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ABSTRACT. We work over an algebraically closed field of characteristic
zero. The group PGL(4) acts naturally on PV which parameterizes surfaces
of a given degree in P3. The orbit of a surface under this action is the
image of a rational map PGL(4) C P'® --» PN. The closure of the orbit
is a natural and interesting object to study. Its predegree is defined as
the degree of the orbit closure multiplied by the degree of the above map
restricted to a general P7, j being the dimension of the orbit. We find the
predegrees and other invariants for all surfaces supported on unions of planes.
The information is encoded in the so-called predegree polynomials, which
possess nice multiplicative properties allowing us to compute the predegree
(polynomials) of various special plane configurations.

The predegree has both combinatorial and geometric significance. The
results obtained in this paper would be a necessary step in the solution of
the problem of computing predegrees for all surfaces.

2000 Mathematics Subject Classification: 14N10, 14C17.
Key words: Planes, hyperplanes, arrangements, configurations.



564 Dimitre Tzigantchev

1. Introduction. The group PGL(3) of projective linear transforma-
tions of P? acts naturally on the space PU4+3)/2 parameterizing plane curves of
degree d. Aluffi and Faber [1] have computed the degree of the closure in this
space of the orbit of an arbitrary plane curve. The orbit closure of a curve is
a natural object of study and its degree has a simple enumerative meaning: for
a reduced curve with finite stabilizer, it counts the translates of the curve that
contain eight given general points. The case of curves supported on unions of
lines is of special separate interest [2, 3]. The constructions in this case were
essential for the computations in the general case.

We have a similar situation for surfaces in P3. We use a projective space
PN to parameterize degree d surfaces in P3. The group PGL(4) acts naturally
on PV and we can ask the same question of computing the degree of the closure
in this space of the orbit of a surface. It still has a similar geometric meaning;:
for a reduced surface with finite stabilizer, it counts the translates of the surface
that contain fifteen given general points. More generally, if j is the dimension
of the closure of the orbit of a reduced surface, then the degree of the orbit is
the number of translates containing j points in general position. In very special
cases (for example when the surface consists of 3 planes in general position) this
number can be computed by naive combinatorial considerations. In general this
is not possible.

We consider the case of surfaces supported on unions of planes, i.e. plane
configurations.

The main problem of finding the predegree polynomial of a plane config-
uration in P evolves from the original one of finding the degree of the closure of
the linear orbit of the configuration in P¥.

The action of PGL(4) defines a regular map s : PGL(4) — P¥ for a fixed
plane configuration S in PV. The orbit of S is Im(s). This map extends to a
rational map s from the compactification P® of PGL(4) to PV.

The predegree polynomial of S is . ( fid;)t'/i!, where f; = degsjpi =
the number of points in a general fiber of spi and d; is the intersection number

of s(P%) and a codimension i linear subspace of PV for a general P? in P,

The leading coefficient f;d; is called the predegree of (the orbit of) S.
This information records the degree d; of the orbit closure of S, corrected by the
“size” of the stabilizer of the configuration. As such, the predegree retains an
enumerative interpretation similar to the one of the degree of the orbit closure of a
reduced S: it counts the ordered (as opposed to non-ordered) plane configurations
in the orbit of S which pass through j general points.

The main tool in our computation of the predegree polynomial of a plane
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configuration S is a series of blow-ups over P15, We construct a regular map
§:V — PN which lifts the rational map s (to the non-singular variety V domi-
nating the orbit closure of S) and resolves its indeterminacies. An intersection-
theoretic analysis of this map allows us to compute the coefficients of the prede-
gree polynomial for S.

We are interested in the whole predegree polynomial rather than the indi-
vidual predegrees, the coefficients of the polynomial. As it carries more invariants
of the orbit closure, the predegree polynomial allows us to solve a more refined
degree problem and deal at once with all configurations of planes.

We find some non-obvious properties of the predegree polynomials. They
endow the whole theory with a non-trivial structure, which would be interesting
to study further. As an application, simple formulae will be found for specific
arrangements of planes.

Most of the facts we use can be found in [6, 7]. For a detailed exposition
of the material of this paper refer to [10].

2. Geometry.

2.1. Orbit. Let P2 be the three dimensional projective space over a
fixed algebraically closed field K of characteristic zero with projective coordinates
(z:y:z:w). We use PN = PA@+6d+11)/6 ¢4 parameterize degree d surfaces in
P3.

The group PG L(4) of 4 x 4 matrices over K acts on PV in a natural way.

b0 b1 P2 @3

bs P5  d6  P7
Let ¢ = $s P9 P10 Pu

P12 P13 d1a P15
PYN) be defined by F(z : y : z : w) = 0. Then we define the action of ¢ on S,
denoted S o ¢, to be the surface with equation F(¢(x :y:z:w)) =0.

Let us fix a surface S and define a regular map s from PGL(4) to PV
which is induced by the PGL(4) action on S. More precisely,

€ PGL(4) and a surface S (as an element of

s: PGL(4) — PN, ¢p— So ¢

The image Im(s) of the map s is called the linear orbit of the surface S.
It is denoted by Og and consists of all translates of S.

We embed PGL(4) as an open set in P!> with coordinates (¢g : ... : ¢15).

This embedding PGL(4) C P!® extends the regular map s to a rational
map s : P15 ——» PV, Then the orbit closure Og of S is the closure of the image
of this rational map s.
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Note that if Stabg is the stabilizer of S under the PGL(4) action, then
dim Og + dim Stabg = 15.

From now on the surface S will be supported on unions of planes, hence
Flx:y:z:w)=1][., Lz :y:z:w) where r; is the multiplicity of the
i-th plane P;, the homogeneous polynomial L; is the equation of P; and n is the
number of planes. Also, the degree of S will be """ | r; = d.

One of the most important characteristics of the closure of the linear orbit
of S is its degree deg Og. It possesses the following clear enumerative geometric
interpretation:

Lemma 2.1.1. If the dimension of the orbit of a reduced plane configu-
ration is j, then the degree of the orbit closure equals the number of translates of
the plane configuration which pass through j general points.

As an application of this lemma, we see that in very special cases this
number can be computed by naive combinatorial considerations. These are the
cases in which the orbit consists of all configurations with the same “incidence
data” as the original configuration. In general this is not possible.

Example 2.1.2. Let S be a configuration consisting of two distinct
reduced planes. The orbit consists of all pairs of planes and hence its dimension
is 6 (3 “degrees of freedom” for each plane). Thus we need to count how many
pairs of planes contain 6 points in general position in P3. If 3 of the points
determine a plane, then the other 3 points automatically determine the other
plane. Hence the number of pairs of planes going through 6 general points is

6 6
(3) / 2 = 10, because (3) counts each pair twice. Therefore, the degree of the

orbit closure deg Og is 10.

Example 2.1.3. If S is a configuration consisting of three general (not
going through a line) reduced planes, then the orbit consists of all configurations
like the original one, i.e., of configurations of 3 general reduced planes. Then
the dimension of the orbit is 9 and like in the previous example we count the

9\ /6
number of all such configurations through 9 general points to be (3) (3) / 6=
deg Og = 280.

