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Considering four non-negative parameters ai, g, 1, S2 which satisfy
0<az<a1 <B1 <P

and a given non-negative integer p, the generalized Schurer-Stancu type operators
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are constructed. Theorem on convergence and the degree of approximation are established by
modulus of continuity.
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1. Introduction

Bernstein polynomials were introduced by Bernstein [3]. These polyno-
mials have been studied intensively and defined variously generalized forms.

In 1962, F. Schurer [5] introduced and studied the linear positive opera-
tors called that Bernstein-Schurer polynomials,

B, :CI[0,14+p — C[0,1]
defined by
n—+p
k S
By (fiz) = Zf (ﬁ) C];fﬂ):ck (1— )"k (1)

k=0
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D. D. Stancu [7] constructed the linear positive operators B (f;x) associated
with a real function f € C[0, 1], have the property that lim Bf{’ﬁ(f;x) = f(x)
n—o0

uniformly on [0, 1] in 1969. These operators are known Bernstein-Stancu poly-
nomials.

Later, D. Barbosu [2] constructed the linear positive operators as a gen-
eralization of Bernstein operators

Pppap:C[0,14+p] — C[0,1]

are defined by

P»paﬁ fv Zf

and investigated approxunatlon propertles of these operators which are known
Schurer-Stancu polynomials.

Then, A. D. Gadjiev and A. M. Ghorbanalizadeh [4] introduced a new
construction of Bernstein-Stancu type polynomials with shifted knots. These
linear positive operators

n+p <k+a> koo 2* (1 — gyt )

(%) n—i—ag}

Snap:C|l0,1] — C ,
are defined by

na,,@ fa < )

() (-as) (e ) o
—\n+h n+ B2 n+ B2
where n‘fﬁQ <z< Zigg and for ag, Bk (k= 1,2) are non-negative real num-
bers provided 0 < as < a3 < 1 < P3. Moreover, A. D. Gadjiev and A. M.
Ghorbanalizadeh investigated of convergence and the degree of approximation
of polynomials S,, o g (f;2) in the space of continuous functions.
Let p be a non-negative integer and let

Snpas: Cl0.14p] —s c[ a2 ”“ﬂ

n+ B’ n+ P
be defined for any f € C'[0,1+ p] and n € N, by

n+
Snpap(fiz) = (” + 32)

n

n+p k+ oy a9 k n+ oo n+p—k
XZf(ﬂ—i—ﬁ) n+p<x_n+52> <n+/32_x> 4)
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wher + B ”igz and for ay, Bk (k = 1,2) are non-negative real numbers
provided 0 S Qo g ay < B < Bo. It is clear that for p = 0 we obtain Bernstein-
Stancu type polynomials (3), for ag = 3 = 0 we get Schurer-Stancu polynomials
(2) and if oy = az = f1 = P2 = 0 Bernstein-Schurer polynomials (1) are
obtained.

This paper is about generalization of Schurer-Stancu type polynomials
(4) with shifted knots symbolized by S, ;, o 5 (f; ). Convergence of the operators
(4) is investigated with the help of the well known Bohman-Korovkin theorem.
The degree of convergence of Sy, , .3 (f; ) is established by using the modulus
of continuity. Some numerical examples are given with the help of Maplel3.

2. Approximation properties of S, , , 3 operators

Lemma 1. Generalized Schurer-Stancu type operators, defined by (4),
are linear and positive.

The assertions follow from the definition of operators.

Lemma 2. ForVz € [0,1] and Vn € N the generalized Schurer-Stancu
type operators (4) have the following properties

Snpapsliz) = 1 5
T - ()
Sppep(t?; ) <Z j: gj>2 (n+ p)(;t;p —-1) <$ - TBQ)Q
-

n+ B <n+p> <x_ g )
(n+61)>\ n n+ Ba

n+pBy (n+p Qg of
+201 < o ><x_n+,82>+(n—|—ﬁl)2'(7)

Proof. Let be

n—i—ﬂQ)n

n

ok as \" n—i—oa_x mtpk
P\ 4 By n+ Bo ’

Using the definition (4), we easily get

Prpns(x) = (

n—+p
Snp,a,8(152) an,p,kaﬁ =1,
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where we use binomial expansion. Like this way, it is obvious that

S. tx) = — | P x
"74)}770’5( ) kz:o (n + /81> p”,lﬁkva,ﬂ( )

n+p n+p k n+p

a1 ~
r)+ T
n + /81 — n +ppn,p,k,o<,ﬁ( ) n + 51 kZ:Opnvp7k7a75( )

