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ABSTRACT. We obtain local energy decay as well as global Strichartz es-
timates for the solutions u of the wave equation 0?u — div,(a(t,z)Vu) =
0, t € R, x € R, with time-periodic non-trapping metric a(t,z) equal to
1 outside a compact set with respect to x. We suppose that the cut-off
resolvent R, (0) = x(U(T,0) — e~*)~1x, where U(T,0) is the monodromy
operator and T the period of a(t, z), admits an holomorphic continuation to
{# €C : Im(f) >0}, forn >3, odd, and to { € C : Tm(f) >0, 0 #
2km —ip, k € Z, p > 0} for n > 4, even, and for n > 4 even R,(0) is
bounded in a neighborhood of § = 0.

1. Introduction. Consider the Cauchy problem
{ uy — divg(a(t,x)Veu) =0, (t,z) € R xR,
(u, u) (s, x) = (f1(@), f2(2)) = f(z), =z €R",

2010 Mathematics Subject Classification: 35B40, 35L15.
Key words: time-dependent perturbation, non-trapping metric, local energy decay, Strichartz
estimates.
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where the perturbation a(t,z) € C>°(R"*!) is a scalar function which satisfies the
conditions:

() Co > alt.z) > ¢y > 0, (f,2) € R™,
(1.2)  (i7) there exists p > 0 such that a(t,z) =1 for |z| > p

(#ii) there exists T > 0 such that a(t + T, x) = a(t,x), (t,z) € R**L.

Throughout this paper we assume n > 3. Let HY(R") = A~7(L?*(R")) be the
homogeneous Sobolev spaces, where A = /—A,. is determined by the Laplacian
in R™. The solution of (1.1) is given by the propagator

U(t,s) :H’Y(Rn) > (fl;f?) = f = U(t,s)f = (u7ut)(t7x) S HV(Rn)

where H,(R") = HY(R"™) x HY~}(R™). Our goal in this paper is to establish that
for cut-off functions 1,12 € C3°(|z| < p+1) , we have local energy decay having
the form

(1.3) leu(tvs)qhug(ﬂl(w)) < COyyup(t —s), 25,

with p(t) € L'(R*). For this purpose, we assume that the perturbation associ-
ated to a(t,x) is non-trapping. More precisely, con51der the null bicharacteristics
(t(o),x(0),7(c),£(0)) of the principal symbol 72 — a(t, x)|£|? of 97 — div,(aVy)
satisfying

£(0) = to, |2(0)| < Ry, £(0) = &, 72(0) = a(t(a),z(0))é(0) .

It is known that for & # 0, the null bicharacteristics can be parametrized
with respect to ¢t and they can be defined for ¢ € R (see [10]). We denote by
(t,x(t),7(t),&(t)) the bicharacteristic (¢(0),z(0),7(0),&(0)) parametrized with
respect to t. We introduce the following condition

(H1) We say that the metric a(t,x) is non-trapping if for all R > R; there exists
T(R,Ry) > 0 such that |z(t)| > R for |t —to| > T(R, R1).

The non-trapping condition (H1) is necessary for (1.3) since for some trapping
perturbations we may have solutions with exponentially increasing local energy
(see [6]). On the other hand, even for non-trapping periodic perturbations some
parametric resonances could lead to solutions with exponentially growing local
energy (see [5] for the case of time-dependent potentials). To exclude the existence
of such solutions we must impose a second hypothesis. Let

1,12 € C3°(R™). We define the cut-off resolvent associated to problem (1.1) by

Ry, py(0) = Y1 (U(T,0) — e ) Ty,

Consider the following assumption.
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(H2) Let 9,192 € C°(R™) be such that ¢; = 1 for |z| < p+ 1+ 37,0 = 1,2.
Then the operator Ry, y,(#) admits a holomorphic continuation from {6 €
C : Im@#) > A>0}to{# eC : Im(f) > 0}, for n > 3, odd, and to
{0 € C : Im(#) > 0} for n > 4, even. Moreover, for n even, Ry, 4,(0)
admits a continuous continuation from {# € C : Im() > 0} to {# € C :
Im(0) > 0,0 # 2kn, k € Z} and we have

limsgp | Ropy po (M) || < 00.

Im(A)>0

We like to mention that in the study of the time-periodic perturbations of the
Schrodinger operator (see [3]) the resolvent of the monodromy operator (U(T") —
z)~! plays a central role. Moreover, the absence of eigenvalues z € C, |z| = 1 of
U(T'), and the behavior of the resolvent for z near 1, are closely related to the
decay of local energy as t — o0o. So our results may be considered as a natural
extension of those for Schrodinger operator. On the other hand, for the wave
equation we may have poles § € C, Im(6) > 0 of the resolvent Ry, ,(#), while
for the Schrodinger operator with time-periodic potentials a such phenomenon is
excluded.

Many authors have investigated the local energy decay as well as L? inte-
grability for the local energy of wave equations. The results of microlocal analysis
concerning the propagation of singularities make possible to improve many re-
sults of local energy decay. Tamura also established several results about the
local energy decay (see [23], [24], [25], [26]). Assume n = 3 and let V (¢, z) satisfy
the conditions

(i) V(t,x) is non-negative and C! with uniformly bounded derivative,
(77) there exists p > 0 such that V(¢,z) = 0 for |z| > p,
(1ii) OV (t,xz) = . (J)r (t7®) for a 0 < a < 1, uniformly in z.
— 100

Then, in [26] Tamura shows that the local energy of the solution of the wave
equation

0} — Agu+V(t,2)u =0,

decreases exponentially. In [23], Tamura also obtains a decay of the local energy
associated to (1.1), when the metric a(t,x) is independent of ¢ and admits a
discontinuity, by applying arguments similar to the those used in [18].

By using the compactness of the local evolution operator, deduced from a
propagation of singularities, and the RAGE theorem of Georgiev and Petkov (see
[7]), Bachelot and Petkov show in [1] that in the case of odd dimensions, the decay
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of the local energy associated to the wave equation with time periodic potential
is exponential for initial data with compact support included in a subspace of
finite codimension.

In [27] and [28], Vainberg proposed a general analysis of problems with
non-trapping perturbations investigating the asymptotic behavior of the cut-off
resolvent. Using the same approach, Vodev has established in [30] and [31] that,
for non-trapping perturbation a(z) and for n > 4 even, we have (1.3) with p(¢) =
t=n,

Notice that all these results are based on the analysis of the Fourier
transform with respect to t of the solutions. Since the principal symbol of
0? — div,(a(t,r)V,-) is time dependent, we can not use this argument for (1.1).

To obtain (1.3), we use the assumption (H2). For n > 3, odd, we obtain
an exponential decay of energy with p(t) = e=%, § > 0. For n > 4 even, it is more
difficult to prove (1.3) and we use the results of Vainberg for non-trapping, time-
periodic problems. In [29] Vainberg proposed a general approach to problems
with time-periodic perturbations including potentials, moving obstacles and high
order operators, provided that the perturbations are non-trapping. The analysis
in [29] is based on the meromorphic continuation of an operator R(f) introduced
in Section 2. In order to obtains (1.3) for n > 4 even, we will establish the link
between Ry, ., (0) and the operator R(f). Our main result is the following

Theorem 1. Assume (H1) and (H2) fulfilled and n > 4 even. Let
x1,U1 € C°(|z| < p+1). Then, for all s < t, we have

(1.4) Ixad(t, 3)7/’1”5(7{1(1@@) < Cp(t —s),
where C' > 0 is independent of t, s and p(t) is defined by
1
p(t) =

(t+1D)In(t+e)

Let Up(t) be the unitary group on H;(R") related to the Cauchy problem
(1.1) for the free wave equation (a = 1 and 7 = 0). For b > p denote by P? (resp
P?) the orthogonal projection on the orthogonal complements of the Lax-Phillips
spaces

DY ={feHi(R") : (Up(t)f)1(z) =0 for |z| < t+b}.