Example 2.1.4. Our first non-combinatorial example is the configura-

tion of four planes going through a line. Indeed, the dimension of the set of
all such arrangements is clearly 8, whereas, as we will see in Theorem 5.4, the
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dimension of the orbit is 7. In other words, the orbit does not consist of all
configurations consisting of four planes with a common line.

2.2. Point Conditions. Base Locus. All surfaces in P? going through
a fixed point clearly form a hyperplane in PY. Such hyperplanes are called point
conditions. Each point condition corresponds to a point in PV, the dual space of
PV,

If the set of point conditions were degenerate in PV, then the point condi-
tions in PV, which are hyperplanes, should all go through one point, which is not
true, as this point would correspond to a surface containing all points of P3. So
the set of point conditions is non-degenerate. Since the span of a non-degenerate
set is a non-degenerate linear subspace of PV, then it must be the whole space,
i.e., we proved

Lemma 2.2.1. The point conditions span PV .

We define the point conditions in P to be the pull-backs of the point
conditions from PV. In these terms then, we state two more useful observations:

Remark 2.2.2. The linear system of s : P> -——» PV is spanned by the
point conditions in P'°.

Remark 2.2.3. The base locus of s is the intersection over all points in
P3 of the point conditions in P15,

Now we are ready to describe the base locus of s.

Proposition 2.2.4. The base locus of s is a union of P ’s which are in a
one-to-one correspondence with the planes in the plane configuration S. Further-
more, all possible intersections of such P'’s are P"’s and P3’s which are also in
one-to-one correspondences with the geometric intersections of the corresponding
planes: lines and points of intersection in S respectively.

Proof. Since a point condition corresponding to a point p has an equa-
tion F(¢(p)) = 0 in P'®, the base locus is {¢ € P¥/F(¢(z :y: z : w) = 0}. More
explicitly, it is - {¢ € P**/Li(¢(z : y : 2 : w) = 0}.

Consider any component of this union. It consists of all ¢ = (¢o : ¢1 :
b0 P11 P2 @3
b1 ¢5 D6 P71
s P9 P10 P11

P12 P13 P14 P15
depends on the plane P; only (and not the rest of S). Without loss of generality

we may assume that the equation L; = 0 of F; is w = 0. Then the corresponding
component of the base locus consists of all ¢’s for which ¢192+ P13y + D142+ P15w

e lys) = for which ¢(PP?) is in P;. In particular, it



568 Dimitre Tzigantchev

is zero for all points (z : y : 2z : w) € P3, i.e., it is {¢ € P® /13 = ¢13 = 14 =
#15 = 0} which, as an intersection of four distinct hyperplanes, is a P! in P1°.
This P! is the set of all elements of P!> which map P2 into a linear subspace of
the component P;.

Clearly, the intersection of any two P!''’s consists of matrices sending
P3 into a linear subspace of the line which is the intersection of the two planes
corresponding to the two P1’s. If we, again without loss of generality, assume that
these are the planes z = 0 and w = 0, we can show that any two P!!’s intersect in
a P7. Indeed, the intersection set is characterized by ¢sz + ¢doy + d102 + d11w =
P12+ P13y + Praz + ¢15w = 0, hence it is {¢ € P12 /g = dg = ¢19 = ¢p11 = P12 =
P13 = P14 = ¢15 = 0} = P7.

Similarly, the intersection of three general distinguished P!!’s (i.e. the
intersection of any distinguished P! and a general distinguished P7) is a P3
which corresponds to the point of intersection of the three planes associated with
the three P'M’s. To check this we can safely assume again that these three planes
are the planes y = 0,z = 0,w = 0 and get that the P3 is the intersection of the
hyperplanes ¢4 = ¢5 = ¢ = ¢7 = P8 = P9 = P10 = P11 = P12 = P13 = P14 =
$15 = 0. Also, any such distinguished P?3 is the set of matrices in P'® which map
P3 to the point corresponding to the P3. O

From the proof, we notice also that the incidence relations among all these
PVs, P7’s and P3’s precisely reflect those of the corresponding geometric objects:
planes, lines and points of intersection in S. In particular, any two P7’s either
intersect along a P? or are disjoint; a P3 is either completely inside or outside a
P! or a P7; and all P?’s are disjoint.

2.3. Blow-Ups. We resolve the indeterminacies of the rational map s.
We do this by the means of a sequence of blow-ups of P® along the distinguished
sets in the base locus of s. More precisely, there are three stages of blow-ups and
one theorem is devoted to each of them. After a coordinate change in P3 the
point (1 :0:0:0) will be a point of intersection of some of the planes in the
configuration S, i.e., we can assume that the equation of S is

Flx:y:z:w)= H(ﬁiy—k’nz—k&w)” H(aj1:+ﬂjy+’yjz+6jw)’"f where a;; # 0.

? J

The point condition in P®(¢g : ¢1 : - -- : ¢15) corresponding to a point (g : Yo :
20 wp) is

11 (Bi(bawo + ds5y0 + d620 + druwo) +7i(bswo + boyo + dr070 + 11wo)

]
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+0i(P1270 + P13Y0 + P1420 + P15wp))" H(aj(ﬁboxo + 1Yo + P20 + P3wp)

J
+8;(pao + d5y0 + Pe20 + Prwo) + 75 (Psxo + d9yo + P1020 + P11w0)

+0;(p1220 + P13Yy0 + P1420 + P15wp))"7 =0

where o # 0.
We consider all blow-ups over the representative affine chart A (1 : py :
p2:---:p1s) in P,

Theorem 2.3.1. Let V' be the variety obtained from V = P after all
blow-ups centered at the distinguished P3’s (if any) in the base locus of s. Then

(i) The proper transforms of the distinguished P7’s in V' are disjoint.

(ii) The multiplicity of a point condition along each P3 corresponding to
the intersection of planes of the configuration S equals the sum of the multiplicities
of those planes.

(73i) The intersection of the proper transforms of the point conditions in
V' consists of the proper transforms of the distinguished P! ’s.

Proof. (i) is clear from the structure of the base locus discussed in
the previous section and the fact that transversal intersections are separated by
blow-ups.

In A¥(1:py :po:---:p15) C P the point condition corresponding to
(o : Yo : 2o : wp) has the equation

[ 1(8i(pazo + psyo + pezo + prwo) + vi(pswo + Poyo + P1o20 + Pr1wo)

7

+0i(p120 + P13Yo + P1420 + P15wo))" H(aj (o + p1yo + p220 + P3wo)

J
+B;(pazo + psyo + pezo + prwo) + v (PsTo + Poyo + P1ozo + P11Wo)

+0;(p12x0 + P13Yo + Prazo + piswp))? =0

where o # 0.

The first time we blow-up V along a P? we can assume that this is the
P? which corresponds to the point (1 : 0 : 0 : 0), i.e., the P3 with equations
pa=ps=---=pi5 =0

The map from a representative chart A'%(qi,qo,...,q15) of the blow-up
to

A (p1,pa,...,p15) in V is given by the following equations:

P1=4q1,P2 = q2,...,P4 = q4,P5 = 4445, P6 = 4496, - - - , P15 = (4415
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In this A(qq,qa,...,q15) the exceptional divisor is g4 = 0.
The (full) transform of the above point condition then is

T & (8i(o + g5y0 + 9620 + grwo) + 7i(gso + goyo + q1020 + qu1wo)

7

+0i(q1270 + q13Y0 + q1420 + q15w0))"" H(Oéj(ﬂﬁo + q1yo + q220 + gzwo)

J
+B;q4(0 + g5y0 + 620 + qrwo) + vjq4(g8T0 + q9¥o + qr020 + qr1wo)

+685q4(q1270 + q13Y0 + q1420 + q15W0))"™7 = 0.