) (22 ) o
n+ f1 n n+ B2 n+p6r

Then, we can conclude that

n_[(ntB2\ (ntp —paz +n(ar — az)
Sn,p,a,ﬂ(tvx) = <n+51> ( n )x—i_ n(n-i—ﬂl) 7

i.e. (6) holds. After simple calculation, we can write

9 B S k+an\?
Sn7p7a7ﬁ (t ;x) - Z A pn7p7k7a’ﬁ (w)

=0 n+ p1

n-+p
= Prpik,
n+51 {Z ks (@

n+p n+p
+200 Y kPnpkas(@) +0iy ﬁn,p,k,a,ﬂ(ﬂ?)}
k=0 k=0

= (n+151)2 {<ntlﬁ2>2(n+p)(n+p 1) (x nj—2,6’2>2
+ (n—;ﬁZ) (n+p) <x— nj—262>
e () )

Taking into account of the above equality, we get

Snpes(tsz) = <n+62)2 (n+p)(n+p—1) (x_ s >2

n+ 1 n2 n+ B
N n + Fo <n+p> <m_ s )
(n+ B1)? n n+ B2

n+pB (n+p @ af
+2“1<n+51>2< n )( n+ﬁ2>+(n+ﬂl)2
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i.e. (7) holds and the proof ends. ]

Theorem 3. Let f be a continuous function on [0,1+ p|. Then

S sF52) = S| 2y zisa] =0 -

n+pBg ' n+Po

Proof. Taking into account of the equalities in Lemma 2, for v =0, 1,2
we can write

s S t;z) —a¥| = 0. 8
n1—>ngox€[ g;a)iﬂxzﬂ n,p,oa,,B( jx) — 2| 8)
n+pBy’ n+pBg
Denoting
. . N
S (f l’) o S”J%Oé,ﬂ(f’-f) ; x € [ni%27 ZJr(g;]
n,p ’ - ' + ,
fla) 5 weosg)u ()
we easily get
HSn,pf - fHC[OJ} = max ‘Sn,p,a,ﬁ(f;m) _ f(ac)\ ' (9)
xE ag  ntag
n+pB9 ' nt+fFo

On the other hand, using (8) and (9) we immediately get

lim ||S,p(t";2) — 'rVHC[O,l] =0 v=20,1,2.

n—oo

Applying the Korovkin’s theorem to the sequence of linear positive operators
Sh.p We obtain

Jim [1Shp(f52) = F(@) o =0

for every continuous function f. Therefore (9) gives

lim max ‘Sn,p,a,ﬁ(f; CC) - f(:[;)’ =0

n—oo ag n+ag
ze [n+62 ’n+Bg

and the proof is completed. |
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3. The rate of convergence of S, , , 3 operators

Qualitative result known as a sequence of operators approximate the
identity operator was obtained in Section 2 with the help of well-known Korovkin
theorem. The other important problem in approximation theory is quantitative
estimate which is about how quickly do the operators converge the identity
operator. The aim of the present section is a study of quantitative result using
modulus of continuity.

In order to obtain the degree of convergence, we are going to define the
modulus of continuity of the function f as follows:

w(f;0) =sup{|f(z) — f(y)|: 2,y €[0,1], [z —y[ < 6} (10)

for any positive number § [1].

Before starting our main theorem, we give lemma and auxiliary result
concerning the order of approximation.

Lemma 4. The operators (4) verify

1 n+ 82 (n
Sn,p,a,g((t—a:)2;x) — TRV {( +527)12( +p)

x( @ ><n—|—a2_ )
o n+ B n+ B *
2
<(n+p52—51>$+(041—n:p042>)

D+ Qﬂz - 251) pa®

u
+ <a1 - a2> 2px} . (11)

Proof. The linearity of Sy, s leads us to

Snpap((t = 2)"52) = Sppap(t’;2) = 208np.0,5(t7) + 225 pas(li2) -

Taking into account of the equality in Lemma 2 , we obtain
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Sppep((t—z);2) = <”+52)2 (n+p)(n2+p—1) <x Qs )2
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(p + 252 — 2ﬁ1> pr® + (Oq —

Thus, we get the desired result. |
It is well known the following result obtained by O. Shisha and B. Mond
[6].

