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In 2007, P. J. Larcombe established the following result for the 3F2 hypergeometric
series, for m ≥ 2:

3F2



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(
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m

) .

The aim of this paper is to provide a generalization of this result. The results are
derived with the help of a generalization of the Whipple theorem on the sum of a 3F2, obtained
earlier by Lavoie et al. A few interesting special cases are also given.
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1. Introduction and statement of results

The generalized hypergeometric functions with p numerator and q de-
nominator parameters [1–3] is defined by

pFq




α1, . . . , αp

; z
β1, . . . , βq


 = pFq [α1, . . . , αp; β1, . . . , βq; z]

=
∞∑

n=0

(α1)n . . . (αp)n

(β1)n . . . (βq)n

zn

n!
, (1)

where (α)n denotes the Pochhammer symbol (or the shifted factorial, since
(1)n = n!) defined by

(α)n =
{

α(α + 1) . . . (α + n− 1), n ∈ N
1, n = 0.

(2)
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Using the fundamental property Γ(α + 1) = αΓ(α), (α)n can be written in the
form

(α)n =
Γ(α + n)

Γ(α)
(3)

where Γ is the well known gamma function.
It is not out of place to mention here that whenever a hypergeometric

function reduce to gamma functions, the results are very important from the
applicative point of view. Only a few summation theorems for the series 2F1

and 3F2 are available in the literature. The classical summation theorems such
as of Gauss, Gauss’s second, Kummer and Bailey for the series 2F1 and Watson,
Dixon and Whipple for the series 3F2 play an important role in the theory of
hypergeometric and generalized hypergeometric series.

Bailey, in his well known and very interesting paper [5] applied the above
mentioned classical summation theorems and obtained a large number of known
and unknown results involving products of generalized hypergeometric series.

Also, Berndt [6] has pointed out that the interesting summations due
to Ramanujan can be obtained quite simply by employing the above mentioned
classical summation theorems. For more details about the recent generalizations
of such summations theorem and their applications, see [9, 10]

It is well known that the classical summation theorems for 3F2 play an
important rule in the theory of hypergeometric series. Let us recall some of
them:

Watson theorem ( [2]):

3F2




a, b, c
; 1

1
2(a + b + 1), 2c


 (4)

=
Γ(1

2)Γ(c + 1
2)Γ(1

2a + 1
2b + 1

2)Γ(c− 1
2a− 1

2b + 1
2)

Γ(1
2a + 1

2)Γ(1
2b + 1

2)Γ(c− 1
2a + 1

2)Γ(c− 1
2b + 1

2)
,

provided Re(2c− a− b) > −1.

Dixon theorem ( [2]):

3F2




a, b, c
; 1

1 + a− b, 1 + a− c


 (5)

=
Γ(1 + 1

2a)Γ(1 + a− b)Γ(1 + a− c)Γ(1 + 1
2a− b− c)

Γ(1 + a)Γ(1 + 1
2a− b)Γ(1 + 1

2a− c)Γ(1 + a− b− c)

provided Re(a− 2b− 2c) > −2.
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Whipple theorem ( [2]):

3F2




a, b, c
; 1

e, f


 (6)

=
πΓ(e)Γ(f)

22c−1Γ(1
2a + 1

2e)Γ(1
2a + 1

2f)Γ(1
2b + 1

2e)Γ(1
2b + 1

2f)
,

provided Re(c) > 0 and Re(e+f−a−b−c) > 0 with a+b = 1 and e+f = 2c+1.