Since a; # 0, this shows that the multiplicity of the exceptional divisor
in this transform is ), r;, which proves (i) for this particular P3 whence for all
other disjoint P3’s.

(7i7) is true on the complement of the exceptional divisors, so we only
need to verify it along each exceptional divisor. We find the intersection of the
proper transform of the point condition with the exceptional divisor:

H(ﬂz’(l‘o + asy0 + g620 + qrwo) + Yi(gsTo + qoyo + qr0z0 + qr1wo)

(2

+0i(q1220 + q13Y0 + Q1420 + q15w0))" H aj(zo + q1yo + g220 + g3wp)™? =0,
J
gs = 0.

This is identically zero for all (z¢ : yo : 20 : wp) precisely in the intersec-
tion of the proper transforms of all point conditions and the exceptional divisor.
Clearly this happens when a factor of the first product is zero for each of the
points (1:0:0:0),(0:1:0:0),(0:0:1:0),(0:0:0:1). So we get that this
intersection is the union (over ¢) of the following sets

qgs =0

Bi +7viqs + diq12 = 0
Biqs + viqo + diq13 = 0
Bigs + Viqio + 0iq1a = 0
Biqr + viqu1 + 6iq15 = 0

Each of these, however, we recognize as the intersection of the proper
transform of a distinguished P!! containing the blow-up center P3 with the ex-
ceptional divisor. Indeed, a P'! containing the P2 is the P which corresponds
to a plane from the first product (]];) in the equation of S. So it consists of all
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¢’s for which 3;(¢a0 + @590 + 620 + Prwo) + Yi(PsTo + P9yo + d1020 + P11w0) +
di(Pr220 + d13y0 + 1420 + P15wo) = 0, ie., it is the set in A¥(py,pa, ... p15)
given by

Bip4 + vips + dip12 = 0

Bips + Yip9 + dip13 = 0

Bipe + Yip1o + dip1a = 0

Bip7 + vip11 + dip15 = 0

Now we observe that the intersection of the proper transforms of these
four hyperplanes and the exceptional divisor is given precisely by the previous
set of equations. This is clearly an irreducible subset of dimension 10, so it must
be the intersection of the exceptional divisor and the proper transform of the P!
defined by the latter set of equations.

Thus the intersection of the proper transforms of the point conditions in
each of the disjoint exceptional divisors in V' is the union of the proper transforms
of the distinguished P''’s containing the blow-up center yielding this exceptional
divisor. This implies (i7i). O

The proofs of the other two theorems use similar straightforward coordi-
nate computations and we leave them to the reader.

Theorem 2.3.2. Let V" be the variety obtained from V' after all blow-
ups centered at the proper transforms of the distinguished P"’s under the first set
of blow-ups from Theorem 2.3.1 Then

(i) The proper transforms of the distinguished P! ’s in V' are disjoint.

(i4) The multiplicity of a point condition in V' along the proper transform
of each P7 corresponding to a line of the configuration S equals the multiplicity
of S along this line.

(7i1) The intersection of the proper transforms of the point conditions in
V" is the disjoint union of the proper transforms of the distinguished P ’s.

Theorem 2.3.3. Let V" =V be the variety obtained from V" after all
blow-ups centered at the proper transforms of the distinguished P'’s under the
first and second sets of blow-ups from Theorem 2.3.1 and Theorem 2.3.2. Then

(1) The intersection of the proper transforms of the point conditions in 1%
15 empty.

(i1) The multiplicity of a point condition in V" along the proper transform
of each P corresponding to a plane of the configuration S equals the multiplicity
of S along this plane.

Let 7 be the composition of all blowing-ups from the theorems, i.e.,
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VoV -V -V =pb

Define the rational map § := s o7 from V to PV,

We saw that the linear system of s is spanned by the point conditions in
V' and we also proved that the proper transforms of the latter have an empty
intersection in V. Hence the rational map § is in fact regular because its linear
system is spanned by the proper transforms of the point conditions.

Theorem 2.3.4. The variety V resolves the indeterminacies of s, i.e.,
there is a commutative diagram.:

<

3
-
/

<

_ >IP)N

s
with § a reqular map and Og = Im(3).

2.4. Predegrees. For 0 < i < 15, consider a general P? in P, and let
Ji, di denote respectively the number of points in the general fiber of s p: (i.e. the

degree of sipi), and the intersection number of s(P?) and a codimension ¢ linear
subspace of PV. The products f; - d; are called the predegrees of S and we use
them to define the following (adjusted) predegree polynomial of S as a function
of t in the same fashion as done in [3] for line configurations.

> (fi- di)z_:

i>0

From this polynomial we could extract information about the degrees of
the closures of the images of general linear subspaces of P'® of all dimensions.
These subsets of the orbit closure of S are determined by imposing linear condi-
tions on the transformations applied to S.

We distinguish the planes of S by labelling them. This induces a labelling
on each translate of S. We will refer to the differently labelled translates as to
ordered ones. Let, as before, j be the dimension of the orbit closure of S.

Remarks 2.4.1.
e d; is the degree of the orbit closure, d; is the degree of s(P?) for ¢ < j and
d; =0 for i > j;

e f; is the degree of the closure of Stabg, f; = 1 for i < j and f; = oo for
T > J;
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e Since S consists of planes, every irreducible component of the closure of
Stabg is a linear subspace of P, hence f; is the number of irreducible
components of Stabg. These components clearly account for the different
automorphisms of S as a set of planes (not points) and f; = 1 if the planes
have all different multiplicities. Hence:

e For reduced configurations the predegrees count the ordered translates go-
ing through certain numbers of general points, while the degree is the num-
ber of the corresponding non-ordered configurations (see Example 2.4.2
below).

e Since d; = 0 iff f; = oo iff 7 > j, we make the convention that f;d; is zero in
this case, so that the (adjusted) predegree polynomial is really a polynomial.
We refer to the last nonzero predegree f;d; simply as to the predegree of S.
It can be recovered from the leading coefficient of the predegree polynomial
and in turn it recovers the degree of the orbit closure.

e The denominators are introduced in the definition of the adjusted predegree
polynomial because they endow certain multiplicative structure (Theorem
5.2) to the polynomial allowing for a convenient shortcut in computing pre-
degrees of special plane configurations (Theorem 5.4). Computing adjusted
predegree polynomials, rather than the individual predegrees allows us to
deal at once with all configurations, regardless of the dimension of their
stabilizer.

Example 2.4.2. The predegree polynomial of a pair of reduced planes
will be shown to be (1+t+12/2+13/3!)2, so the predegree is 20. From Example
2.1.2 the degree is 10. Hence f; = fs = 2, i.e., each pair produces two ordered
pairs of planes.