Set Z°(t,s) = PYU(t, s)PY. Then, for n odd, the resonances of the problem (1.1)
coincide with the eigenvalues of the operator Z?(T,0) and the condition (H1)
guarantees that the the spectrum o(Z%(T,0)) of Z°(T,0) is formed by eigenvalues
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zj € C with finite multiplicities. Moreover, these eigenvalues are independent of
the choice of b > p (see for more details [18] for time-periodic potentials and
moving obstacles). Consider the following assumption

(H3)
o(Z°(T,0)N{z€C : 2| =1} =2.
In [10], we have established global Strichartz estimates for n > 3 odd,

assuming that (H1) and (H3) are fulfilled. More precisely, (H1) and (H3) imply
that for n > 3 odd and for 2 < p, ¢ < +00 satisfying

1 1 1 1 -1/1 1
(1.5) p> 2, —zn(———)—l, and - < (———),
p 2 q p 2 \2 ¢
the solution u(t) of (1.1), for s = 0 and f € Hi(R™), satisfies the estimate

(1.6) Ny @+ L2(rry) + lull poo mr, @y + el oo et 2(R7Y)
< Cp, T,n,p, ) (Lf1ll g gy + [ f2llL2Rn))-

Moreover, in [10], it has been proved that for n > 3, for 2 < p, ¢ < o0 satisfying

1 1 1 1 n—1/1 1
1.7 —=n|l-—-])—-1 and -< S I
7 p (2 q) P 2 (2 Q>

for the solution u of (1.1) we have the following local estimate

(1.8) IxullLe s,s+6,22Rn)) < Cllf g, @y

with C,6 > 0 independent of f and s, and x € C5°(R"™). Applying (1.4), we
show that the estimates (1.6) remain true for even dimensions and we obtain the
following

Theorem 2. Assume n > 3 and let a(t,x) be a metric such that (H1)
and (H2) are fulfilled. Let 2 < p,q < +00 satisfy conditions (1.5). Then for the
solution u(t) of (1.1) with s =0 and f € H1(R™) we have the estimate

(1.9) Nu®llr @+, r2(rry) + lull poo mr @y + el oo mt,2(RnY)
< C(p7Q7va)(”f1||H1(R") + ”f2”L2(R”))'

The results of Theorem 2 have been exploited in [11] to prove the existence
of local weak solutions of semilinear wave equations for small initial data and long
time intervals.
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Notice that the estimate

1.10 U(NT,0 Y mny < L2 , NeN,
(110 o Welleo ) (N +1)In*(N +e)

implies (1.3). On the other hand, if (1.10) holds, the assumption (H2) for n even
is fulfilled. Indeed, for large A >> 1 and Im(#) > AT we have

Ry, (0) = =€ > " U(NT, 0)1ppe™?
N=0

and applying (1.10), we conclude that Ry, 4,(6) admits a holomorphic continua-
tion from

{#€C : Im@#) > A>0}to{f € C : Im(d) > 0}. Moreover, Ry, ,(0) is
bounded for # € R. In Section 4, we give some examples of metrics a(t,z) such
that (1.10) is fulfilled.

Acknowledgements. The author would like to thank Vesselin Petkov
for his precious help during the preparation of this work, Jean-Francois Bony for
his remarks and the referee for his suggestions.

2. Equivalence of (H2) and (H3) for odd dimensions. In this
section, we assume that (H1) is fulfilled and our purpose is to prove that for n
odd the assumptions (H2) and (H3) are equivalent. We start by recalling some
properties of the operators Z°(t, s) and U(t, s).

Proposition 1. For all s,t € R, we have
(2.1) UL+T,7+T)=U(t,T).

Applying (2.1), we get
U((N +1)T,NT) =U(T,0), N €N.

and it follows (U(T,0))N = U(NT,0), N &€ N. From now on, we set U(T) =
U(T, 0).

Proposition 2. Assume n > 2 and let a(t,x) satisfy (1.2). Then, we get

(2.2) G )| 2y vy < Cetlt=l,
where
A= |2 .
a |l oo w1+n)
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Proposition 3. Assumen > 3 odd and (H1) fulfilled. Then, for allb > p
the eigenvalues of Z°(T,0) are independent of the choice of b and for all b > p
there exists Ty (b) such that for all t,s € R satisfying t — s > Ty(b), Z°(t,s) is a
compact operator on Hl(R”).

Proposition 4. Assume n > 3 odd. Then, for all 0 < & < b and all
X € C°(|z| < b—¢€) we have

(2.3) XF = Fx =x

We refer to [10] and [20] for the proof of all these properties.

1
Proposition 5. Let ¢ € C°(R™) be such that ¢ =1 on |z| < p+ 5t T.
Then, we get

(2.4) UT) = Uo(T) = pU(T) = Up(T)) = U(T) — Uo(T))¥.

Proof. Let f € Hi(R") and let v be the function defined by (v(t), v,(t)) =
U(t,0)(1 — ) f. The finite speed of propagation implies that, for all 0 < ¢t < T

and |z| < p+ 5 we have v(t,z) = 0. Also, we find
(2.5) Ay =divg(a(t,x)Vy), for |z| >p

and we deduce that v is the solution, for 0 < t < T, of the problem

{ vy — Agv =0,
(’U7Ut)(07x) - (1 - Q/J(l'))f(l')
It follows

(2.6) (U(T) = Uo(T))(1 = ¢) =0.

Let u and v be functions defined by (u(t),u:(t)) = U(t,0)f and (v(t),v:(t)) =
Up(t)f with f € H1(R™). Applying (2.5), we deduce that (1 — ¢)u is a solution
of

[Az, Y]u,

{ OF((1 = d)u) = Ag(l — P)u =
= (1= ¢(@))f(z)

(1 =)u, 6:((1 = P)u)))(0, z)
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and (1 —¢)v is a solution of the problem

{ OF (1= 1)v) = Ag(1 =)o = [Ag, Y]v,
(1 =9)v,0:((1 = 9)0)))(0,2) = (1 = () f ().

Then, we have
(2.7) (1 =)U(T) = Uo(T)) = 0.
Combining (2.6) and (2.7), we obtain (2.4). O

Theorem 3. Assume n > 3 odd and (H1) fulfilled. Let ¢ € C§°(|z] <

p+T+1) be such that ¢ =1 for |z| < p+ ; +T. Let o(ZP(T)) be the spectrum
of ZP(T,0). Then the eigenvalues \ € o(ZP(T)) \ {0} of ZP(T,0) coincide with
the poles of w(U(T) — z)~ .

Proof. Following Proposition 3, we need to show this equivalence only
for Z%(T) with b > p. Set b = p+ 2 + T and write Z(T), P, P_ instead of
Z8(T), Pb, Pb. In the same way, write Zo(T) instead of Z§(T) = P2Uy(T)P®
Proposition 3 implies that the spectrum o(Z(T')) of Z(T') consists of eigenvalues
and (Z(T) — z)~! is meromorphic on C \ {0} (see also Chapter V of [20]). For
2| > [U(T)|| = [|Z(T)]], we have

> k
W(Z(T) —z) "y = _Z W

The properties of Z%(T) (see [10]) imply that, for |z| > ||U(T)| = | Z(T)||, we
have

@Z)(Z( )—Z 1,¢)_ pr-i- ( ))P—w

ST

Since b > p+T +1 and ¢ € C§°(|z| < p+ T + 1), applying (2.1) and (2.3), we
get

o0 k
@8 ) -2 = - P ) - e
k=0

Formula (2.8) implies that ¢(U(T) — 2z) ™14 is meromorphic on C \ {0} and the
poles of Y(U(T) — z)~ 4 are included in the set o(Z(T))\ {0}. We will now show
the inverse. Set

W(T) = Zy(T) — Z(T) = Py (Up(T) — U(T))P-.
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Applying (2.3) and (2.4), we deduce
(2.9) W(T) =V (T), with V(T)=Us(T)—U(T).
Next, let z € C be such that |z| > |[UU(T)||. We have

(Z(T) = 2)"H(2Zo(T) = Z(T))(Zo(T) — 2) 7' = (Z(T) = 2) ™ = (Zo(T) = 2) ",
and we get
(2.10) (Z(T)—2)"" = (Z(T)=2)" (Zo(T) = Z(T))(Zo(T) —2) "' +(Zo(T)—2) "
Also, we obtain

(Z(T) = 2)"" = (Zo(T) = 2) " H(Zo(T) = Z(T))(Z(T) = 2) " + (Zo(T) —2)™"
and applying (2.10) to the right-hand side of this equality, we conclude that

(Z(T)—=z)"!
= (Zo(T) — 2)" 1 (Zo(T)=Z(T))(Z(T)—2)" (Zo(T)=Z(T))(Zo(T)—2)"
+(Zo(T) — 2)"H(Zo(T) — Z(T))(Zo(T) — 2) ' + (Zo(T) — z)~".

Applying (2.9), we find

(Z(T)—2)7" = (Zo(T) — 2)"WV(D)W(Z(T) — 2) "V (T)(Zo(T) — )"
+H(Zo(T) — 2) " V(T)(Zo(T) — 2) ™' + (Zo(T) — =)

and (2.8) implies

(2.11)

(Z(T) =271 = (Z(T) = 2)"PV(D)W(U(T) = 2) " YV (T)(Zo(T) — 2) 7
+(Zo(T) — 2) " WV(T)(Zo(T) — 2) ™" + (Zo(T) — ).

The resolvent (Zo(T) — z)~! is holomorphic on C \ {0} and (2.11) implies that
all eigenvalues of Z(T) different from 0 are poles of (U(T) — z)~ 4. Thus, the
resonances coincide with the poles of the meromorphic continuation of ¢ (U (T) —

2", O

Assuming (H1), Theorem 3 implies that assumptions (H2) and (H3) are
equivalent, for n > 3 odd.

