially new even for the corresponding
differential equation (43) and difference equation (44). The obtained results are also extendable to delay dynamic
equations of the form

#(8) +q (1) (27 (7 (1)) =0,

where 7 : T — T satisfies 7 (t) < t fort € T, 7(t) is nondecreasing and tlim 7 (t) = 0.
—00



Remark 15 The literature is filled with many criteria for the oscillation of the second order dynamic equations of

type (9), and so, one may apply those results rather than presented here.

Remark 16 We may employ other types of time scales, e.g., T = hZ with h > 0, T = ¢™° with ¢ > 1, T = N2 etc.,
see [1] and [2]. The details are left to the reader.
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