Remark 2.4.3. Note that in general the ordered translates are not all
possible orderings (permutations) of the (non-ordered) translates as it happens
to be the case in the example above. One nice example illustrating this fact is
Example 5.6.

Example 2.4.4. The geometric interpretations of degrees and predegrees
extend to the case of non-reduced plane configurations if we count translates “with
multiplicities”.

Let S consist of three general planes with distinct multiplicities, for ex-
ample 1, 2 and 3. The number of the reduced ordered triples of planes containing
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9\ /6
j =9 general points is <3> (3) = 1680. Now thinking of a double plane as of

two copies of coinciding single planes and of a triple plane as of three coinciding
copies of single planes, we see that there are 3% ways in which a triple plane can
contain 3 points (and be determined by them) and 23 possibilities for a double
plane to go through 3 general points. So the number of (non-reduced) translates
of S (counted with multiplicities) is 1680 x 216 = 9! which is the degree of the
orbit closure of S.

On the other hand, the predegree polynomial of this non-reduced config-
uration is (1 + ¢+ t2/2 +t3/6)(1 + 2t + 4t2/2 + 8t3/6)(1 + 3t + 9t2/2 + 273 /6).
Therefore the predegree is 9!, the same as the degree, in accordance with fg = 1:
differently labelled (by the plane multiplicities) translates in this example repre-
sent different actual configurations.

Tracing definitions, we prove

Theorem 2.4.5. The i-th predegree is the intersection degree f‘~/ Wiﬁ15_i,

1 > 0 where W and H are respectively the pull-backs to the blow-up 1% of the hy-
perplane classes W in PN and H in P15,

3. Intersection Theory. There is a convenient lemma, due to Aluffi,
controlling intersection numbers through blow-ups [4].

Lemma 3.1. Let B < V be nonsingular varieties; X, Y hypersurfaces
inV; X Y their proper transforms in the blow-up 1% of V along B. Then

/)}dimv—jyj _ /XdimV—j'Yj_/(mB,X [B] + X - B)YimV=i(mpy[B]+Y - B)

¢(NBV)
B

where mp x, mpy denote the multiplicities of X, Y along B and c(NgV') is the
Chern class of the normal bundle to B in V.

We apply the lemma to the intersection numbers f‘~, WiHYS= and the
blow-up sequence V = V" — V" - V' — V = P15,

Let us denote by H H, H the pull-backs of the hyperplane class H in P15
to the blow-ups V', V",V respectively. Similarly, W, W, W will be the proper
transforms of a point condition W in P'® to the same blow-ups respectively. We
use dot notation, in unison with the above, to denote also the proper transforms
of the distinguished P''’s, P”’s and P3’s in P'® at the corresponding stages of

)
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the blow-up sequence. In these notations, three iterations of the lemma yield the
following result.

/ WIHY=I = / W H
v P15

s B+ H - [B)) (g B2+ W - [B])’
- Z /JP?’ ¢ (NgPl?)
mag 1)+ 1 87]) 7 (mgg 187+ W - (B))

_Z/ﬂﬂ ¢ (Nyrv7)

_2/ (o B+ Y1) (o B + 7 - 1)
]P)ll

C (N]P’H V”) 7

where the first summation is over all points of intersection, the second summa-
tion over all lines of intersection and the third one over all planes of the plane
configuration S.

Clearly, fpls WIHY=I = @/ and to compute the other three intersection
numbers on the right hand side, which we call first, second and third contributions
(to the predegree) respectively, we need the following claims which can be checked
with standard intersection theory:

Claim 3.2. (i) ¢(NpsP}”) = (1 + H)"

(17) C(NPZV/) = <1 +H-Y, Ek) , where Ej, is the exceptional divisor
in V' corresponding to the k-th blow-up center P3;

(ii1) c(NpnuV") = (1 +H -, By -3, es>4, where es is the excep-
tional divisor in {/” corresponding to the s-th blow-up center P7 and Ej is the

full transform of Ej, in v

(iv) W = dH — >k TeEy, where my is the multiplicity of S along its
component corresponding to IP’3 (the k-th P?) and the sum is over all points on a
line of intersection (correspondmg to IP’7)

(v) W = dH — Dk L E) — > s Ases, where g is the multiplicity of S along
the s-th line of intersection, s runs over the lines and k over the points in the

(i-th) plane.
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Claim 3.3. If we write — to denote push-forwards under the appropriate
set of blow-ups, then

(i) EmE, = 0 form # n; E; — 0, E? — 0, E} — 0, B} — —H*,
E? — —4H®, ES — —10H®, ET — —20H";

(i1) emen = 0, EmE, = 0 for m # n; Ej - es # 0 if and only if the
corresponding (k-th) B3 is in the corresponding (s-th) P7; ER — 0,1 <n <7,
E} — —H® E} — —8HY, E{' — —36H, E}' — —120H"; €2 — 0,1 <n < 3,
et — —D* 5 — —4D% el — —10D5, €7 — —20D7, €% — —35D%, ¢ — —56D7,
el0 — —84DW el — 120D where D is H— > i Bk, the sum being over the

S

points in the line corresponding to (the s-th) P7.

Sketch of Proof of (i) E,E, = 0 since E,, and E, are disjoint
for m # n. We use the birational invariance of Segre classes [6], according to
which, the push-forward of the Segre class s(E; P? ), under the first blow-up, is

(25t}

the Segre class s(P3,P7), i.e. the push-forward of — = E;] is

1 1
= P3]. Since the nonzero push-forwards keep the same
((NpsPT) — (1 H) (V] P p

dimensions, we find the different-dimension components of the above two and
match them.

1
Clearly (E|=E-E+E'—... and ———(|P}] = (1 -

1+ E; (1+ H)*
4H + 10H? — 20H3 + ...)[P}]. Thus:

E;, —»0,E? - 0,E} - 0; B! - —HY E? — —4H% ES — —10HS E] —
—20H", where by H we mean the restriction H[P3]. O

Using Claim 3.2, Theorem 2.3.1 (ii), Theorem 2.3.2 (ii) and Theorem 2.3.3

(ii), we write the j-th predegree as

e Z HYI(m; +dH)?
P3 (1+ H)'

HYS=(\ + y)
_Z/w 1+ H— Y, Ep)®
HY =3 (ry + W)
—;/ﬁ’%l I+ H=Y, B =Y, e0)?

and then using Claim 3.3, we push-forward the second and the third contributions
and finally compute all predegrees.

The expressions we get for the predegrees are quite lengthy. For example,
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for the coefficient of t!2/12! we have
12 Z 112
k
k
SN [330A§ (1 -3 1) — 144072 (d -3 TFk) + 23762 (d2 -y wz)
s k k k
— 1760\, <d3 -3 7r;°;> + 495 <d4 -y wﬁ)]
k k

173257 S A8 w0 - 792007 ST AT Sk — 14400 SN )

s k s k s k
7920077 ) ALY Cwh — 221760730 Y T AT " 422176077 > ASD "y

s k s k s k

—4957;* Z 7+ 123207, Z -+ 3168 7,° Z T = 1732573" ) i

k
—1657;'2 Z 79 —123207;° Z A2 Z 73 — 5544 7,10 Z iy

+158407;7 ) " +3326407,° > ALY 44752077 AT
k k ?