Remark 1. Combining the results of Theorem 3 with [10] we conclude
that for n > 3 odd we have (1.3) with p(t) = e, provided assumptions (H1)
and (H2) fulfilled. Moreover, assuming (H1) and (H2), we obtain (1.9) for 2 <
p,q < +oo satisfying (1.5).
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3. Decay of local energy for n even. Throughout this section, we
will show that the assumptions (H1) and (H2) imply for n > 4 the decay (1.3) of
the local energy. As a first step, we will show that we can generalize some results
of Vainberg about the Fourier-Bloch-Gelfand transform of the propagator. Then,
by applying these results, we will prove Theorem 1.

3.1. Assumptions and definitions. In this subsection we introduce
some notations and operators. We will also precise some assumptions. We fol-
low closely the expositions in [29] and we present the corresponding results for
problem (1.1).

Assume

(3.1) U(t,s) =0 for t<s and Uy(t)=0 for t<O.
Let P; and P, be the projectors of C? defined by
Pi(h) = hy, Py(h)=hy, h=(hy,hy)eC?
and let P!, P? € £(C,C?) be defined by
PY(h) = (h,0), P%*)=(0,h), heC.
Denote by V (¢, s) the operator defined on L?(R"™) by
V(t,s) = PiU(t,s)P>.
Notice that for g € L?(R"), w = V(t, s)g is the solution of
{ 82 (w) — div, (alt, 2)Vyw) = 0,

(’LU, atw)|t:s = (07 g)

Let E(t,s,z,x0) be the kernel of the operator V (¢,s). The propagation of sin-
gularities (see [9]) and (H1) imply that, for all » > 0, there exists T;(r) such
that

(3.2) EeCc>™ for |z|,|zo] <randt—s>Ti(r).

We may consider that 77 (r) is a strictly increasing and regular function (see [29]).
Moreover, we assume that

4
(3.3) Ti(r) =Ti(b), r<b with b= p+1+ =+ 2T.
From now on, we set

4
b:p+1+g+2T.
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Let Ty = T(r) be an increasing and regular function such that
To(r) > Ti(r), >0
and
To(r) = koT, r<b withkyeN.

Let £(t, s,2) € CP°(RxRxR™, R) be a function such that & = 0 for t—s > Ty (|x|),
§=1fort—s<Ti(|z]), £ =&(t —s) for |z| < b. Let p € C*°(RY) be a function

1 2
such that ¢ = 1 for |z| > b — 3 and ¢ = 0 for |z| < b— 3 Denote by P(t) the

differential operator

P(t) = 07 — div(a(t,z)V,).
Set A = /=A, and let W (¢, s) be the operator
(3.4) Wi(t,s) =&(t,s)V(t,s) —¥N(t,s),

with

A
Let h € L?(R™). Then wy = N(t, s)h is the solution of

{ 2wy — Aywy = Y[P(t),£(t, 8)|V (t, s)h,
(w1, Opw1) =5 = (0,0).

N(t,s) = / AL = 7)) (e, (7, )]V (7, 5)dr.

From (2.5), we deduce that wy = 9 N(¢, s)h is the solution of

{ 2wy — divy(a(t, ) Vaws) = —[Ag, YIN(, 8)h + V2 [P(t), £(t, 8)]V (¢, $)h,
(w2, Orwa)ji—s = (0,0).

It follows that ws = W (t, s)h is the solution of

{ Ofws — divg(a(t, z)V,ws) = G(t, s)h,
(w378tw3)|t:s = (0,h)

with
G(t,s)h = [Ag, Y]N(t,s)h + (1 — wQ)[P(t),f(t, $)|V (t, s)h.

Proposition 6. Let x € C3°(|z| < b). Then, the operator G(t,s)x is a
compact operator of L?(R™).
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Proof. Let x € C§°(|z| < b). The properties of £ implies

(3.5) [P(t),&(t,s,z)] =0, fort—s<Ti(|z]) or for t — s > To(|x]).

1
Since 1 — ¢?(x) = 0 for |x| > b — 3 the properties (3.2) and (3.5) imply that
(1 — 2)[P(t),£(t, )]V (t,s)x is a compact operator of L?(R™). Therefore (3.3)
and (3.5) imply that the kernel N(¢,s,z,zg) of the operator N(¢,s) satisfies
(3.6) N(t,s,x,z9) =0, for t —s < Ty(b).
Applying (3.2) and (3.3), we obtain
(3.7) N(t,s,xz,z9) € C, for |z|, |xo| < b.

Then, since [Ag,¥](z) = 0 for |z| > b, (3.7) implies that [A,,P]N(t,s)x is a
compact operator in L?(R™). We deduce that G(t,s)y is compact operator of
L*R"). O

To prove (1.3), we will use some results established in [29] for s = 0. For
our purpose we need to consider the case 0 < s < T'. The proofs are similar and
we will only give a proof when it is necessary, otherwise we refer to [29].

Theorem 4 (Theorem 1, [29]).
1) For all h € C§°(|z| < b) and s > 0, the integral equation

(3.8) ws(t,.) +/ G(t,7)ps(T,.)dT = —G(t, s)h,

admits an unique solution @4(t, ), with s € C°(R x R™) such that
suppyps C{z @ || < b} and ps(t,x) =0 fort < s+ Ti(b).
2) For all h € C§°(|x| < b) and for the solution ¢s of (3.8) we have

(3.9) V(t,s)h = W(t,s)h+ / t W (t, 7)ps(r,.)dr.

. Let r € R. We denote Hgv’fl (R'*™) the space defined by g € H;’fl(Rl*”)
i

(i) e~ Mtp € HT(R),

(1) g(t,z) =0 for t < sor || > b.

The spaces Hf(R™), HJ(R™"), C°(R") and Cf°(R'™™) are the subspaces of
H™(R™), H"(R*™), C°(R™) and C>®°(R*™), respectively, consisting of functions
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that vanish for |x| > b. The global energy estimate (2.2) implies that, for 4 > A
(with A the constant in (2.2)) and for x € C§°(|z| < b), we have

(3.10) XV(t,s) € L(LE, HM (RY)).
Throughout this section we assume Ay > A.

3.2. Properties of the Fourier-Bloch-Gelfand transform on the
spaces H, Z;,’;Al (R'*™) for s > 0. In this subsection we will recall some properties

of the Fourier-Bloch-Gelfand transform on the spaces Hg:fl(RH”). Vainberg
established in [29] these results for s = 0. All these properties hold for s > 0. We
denote by F', the Fourier-Bloch-Gelfand transform defined on H, ;’7’;41 (RY™) such
that, for Im(0) > AT, we have

+o00
F(o)(t,0) = Y @kT+t)e™, o e Hy M (R,

k=—o00
Let ¢ € HyM (R™). For Tm(f) > A, T, we write
¢(t,0) = F(p)(t,0).

Proposition 7 (Lemma 1, [29]). Let ¢ € Hg’fl(RH”). Then, for
Im(0) > AT the following assertions hold:
1) for any B > 0 the operator

F : Hp"(RY™") — Hy([s — B,s+ B] x R")

s bounded and depends analytically on 6.

2) o(t, 0+ 2m) = ¢(t,0);

3) P+ T,0) =e™"5(1,0),
and hence if v(t,0) = e#gb(t +T1,0), v(t+T,0) =0(t0).
4)Let o > AT, ¢ € R. If dyc is the interval [ia + ¢, ioc + ¢ + 2], then

(3.11) o(t) = %/d F(o)(t,0)d0, € R.

Denote by Hg’svper(]RH”) the norm closure of the subspace of H"([s, s +
T]xR™) consisting of the infinitely differentiable functions in [s, s+7] x R"™ which
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are T-periodic with respect to ¢ and vanish for |z| > b. Let F’ be the operator
defined by

0t
F'()(t,0) = eT F(p)(t,0).
The following result is a trivial consequence of Proposition 7.
Proposition 8. For Im(0) > AT the operator
F'o HPH(RY™) = Hp L (R
s bounded and depends analytically on 6.

Now, we will consider the Fourier-Bloch Gelfand transformation of oper-
ators with a kernel.

Proposition 9 (Lemma 4, [29]). Suppose that the operator
A 1A
R : HI;S 1(R1+n) — HbVSl(R1+n)

18 bounded and its kernel has the properties:
1) R(t+T,7 +T,,20) = R(t,7, 7, 20).
2) There exists a Ty > 0 such that

(3.12) R(t,1,x,29) =0, for t—T1¢]0,Tp).
Then, there exists an operator
R(t7570) : Hg,s,per(Rl—HL) - Hé,s,per(R1+n)7

such that R(t, s,0) is an entire function on 6 and F'(R) = R(t,s,0)F" for Im(0) >
A T.

We establish easily the following result.
Proposition 10. Suppose that the operator
R(t,s) : Hj(R") — Hy!' (R')
1s bounded. Then, the operator
R(t,5.0) = F'(R(t,5))(t.6) = H{(R") — H},,(R"*")

is bounded and R(t,s,0) is an entire function on 0 for Im(0) > A;T.
Set 11,12 € C3°(|z] <b). We will analyze the properties of the Fourier-
Bloch-Gelfand transform of 11V (¢, ).