In [10], explicit expressions of

3F2




a, b, c
; 1

1
2(a + b + i + 1), 2c + j


 (7)

for i, j = 0,±1,±2, and

3F2




a, b, c
; 1

1 + a− b + i, 1 + a− c + i + j


 (8)

for i = −3,−2,−1, 0, 1, 2; j = 0, 1, 2, 3, as well as

3F2




a, b, c
; 1

e, f


 (9)

with a + b = 1 + i and e + f = 1 + 2c + j each for i, j = 0,±1,±2,±3, are given.
For i = j = 0, (7), (8) and (9) reduce to the Watson, Dixon and Whipple

summation theorems, (4), (5) and (6) respectively.
By employing (8), very recently in [8] a new hypergeometric transforma-

tion and a large number of new and interesting identities are deduced.
In 2007, Larcombe [11, Theorem 3, Eq.II2], established the following

result on the sum of a 3F2 hypergeometric series

3F2

(
1
2
(1−m),

1
2
(1 + m), 1;

3
2
,
3
2
; 1

)
=

π2

8
1

Γ2(1− m
4 )Γ2(1 + m

4 )
, for m ≥ 2.

(10)
This result is derived in two different ways; by employing the formula [2, (3.8.2),
p. 21]:

3F2 (a, b, e + f − a− b− 1; e, f ; 1) =
Γ(e)Γ(f)Γ(e− a− b)Γ(f − a− b)
Γ(e− a)Γ(e− b)Γ(f − a)Γ(f − b)

+
1

(a + b− e)
.

Γ(e)Γ(f)
Γ(a)Γ(b)Γ(e + f − a− b)

× 3F2 (e− a, e− b, 1; e− a− b + 1, e + f − a− b; 1) ,

and by the classical Whipple’s theorem (6).
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The main aim of this research paper is to obtain the explicit expression
for the value of

3F2




1
2(1−m), 1

2(1 + m) + i + j, 1
; 1

3
2 , 3

2 + i




for i = −3,−2,−1, 0, 1, 2, 3; j = 0,−1,−2,−3. A few interesting special cases
have also been given.

The results are derived with the help of a generalized form of Whipple’s
theorem given by Lavoie et al. [7, Eq. 4, P. 294], viz.:

3F2




a, b, c
; 1

e, f




=
Γ (e) Γ (f) Γ

(
c− 1

2(j + |j|)) Γ
(
e− c− 1

2(i + |i|))Γ
(
a− 1

2(i + j + |i + j|))

22a−i−jΓ (e− a) Γ (f − a) Γ (e− c) Γ (a) Γ (c)

×


Ai,j

Γ
(

e
2 − a

2 + 1
4(1− (−1)i)

)
Γ

(
f
2 − a

2

)

Γ
(

e
2 + a

2 − i
2 +

[
− j

2

])
Γ

(
f
2 + a

2 − i
2 +

(
(−1)j

4

)
((−1)i − 1) +

[
− j

2

])

+ Bi,j
Γ

(
e
2 − a

2 + 1
4(1 + (−1)i)

)

Γ
(

e
2 + a

2 − 1
2 − i

2 +
[
− j

2 + 1
2

])

×
Γ

(
f
2 − a

2 + 1
2

)

Γ
(

f
2 + a

2 − 1
2 − i

2 +
(

(−1)j

4

)
(1− (−1)i) +

[
− j

2 + 1
2

])


 ,

where a + b = 1 + i + j, e + f = 2c + 1 + i, [x] is the greatest integer less than or
equal to x and its modulus is denoted by |x|. Also, i, j takes values in a subset
of 0,±1,±2,±3 and the coefficients Ai,j , Bi,j are given in the tables for Ai,j , Bi,j

at the end of this paper, [7, Table 1 and Table 2, p. 295-296].