S

R

—92407;° ) "7 — 1108807 > AT i + 495 *d® — 144071 d
k s k

—15840r;"d” — 12320r;°d’ + 17325r,°d* — 3168r;°d" + 9240r,°d’ + 5544r;"°d”
+14407;" ) "l — 3696007 Y " A3 " 415840077 > A2Y 7
k s k s k

+221760r,%d » "AS + 14407 d > A 4 7920071 d Y AT — 5544r;10d> > "X
S S S S
+3696007;°d* Y " A3 — 34650, *d* > AL+ 1584007, 7d” > " A3
S S S
+1108807;%d* Y " AZ + 7920075 7d* Y T AL — 15840077 d® > A7
S S S

—1386007;%d" > " A2 — 17325r,%d" > A 4+ 123207,7d® > " A
S S S
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—1386007;"d” > " AS — 22176077 Y © AS — 792007;7d > A
S S S

—3326407;°d® > A} — 41580075 > " A% + 110880 7;*d® Y " AJ

+3991687:%d> Y " AS 4165712 Y A Y " a) — 4752075 Y AT " a)
s s k s k
+462007;° 3 "ASY ") — 7920077y ALY S wd — 1584077 Y AT
s k s k S k
4346501 Y ALY w4 17325 ) ALY Cwh 4+ 13860070y " A2) "
s k s k s k
—1108807;° > A¥> “wrp — 15840077 Y A2 " wp 45544710 A0
s k s k s k
—3991687;° > AT " mp + 41580075 > " AL wp 4+ 13860071 Y A i
s k s k s k

+1657,'2 +158407;7 Y~ AT —462007,°> A8 — 1657, > A2
S S S

—173257;* > A3
S

where all k-indexed summations inside s-summations are over the points on the
line having multiplicity As; and all s-summations inside i-summations range over
the lines in the plane with multiplicity r;. The outer-most summations are over
all points, lines and planes.

The rest of the contributions and the computations leading to them may
be found in [10].

4. Predegree polynomial.

4.1. First compact form. We express the original raw forms of the
coefficients of the predegree polynomial (like the one above) in terms of the
coefficients of the lower degree terms (see [10] for the computational techniques
used). This allows us to write the whole polynomial in a much more compact
and convenient form revealing certain useful multiplicative properties of predegree
polynomials of specific plane configurations:
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The predegree polynomial of a plane configuration S with the usual no-
tations is the truncation to the fifteenth degree of

242 7343 —
H(l+nt+r’2t t) Z LA W (zc,“k,>

i=1 i=1 \j=0

n 3
+Z O(d—rﬂtj (ZKka|)

i=1 \ j= k=12

where the C’s are polynomials of the multiplicities of (S along) the planes in the
configuration and their lines of intersection while, in addition to these, the K’s
also depend on the multiplicities of the points of intersection of the planes.

As in the previous section, it would be difficult to include all computations
(done with the help of Maple) proving the results in this section. However, we
list the final formulae we find for the C-, K- functions in the appendix.

4.2. Transversal configurations. We notice that C), ; and K, ; vanish
if S is transversal (every plane intersects the rest of S transversally) and that
Ch,i and K, ; keep their values (under “small perturbations”) as long as the
incidence data of S do not change. If we denote by C; and K}'; those values
for transversal configurations, we next claim that we can use Sy, ; := Cp,; — C’flrl
and Q== K, ; — Kffz for Cy,; and K, ; respectively. In fact, since C), ; do not
depend on the points of intersection in S, then C,,; = C’flrl is constant whenever
the plane P; does not contain lines of intersection of the remaining planes. So we
have the following;:

Theorem 4.2.1. The predegree polynomial of a plane configuration S is
the truncation to the fifteenth degree of

3 7

(370 )+ 3 () (D )

j=0 7 7=0

2 L) (o)

k=12

where Qmi,12 < m < 15 are zero if the i-th plane P; intersects the rest of
S transversally and S,; = 0,8 < n < 15 when P; does not contain a line of
intersection of the rest of the planes in S.
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We illustrate the idea of constructing C', and K, (hence also S, ; and

Qn,i) from C), ; and K, ; by giving

tr
08,1'

and

= Z (3518 — 16077 (r; + 1) + 28078 (15 4+ 73)? — 22402 (rs + 14)°

ki
+ 707“?(7"1 + Tk)4 —ri(r + Tk)7 - 357"?7"%)

K5, = Z Z [—1925r;% /2 + 18720 )% (r; + 1 + 13,) /2

G0 ki
— 81432r} 1 (r; + rj + 1) /2 + 208208710 (r; + 1; + 11)3 /2

— 3453451 (r; + 1 + 1)* /2 — r$(2059200(r; + 75)%(r; + 75 + 11)3

— 2059200(r; + ;)% (r; +7j + r1)* + 205920(r; + 1) 4 11,)° /2
—205920(r; + 7;)° + 1029600(r; + ;)4 (ri +7j + %)

— 1029600(r; + ;) (r; + 75 + r1)* — 180180(r; + 75 + 711)5 /2

— r](—3432000(r; 4+ 75)3(ri +rj +re)> — 291720(r; +1; + 1%)%/2

+ 257400(r; + 15)%(r; + 7j + ri)* + 634920(r; + 7;)°

+ 4890600(r; + ;)4 (ri + rj + 15)* + 823680(r; + ;) (1r; + 1) + 1)°

— 2882880(r; + 1)°(r; +1j + 1)) — rO(—374TT44(r; +15)°(rs +7j + 11)?
+2162160(r; +1;)3(ri + 1 + 1) + 720720(r; + ) (ri + 15 + 1%)?

— 720720(r; + ;)" — 1441440(r; + r5)%(r; + 7j + 11)°

+ 2882880(r; +1;)5(ri + rj + 1) + 144144(r; + 75 + 15)7/2)
—r2(—42471(r; + rj + 1)8/2 — 2792790(r; + 1) (ri + 1 4+ 71)?

+ 360360(r; + 1r;)%(r; +1; + 16)% + 333333(r; + 7;)8

+2018016(r; +7;)°(r; + 75 + r)> 4+ 1153152(r; + 75)3(r; + 75 + 78)°

— 1029600(r; + 7)"(ri + 75 4 71) + 1051051 7)

—r}(—=1201200(r; + r;)8(r; +rj + r£)® — 360360(r; + ;) (r; +1j + 11)°
+ 1081080(r; + 75)°(r; + 15 + 1) + 5720(rs + 7 +71,)%/2

— 40040(r; + 77)° 4+ 514800(r; + )7 (r; + 75 + 11)?)

—r2(—6435(r; + 1) (ri + 1 +7)t +22880(r; +75)8(ri + 15+ 11)3

— 30888(r; + 1) (r; +1j + ri)? + 18720(r; 4+ 1) 0(r; + 1 +71)
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—4290(r; + )"+ 13(rs + 1y A+ 1) /2) = ri(5148(ri +75) T (ri + 7+ 7)°
— 17160(r; + 15)% (i 4 7 + 1) + 20592(r; +15)° (i 47 + 74)°
- 9360(7“1' + Tj)lo(ri +7r;+ Tk)Q + 792(7“1' + Tj)12 — 12(7‘1' +7r;+ Tk)12/2)] .