3.3. Fourier-Bloch-Gelfand transform of the operator ¥,V (t, s)1s.
In this subsection, our aim is to analyze the composition of F’ with the operator
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1V (t, s)1ha. More precisely, we will show that, for 0 < s < T and t > Ta(b) + T,
F'(Yr V (¢, 8)12)(t, 0), initially defined for Im(0) > AT, admits a meromorphic
continuation satisfying some properties that we will precise. From these results we
will establish the asymptotic behavior as ¢ — +oo of the local energy associated
to (1.1). In [29], Vainberg proves the properties of F'(¢1V (t,s)i2)(t,0), when
s = 0 and t > T(b). But all these results remain true when 0 < s < 7" and
t>Ts(0b)+T.
Denote C'={z€ C : z# 2km —iu, k€ Z, u > 0}.

Definition 1. Let Hy and Hs be Hilbert spaces. A family of bounded
operators Q(t,s,0) : HA — Hs is said to be meromorphic in a domain D C C, if
Q(t, s,0) is meromorphically dependent on 6 for 6 € D and for any pole 6 = 0y the
coefficients of the negative powers of 0 — 0y in the appropriate Laurent extension
are finite-dimensional operator.

Definition 2. We say that the family of operators Q(t,s,0), which are
C* and T'-periodic with respect to t, has the property (S) if: 1) when n is odd, the
operators Q(t,s,0), 0 € C and its derivatives with respect to t are bounded and
form a finitely meromorphic family; 2) When n is even the operators Q(t, s, )
and its derivatives with respect to t are bounded, finitely meromorphic on 0 for
0 € C' and, in a neighborhood of 8 =0, Q(t,s,0) has the following form

(3.13) Q(t,s,0) = B(t,s,0)log6 + > _ Bj(t,s)0~7 + C(t, s,0),
Jj=1

where the operators B(t, s,0) and C(t,s,0) depend analytically on 0 for |0| < o,
log is the logarithm defined on C\ iR™, and for all j the operators Bj(t,s) and
(0aB(t,5,0))9=0 are finite dimensional. Moreover, B(t,s,0), C(t,s,0) and the
the operators Bj(t,s) are C* and T-periodic with respect to t and depend on s.

Denote by G4 and Wy the operators defined for all ¢ € Hbl’SA1 (R, by

Gu(p)(t) = / Gt T)p(r)dr, Walp)(t) = / W (t, 7)p(r)dr.

We recall some results about the properties of the composition of F’ and the
operators Gg, G(t,s), xWs and xN (¢, s), with x € C5°(|x| < b).

Theorem 5 (Theorem 2, [29]). Let 0 < s <T. The operator

(3.14) Gy © HyMRY™) — Hp MR
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is bounded, and for Im(0) > AT the relation F'(Gs)(t,0) = Gs(t,s,0)F' holds,
where

Gs(ta 376) : Hbl,s RlJrn) - Hg,s,per(R1+n)

,per(

is an operator with the property (S).

Theorem 6 (Theorem 3, [29]). Let 0 < s < T. For all ¢ > 0 and for all
r € R, the operator

(3.15) G(t,s) : Hy(R'™") — HyS(R™™)
is bounded and the operator
G(t,5,0) = F'(G(t,9))(t.0) :+ Hy(R™™") — Hy 0, (R™")

defined for Im(0) > AT, has an analytic continuation to the lower half plane
with the property (S).

Theorem 7 (Theorem 4 and Lemma 8, [29]). Let x € C3°(|z| < b) and
0 < s <T. The operator

(3.16) Wy © HPM (RS — g (R,
is bounded, and for Tm(0) > AT the relation F'(Wy)(t,0) = W(t,s,0)F' holds,

where
XWS(tv 5, 6) : Hg,s,per(R1+n) - Hb%s,per(RlJrn)?
is an operator with the property (S). The operator
(3.17) XN(t,s) + HE(R™W™) — HPM (R,
1s bounded and the operator
XN(t,5,0) = F'(xN(t,5))(t,0) : H}(R'™") = HP, . (R'*")
defined for Im(0) > AT, admits an analytic continuation with property (S).

Definition 3. We say that the family of operators Q(t,s,0), which are
C* and T-periodic with respect to t, has the property (S') if: 1) for odd n the
operators Q(t,s,0), 0 € C, and its derivatives with respect to t form a finitely-
meromorphic family; 2) For even n the operators Q(t,s,0) and its derivatives

with respect to t form a finitely-meromorphic family for § € C' . Moreover, in a
neighborhood of 6 =0 in C', Q(t,s,0) has the form

m 0\’
(318) Q(t, S, 9) = 9 go (m) %7t73(10g 9) + C(t, S, 9),
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where C(t,s,0) is analytic with respect to 0, Ry s is a polynomial, the Pj; s are
polynomials of order at most l; and log is the logarithm defined on C\ iR™.
Moreover, C(t,s,0) and the coefficients of the polynomials Ry s and Pj; s are C*
and T-periodic with respect to t and depend of s.

Remark 2. Notice that if Q(¢, s, 0) satisfies (S’) then 9;Q(t, s, 0) satisfies
also (7).

Theorem 8 (Theorem 5, [29]). Let B > A with A the constant of
estimate (2.2). Then, there exists A2 > B such that for all h € HI)I’SB(RH”) with
0 <s<T, the equation

(3.19) @ +/ G(t,7)e(T)dT = h,

is uniquely solvable in the space Hbl’sAl(RH”) for any Ay > As, and

(320) 1915281 vy < Ol

The next result is a trivial consequence of Theorems 4, 6 and 8.

Proposition 11. Let 0 < s < T and A1 > Ay, with Ay the constant of
Theorem 8 for a B > A. Then, there exists an operator

L(t,s) : L} — HyM(RY™)

such that L(t,s) is bounded and satisfies

t
(321)  L(ts)h +/ G(t,7)L(r, s)hdr — —G(t,$)h, he Ll t>T.

In the following, we assume that A; > A, with As the constant of Theo-
rem 8 for a B > A. We will now recall a result, established by Vainberg, which
will allow us to define the properties of the Fourier-Bloch-Gelfand transform of
L(t,s).

Theorem 9 ([29], Theorem 9). Let H be an Hilbert space and let
G(t,s,0) : H — H be a family of compact operators having the property (S).
If there exists Oy such that Id + G(t, s,00) is invertible, then the family of opera-
tors (Id + G(t,s,0))"! has the property (S').

Applying this result, we deduce the following.
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Theorem 10. Let 0 < s <T. The operator
L(t,5.0) + L3 — Hi o, (R"H),
defined originally for Im(6) > AT by the relation
L(t,s,0) = F'(L(t,))(t,0),

admits an analytic continuation having the property (S').
Proof. We apply the operator F’ to both sides of (3.21). It follows

from Theorems 6 and 7, and Propositions 10 and 11, that, for Im(0) > AT,
F'(L(t,s))(t,0) satisfies

(3.22) (Id + G4(t,s,0))F'(L(t,s))(t,0) = —G(t, s,0).
We consider the operator Gs(t, s, 0) acting in the spaces

(3'23) Gs(ta 376) : Hbl,s RH_n) - Hl},s,per(Rl—i_n)'

,per(

It follows from Theorem 5 that (3.23) is compact. Consequently, we deduce
from (3.22), Theorem 10 and the properties of operators Gs(t, s,0) and G(t, s, 0),
established in Theorems 5 and 6, that Theorem 10 is valid if we show that there
exists D > AT such that for § = iD the operator (Id 4+ Gs(t, s, )) is invertible.
To prove the latter it clearly suffices to show that for some D > AT and for
0 = iD the equation

(324) (Id + Gs(tv S, 0))’¢) =¥, ¥ d) S Hbl,s,per(RlJrn)?

is solvable for all . Let g € H& R*7™) and v € C®(R) be such that

s,per(
T 2T

0< vy <1, () =0fort < S+§’ y(t) =1 for t > s—&—?. We see from

Theorem 8 that the equation

t
o1 +/ G(t,T)p1(T)dT =g,

has a unique solution ¢; € Hb1 ’AI(RH”). Theorem 5 implies that for Im(0) >

S

AT, the equation (3.24) has a unique solution

= F/((pl) € Hl},s,per(Rl—i_n) for ¥ = F/(’Yg)
Set D > AyT. For the proof of the theorem it suffices to show that for any
¢ € Hy , . (R™™), we can choose g € H . (R'*™) such that

S,per

(3.25) @ = [F'(v9)]j9=iD-

S,per
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For Im(f) > A1T and t € [s,s + T, we have
iot T

Fl(vg)(t,0) = et kgo(ryg)(kT +t)eik?

0t

= F (wg)(t) S G t)em)
k=0

- (wg)(t) () :i;’k@)

= e Tgt) [yt + 1 —e D) e D]

Let p1 be a function defined on s <t < s+ 7T, by

[+ —e™?) e .

SIS

pi(t) =e
T
For alls<t<s+§,we have

_Dt
T

pt)=e T (1—eP)le?