2. Main result

The result to be derived is the following:
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Theorem 1. With i = −3,−2,−1, 0, 1, 2, 3 and j = 0,−1,−2,−3, we
have

3F2




1
2(1−m), 1

2(1 + m) + i + j, 1
; 1

3
2 , 3

2 + i




=
Γ

(
3
2 + i

)
Γ

(
1− 1

2(j + [j])
)
Γ

(
1
2 − 1

2(i + [i])
)
Γ

(
1
2 − 1

2m− 1
2(i + j + [i + j])

)

22−m−i−j Γ
(
1 + 1

2m
)
Γ

(
1 + 1

2m + i
)
Γ

(
1
2 − 1

2m
)

×

Aij

Γ
(

1
2 + 1

4m + 1
4(1− (−1)i)

)
Γ

(
1
2 + 1

2 i + 1
4m)

)

Γ
(
1− 1

4m− 1
2 i + [−1

2j]
)
Γ

(
1− 1

4m + (−1)j

4 ((−1)i − 1) + [−1
2j]

) +

Bij
Γ

(
1
2 + 1

4m + 1
4(1 + (−1)i)

)
Γ

(
1 + 1

2 i + 1
4m)

)

Γ
(

1
2 − 1

4m + (−1)j

4 (1− (−1)i) + [−1
2j + 1

2 ]
)

Γ
(

1
2 − 1

2 i− 1
4m + [−1

2j + 1
2 ]

)


 .

Here as usual [x] denotes the greatest integer less than or equal to x and its
modulus is denoted by |x|. The coefficients of Aij and Bij can be obtained from
the tables of Aij and Bij by setting a = 1

2(1−m), b = 1
2(1+m)+i+j, c = 1, e = 3

2
and f = 3

2 + i.

2.1. Derivation

The derivation of this theorem is quite straight forward. It follows by
setting a = 1

2(1 −m), b = 1
2(1 + m) + i + j, c = 1, e = 3

2 and f = 3
2 + i in the

generalized Whipple’s theorem.

2.2. Special cases

Certain interesting special cases of our main results are given here.

1. For i = 0, j = −1

3F2




1
2(1−m), 1

2(−1 + m), 1
; 1

3
2 , 3

2




=
Γ

(
1
2

)
Γ

(
3
2

)

22−m Γ
(

1
2m

)
Γ

(
1 + 1

2m
)

[
Γ2

(
1
2 + 1

4m
)

Γ2
(
1− 1

4m
) +

Γ2
(
1 + 1

4m
)

Γ2
(

3
2 − 1

4m
)
]

.
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2. For i = 1, j = −1

3F2




1
2(1−m), 1

2(1 + m), 1
; 1

3
2 , 5

2




=
Γ

(−1
2

)
Γ

(
5
2

)

22−m Γ
(
1 + 1

2m
)
Γ

(
2 + 1

2m
)

×
[

Γ2
(
1 + 1

4m
)

Γ
(

1
2 − 1

4m
)
Γ

(
3
2 − 1

4m
) − Γ

(
1
2 + 1

4m
)
Γ

(
3
2 + 1

4m
)

Γ2
(
1− 1

4m
)

]
.

3. For i = 1, j = 0

3F2




1
2(1−m), 1

2(3 + m), 1
; 1

3
2 , 5

2




=
−3π Γ

(
1
2 − m

2

)

22−m Γ
(
1 + 1

2m
)
Γ

(
2 + 1

2m
)
Γ

(
1
2 − 1

2m
)

×
[

Γ2
(
1 + 1

4m
)

Γ2
(

1
2 − 1

4m
) − Γ

(
3
2 + 1

4m
)
Γ

(
1
2 + 1

4m
)

Γ
(
1− 1

4m
)
Γ2

(−1
4m

)
]

.

4. For i = −1, j = 0

3F2




1
2(1−m), 1

2(−1 + m), 1
; 1

3
2 , 1

2




=
π

23−m Γ
(
1 + 1

2m
)
Γ

(
1
2m

)
[

Γ
(

1
4m

)
Γ

(
1 + 1

4m
)

Γ
(

1
2 − 1

4m
)
Γ

(
3
2 − 1

4m
) +

Γ2
(

1
2 + 1

4m
)

Γ2
(
1− 1

4m
)
]

.

