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ABSTRACT. The oscillatory and nonoscillatory behaviour of solutions of the
second order quasi linear neutral delay difference equation

A(an‘A(xn + pnxn77)|a71A(xn + pnxnfr) + an(xnfa)g(Axn) =0

where n € N(ng), @ > 0, 7,0 are fixed non negative integers, {an}, {pn},
{qn} are real sequences and f and g real valued continuous functions are
studied. Our results generalize and improve some known results of neutral
delay difference equations.

1. Introduction. In this paper, we consider the second order quasi
linear neutral delay difference equation of the form
(1) A(an’A(l‘n +pn$n7‘r)|a71A($n + pnl‘nff) + QHf(xnfU)g(Axn) =0
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where n € N(ng) = {ng,no + 1,...} np a non negative integer, A is the forward
difference operator defined by Az, = z,41 — xn, @ > 0, 7, ¢ are fixed non
negative integers.

Throughout this paper we assume that the following conditions hold:

(C1) {an} is a positive real sequence and {g,} is a non negative real sequence
with g, is not identically zero for large n,

(C2) {pn} is a real sequence,
(C3) g: R — R such that g(u) > ¢ > 0 for u # 0,

(Cy) f: R — R is continuous and uf(u) > 0 for v # 0 and f(u) — f(v) =
h(u,v)(u — v) for all u # 0 and h is a non negative function.

Let m = max{r,0}. By a solution of equation (1) we mean a real sequence {z,}
which is defined for all n > ny — m and satisfies (1) for large n > ngy. A solution
{z,,} of (1) is said to be nonoscillatory if all the terms x,, are eventually of fixed
sign, otherwise the solution {z,} is called oscillatory. A nonoscillatory solution
{zn} of (1) is said to be weakly oscillatory if {Ax,} changes sign for arbitrarily
large values of n.

In this paper, we investigate oscillatory and asymptotic behaviour of non
oscillatory solution of equation (1), when g, is either non negative or changing
sign for large n.

Let S denote the set of all nontrivial solutions of (1). With respect to
their asymptotic nature, the nonoscillatory solutions of equation (1) may be a
priori divided into the following classes:

M* = {{x,} € S: there exists an integer N such that
rpAx, >0,Yn > N}

M~ = {{z,} € S : there exists an integer N such that
rpAx, <0,Vn > N}

oS = {{x,} € S : there exists an integer N such that

TnTpi1 < 0,Yn > N}
woOS = {{z,} € S:{x,} is nonoscillatory for every N 3n > N
such that Az, Az, <0}

In [1] and [3] the authors studied the oscillatory and asymptotic behaviour
of nonoscillatory solution of equation (1) when g(u) = 1, « = 1 and p,, either
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identically zero or p, = p via the above said classification. Hence the results
obtained in this paper generalize that in [3].

2. Main results. Define
(2) Zn = Tn + PnTn—r

First we examine the non-existence of solutions of equation (1) in the
class M.

Theorem 2.1. With respect to difference equation (1), assume that

(3) -1<-h S Pn
n—1
(4) qn 18 non negative and lim sup Z gs = 0
n—oo
s=ng
=1
(5) and Z e = X
S=ngo n

hold. Then for equation (1) we have M = ¢.

Proof. Suppose that equation (1) has a solution {z,} € M*. Without
loss of generality we can assume that there exists an integer n; > ng such that
Tp >0, Azy >0, Ty, > 0, Azpy_p, > 0 for all n > ny = ng + m (the proof is
similar if z,, < 0, Axz,, < 0 for all large n). If p, > 0, we have z, > z,, > 0. If
—1 < —h < p, < 0 we claim that z, > 0, for all n > ny. Otherwise, there is a
ng > ny, such that z,, <0, then

Tny < hTp,—r

and therefore

Tngtr < hip,

by induction
2
Tno+2r < hxng—i—’?’ <h Ty
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we obtain
Tnotjr < hjl‘ng

implying that z,,4;; < 0 for large n, which contradicts the fact that x,, > 0,
Az, > 0 for n > n;.
Hence z, > 0 for all n > n;.

