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Sensor Location Problem for a Multigraph
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We introduce sparse linear underdetermined systems with embedded network struc-
ture. Their structure is inherited from the non-homogeneous network flow programming prob-
lems with nodes of variable intensities. One of the new applications of the researched underde-
termined systems is the sensor location problem (SLP) for a multigraph. That is the location
of the minimum number of sensors in the nodes of the multigraph, in order to determine the
arcs flow volume and variable intensities of nodes for the whole multigraph. Research of the
rank of the sparse matrix is based on the constructive theory of decomposition of sparse linear

systems.
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1 Introduction

Let G = (I,U) be a finite oriented connected multigraph without loops
with set of nodes I and set of arcs U , |U| >| I |. Let K(|K| < o0) be a
set of different types of flow transported through the network GG. We assume
that K = {1,--- ,|K|}. Let us denote a connected network corresponding to a
certain type of flow k € K: GF = (I*,U%), I* C I, U* = {(i, j)* : (i,5) € U*},
U* C U — a set of arcs of the network G carrying the flow of type k € K. Also,
we define for each multiarc (i,5) € U the set K(i,j) = {k € K : (i,5)* € U*}
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of types of flow transported through the multiarc (7, j). Consider the following
sparse linear underdetermined system

Z k Z E_)a

JELF (UF) JEI; (U*)

K i€ IMNI},
. signfi], i€}, ke K;

(1)

)SIPIIFTCTRD D) R N T

keK (i,j)keUk keK iel}

where LN (U*) = {j € I¥ : (i,j)* € U*}, I7(U*) = {j € I* : (j,i)* € U*},
J:Z — the flow along the arc (i,§)*. Nodes i* € I (further i), k € K are
named dynamic (or nodes with variable intensities z¥), sign[i*] = 1, if i* € I} .
signli*] = =1, if i* € i ;I C I I NI = @, af, AP, AP B, —
rational numbers.

The matrix of system (1) — (2) has the following block structure::

(4 2]

Here M is a sparse matrix with a block-diagonal structure of size Z 17| x
keK
Z |U¥| such that each block represents a |I¥| x |U*| incidence matrix of the
keK
network S* = (I*,U*), k € K, namely, M = My @ Mo @ --- @ M| , where

My, k=1,...,|K| are blocks of matrix M; Q is a ¢ X Z |U*| matrix (dense, in

keK
the general case) with elements /\fjfp, (i,7) e Uk € K(i,7) ,p = 1,q. Matrix B is

a sparse matrix with a block-diagonal structure of size Z |T%] x Z |I;| such
keK keK

that each block represents a |I¥| x |I}| matrix of the network S* = (I*,U*), k €

K, namely, B = B1 @ B2 - B|k| , where By, k =1,...,|K]| are blocks of

matrix B. Each matrix By, has in column j a nonzero element equal to —sign][i

in raw ¢ for each j € I} with other elements of the column being zeroes, i € Ik,

k € K. T is a matrix of size g x Z |I;| and consists of elements )\f’p for
keK
i €Ik e K, p=1,q. In [1], [3] we considered sparse linear systems with

embedded network structure. Their structure was inherited from the homo-
geneous network flow programming problems with nodes of variable intensity.
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In [4] sparse linear systems for the fractal-like matrices were investigated. In
this paper we consider algorithms for decomposition of sparse systems for a
multigraph, which are used in the sensor location problem.

We assume that

Yo g < Y WU Y I

keK keK keK

Theorem 1 The rank of the matrix [ M, By ] of system (1) for fized k € K
for a connectivity graph G* = (I*,U*), I # 0, is equal to |I*| [1].

The characteristic vector of a cycle, the characteristic vector of a chain
with the direction according to a node, and the characteristic vector of a chain
with the direction according to an arc are for fixed k € K constructed according
to the rules [1].

Theorem 2 The characteristic vector of a cycle, the characteristic vector of a
chain with the direction according to a node, and the characteristic vector of a
chain with the direction according to an arc for fized k € K satisfy the system

(3) [1, 2].

0 i€ IN\I}
E k § k ) k>
* " {’“ ignli], i€l keK. (3)

JerF e jel b xf - signli],

Theorem 3 Any solution of system (3) for fixred k € K is a linear combination
of characteristic vectors [1].