5. For i = 2, j = −1

3F2




1
2(1−m), 1

2(3 + m), 1
; 1

3
2 , 7

2




=

[(
3
2

+
1
2
m

)
Γ

(
1
2 + 1

4m
)
Γ

(
3
2 + 1

4m
)

Γ
(−1

4m
)
Γ

(
1− 1

4m
)

−
(

1
2
− 1

2
m

)
Γ

(
1 + 1

4m
)
Γ

(
2 + 1

4m
)

Γ
(

3
2 − 1

4m
)
Γ

(
1
2 − 1

4m
)
]

.
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6. For i = −1, j = −1

3F2




1
2(1−m), 1

2(−3 + m), 1
; 1

3
2 , 1

2




=
π

24−m Γ
(

1
2m

)
Γ

(
1 + 1

2m
)

[
1
2

Γ
(

1
4m

)
Γ

(
1 + 1

4m
)

Γ2
(

3
2 − 1

4m
)

+
Γ2

(
1
2 + 1

4m
)

Γ
(
1− 1

4m
)
Γ

(
2− 1

4m
)
]

.

7. For i = −2, j = −1

3F2




1
2(1−m), 1

2(−5 + m), 1
; 1

3
2 , −1

2




=
−π

24−m Γ
(
1+ 1

2m
)
Γ

(−1+ 1
2m

)
[(

1
2
m− 5

4

)
Γ

(
1
2 + 1

4m
)
Γ

(−1
2 + 1

4m
)

Γ
(
2− 1

4m
)
Γ

(
1− 1

4m
)

+
(

5
4
− 1

2
m

)
Γ

(
1
4m

)
Γ

(
1 + 1

4m
)

Γ
(

3
2 − 1

4m
)
Γ

(
5
2 − 1

4m
)
]

.

8. For i = j = 0

3F2




1
2(1−m), 1

2(1 + m), 1
; 1

3
2 , 3

2


 =

π2

8
1

Γ2
(
1− 1

4m
)
Γ2

(
1 + 1

4m
) .

The result (8) is the Larcombe’s result [11, Theorem 3, Eq. II2], and the
results (1)-(7) are closely related to it.
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3. Tables for Aij and Bij

i/j −3 −2 −1

3
−(a + 2)(a− 3)

+3c(c + 3)
−e(3c− e + 5)

−(a− 1)(a + e− 3)
+c(a + c)

−(a− 1)(a− 2)
+c(2c− e + 2)

2
−(a + 1)(a− 2)
+c(a + c + 3)
−e(2c− e + 3)

−1
2(a + 1)(a− 2)

+c(c + 2)
− e

3(2c− e + 3)
c− a + 1

1
(a− 1)(a + 2)
−2c(c + 2)

+e(3c− e + 1)
a− c + e− 1 1

0
e(2c− e + 1)
+a(a− c + 1)

a(a + 1)
+e(2c− e + 1)

1

−1 -
e(2c− e + 1)

+(a + 2)(c− e)
2c− e

−2 - 1
2p2(a, c, e) e(2c− e− 1)− ac

−3 - - −

Table 1: Table for the coefficients Ai,j : i = −3,−2,−1

p2(a, c, e) = a(a + 3)[2c(e− c)− e(e + 1)] + e(e + 2)(2c− e− 1)(2c− e + 1)
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i/j −3 −2 −1

3
(a + 1)(a− 2)
−c(c + 3)

+e(c− e + 3)

(a− 1)(a− e + 1)
+c(a− c− 2)

(a− 1)(a− 2)
−c(e− 2)

2
−(a− 1)(a + 2)
+c(a− c + 3)
−e(2c− e + 3)

−2 −(a + c− 1)

1
−a(a + 1)

−e(c− e + 1)
−(a + c− e + 1) −1

0
e(2c− e + 1)

+(a + 2)(a + c + 1)
2 1

−1 -
e(2c− e + 1)
−a(c− e)

e

−2 - 2(e + 1)(2c− e)
c(a + 2)