3T
and, for alls+7 <t<s+ T, we get

p(t) = e_(D(tT_T))e*D 1+ (1 —eP)teP]
— e_(w) [G_D + (1 — e_D)_1€_2D:|
= e_(D(tin) (1 — e_D)fl e D,
Thus, for all N € N, we obtain

d"py d" py
an &) = g 6+ T).

Consequently, we can define a function p € C*°(R) and T-periodic such that

p(t) =pi(t), tel[s,s+T].

347

Since y(t) > 0, it follows that p(t) > 0 for all ¢ € R. Then, for any ¢ €

H}, o (R1T™), we have (3.25) if

yPET
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Denote by R(t,s) the operator defined by

t

(3.26) R(t,s) = —¢)N(t,s) +/ W (t, 7)L(t,s)dr.
Then, we can extend the result established by Vainberg for s = 0, in the following
way.

Theorem 11. Let 0 < s < T and let x € C§°(|z| < b). The operator

XR(t,s): L — Hy (R
is bounded. Moreover, the family of operators
R(t,s,0): Lj = Hype(R'™),  R(t,s,0) = F'(XR(t, 5))(t,0)

defined for Im(0) > AT, admits an analytic continuation to the lower half plane
and this continuation has the property (S’).

Vainberg established the result of Theorem 11, in the Theorem 11 of [29]
for s =0 and ¢ > T5(b). Combining this result with Theorems 7 and 10, and with
the estimate (3.10), we see that this result holds for 0 < s < T and t > T5(b)+T.

Remark 3. Notice that Theorem 11 does not give any information
about the dependence of R(t, s, ) with respect to s.

Combining the representations (3.9) and (3.21), and applying an argu-
ment of density, we get

t
(3.27) V(t,s)h = W(t,s)h +/ W (t,7)L(r,s)h dr, he L.

The properties of £, for t — s > To(b), imply
xE(t,s) =0, x€C5(|z] <b).

Combining this with the formulas (3.4), (3.27) and (3.26), for 0 < s < T and
t > To(b) + T, we find

x1V(t,s)x2 = xaR(t,s)x2,  x1.x2 € C3°(|z] < b).

Theorem 11 implies that, for 0 < s < T and t > Ta(b) + T, F'(xaV (¢, s)x2)(t,0)
admits an analytic continuation to the lower half plane with the property (S’).
This result together with the assumption (H2) will be combined to establish (1.4)
for even dimensions.
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3.4. Proof of Theorem 1. The goal of this subsection is to prove
i+ 1
Theorem 1. From now on, let x;,¢; € C3° | |z|<p+1+ % + (- 1)T>,
j €{1,...,4}, be such that for all j € {2,3,4}, we have

(328 ) =@ =1 forll <pt1+lo(-nT

Notice that, for all j € {1,2,3}, we obtain

Xj+1 =1 onsupp(x;) +T, ;11 =1 on supp(yy)+T.

Consider V(t,s,0) = F'(V(t,s))(t,0). In subsections 3.1, 3.2 and 3.3 we have
generalized the results of [29] and proved that V (¢, s, 0) satisfies property (S’) for
0<s<Tandt>Tyb)+T. Following [29], we can establish the asymptotic
behavior as ¢ — +o0o of x3V (t,s)Y3. Nevertheless, we cannot deduce directly
(1.4). To prove (1.3), we establish a link between R,, 4,(¢) and V' (t,s,6), and we
show how (H3) is related to the meromorphic continuation of V(¢,s,#). Then,
applying the results of [29], for t > (ko + 1)7 and 0 < s < %, we obtain

(3.29)

C C
IxaV (t,s)s] <

oV (t <
(rDmiire) MoVibell< oman e

with C independent of s and t. Consider the operator defined by
Ul(t,s) = PiU(t,s)P.
For all h € HY(R"), w = U(t, s)h is the solution of

{ 02w — divy(a(t, z)Vew) = 0,
(0, 00)j1—s = (1, 0)

If a(t, z) is independent of ¢, we have
(830)  AV(ts)f —V(ts) (VL) =) =Ult,s)f,  feCF(R)

and (1.4) follows easily from (3.29). If a(t, z) is time-dependent, statement (3.30)
is not true and it will be more difficult to prove that (3.29) implies (1.4).

To prove (1.4), we start by showing the link between F’(x3V (¢, s)¥3)(t,0)
and RX477/J4(9)‘

Lemma 1. Assume (H1) and (H2) are fulfilled and let n > 4 be even.
2T

Let t > (ko + 1)T, 0 < s < 5 Then, the family of operators V(t,s,0) =
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F'(x3V(t,s)Ys3)(t,0) admits an analytic continuation to {# € C' : Im(f) > 0}
and we have

(3.31) limsup [ sup [Vt s, Ml 2(p2n), 2 gny) | < 00
A=0 s€[0,2L
Im(N\)>0 3

Proof. Notice that, from (2.2), for Im(0) > AT and for all p1,po €
C§°(R™), we have

(3.32) Ry 0 (0) = —c Z ‘Plu(kT)S@eike-
k=0

Set ko € Nsuch that 0 <t/ =t—koT < T. Assume t’ > s. Then, for Im(0) > AT,
we find

F/(X;),V(t, S)?/Jg)(t, 9) = F/(P1X3U(t, S)¢3P2)(t, 9)

[e.9]
= eir? Z PixsU(t + KT, s)ip3 P2’

(3.33) h=he

oo
= P (™0 Y xsU(t+ kT, s)yse™ | P2,

k=—kz
Moreover, we obtain
(e.9]
T ? Z XU (t + kT, s)i5e*?
k=—ks
oo
= e"(%*b)exgbl(t’, s)3 + €' 70 Z XalU (t + kT, s)hze™
k=—(ka—1)
. t !
and since 7= ko + T we get
o0
eit? Z XsU(t + kT, s)pze™”
k=—ks
oo

= e TONGU(Y, )3 + /77 | e D XUt + KT, s)pze’™
k=—(ko—1)
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Applying (2.1), for Im(0) > AT, we find

e®20 N U+ KT, s e
k=—(k2—1)
— ™0 ST QU OU (ke — )T + KTYU(O, s — Thige’™?
k=—(k2—1)

and the finite speed of propagation implies

eth20 Z xsU(t + kT, s)z/)g,eike
k=—(kz2—1)

0N T xaU(, 0)xald (k2 = DT + KT)ald (0,5 = T)epse™.
k=—(ka—1)

Applying (3.32) to the right hand side term of the last formula, we obtain

[e.o]

e®l N Ut + kT, s)hse™® = —xsU(t,0) Ry, 1, (O0U(0, 5 — T)ijs.
k=—(k2—1)

It follows

(3.34) F'(x3V(t,s)¥3)(t,0) =
Py (61%9 [XSu(tlv 8)7/}3 - XSu(tlvo)RXAMM(e)u(O: §—= T)w3]) P,

Following the same argument, for ' < s and Im(0) > AT, we get

(3:35) F'(xsV (£, )0)(t.0) = — Py (" FOxqU(Y', 0) Ry (O0U(0, 5 — T ) P*.
Recall that T5(b) = koT. We have established in subsection 3.3 that, for ¢t >
2T
(ko + )T =T5() + T and 0 < s < 3 < T, V(t s,0) admits a meromorphic
continuation to {# € C' : Im(f#) > 0}. Moreover, from (3.34) and (3.35),

2
for t > (ko +1)T and 0 < s < 5 assumption (H2) implies that the family

of operators V(t,s,0) has no poles on {§ € C' : Im(f) > 0} and satisfies
(3.31). Thus, the family of operators V (¢, s, ) is analytic with respect to 6 on
6 e{0eC" : Im(f) >0} and satisfies (3.31). O

Now, by integrating on a suitable contour of C’, we obtain the following
estimates.
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Lemma 2. Assume (H1) and (H2) fulfilled and let n > 4 be even. Then,
2T
for all 0 < s < = and for all d € N such that d > kg + 1, we have

Cs
(dT + 1) In*(dT +e)’

(336) X3V (AT’ 8)3ll £ (12Rm), 1 () S

Proof. In subsection 3.3, we have shown that V(dT,s,0) =
F'(x3V(t,s)ys3)(dT,0) satisfies property (S’). Thus, V (dT, s, ) admits a mero-
morphic continuation with respect to # on C'. Assumption (H2) and Lemma
1 imply that V(dT,s,#) has no poles on {§ € C' : Im(d) > 0}. Moreover,
V(dT,s,0) is bounded independently of the choice of s and satisfies (3.31). Also,
there exists g9 > 0 such that for # € C’ with |6| < g we have

(3.37) V(dT,5,0) =V ((ko+1)T,5,0) = > > Ry;0*(log0)”

k>—mj=>—my

The property (3.31) implies that for the representation (3.37) we have Rj; = 0
for k <0or k=0 and j <0. It follows that, for § € C" with |6| < 9, we obtain
the following representation

(3.38) V(dT,s,0) =V ((ko+1)T,s,0)
= A(s,0) + B(s)0™° log(0)™* + 524 (6™ log(6) )

with A(s,#) an holomorphic function with respect to 6 for |#| < e¢ , B(s) a finite-
dimensional operator , mg > 0 and p > 1. Moreover, (3.34) and (3.35) imply
that A(s,#) and B(s) are bounded independently of s.