Definition 1 We call an aggregate of sets R = {UL, IiF. k € K}, UR s Uk
and I*’c Cla support of multigraph G for system (1) if for R= {Uk I,:, k€
K}, Uk Uvak: F the system

_ 0 1€ Ik\I*
k k ) i
g s E = s
jelm(Uk) ? el (UF) g {xf - sig [7']7 1ell ke K ( )
JEL; jeI;- (U n 1

has only a trivial solution, but has a nontrivial solution for any of the following
set aggregations:

o R={U"I; ke K}, U =URU(o,jo), for (o,jo) € UR\U;
UF=UL for ke K\ky and I; =1}, keK;
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o R={U"I} ke K}, U*=UE for keK and I =Iy°Ufio},
io € NI Ii=IF keK\ k.

For a subset of arcs Uy C U we introduce the set of incidental nodes
I(Uy)={iel:(i,5) €Uy V(j,i) € U }. We construct for every k € K a forest
from t), trees TF = {Iéi’t’“,Uth’“},Ig’t’“ = I(U;’t’“), Ujli’t’“ C Ut = 1,2, so
that every tree T%* contains exactly one node U, € I}}k, for t;, = 1,71571€7 ke K.
For each k € K let’s form the following sets:

tr ftvk
k, k
U}kz: U UTtk’ Ig" = U {us, }-

te=1 tr=1

Theorem 4 (Network Support Criterion) An aggregate of sets R = {UF,, I}'%k, ke
K}, U}]‘é C U*, and I]*%’g C I} is a support of the multi graph G for System (1) if
and only if for each k € K the following conditions are carried out:

e FEach coherence component T*t = {I(Ufw’t’“), U:’ﬁ’t’“} forty, = 1,11 is a tree;

e The set of the nodes of the collection T* = {I(Uéf’t’“), Ufw’tk} forty = 1,1
covers all nodes of the graph G* = (I¥,U*) :

tx
k,t k.
U 3% = 1%

t=1

o |IFNIUF™)| =1, t = 1,4

After the support R = {Uf, I5¥ k € K} of system (1) is chosen, we
determine what structures can be obtained after adding one non-supporting
element to the support R.

Definition 2 The characteristic vector entailed by an arc (1,p)~ € Uk\Uf%
is the vector 6% (1, p) = (5!“]-(7', p), (i,7)* € U¥;68(r, p),i € I}) constructed accord-
ing to the following rules for fized k:

o If the set UL\U{(7, p)*} has a cycle Ly, = {I},UF}, then the entailed char-
acteristic vector is the characteristic vector of that cycle, and the arc (1, p)*
1s chosen to define the detour direction of the cycle.

o If the set UEU{(7,p)*} has a chain Cy, = {1£, UL} that connects nodes
u,v € I}"zk, then the entailed characteristic vector is the characteristic vec-
tor of that chain, and the arc that defines the detour direction is chosen
to be (1, p)*.
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Definition 3 The characteristic vector entailed by a node v € I;\I}k%k is
the characteristic vector §¥(vy) = (5@(7), (i, j)F € U*;6F(7),i € I}}) of the chain
for fized k that connects nodes v and v € I}}k with node v being chosen as the
beginning of the chain.

Theorem 5 The general solution of system (1) for fixred k € K may be uniquely
represented in the following way:

k ko sk k sk ~k N k
T = Z w7 ,0i5 (7, p) + Z x30;5(Y) + 35, for (i,5)" € Ug; (5)
(rp)he UR\U eI\
zr = Z :ETpépr )+ Z a6k () + 35, for i e IFF (6)
(1.p)F€UR\U, VeI
where zF = (5@, (i,7)F € U*, 3k i € I}') is a partial solution of the nonhomoge-

neous system.

The proof of Theorem 5 for fixed k € K is given [1, 3|, where the general
solution of the nonhomogeneous system (1) is the sum of the general solution of
the homogeneous system and a partial solution of the nonhomogeneous system.

Remark. The formulas (5) and (6) are correct, if the partial solution
5 = (5@, (i,5)F € UF, 3 i € I}) for fixed k € K is constructed according to
the rules:

ffp 0,(r,p) € UX\ UL, " —O,WEI};\I}}k
and solves system (1).
Further, we shall use formulas (5) and (6) where the partial solution

T° k € K is constructed according to the above rules.

2 Support of the Graph

Let R = {UL, I3F k € K}, UL C U*, I3* C I be a support of the
multi graph G = {I,U} of system (1). In arbitrary order, we choose sets
W = {U, Ik k € K},|W| = q, Uk, C UM\ Uf and I} C I} \ I}F. After
substituting the general solution of system (1), which has the form (5) — (6),
into (2), the system (2) takes the form:

RN DIIFCEINS Sl SEFUOCEV RIS TG

kEK (r,p)keUr\UR, keK yelp\IxF
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where
Aﬁfz)\lﬁ’p—i- Z )\’p5k Z)\’pékTp
(i,§)keUk ielgk
ARP = NP NP () + D APSE(y
(Z,])kEUk ZGI*k
Ap=B— Y > araEl -3 N abak,
keK (i,5)keUk keK jeryf

In system (7), we separate variables that correspond to set W and then

we obtain (8).
S Y MY Y bk 8

keK (ﬂp)kGUé“V kgK,yeI*k
— _ k,p k.p, .k
SVAED SID DR TR S SR U
keK (r,p)keUk\(Uf,LUE) kEK yeIx\(I;EUTEF)

for p=1,q.