Now from the equation (1), it follows that

(6) A(an|Azp|* T Azn) = —gnf(Tn—0)g(Azy) <O n>my

we claim that Az, > 0 for n > nq.
Otherwise, there exists an integer nz > n; such that Az,, < 0.
It follows from (6) that

n—1
Zn < Zng — (= | Az, |2 Az, )/ Z 1/al/® n>ns
s=ns
By using (5), we have lim z, = —oo which contradicts the fact that z, > 0 for
n—oo
n>mny. So
(7) Az, >0 for n>ny

Summing equation (6) and using (C1) - (Cy)

n—1 o
an(Azy)* < an, (Azp, ) B Z an(Azp) W (Ts41—0, Ts—o) AZs— o Z 0

f@n—0) — (Tni—o P f@sp1-of(rs—0) =
n—1
ny (Azny )
— . 5 ¢ qs n = np
f(@n,—0) Sznl
From (4) we obtain
A (e}
lim inf 222 _
n—oo  f(zn—o)

which contradicts (7). The proof is complete. O

Theorem 2.2. With respect to the difference equation (1), assume that

(8) {pn} is non negative and nondecreasing for all n € N(ng)
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n—1
9) lim sup Y g =00
s=no

hold. Then for equation (1) we have M = ¢.

Proof. Suppose that equation (1) has a solution {z,} € M™. There is
no loss of generality in assuming that there exists ny > ng such that x,, > 0,
Axy, >0, 2y m >0, Axy_p, > 0 for all n > ny = ng + m. The proof is similar if
Tn < 0, Az, <0 for all large n.

By condition (8) we see that

(10) zn > 0,A2, >0, n>n.

Similar to the proof of Theorem 2.1, we obtain

A (e}
lim inf 7%( 2n) = -0
n—oo  f(Zn—o)

which contradicts (10). The proof is complete. O

Now we examine existence of solutions of equation (1) in the class M.

1
Theorem 2.3. Assume that 7 < o. If the function W 1s locally
u (6
integrable on (0,c) and (—a,0) for all o> 0 and
> du 0 du
(1) | g [ s e
o (flu)le —a (f(u))t/
(12) f is sub multiplicative;
(13) {pn} is non negative and nonincreasing for all n € N(ng)

t=N

' n 1 s—1 N
0 Jmw 2 i (Z(%)U):O@ et

hold, then for equation (1) we have M~ = ¢.
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Proof. Suppose that equation (1) has a solution {z,} € M~. Then
there is no loss of generality in assuming that there exists ny > ng such that
Ty >0, Az, <0 zp_yy >0, Azyy_yy, < 0 for all n > ny. The proof is similar if
xn < 0 Az, > 0 for all large n. Then from (2) by using (13) we see that

zn >0, Az, <0 n>n.

Summing (6), using summation by parts from ny to n — 1 and by (C3) and (Cjy)

n—1
Z 7A[;7€;SAZ: —cC Z qgs M >nq

s=n1 s=n1

—1
an(Azn)a Qn, A2n1 Z AZs .%‘570-, l‘s+1fa)Al‘sfa

f(linfa) f Tnq— O‘ — l‘s+1 U)f(:'I"S*U)

n—1
< -—c Z qs-

s=ni

an(Azy)® any (Azn,)* — as(Az) (s gy Tyl UAJ:S o
f(linfa) = f(livufa) Z f(l‘s+1fa)f(-73s 0’ Z s

s=nq s=n1
n—1
< —c Z gs n=mny
s=n1
By (C1)
(AZ )a n—1
(15) —f(TTi)ZC/an qu for n > nq

Since {z,} is non increasing and 7 < ¢ we have z, < (1 + p,)x,—, and hence by
using (12)

(16) f(zn) < fF(1+pp)f(2n-0)

Combining (15) and (16)

1

(Azp)“ c —
T Z afap 2

s=ni
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Then we have

(f (zn)) Ve anf(1+pn

Using (by parts) summing the last inequality from nq ton — 1

S ) e 1 SR
S D TR Z(asf<1+ps>>1/a<z%> e

s=n1 s=n t=n1

n—1 1/a
B (AZn) > Cl/a ( ZS:TU qs )) 7 n> ny.