5. Conclusions. The following theorem is a corollary of Theorem 4.2.1.

Theorem 5.1. Let S be a configuration of planes P; respectively with
multiplicities r;,1 < i <n and ), r; = d.

(1) The predegree polynomial of S is the truncation to the fifteenth degree
of

n 242 343
24 3
[] <1+rit+rl—+rl—> +0(t%),
P 2 3!

where O(t%) = 0 if S is transversal (consisting of general planes).
(ii) If no three planes of S contain a common line, then the predegree
polynomial of S is the truncation to the fifteenth degree of

n

242 343
‘ rit rit
H<1+m+ 5+ 3!>

i=1
n
(d—T')QtQ (d_,,,.,)3t3 t12 t15
+Z (1 +(d—mri)t + 2!1 + 3; QlQ,iE + -+ Q15,i1_5! )
i=1

where Qy,,12 < k < 15 vanish if P; intersects the rest of S is transversally.

We consider some special configurations.

An n-plane configuration consisting of planes with a common line will be
called an n-book.

An n-plane configuration whose planes have a common point and no three
share a line will be named an n-star.

A union of two plane configurations will be called transversal if each plane
of each configuration intersects the other configuration transversally. We also say
that the two configurations meet transversally.

A transversal union of a star and a plane will be referred to as a fan.

We will write {G(¢)},, to denote the truncation of any polynomial G(t)
to degree n. Our main result is

Theorem 5.2. If S and S’ are plane configurations in which no three
planes pass through a common line and the two configurations meet transversally,
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then the predegree polynomial P(t) of the union S of S and S’ is the truncation
to degree fifteen of the product of the predegree polynomials P(t) and P'(t) of S
and S’ respectively.

Proof. Let S consist of planes with multiplicities rl and r] be the mul-
tiplicities of the planes in S’. Let also >, r; = d and Z r = d'. According to
Theorem 5.1(ii),

2t2 ,,,g)t?)
P(t):H< + 7 3!>

(d _ ri)2t2 (d _ ri)3t3 t12 t15
+Z< d—ri)t + ——+ Quiggr ++ Qusigsr |-

truncated to degree fifteen, and

1242 1)343
P’(t):H<1+r;t+(];t +(]3)!t )

J

(d/ _ T”-)2t2 (d/ _ r’-)3t3 t12 +15

' / J J !

+2. (1 B L T (QIQJ i Qs 15‘)
J

truncated to degree fifteen.

Notice that

2t2 r3e3 I e L G D
{H( +ry 3! ><1+(d—rj)t+ TE—
3

(d+d —r)%2  (d+d —r)3
_ ) J J
_{<1+(d+d i)t + 51 + i
3

and

242 r1)3¢3 o .
H(1+r}t+(3)t+(])t><1+(d—n)t+(d ’)2t2+(d 1)%3)

A 2 3! 2! 3!
J 3

(d—l—d/ _ 7”1')2752 N (d+ d — T¢)3t3
3! 3'

:{<1+(d—|—d/—ri)t+ 5
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Thus for PP’ we now have the truncation up to the fifteenth degree of

242 343 1\242 11343
_ Lottt ,, e ()t
_1:[<1+m+7+ o >H<1+rjt+ st |t

J

(d+d — )  (d+d —r})t3
U ! J J
+Z(1+(d+d—rj)t+ o + 5
J
, t12 , t15
X <Q12,jﬁ +et Q15,j1_5!>
) (d+d —r)**  (d+d —r)’t
+Z<1+(d+d—n)t+ o + 5

i

12 15
X (QlQ,iﬁ 4t Q15,i1_5!) .
To see that this is in fact P, we use the fact that clearly S is a configuration
of degree d + d’ which falls in the same case (ii) of Theorem 5.1 and also observe
that the “O-functions” of S agree with Q; and @} ;,12 < k <15 on S and 5’
respectively because of the transversal union and the properties of @ ; and Q;m'
from Theorem 5.1(ii). O

Remark 5.3. We compute that the adjusted predegree polynomial
of the transversal union of two reduced 4-books is not the (truncation of the)
product of the predegree polynomials of the 4-books. So the requirement of no
three planes containing a common line is essential and the statement of Theorem
5.2 cannot be improved in this sense.

Next we notice that the dimension of the stabilizer of any book is at least
eight and that the dimension of the stabilizer of any star is at least four.

Everything so far in this section can be used to summarize the adjusted
predegree polynomials of the special plane configurations.

Theorem 5.4. If a plane configuration S consists of n planes with mul-
tiplicities r;, 1 < i < n, then the predegree polynomial of S is

- r22 33
(1) H <1 + it + 12 + 5‘ > , if S is transversal;
' 15

=1
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n 2t2 3t3
’L - y .
(2) H <1 +rit + +— 5 a0 > , if S is a book;
=1 7
n 242 343
‘ rit rit . . )
3) {H(l%—n 5 i )} ,if S is a star;
i=1 11
n 2t2 ?t?’ t2 t3 . '
H 1+r; 1—f—r1t+—+— , if S is a fan;
2 3! 3!
=2 11
n 7,,21/.2 3t3
H 14+ rt+ 12 ;)‘ > +O0(t'*) >, if no three planes of S have a
=1 15

common lme This could also be written as

2t2 7,,-31/.3
H H( +rit + —— 5 13' ) , where the product over i has n;
' 11

J ‘ 15
factors and > ;n; = n.

Example 5.5. Consider a reduced 3-book. Its orbit consists of all 3-
books in P and has dimension 7 (3 degrees of freedom for each of 2 planes,
1 degree of freedom for the plane that completes the 3-book and contains the
intersection of the first two planes). There are two ways in which such a config-
uration can contain 7 general points. First, if each of two of the planes contains
3 points, then the third plane (hence the whole configuration) is determined by
the remaining point.

4
The number of such configurations is ;) (3) / 2 =70. We divide by 2

because otherwise the pair of the first two planes would be counted twice.

The other possibility occurs when one plane is determined by 3 of the
points and of the remaining 4 points we choose 2 pairs of points. Each pair
determines a line intersecting the plane in a point. The line in the plane which
connects these two points is the line (spine) of the 3-book, i.e., the other two
planes are uniquely determined if we require that each of them contain a pair of

points and that all three planes form a 3-book.

7\ (5
Clearly the computation in this case is (2) (2) / 2 =105 (the division

by 2 is because of the same reason as above).
So the total number of configurations is 70 + 105 = 175 = deg Og.
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According to Theorem 5.4, the predegree polynomial is the truncation of
(14t +t2/2+3/6)3 to degree 7 and this gives us the predegree of 1050. Since
the degree is 175, this implies that f; = f7 is the expected 3!.

Example 5.6. Similarly, we compute combinatorially the degree of a fan
consisting of a 3-star and a general plane to be 21000. From Theorem 5.4 (4) we
find that the predegree is 126000, so f; = fio = 6. Our intuition behind this fact
is that, although all planes are reduced, the general plane cannot be exchanged
with any of the others under an automorphism of the configuration.