Since V(dT, s,0) has no poles on {# € C' : Im(f) > 0}, there exists

0<é6< T and 0 < v < gq sufficiently small such that V(dT, s,0) has no poles
on

{0 eC" : Im(0) > —6T, —m < Re(f) < —v, v < Re(d) < 7}

Consider the contour v = I't Uw U 'y where I'y = [—i0T — 7, —idT — v], Ty =
[—i0 + v,—id + 7w]. The contour w of C, is a curve connecting —idT — v and
—i0T + v symmetric with respect to the axis Re(f) = 0. The part of w lying in
{0 : Im(0) > 0} is a half-circle with radius v, w N {6 : Re(d) < 0, Im(A) <
0} =[-v—idT,—v] and wN {0 : Re(d) >0, Im(f) < 0} = [v,v —i0T]. Thus,
w is included in the region where we have no poles of V(dT, s, ). Consider the
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closed contour
C=[i(A+1)T +mi(A+1)T — 7] U[i(A+ 1T — x, —idT — 7
U~y U [—i0T + m,i(A+ 1)T + «].
The statement 2) of Proposition 7 implies
(3.39) V(dT,s,0 +2m) =V (dT,s,0).
Since the contour C is included in the region where V(dT, s,6) has no poles, the
Cauchy formula implies
/ e OV (dT, 5,0)d0 = 0.
C
Moreover, (3.39) implies
/ e 'V (dT, s,0)d0 = — / e v (dT, s,0)d0

[((A+1)T—m,—i6T—m] [—i6T+m,i(A+1) T+
and we obtain
(3.40) / F(V(t,s))(dT,0)d0 = /F(V(t, s))(dT,0)do.

[((A4+1)T—m,i(A+1)T+m] v

The formula (3.11) and the identity (3.40) imply

™

(341) X3V (dT, )b — 2i / F(V(t, s))(dT, 0)i5d6
vy

1
o

/e—i‘”V((ko + 1)T, 5,0)dé.
;

We will now estimate the right-hand side term of (3.41). Consider A(s,6) the
holomorphic part of the expansion (3.38). Choose ¢ such that § < %0. Then, the

closed contour wU[—i0T — v, —i0T +v] is contained in the domain {# € C : |0| <
g0}. Since A(s, ) is holomorphic with respect to 6, for || < g9, by applying the
Cauchy formula, we obtain

/ e 9 A(s,0)d0 = — / e A(s,0)do

[—i6T—v, —i6T+v]

and, since A(s, 0) is bounded independently of s, it follows

(3.42)

/ eideA(s,B)dQ} < Cre 0l
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with C1 > 0 independent of s and d. For § € I'; UT'9, V(dT,s,0) = V (koT, s, 0)
is bounded independently of s, and we show easily that
(3.43)

/e‘ikeV(dT,s,Q)dQ < Che ) 5 =12
I

J

with Cy independent of s and d. Applying the estimates (3.42), (3.43) and the
representation (3.38), we get

(344) /ye_idev((k() + 1)T7 8, 0)(19 = dﬂo+oo <(dT + 1) 11112(dT + 6))

+/we—z‘d9 (B(S)Gmo(log 0) "+ + K (6™ (log 9)—u)) 6.

1
Following Lemma 7 in Chapter IX of [28], for t =d and v = 7 Ve obtain

Cs
(dT 4 1)mo+1Int T (dT +e)’

/ e~ 09mo (log ) ~Hdh <
w

Combining this estimate with the representation (3.44), for all d > ko + 1 and
s €]0,T], we get

Cy
<
,C(LZ,Hl (Rn)) (dT + 1) 11’12(dT + 6)

/eid‘)V((ko +1)T,5,0)d6
ol

with C4 > 0 independent of s and d. The inversion formula (3.41) implies that,
2T
foralld > kg +1and 0 < s < R we have (3.36). O

Lemma 3. Assume (H1) and (H2) fulfilled and let n > 4 be even. Then,
2T
for all 0 < s < 3 and for all d € N such that d > ko + 1, we have

Cs
(dT + 1) In*(dT +e)

(3.45) Ix30:V (AT, $)U3 £ or2 ), L2(mny) <

Proof. For Im(f) > AT, we have
OF (x3V (t, s)¥3)(t,0) = %F'(X:&V(tswz)(t?@) + F'(x30:V (¢, 8)s) (¢, 0)

and it follows that

F/(XgatV(t, 5)1/)3)(75»9) = atF/(X?)V(t? S)wi’))(tv 9) - ?F/(X?)V(tv 5)1/}3)@7 9)
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2T
Since, for t > (ko + 1)T and 0 < s < ER the family of operators

F'(x3V(t,s)Y3)(t,0) satisfies property (S’), OF' (x3V (t, s)3)(t,0) satisfies also
(S’). Thus, the family of operators F'(x30;V (¢, s)3)(t,0) admits a meromorphic
continuation satisfying property (S’). Moreover, following the definition of U(t, s),
we have

OV (t,s) = PoU(t,s)P?
and we get

X301V (t, 8)h3 = PoxalU(t, s)ib3 P2

Following the same arguments as those used in the proof of Lemma 1 , we obtain

F'(x30:V (¢, s)y3)(t,0)
=PF <€i%9 [X3M(t/7 3)7/)3 - ng/{(t/, O)RX4,1/J4 (9)“(0, s = T)q/}?)]) p?

with t =IT +t',1 € Nand 0 <t < T. Thus, assumption (H2) implies that, for
2T

fort > (kp+1)T and 0 < s < R F'(x30,V (t,s)13)(t,0) is analytic with respect

tof on {# € C" : Im(#) > 0} and

limsup | sup HF’(XgﬁtV(t,s)wg)(t,/\)HL(LQ(Rn)le(Rn)) < o0.

A—0 2T
>0 \*<0%5]

Following the same arguments as those used in the proof of Lemma 2, we obtain
(3.45). O

Proof of Theorem 1. Let a € C*°(R) be such that a(t) = 0 for
T 2T .
t < 3 and at) =1 for t > 5 For all h € HYR"), wy; = a(t)U(t,0)h is the

solution of

(3.46) { OFwy — divg(a(t,z)Vawr) = [07, ] (1)U (t,0)h,

(w1, Opwr) 1= = (0,0).

We deduce from the Cauchy problem (3.46) the following representation

(3.47) U(t,0) = a(t)U(t,0) = /t V(t,s)[0?,a](s)U(s,0)ds, t>T.
0
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2T
Since [0, a](t) = 0 for ¢t > ER the formula (3.47) becomes

27

U(t,0) = /0 YV 5)[02,a(s)U (s, 0)ds, 3> T.

The finite speed of propagation implies

2T
(3.48)  xoU(dT, 0y = / Y VAT, $)3]02, a](s)U (s, 0)ibads, d > 1.

0
The formula (3.48) and the estimate (3.36) imply that, for d > ko + 1, we have

Cs
(dT + 1) In*(dT +e)’

(3.49) Ix2U (dT', 0)7/’2”£(H1(Rn),H1(Rn)) <

with Cs > 0 independent of d. Let 5 € C5°(R™). The formula (3.47) implies that,
for t > (ko + 1)T', we have

QU (,0)5 = /OT OV (1, )[R, ol (5)U (5, 0)Ads.

By density, this leads to

21

X20:U (dT,0)1py = / ’ X20,V (dT, s)wg[ﬁf,a](s)U(s,O)wgds, d>ky+1
0

and the estimate (3.45) implies that for d > ko + 1 we get

Cy
(dT +1)In*(dT +e)’

(3.50) IX20:U (AT, 0)ba | £ g1 ey 22 mmy) <

The estimates (3.36), (3.45), (3.49) and (3.50), imply that, for d > ko + 1, we
have

Cy
(dT + 1) In?(dT + )’

(3.51) XU T, 01 |, gy <
Assume t — s > (ko + 3)T and choose k,l € N such that

ET <t< (k+1)T, IT<s<({(+1T.
Then, statement (2.1) and the finite speed of propagation imply

xald (8, )1 = xald (&, KT)xoU ((k — (1 + 1)) T)pold (1 + 1T, s)41
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and (k— (Il +1))T > (ko + 1)T. Combining estimates (2.2), (3.51), we get

Cho
(k—(1+ )T+ D)Wk -1 +1)T +e)

“Xlu(tvs)q/’l”qﬂl(w) <

Moreover, we find

(t—s+ D)t —s+e)<((k— 1+ 1)T+2T +1)In?*((k — (I +1))T + 2T +¢)
) 2T +1

In(1+ g=2tyr)
% (1 WG+ )T

<Ci(k— (1 +1))TIn*((k — (1 +1)T)
and we show easily that
(k—(I+1))TIn?(k— (1 +1))T) < Cra((k— (I +1)T+1)In*((k - (1+1))T +e).
We deduce the estimate
(t—s+1)In%t—s+e) <Ci((k— 1+ 1))T+1)In*((k - (14 1)T +e).
Finally, it follows that

Cia
t—s+1)In(t—s+e)

HXlu(ta3)1#1”5(1{1(11@71)(11@)) < (
For t — s < (ko + 3)T, following estimate (2.2), we have

Ix1U (L, s)yn HE(Hl(R”)(Rn)) < CyseAbotd)T

< CyseAhota)T (((ko +3)T + 1) In®((ko + 3)T + 6))
= (t—s+1)In%(t—s+e) '

Then, we obtain (1.4) for n > 4 even. O

4. L? integrability of the local energy. The purpose of this section
is to show the L? integrability of the local energy by applying estimate (1.4). For
the free wave equation Smith and Sogge have established the following result
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-1
Lemma 4 ([19], Lemma 2.2). Lety < and let p € C°(|z| < p+1).