+e(2c− e− 1)
−3 - - −

Table 3: Table for the coefficients Bi,j : j = −3,−2,−1
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i/

j
0

1
2

3

3
−e

(2
c
−

e
+

a
+

2)
+

(a
+

3)
(a

+
c
+

1)
−6

a
−

−
−

2
−2

−(
a
−

1)
(c
−

1)
−(

e
−

3)
(2

c
−

e)
−2

(e
−

3)
(2

c
−

e)
−

1
−1

−(
e
−

2)
(a

+
3)

(c
+

1)
−e

(2
c
−

e
+

a
)
−

6
−

0
0

−1
−2

−(
a
−

7)
(a

+
c
−

2)
+

e(
2c
−

e
+

1)
−3

(a
−

1)

−1
1

1
a

+
c
−

e
+

1
(a
−

1)
(a
−

2)
+

(e
−

2)
(c
−

e)

−2
2

a
+

c
−

1
2

(a
−

1)
(a
−

3)
−c

(c
−

a
)

+
e(

2c
−

e
−

1)

−3
e(

2c
−

e
+

a
−

1)
−a

(a
+

c
+

1)
−a

(a
+

1)
+

e(
c
−

1)

−(
a

+
1)

(a
−

2)
−a

(c
−

e)
+

c(
c
−

3)

−(
a

+
1)

(a
−

2)
+

c(
c
−

3)
+

e(
e
−

c)

T
ab

le
4:

T
ab

le
fo

r
th

e
co

effi
ci

en
ts

B
i,
j

:
j

=
0,

1,
2,

3



240 M.A. Rakha

Acknowledgements: Author is supported by the Research Grant (IG/
SCI/DOMS/10/03) funded by Sultan Qaboos University - OMAN.

References

[1] G, Andrews, R. Askey, and R. Roy, Special Functions, Cambridge Univer-
sity Press, Cambridge (1990).

[2] W.N. Bailey, Generalized Hypergeometric Series, Cambridge Tracts in
Math. and Math. Phys. No. 32, Cambridge Univ. Press, London (1935).

[3] L. Slater, Generalized Hypergeometric Functions, Cambridge Univ. Press,
Cambridge (1966).

[4] E.D. Rainville, Special Functions, The Macmillan Co., N. York (1960).
[5] W.N. Bailey, Products of generalized hypergeometric series, Proc. London

Math. Soc. s2-28, No 1 (1928), 242-254; doi: 10.1112/plms/s2-28.1.242.
[6] B.C. Berndt, Ramanujan’s Note Books, Vol. II, Springer Verlag, N. York

(1987).
[7] J.L. Lavoie, F. Grondin and A.K. Rathie, Generalizations of Whipple’s

theorem on the sum of a 3F2, J. Comput. Appl. Math. 72 (1996), 293-300.
[8] A.K. Rathie and M.A. Rakha, A study of new hypergeometric transforma-

tions, J. Phys. A: Math. Theor. 41 (2008), 445202.
[9] M.A. Rakha and A.K. Rathie, Generalization of classical summation the-

orems for the series 2F1 and 3F2 with applications, Int. Trans. and Spec.
Func. 22, No 11 (Nov. 2011), 823-840.

[10] Y.S. Kim, M.A. Rakha, and A.K. Rathie, Extensions of certain classical
summation theorems for the series F21, F32, and F43 with applications
in Ramanujan’s summations, Intern. J. Mathematics and Math. Sci. 2010
(2010), Article ID 309503, 26 pages; DOI:10.1155/2010/309503.

[11] P.J. Larcombe, On the summation of a new class of infinite series, J. of
Combinat. Math. and Combinat. Comp. 60 (2007), 127-137.

Department of Mathematics and Statistics
College of Science, Sultan Qaboos University
P.O.Box 36 - Alkhoud 123, Muscat - OMAN Received: November 20, 2011

Permanent Address:
Department of Mathematics, Faculty of Science
Suez Canal University, Ismailia - EGYPT
e-mail: medhat@squ.edu.om , or: medhat rakha@science.suez.edu.eg