+

Theorem 5. Let (Ly)nen, Ly : Cla,b] — Ba,b] be a sequence of linear
positive operators, reproducing the constant functions. For any f € Cla,b|,
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x € [a,b] and § € [0,b — al, the following

[Lu(f32) = f(@)] < {1 + 5—1\/Ln ((t- x>2;x)}w<f;5>

holds.
Theorem 6. For any f € C[0,14p|] and each x € [nf&, Zigﬂ
generalized Schurer-Stancu type operators (4) verify
|Sn,p,a,ﬁ(f§ .CI}) - f(.%’)| < 2w(f; V 6n,p,o¢,ﬁ,:c) (12)
where
5 B 1 (n+ B2)? (n +p) Qo n+ o
n,p,a,B3,x — 2 D) T — —x
(n+pB1) n n+ B2 n+ B2
2
n + n —+
+<< p52—51>ﬂ$+ (041— pOéQ))
n n
+
+ (p + 265 - b_ 251) pz?
+ <a1 D pa2> 2pa:} (13)

and Oy p o,z tends to zero as n — oo.

Proof. The main step in the proof of this theorem consists in the fol-
lowing inequality given in Theorem 5

[Shpas(fiz) — flz)] < {1 + 51\/Sn,p,a,ﬂ ((t - x)Q;x)}w(f;fs) - (14)

(n+ B2)° (n+p) g n+ as
X{ n?2 <x_n+52) <n+ﬁ2_$>
+
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In the above inequality by choosing

n+ 31 n n+ By n+pB

2
<<n ? 1> ( ' - 2>)
n n
+

+ (P-i- 232 - 251) pr? + (Oq - OéQ) 2P$} ;

n
we arrive to (12) and the proof ends. ]

S i = ! {(n—i—ﬁg)é(n—i—p)(x s )(n—i—ag x)

Remark 7. Theorem 6 expresses the order of local approximation of
f by Snpapf. For getting the order of global approximation, we must take in

(13) the maximum of d,, ; o 3. When x € {n‘fﬂQ, Zigﬂ ’

|Sn,p,o¢,ﬁ(f; l’) - f(l’)| < QW(f; V 5n,p,a,ﬁ)

where
5 _ 1 n+p n+ ag 2
o = (n+51)2 1 + ((52 — 51) "t By + (g — a2)>
2
+(p4 2 20— o+ 22+ Ly ) o (2152

+ (2” P2 (o1 —ag) — 2la2(52 —B1) — 220y - 2p2a2/82>
n n n K

n + a9 P o 1
wpi T2 (P2 o= - .
pn—i—ﬂg * <n2a2 na2(a1 az) | p

Clearly, this maximum depends on the relations between oy, Sk, p (k = 1,2).

Example 8. Let be f(z) = sin(2n(x + 1)%), p=1,a1 =02, as =0.1,
B1 = 0.3 and s = 0.4. If it is chosen n = 20 and n = 100, approximation

to function f by S, s generalized Schurer-Stancu type operators has been
shown in Figure 1. Furthermore, we give its algorithm after the figure.
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Figure 1: Approximation to f(x) = sin(27(z + 1)
Stancu type polynomials

) by generalized Schurer-

with(plots):

> pi=1:

> alphal:=0.2:

> alpha2:=0.1:

> betal:=0.3:

> beta2:=0.4:

> fi=x-> sin(2*Pi*(x+1)"(3/2))

> S:=(n,p,alphal,alpha2,betal,beta2)-> ((n+beta2)/n)" (n+p)
*sum (f((k+alphal)/(n+betal))*binomial(n+p,k)
*(x-(alpha2/(n+beta2))) "k
*((n+alpha2)/(n+beta2)-x)" (n+p-k),k=0..n+p):

> pl:=plot(f(x),x=0..1,color=black):

> p2:=plot(evalf(S(20,p,alphal,alpha2 betal,beta2)),
x=(alpha2/(20+beta2))..(20+alpha2)/(20+beta2),
color=red, linestyle=2):

> p3:=plot(evalf(S(100,p,alphal,alpha2 betal,beta2)),
x=(alpha2/(100+beta2))..(100+alpha2)/(100+beta2),
color=green, linestyle=4):

> display([p1,p2,p3]);
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Example 9. In the following Table 1 we calculate the error bound of

function f(z) = sin(mx) with the help of modulus of continuity for a; = 2,
ag =1, 1 =3, B2 =4 and p = 1 by using Maplel3.

n  Error estimate by S, o g operators to the function f (x) = sin(mx)

10 1.246331908
102 0.353109854
103 0.100809812
104 0.031463164
10° 0.009936086
106 0.003141640
107 0.000993460
108 0.000314159
10° 0.000099345
1010 0.000031415

1]

Table 1. The error bound of function f(x) = sin(nz).
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