3 Theoretical-Graphical Properties

Definition 4 We call a support of multigmph G for system (1) — (2) such an
aggregate of sets Z = {UZ,I}k,k € K},Uk CU* and I;* C I}, that for a given
Z ={U" I}k e K},UF = UL, It = IF the system

" I F.signli], i€}, ke K;

JELF(U*F) jel; (UF) @i - signll,

SN el YOS Al =0, for p=T.q

keK (4,5) EU’“ keK ZEI*

has only a trivial solution. But it has a nontrivial solution for any of the
following aggregations of sets:
o Z={U"TIrke K}, Uk =Uk(io,jo)¥ for (io,sjo)* € Uk\US;
UF=U% for ke K\ky and I;=1I), keK;
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o Z={U*I; ke K}, UF=UL for keK; Iy =I;*Ulio},
io € NI and I; =T, ke K\k.

Theorem 6 The aggregation of sets Z = {Ué,]}k,k: € K},U§ C U* and
Ik C It is a support of multigraph G = {I,U} for system (1) — (2) if and only
if
e the aggregation of sets Z = {Ug,[}k,k € K} may be divided into two
aggregations: R = {U]’%?I]*%k,k: € K} and W = {U{fv,l{jvk,k: € K}, such
that RUW = Z, ROAW = 0 and the aggregation of sets R is a support
of the multigraph G = {I,U} for system (1);

o |W| = gq, where q is the number of independent equations in system (2);

e matriz D of the system (8), which consists of determinants AY,, AL of
the structures entailed by the arcs and nodes of the aggregation W, is
nondegenerate.

We now investigate theoretical-graphical properties of the structure of
the support of multigraph G = {I,U} for system (1) — (2). According to
Theorem 6, the aggregation of sets Z = {U%, I}k, k € K} includes the support
R = {U]’fz,[}fzk,k € K} of multigraph G for system (1). Supporting elements
that correspond to the aggregate R make up a forest of trees that covers all
the nodes of the set I*, for each k € K and every tree of the forest has exactly
one node from the set I}}k. We make a cycle or a chain after adding each
additional element from W = {Uk, I;* k € K} or N = {Uk, I* k € K},
Uk = U\ (UEUUE), IL" = I \ (I5F U L") to the elements of the set R =
(UL I8 k€ K}.

4 Sensor Location Problem

Let’s consider the finite connected directed multigraph G = (I, U). We
assume, that for a fixed k € K the graph G¥ = (I*,U¥) is symmetric — that is:
if (i,§)% € U*, then (j,7)* € U*. We note that the graph G* is not undirected:
the flow on arc (i, )", in general, will not be the same as the flow on arc (j,4)".
To designate this distinction, we refer to the graph G* = (I*, U*) as a two way
directed graph.

We represent the traffic flow by a network flow function x : U — R that

satisfies the following system:

k . *
Z 2¥) Z 2, {0’ = Ik\I:, ke K, ( )

JeL (U*) JEI7 (U¥)
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where I} C I* k € K is the set of nodes with variable intensities, xf is the
variable intensity of node ¢ € I}]. If the variable intensity xf of node i is positive,
the node 7 is a source; if it is negative, this node 7 is a sink. For system (10) the
following condition is true: Z a¥ = 0 for fixed k € K. According to Theorem
ielk

1 if I} # 0, then the rank of the matrix of system (10) for a connectivity graph
G* = (I*, U*) for fixed k € K is equal to |I¥].

In order to obtain information about the variables xfj for the arcs (4, j)* €
U* and variable intensities a:f of nodes ¢ € I}, k € K sensors are placed at the
nodes. The nodes in the graph with sensors we call monitored ones and denote
the set of monitored nodes M where M = J,cp My, My C I*k ¢ K. We
assume that if a node #* (further 7) is monitored, we know the values of flows
on all outgoing and all incoming arcs for the node i € My:

af = frje INUF), of=fk je 7 (UF), ieM, keK.
If the set M includes the nodes from the set I}/, then we know the values of flows
for all incoming and outgoing arcs for the nodes of the set M and we know also
the values
of = fFie My I}, keK.