Fort+1<z, <t

/t dt > _ Az
1 flE)Ve = fzg)l/e

hence
n—1
#nq dt Az
18 / — > T
18) L T 2 2 T

Combining (17) and (18) and taking limit sup we get a contradiction to (11) and
(14).
The proof is complete. O

Next we establish sufficient conditions under which equation (1) has no
weakly oscillatory solution.

Theorem 2.4. Let q, > 0 for all n > ng. If
(19) pn=p>0 forne N(ng).
Then for equation (1), WOS = ¢.

Proof. Let {z,} be a weakly oscillatory solution of (1). Without loss
of generality we assume that there exists an integer n; > ng such that z,, > 0,
Tp_m > 0 for n > ny.

(The proof is similar if x,, < 0 for all large n)
Using (2) and (19), z, > 0

Az, = Az, +pAx,_
AZn+1 = Aanrl + prnf‘rJrl
AzpAzpy1 = AzpAzpiq + p(AxpyAxy—ri1 + Axpi1 Az 1)

+p2A$n—7’A5En—T+1
0.

IN
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Hence 2, > 0 and weakly oscillatory. In equation (1) putting F}, = a,|Az,|* 1Az,
for n > ng we get AF,, = —qnf(zn—0s)9(Axy,) < 0 which implies {F,,} is non-
increasing hence F;, is eventually of one sign which gives a contradiction, since
{F,} an oscillatory sequence. [

Theorem 2.5. Assume conditions (5), (9), (19) hold. Then every solu-
tion of equation (1) is either oscillatory or weakly oscillatory.

Proof. From Theorem 2.2 it follows that for equation (1) M+ = ¢. In
order to complete the proof it suffices to show that for (1) M~ = ¢.

Suppose that {z,} € M~. Then as earlier we can assume that z, > 0,
Az, <0, Typ_m > 0, Axy_y < 0 for all n > nq the proof is similar if z, < 0,
Az, > 0 for large n.

Then by using (2) and (19) we see that

zn >0 Az, <0 n>n
Let w,, = a,(Az,)%, so that w, <0 for n > ny. From (1)
Awn S _Can(xn—U)

n—1
wy, < Wnp,; — C Z QSf(xst)

s=n1

using Abel’s transformation. (1, p. 35)

n—1 n—1 s
Wn S wn1 - Cf(xn—a) Z ds — Z Af(ms—a) (Z Qt)
s=n1 s=n1 t=n1
From the above relation
wy, < Wy,
w
(Az,)* < <0 forn>m
Gnp
n—1 1
2y — 2n, < w%a Z e T 700 asn =00
s=ni S

which contradicts z, > 0. The proof is complete. O

From Theorems 2.4 and 2.5 we can easily get the following theorem.
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Theorem 2.6. Let g, > 0 for all n > ng and conditions (5), (9), (19)
hold. Then every solution of equation (1) is oscillatory.

Now we study the asymptotic behaviour of the eventually monotone so-
lution of equation (1).

Theorem 2.7. Assume conditions (12), (13), (14) are satisfied. Then

for every solution x, € M~ we have lim z,, = 0.
n—oo

Proof. The assertion follows from the same argument as given in the
proof of Theorem 2.3. Taking into account (18) which implies lim z, = 0,
n—oo

together with z, > x, for all n > M we have lim z,, = 0.
n—oo

This completes the proof. 0O

Example 2.1. Consider the quasi linear neutral delay difference equation

1 _
A | =5 [Azy, + 225-1|* Azy + 225-1)
n

(E1) 4+ 2$n—2(1 + (Az,)?) =0 n>3.

T=1 o0=2 fly=y gy)=1+y*=>1

Pp=2>0 a,=1/mn2 >0 gq,=n/n—2

All conditions of Theorem 2.6 are satisfied and hence (E1) is oscillatory by The-
orem 2.6.
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