Then
(4.1) / loe = b3 @y dt < Cp,n NI, @)y 7€ HY(RT).
In [19] the authors consider only odd dimensions n > 3, but the proof of

this lemma goes without any change for even dimensions. We deduce from (4.1)
the following estimate.

—1
Lemma 5. Let v < and ¢ € C§°(R™). Then

@2 [ IV oyt < Cem I oy | € Ho(RO)

Following estimates (1.4) and (4.2), we will establish the L? integrability
of the local energy which take the following form:

Theorem 12. Assume n > 4 even and (H1), (H2) fulfilled. Then, for
all p € C°(|z| < p+ 1), we have

(43) 16U 071 oyt < CT oo 1y

Proof. Choose f € Hi(R™) and x € C°(|z| < p+ 1) such that y = 1 for
1
lz| < p —|— — and 0 < x < 1. Notice that

(4.4) QU(t,0)f = pU(t, 0)x.f + pU(t,0)(1 = x)f.

Then, combining estimates (1.4) and (4.1), we deduce (4.2) (see the proof of
Theorem 4 in [10]). O

Proof of Theorem 2. Applying the equivalence of assumptions (H2)
and (H3) for n > 3 odd, we obtain (1.9) for n > 3 odd (see Remark 1). Then,
combining estimates (4.3), (1.4) and the local estimates (1.8), we deduce (1.9)
for n > 4 even (see [10] for more details). O

5. Examples of metrics a(t, x). In this section we will apply the re-
sults for non-trapping metrics independent of ¢ to construct time periodic metrics
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such that conditions (H1) and (H2) are fulfilled. Consider the following condition

2a |a]

(5.1) “

_’ar‘>5>0

with § independent of ¢ and x. It has been established that assumption (H1) is
fulfilled if a(t, ) satisfies (5.1) (see [10]). Thus, we suppose that a(¢,x) satisfies
(5.1) and we will introduce conditions that imply (H2). In [16] and [17], Metcalfe
and Tataru have established local energy decay for the solution of wave equation
with time dependent perturbations, by assuming that the perturbations of the
D’Alambertian (a(t,z) — 1 for the problem (1.1)) is sufficiently small. Set
Do={z : |2| <2}, Dj={x : 2 <|z| <2}, j=1,2,---

Y )

and
Aj =R x Dj.

For (1.1), the main assumption of [16] and [17] takes the form

Z ( sup { <1;>2 H@ga(t,x)H + (z) |Vza(t,z)| + |a(t, z) — 1 }) <e

j=0 \(t,2)€A,;

with € > 0 sufficiently small. For ¢ sufficiently small, this condition implies that
(1.1) is non-trapping (see [17]). Thus, Metcalfe and Tataru have shown local
energy decay by modifying the size of one parameter of the metric. Following
this idea, we will establish examples of metrics such that (H2) is fulfilled by
modifying the size T' of the period of a(t,z). This choice is justified by the
properties of U(t, s).

Let 71 > 0 and let (a7)r>r, be a family of functions such that ar(t,x)
is T-periodic with respect to ¢ and ar(t,x) satisfies (1.2) and (5.1). Moreover,
assume that

(5.2) ar(t,z) =ai(x), te[Th,T], z€R".

Notice that (5.1) implies that a;(z) is non-trapping (see [10]). We will show that
for T sufficiently large (H2) will be fulfilled for a(t,z) = ar(t,x). Notice that for
n > 3 odd , it has been proved in [10] that, for T" large enough, (5.1) and (5.2)
imply (H3). Combing this result with Theorem 3, we find that, for n > 3 odd
and for T" large enough, (5.1) and (5.2) imply (H2). It remains only to treat the
case n > 4 even.
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Consider the following Cauchy problem

vy — divg(ag (x) Vo) = 0,
3 S

and the associated propagator
V(t) : Hi(R™) 3 f — (v,v:)(t) € H1(R").
Let u be solution of (1.1). For T <t < T we have
OFu — divy(ay (2)Veu) = 0Pu — divg(ap(t,z)Veu) = 0.
It follows that for a(t,z) = ar(t, ) we get
(5.4) Ut,s)=V(t—s), T1<s<t<T.

The asymptotic behavior, when ¢ — +o00, of the local energy of (1.1), assuming
a(t, z) is independent of ¢, has been studied by many authors (see [28], [27] and
[31]). It has been proved that, for non-trapping metrics and for n > 3, the local
energy decreases. To prove (H2), we will apply the following result.

Theorem 13. Assume n > 4 even. Let ¢1,p2 € C°(R™). Then, we
have

(5.5) ||901V(t)902||[;(7{1(11gn)) < Cor 0 <t>linv

with Cy, o, > 0 independent of t.

Estimate (5.5) has been established by Vainberg in [28], [27] but also by
Vodev in [30] and [31]. For n > 4 even we will use the following identity.

Lemma 6. Let ¢ € Ci°(|z|] < p+ 1+ T1) be such that ¢ = 1, for
1
lz| < p+ 3 +Ty. Then, we have

(5.6) U(T,0) = V(1) = pU(T1,0) = V(T1)) = U(T1,0) = V(T1))

Proof. Choose g € Hl(R”) and let w be the function defined by
(w,we)(t) = U(t,0)(1 — ¢p)g. The finite speed of propagation implies that, for

1
0<t<T and |z| < p+ 5 e have w(t,z) = 0. Then, we obtain

(5.7) divy(a1(2)Vy) = A, = dive(a(t,x)Vy), for |z| > p.
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Thus, w is solution on 0 < ¢t < 77 of the problem

<

wy — divy al( )WVaw) =0
{ (w,w)(0) = (L —¢)g
and it follows that

(5.8) U(T3,0) = V(T}))(1 = ) = 0.

Now, let u and v be the functions defined by (u,u:)(t) = U(t,0)g and (v,v¢)(t) =
V(t)g with g € H1(R™). Applying (5.7), we can easily show that on (1 —¢)u is
the solution of

{ OF((1 = ¥)u)) — Ae((1 = Y)u)) = [Ag, Y],
(1 =), (1 = ¢)u):)(0) = (1 = ¢)g,

and (1 —v)v is the solution of

FF (1= 9)v)) = Aa((1 = ¥)v)) = [Ag, ¢,
(1 =)o), (1 = P)0))(0) = (1 = )g.

We have
(5.9) (1 =) U(T3,0) = V(11)) = 0.
Combining (5.8) and (5.9), we get (5.6). O

From now on, we consider the cut-off function ¢ € C5°(|z| < p+ 1+ T1)
such that ¢ =1, for |z| < ptg L +T7.

Lemma 7. Assume n > 4 even and let (ar)r>r1, satisfy (5.1) and (5.2).
Then, for T large enough and for a(t,x) = ar(t,z), we have

N-—1
(5.10) UNT, 00 = V(NT)p + > V(KT +T —T))BY%, N>1,
k=0

where, for all N > 1 and all k € {0,...,N — 1}, BX, satisfies

Bk, =¢B%,
(5.11) ) o
185y < (N —k)In®>(N — k +¢)
with C > 0 independent of N, k and T.




362 Yavar Kian

Proof. We will show (5.10) and (5.11), by induction. First, set
BY =U(Ty,0) — V(T1).
We deduce from (5.6) that
(5.12) BY = yB} = BYv.
Moreover, statement (5.4) implies
(5.13) U(T,0) = V(T — T\)U(Ty,0) = V(T — Ty)BY + V(7).

Combining (5.12) and (5.13), we can see that (5.10) is true for N = 1. Now,
assume (5.10) and (5.11) hold for N > 1. Set S = U(T1,0) — V(T1). Using(5.6)
we get

(5.14) S =yS = 5.
Then, we obtain
U(N+1)T,0) =U(T,00U(NT,0)p = (V(T)+ V(T —T1)S)U(NT,0).