7

Consider any node i € I* of the network G* = (I¥,U*). For every
outgoing arc (4, )% € U¥ for this node i let’s determine a real number pf:j € (0,1]

which denotes the corresponding part of the total outgoing flow Z :zf] from

JELT(U)
i which leaves along this arc (4, 7)*. That is, xfj = pfj Z xf]
JELF(UF)
If |[I7(U*)] > 2 for node i € I* then we can write the flow along
all outgoing arcs from node ¢ in terms of a single outgoing arc, for example,

(ivvi)kavi € Il_‘—(Uk)

k
Pij ,

b=kl e LHUM)\ v (11)
1,0;

This process continues for each node i € I*, if |I7(U*)| > 2, k € K.
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So we shall formulate the sensor location problem: what is the mini-
mum number of monitored nodes

M = U M,
keK

such that system (10) has an unique solution?

For the case when the system of the linear equations for the traffic is
homogeneous, combinatory properties of algorithm for the solution of the sensor
location problem are considered in [5].

Let’s substitute the flows on all outgoing and all incoming arcs for the
nodes M = Jc o My:

= fh, je IF(U"), =frjeI; (U, ieM,, kekK
to the equations of system (10).

If |I;7(U*)| > 2 for the node i € I* then we can write the flow along all
outgoing arcs from node 7 in terms of a single known outgoing flow arc fk v, for

example, for the arc (i,v;)*,v; € I;7(U*), where x v, known a: = fzkvz'
Pk
k Wi ok - k
iy = 5 fiwe 3 € LNUN) \wi (12)

1,0;

This process continues for each node i € I*, if |I7(U*)| > 2, k € K.
Also, we substitute (12) to the equations of system (10), i € I*. k € K.
Let’s delete from graphs G¥ = (I*, U¥), k € K the set of the arcs and nodes on

which the arc flows and values x¥ are known. Then we have a new multigraph

G = (I, U), which consists of the set of graphs G = (Tk,Uk), k € K, where
G = (Tk,ﬁk) is, in general, a disconnected graph ék, corresponding to a certain
type of flow £ € K. We denote for each multiarc (i,57) € U of multigraph G
the set K(i,7) = {k € K : (i,5)* € Uk} of types of flow transported through a
multiarc (i, 7).

The new multigraph G consists of components of connectivity. Some
components of connectivity could not contain nodes of the set I, where I}, is
the set of nodes with variable intensities of graph ék ke K.

If | I;5(U )] > 2 for the node i € I" then we can write the flow along all
outgomg arcs from node 7 in terms of a single unknown outgoing flow along arc

for example, for the arc (i, v;)¥, where vai is unknown flow:

7,’l)7
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k
e _ Pij ok
ij =k Liwo
1,05

je FT)\ v, ieT kekK. (13)

The system (10) and (13) for multigraph G = (I, U) will be the following
one:

k . —%

& i x; + by, 1€y,
[ T o — 14
2. wim 2L {k ieT'\Ti ke K (14)

jer (@) jel; @) o
7k7p k _ _
(1,)€U keK (i,)

where a;, b;, A;; — are constants.

Let’s state the steps of the algorithm for modelling of the set (J, (1"
M) for the given set M = (J, i My, for the new multigraph G.

Step 1. Construct cuts (Jcx CC(My) for the set of monitored nodes
M = Urex Mr-

Step 2. Find the nodes of the set I(CC(M)) = I(Uper CO(My)).

Step 3. Construct the set M;" = I(Uye CC(Mg)) \ My, k € K.

Step 4. Form sets M} = My, |J M, and I* \ M}, k € K.

The part of the unknowns of the system (14) — (15) are the flows for
outgoing arcs from the nodes of the set I¥\ M r.k € K. Also the unknowns in
the system (14) — (15) are the variable intensities z¥, where i € 1),k € K for
the new multigraph G = (I, U). The new multigraph G consists of components
of connectivity. If the fixed component of connectivity of the new multigraph
G = (I, U) contains nodes of the set TZ, then according to Theorem 1, Theorem
4 computes the rank of the matrix of system (14) since system (14) — (15) is
a private case of the system (1) — (2) for that component of connectivity. If
a fixed component of connectivity of the new multigraph G = (I, U) doesn’t
include the nodes of the set I, we use the theory of decomposition [2] for that
component of connectivity.

The system (14) — (15) has an unique solution for the given set M if and
only if the rank of the matrix of system (14) — (15) is equal to the number of
unknowns of the system (14) — (15). For computing the rank of the matrix of
system (14) — (15) we use theoretical-graphical properties of the structure of the
support according to Theorem 6.
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