6. Future work. A natural component of an enumerative analysis of
orbit closures of more general surfaces would be the computation of the predegree
polynomial for a larger class of surfaces than the one considered here: for example
cones over smooth plane curves (where the result is likely to relate to the formulae
by Aluffi and Faber for predegree polynomials of smooth plane curves). The
strategy for such a computation would be a natural generalization of the one
employed in this paper: i.e. a sequence of blow-ups over P! modelled after the
geometry of the cone. The natural expectation is that one blow-up would be
needed to account for the vertex of the cone and two additional ones accounting
for the curve, one of which due to features of the curve, such as inflection points
(cf. Example 1.1 in [1]).

The most obvious and naturally arising problem, however, is the one
about predegree polynomials of arrangements of hyperplanes in a projective space
of any dimension. The techniques used in this article should in principle be
applicable to this more general case. The aim would be to resolve indeterminacies
of a basic rational map analogous to the one considered here; in dimension n,
it is natural to expect that n blow-ups over a projective space of dimension
n? + 2n should achieve this resolution. These blow-ups are possibly related to
those leading to “matroid varieties”, considered by Aluffi [5] and D. Jones [8].
However, the higher dimensional case is bound to be very challenging from the
computational point of view.

The predegree polynomial of an r-fold hyperplane in P could be shown
M - kk

t
to be Py (t) = Z TT (which approaches exp(rt) as M — o0) using the fact that

k=0
the orbit of the corresponding rational map from the projective space, which is

the compactification of PGL(M + 1), to the projective space PV, parameterizing
degree 1 hypersurfaces, is the r-fold Veronese embedding of P in PV,



586 Dimitre Tzigantchev

Concerning predegree polynomials for hyperplane arrangements in higher
dimension, the multiplicativity properties observed in the case of lines and planes
suggest a rather precise conjecture for the predegree polynomial of the union of
two arrangements, provided that they meet transversally and satisfy certain inci-
dence requirements — one for each dimension between points and hyperplanes. It
may be possible to attack this conjecture independently of the general solution to
the problem for hyperplane arrangements; this would suffice for the computation
of many classes of examples.

Another natural, possibly more ambitious, general class of problems
amounts to establishing a clear connection between the invariants encoded in
the predegree polynomial of a plane arrangement in space (or of a hyperplane
arrangement in higher dimension) and the invariants arising in the well-developed
field of hyperplane arrangements (see e.g. [9]. Previous work of P. Aluffi suggests
a connection between Segre classes such as the ones used in the computations of
the contributions to the predegrees in this paper and the geometry of the hyper-
plane arrangement. It is therefore natural to expect that formulae such as the
ones obtained in this work may relate rather directly to (for example) Poincare
polynomials of hyperplane arrangements.

7. Appendix

Ciy = 358 > 1 - 160r] S A + 28079 Z AL — 22417 Z A3
s s
+ 707“4 ZXL —Ti Z)‘7 = 3508 > i

k#i
Co.i = 2597 Z 1—1440r% Z As 4324077 Z A2 - 36967 Z A3 214277 Z A

—~ 504r4 Z A2 —9r? Z AL+ 8r; Z )\8 + 1898 > s

k#i
Cho, = 1099r{" Y "A% = 7200r) > " A, + 1980075 > A2 — 292801 Y " A2
S S S S

+ 2457079 Z AL 1108870 0, A% 4 2100rF 37, A8 — 4503 ST AT

+ 80r7 Z A8 — 36 Z X = 52508 Y " rf - 12600 )

k#i k#i
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Chri = 3499r/" Y A0 —26400r]° > " A, +85800r) > A7 — 1557601 > A2
S S S S
+ 17061017 Y~ AL — 11272810 Y~ AD + 4158017 A8 — 67657 > A
S S S S

+ 44078 Y AT 39677 > A+ 120r; Y AL+ 8251 > T + 92470 >
s s s ki k#i
Chg,i = 9274r2 Y " A0 — 79200r]" >~ A +297000r;° Y~ A2 — 638880 H A2
+862200r > " AL — TAT648r] > " XY 4 40656077 > " A
—127215r7 Y © AT+ 19085r) > " A% — 237617 > " A)
+144077 > AL - 330r; Y AL
s s
—3564r7 > " rf — 462r9 > " rp;
ki ki
Cisi = 215941 Y "A? — 2059207/ > "\, + 875160r;" » A2 — 217588870 Y "A?
+3487770r) Y~ AL — 37374488 ) " AT + 26769607 > AS
—1236807r{ > AL + 3390537 >~ AS — 503361 Y AJ
+9360rF >~ AL —4200r7 Y " A+ 792 > AL

+9009r7 > " rf + 42908 > " rf — 50051} > s
k#i ki k#i



588 Dimitre Tzigantchev

Cha = 45618r}* Y “A0— 48048077 > "X + 2282280r2 > A2 — 6438432r/1 Y "N
S+11945934r}0 > SA;* — 152312167 ZSAE + 135135007 Z A

—8239803;7 > AT+ 3316313r§ > A% - 82082077 Z A2

+127764r} Z A0 — 3003017 Z A 4110887 Z A2

—1716r; > AP 4210215 > r — 1401417 ) ")
S

ki k#i
—21021r8 > " — 17160 Y 1
k#i ki

Cis,i = 89298r;° Y ~ A0 — 10296007, > ~ A, + 54054001 > " A
—17057020@2 > A+ 35945;10r}1 > At - 531 12064@0 > A
+56156100r§sz MG — 42477435r8 Z A+ 225561057 Z A8
—8076068r§82 A 4 185749277 Z A0 31395077 Z AL
+83160$r§ > AP 2574o7~§ > AP+ 3432r Z Al
47007079 Z i 4 19305r] Z S — 614251} Z il

ki ki ki

Kz = 1657“1-12 (Z 7r2 - Z )\2 Z 7r2> + 14401“1»11 (— Zﬂ'k + Z )\2 Zﬂ'k)
k s k k s k

+5544730 (Z =Y ALY w,%) + 123207 (— o+ A w,i’;)
k s k k s k

+17325r% (Z T — Z A Zﬂ'%)
k s k
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T (—158400 ST wp 4158400 Y A2 S 2 — 15840 Y ]
s & s & k
+15840 ) AT ) — 79200 T A Tm +792003 A>T wi)
+rf (—415800 DA w9240 —46200) " AS> a)
s & B sk
+221760 ) AD> " mi + 369600 > AT " wf — 138600 ) D AZ> wﬁ)
+r? (399168 SONY mp - 221760 ) A o + 110880 > A3Y
—31687] + 47520 > ALY wp — 332640 ) AL 7r,3;>
s & sk
+rd (79200 DN me+495> wh —17325) AS> )
s +11k()880 > i T — 34650 Z A i wﬁ
s & PR
~138600 Y A0S a2 +5775 ) Y ri)
s & A kAL
47 (330 DO M —1440) T APD m +2376 ) N> wp
—1760) " ASD "+ 495> ATY i - Zw?) ;
PR s & P
Ki3,; = 19257} (Z = YAl Zﬂg) — 187201} (Z Te— 3 ALY 7rk>
B sk B sk
8143211 (Z -3 A% Tr,z) — 208208710 (Z YR TFF??)
B sk p s %
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+345345r) (Z =Y ALY 7r§>
k s k
. (2059200 D OAZY wp—2059200) " A2 i 4386100 7y
k k k
s —205920 ) ~ A3 Z mh + 1029600 ALY
s k s k
—1029600 > " As > mi — 180180 Y A > w,§>
s k s k