The induction assumption yields

N-1
U((N +1)T,0)% = (V(T) + V(T —T1)S) (V(NTW + S VT +T - Tl)B]’i,) ,
k=0

where, for all k € {0,...,N — 1}, BY, satisfies (5.11). It follows that

N
(5.15) U(N +1)T, 000 = V(N + 1)T) + Y V(T + T —T1) Bl 14,
k=0

where, for all k € {1,...,N}, B]"Q,_H = B]k{,_l and

N-1
Bl =Y SV(kT +T — T1)Bf + SV(NT)y.
k=0

The induction assumption implies that, for all k € {1,...,N}, BY = B]l‘{,_l
satisfies (5.11). To conclude, it only remain to show that BY,, satisfies (5.11).
First, (5.15) implies

(5.16) By = ¥By
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and we get
N—-1

(5.17) Bl =Y SYV(T + T — Ty)y By + SYV(NT)e.
k=0

Estimate (5.11) implies that, for k € {0,..., N — 1}, we have

C
5.18 B\ sy mnyy < :
(5.18) IBN I 2, () (N—k) (N —k +e)

with C' > 0 independent of k, N and T. From (5.5), for all k£ € {0,..., N}, we
obtain

Cy
(KT +14+T —T)In*(kT + (T —T1) +¢)

[WV(ET + T — Tl £, (mey) <

If we choose T > 2, the last inequality becomes

Cy
(k4+1)In?(k+1+e)
where C; = 2C(T1) is independent of k, N and T'. Notice that ||.S|| is independent

of T, k and N. Combining representation (5.17) and estimates (5.18), (5.19), we
find

(5.19) [VT + T = T gy < 7

(5.20)
||BO || ) < ClC N-1 1 ‘ 1
NHLIL(HLR™) = = (N—K)In*(N—k+e) (k+1)’*(k+1+e)
+ <
(NT+1)In* (N +1+e)
Thus, we get
40010y + 2C 1

5.21 BY SRR S ’ :
(5.21) BN 41l £ty ey T (N+DI(N +11e)

It follows from estimate (5.21) and statement (5.16) that if we choose T such that

4 2
T > 2 and M < C, BR,H will satisfy (5.11). Since the value of T'

is independent of N, by combining this result with (5.12) and (5.13), we deduce
that (5.10) and (5.11) hold for all N > 1. O

1 1
From now on, we set 8 € C3°(|z| < p+ Z) such that g =1 for |z| < p+ 5
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Lemma 8. Assume n > 4 even and let (ar)r>r, satisfy (5.1) and (5.2).
Let s € [T1,T). Then, for T large enough and a(t,z) = ar(t,x), we obtain

N-1
(5.22)  U(NT,s)B=V(NT —s)3+ > V(T +T —T1)Di(s), N=>2,
k=0

where, for all N > 2 and all k € {0,...,N — 1}, DX.(s) satisfies

D} (s) = ¥ Df(s),

(5.23) o

N —k)In*(N —k +e)
with C' > 0 independent of s, N, k and T.
Proof. Since s € [T1,T], we have U(T,s) = V(T — s). It follows that

UQ2T,s)f = (V(T) + V(T —T1)S)V(T — 5)3=V(2T —s)3 + V(T — T1)Di(s),

where Di(s) = SV(T — s)3. Taking into account estimate (5.5), it is easy to
see that Di(s) satisfies (5.23) for N = 2. Consequently, repeating the arguments
used for proving (5.10) and (5.11), we deduce that for T large enough (5.22) and
(5.23) are satisfied for all integers N > 2. O

HD?\/(S)Hg(Hl(Rn)) < (

Lemma 9. Assume n > 4 even and let (ar)r>r, satisfy (5.1) and (5.2).
Assume also that conditions (5.10), (5.11), (5.22) and (5.23), are fulfilled for
T > 2 and a(t,xz) = ar(t,z). Then, for all N > 1, ¢; € Cg°(|z| < p+ 1+ 3T)
and all 0 < s < NT, we have

C

(N +1)In*(N +e)’

(5.24) lprd(NT, 0)9]| <

C/
(NT — s+ 1)In*>(NT — 5 +¢)
with C,C’ > 0 independent of s and N.
Proof. Since T > 2, estimate (5.5) implies
Cy
(k+1)In%(k+e)

with Cy independent of k. The representation (5.10) can be written in the form

(5.25) lprd(NT s) || <

(5.26) et VET) o2l 27, (mey) < k€N,

N—-1
PIU(NT,0)¢ = p VINT)Y + > o1 V(KT + T — T1)yBY.
k=0
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Combining this representation with estimates (5.11) and (5.26), we get

C3
UNT, 008l 234, () <
It NT 08l con e S (v Ty me(v + )

N-1

1 1
+C5 ) 5 ' 5
S (N—k)In*(N—k+e) (k+1)In"(k+1+e)

and this estimate implies (5.24). Let s € [0, NT] and let [ € {0,..., N} be such

that s =T+, with 0 < s’ <T. We have U(NT,s) =U((N —1)T,s"). We start
by assuming s’ € [T1,T]. Applying (5.22) and (5.23), for N — 1 > 2 we obtain

(5.27) @U(NT,s)8 = pU((N = DT, s")3
N—-Il-1
=@ V((NT = s5)B+ Y @V(kT + T — Ty)¢pDy(s'),
k=0

where DX (s') satisfying (5.23). Combining estimates (5.23), (5.5) and the repre-
sentation (5.27), we obtain

Cy
U(NT, 7(Rn)) S
lotd(NT )8l ey S 7 T DmEN —1 1 0)
N-i-1
1 1
+C Z 2 ’ 2 ’
— (N—-l-k)In*(N—-l-k+e) (k+1)In"(k+1+e)

with Cy4, Cj > 0 independent of I, s’ and N. Thus, we get

Cs
(N =14+ 1D)In*(N —l+e)

(5.28) l1(NT, 5)B]| <

Notice that

(N =14+ 1)In*(N — 1 +e) cc
(NT — s+ T)In®(NT —s+Te) = °

with Cg independent of s, N and [. Consequently, condition (5.28) implies (5.25).
For N —1 =1, we have U(NT,s) = V(NT — s) and we deduce easily (5.25).
Now, assume s’ € [0,77]. The finite speed of propagation implies

PIUNT, 5)B = @U((N = )T, 5')8 = prU((N — )T, 0)yU(0,s")

and we obtain (5.25) by applying (5.24). O
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Theorem 14. Assume n > 4 even and let (ar)r>1, satisfy (5.1) and
(5.2). Then, for T large enough and for a(t,x) = ar(t,z), assumption (H2) is
Fulfilled.

Proof. Choose T' > 2 such that conditions (5.10), (5.11), (5.22) and
(5.23) are fulfilled, and set ¢1, 2 € C3°(|z| < p + 2 + 37T) satisfying ¢; = 1 for
2| < p+3T+1,i=12 Let x € C(|z| < p+ %) be such that y = 1, for
lz| < p+ % Consider the following representation

(5.29) ©IU(NT,0)p2 = iUl (NT,0)xp2 + pid(NT,0)(1 — x)pa2.

For the first term on the right hand side of equality (5.29), by applying (5.24),
we obtain

C/
(N +1)In*(N +e)

le1Ud (NT, 0)x 2| <
with C’ > 0 independent of N. Let v be the function defined by (v(t),v:(t)) =
V(t)g. Applying (5.7), we can see that w = (1 — x)v is solution of

{ 02w — divy(aVew)) = [As, X]v,
(w, w:)(0, %) = (1 = ¢ (2))g().

Thus, we get the following representation

NT
UNT,0)(1 —x)=(1—-x)V(NT) — ; U(NT, s)QV(s)ds,
where
0 0
Q =
[Az,x] 0O

Since § = 1 on suppy, we can rewrite this representation in the following way

NT
U(NT,0)(1 —x)=(1—x)V(NT) — ; U(NT, s)BQAV(s)ds.

It follows
oAUt (NT, 0)(1 — X)‘PZHL;(Hl(Rn)) < lpr(1 = X)V(NT)‘P2||L(H1(Rn))

NT
+C/0 [ U(NT, 5)5”5(7{1(1@71))||5V(5)902||L(7{1(Rn))d5-
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Estimates (5.24), (5.25) and (5.5), imply

C
(N +1)In®(N +e)
—i—C’/NT 1 . ! ds
o (NT—s+1)In*(NT —s+e) (s+1)In*(s+e)

(5.30) [l (NT, 0)02l £ g7, (mny) <

and we get

o (NT, 0) o2l £ 3, (mm)
_ C . 20
S(N+DIAN +1+e) (AL +1)m? (AL te)’

N eN.

It follows that
—+oco

(5.31) > It (NT, 0002l g, gy < o0
N=0

Applying (2.2) for all § € C satisfying Im(0) > AT, we obtain

(532) Ry n(0) = o1 (U(T,0) —e ) hpp = =€ Y~ oiU(NT, 0)poe™’.
N=0

The conditions (5.31) and (5.32) imply that the operator Ry, ,(6) admits an

holomorphic continuation from {# € C : Im(0) > A} to {# € C : Im(¢) > 0}

and Ry, 4,(0) admits a continuous extension from {# € C : Im(#) > 0} to

{0 € C : Im(f) > 0}. The proof is complete. [
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