— (—3432000 SN wd—201720) " 4257400 " A2D
s k k s k

+634920 ) " A > w) + 4890600 > AL 7
s k s k

+823680 A, Y mp — 2832880 ) AT 7rk>
s k s k

—r (—3747744 DAY T m4+2162160 Y ADY w4+ 720720 ) ALD 7
s k s k S k

—720720 Y AL ) — 1441440 ) AZ>
s k s k

+2882880 ) A0 "y 4 144144 7r,1>

s k k

—r? (—42471 > g — 2792790 > ALY “wh 4360360 ) AS> " wf
k s k s k

+333333) A5 ) 42018016 ) AT iy + 1153152 A3 ")
s k s k s k

—1029600 Y " AT " mp 4105105 > rf > ri)
s k

JE ki

_rd <_1201200 D OASY wi - 360360 ) ALY w4+ 1081080 ) AT D
s k s k s k
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+5720 > 7y — 40040 Y AI> " wp + 514800 > ALY W%Q)
k s k s k
—r2 (—6435 SN mi+22880) AED ) —30888) Ay
s k s k s k
+18720 > A “mp —4200) AN A +13) w,E)
s k s k k
—7 (5148 SN mp—17160 ) D AS> i +20592) A
s k s k s k
—9360 Z AL0 Z T2+ 792 Z A2 Z Ty — 12 Z 71',12> ;
s k s k k

Kig; = 122217} (Z o —ZASZW%) + 13104073 (— S+ A 7rk>
k s k k s k

+6355447}2 (Z LIPS Tr,%> + 1837472} (— S+ AN mi’)
k s k k s k

+351050771° (Z =Y A Tr,i)
k s k

+7) (—4636632 D mp 431951923 ALY ") 414414400 A2 "y
k s k s k

+7207200 ) T A Y mh — 14414400 > A2 "
s k E} k
+1441440 Y " A3 " — 7207200 ) AE> Trk>
s k s k

+7} (—1051050 DALY 44294290 ) ) — 4684680 Y~ A )
s k k s k
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+14414400 > A3 " d 49009000 Y © A2 "k — 30630600 Y AL > i
s k s k s k
—11531520 Z As Z 77 + 20180160 Z A Z 7rk>
s k s k

+r] (—2759328 > mi+11531520 ) AZ) "y — 33153120 > AD)
k S k s k

+4804800 Y " A Y wp + 17777760 > ALY i + 5834400 Y " AT " p
s k s k s k

+16144128 > A2 ) "7 — 20180160 > AS Y 7rk>
s k s k

+7) (—31615584 D OADD wE+23333310> AL w4 1180179 ) "«
s k s k k

—8408400 )~ A2 "y — 3300207 Y A5 ) +4036032 ) A2 D 7
s k s k s k

47567560 Z A6 Z 7% 4 7207200 Z AT Z T — 945945 i Y r )

J#L k#i

+rd (3027024 DAY w4+ 784784 ) T AI> ) + 10090080 Y A
s k s k s k

+6726720 Y A2 " ap — 13117104 ) " AL wp — 304304 > 7
s k s k k

—7207200 Z AT Z T+ 2018016 1P > " r )
J#L k#i

+rf (—84084 DAY R +36036 ) mi® 42402400 ) AT i
s k k s k
+6054048 Y~ A2 ") — 6306300 Y ASD i — 2102100 > AL 7r2>
s k s k s k
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3 (30030 SN i —131040) DAY Tm 4216216 A D
s k s k s k
—160160 ) " A3 " wf +45045> " ATY wi—91) 7r,§>
s k s k k
+r2 (—11088 SO mp+131040) A0y — 288288 AD D
s k s k s k
+240240 ) T8> T — 72072 AT w4168 w,12>
s k s k k
+r; (1716 SOAED mp - 43680 ) A>T wd 4+ 108108 > MDD i
s k s k s k
—96096 Y A5 > " wp +30030 Y AT af — 78 w;?’) ;
s k S k k

K15 = 559017° (Z = MY w,@) + 6552007 (—Z T+ > A 7rk>
k S k k S k
4350532073 (Z T2 — Z A0 Z w,i) + 1130584072 (— Z T+ Z A2 Z Tr,?;>
k S k k s k
4244430557 (Z i —ZASZ@@)
k S k
4710 (30017988 (— Zw,§+ZASZw,§) + 7207200 (— Z T+ Z A2 Z ﬁg)
k s k k s k
+72072000 (Z)G”Z m-> AN w,i) +36036000 (ZAZ T ) A m))
s k s k s k S k

+7) (—18568550)\2 > mh +40790750 Y  wp — 24624600 Y~ AS> " p
k k s k
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+99099000 Y " A2 ") — 86486400 Y A, Yy — 135135000 > ALY 7
s k s k S k
+24024000 > A2 ) " 4 100900800 " AZ D wk)
s k s k

+r8 (—32200740 > 44504500 > ALY " 4 72072000 > A Y 7
k B k s k

+33462000 >~ AT ") + 190990800 > " ALY i — 100900800 > " ASD
s k S k S k

—436035600 Y A3 "l + 21621600 Y A2 "y + 30270240 > " AD ) wi)
s k s k s k
! (—20592000 DAY 449999950 > ©ALD i — 90090000 " AZY
s k s k S k

+152792640 > A3 ") — 22516065 Z AED " mp + 17972955 Z Trk
s k k

—211891680 Z A5 Z T3 4 88288200 Z A6 Z s
436036000 Z AT Z e — 5030025 ) "1l > rf

J#L k#ig

+rd (—158918760 DAL w4 16816800 > A2 w4 7967960 Y NI )
s k s k s k

+133693560 > A2 " — 6766760 > _ ) + 36036000 > A2 ]
s k k s k

+25225200 Z A6 Z 7 — 54054000 Z AT Z Th + 14144130 ) " >

J#L k#ig

b (—28828800 DALY 44144100 ) XS wp+ 18162144 A D mp
B & s k S k
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—69369300 > " ASD "7 — 1693692 " ALY ") + 1549548 Y " l0
s k s k k
+36036000 > AT > i — 8072064 P >
sk i#i kL]
+7} (—164255 > mt+9009000> ALY Tl 425225200 > AS Y )
k s k s k

—25225200 ) A2 " wf — 87837753 ALY mh 4313950 Y AL
s k s k s k
—655200 ) " AL ", 4+ 1081080 ) CAYD " — 800800 > ATY w,?;>
s k s k s k
3 (1260 D m?—83160) AP w) +982800> ALY 7
k s k s k
—2162160 Y A2 Y w4+ 1801800 ) " AS> wh — 540540 > AT Tr;g)
s k s k s k
+r? (—1170 > mt+25740 ) AP ) — 655200 AL
k s k s k
+1621620 Y A > “mp — 1441440 ) AED " + 450450 3 AT Y 7r2>
s k s k s k
+7 (364 > omt 3432 A ) + 163800 > A )
k s k s k
—432432) A ) 4400400 ) NS " af — 128700 ATY Tr,1> :
s k s k s k
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