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A THEOREM OF WHITNEY'S TYPE IN /?a

BLAGOVEST H. SENDOV, MILKO D. TAKEV
t

In [1,2] H-. Whitney proved the following classical theorem in approxi-

mation theory and numerical analysis :
Theorem 1 (H. Whitney) For each integer /izl, there is a number

Wn with the following property. For any interval [a, b] and any bounded
function f on [a, b] there is a polynomial P of a degree at most n—1
such that

(0.1) \F{x)-P (x)\sW nsn{f-,(b—a)/n); xla, b\

Here m,(/, &) denotes the modulus of continuity:
5): = sup .{JAJ/(01:t t+ nht[a, 6]};
1* I<S

A"fix): = Soe(-1)"+'(«)fix +ih).

K. Ivanov [3] proved Theorem 1 for functions / integrable in the Lebesgue

sense on [a, b\

For a finite interval /, the smallest possible constant Wn in (0.1) is clearly
independent of the length of / Therefore, there are essentially three distinct
cases to consider: /=10, 1], /*=[0, oo) and /**= (—o00, 00). The smallest
possible constants Wn, Wmn and Wn* in each of these cases are called the

Whitney constants.
H. Whitney [1] gave good estimates of the constants W'n and U?*. It is

proved in [4, 5] that the Whitney constants Wn are bounded by a number

which does not depend on n.
Theorem 2. (Improved Theorem of H. Whitney [5]) For any function /,

defined, bounded and integrable on [0, 1] and for each integer /*=>1,there is
a polynomial P of a degree at most n—1 such that

(0.2) 17(*)-P(*)] <6 0,(/; 1/(n+1)); *s6fo, 1]

J. Brudnyi [7] proved an analogy of Theorem 1 for approximation of

functions of several variables by quasipolynomials.
The purpose of this paper is toimprove the J. Brudnyi'stheorem in the

sense of Theorem 2. !

I. Definitions and denotations. We shall fix integersn> 1, m>\ and
will introduce the following notations: O stands for the set
(1.1) Mm: ={*, O0<xsn+\, osy”™"m-t-1}.

Let L(M) be the set of defined, bounded and integrable in the Lebesgue
sense functions on the set M (where M is a measurable subset of /?a or /7)),
equipped with the uniform norm |- |} >
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Let Q”~m(D) denote the set of quasipolynomials of the x-th power not
exceeding n and of the y-th power not exceeding m:

m n
(1.2) Q.m(0): =Pn,m(x,y)= /2=0MX)Y*+Z/:OQJ(Y)X~1
where fi(x)~L{[o, n-\-1]) for /=0, 1,..., mM\E)(.y)(4 1o, 1]) for y=o, 1,

, A.
The best uniform approximation of the function /(*, y)E L) by means
of elements of <?,,,,(0) is

(1.3) E(Qrm(0); /)= E(f):=inf{ I/ -P 1 P s Qnm(0)}.

As a characteristic of E(f) we shall use the following modulus of conti-
nuity
(1.4) ont(/; 0)=0,,,(/; 1L, 1)= sup {\A’?'TMf , Y\
o<t, []<i

(Xy), (x+nt;, y+mr\)(C O : A™ME(X, y)=  SASA (— DntmHA

XAX+ i y+jr\)}.

Let x=]4+ cr, u= 0, 1. ... O<a< 1, j//=v+t,v=0, 1,... , m, O<ts 1;
(1.5) Ink(t) ﬂ II'—'Jfor k=0, 1,. .., n, are the basic Lagrange polynomials
J
for the knots o, 1,..., n.

The followmg operator was introduced in [5] for all functions 7/ f Z.([0, /z-t-1]):

0-6) /op,(;;M*)l:qo,,(/; M +g)=f A?J(x—\\u)du.
(n) wu

By analogy with (1.6), we define in L, M) the operator 9, «(/; X, y) that will
play a very important role in our further work

(1-7) imif; X, y)= &, m (f/, 4+Cr, V+ t)
, a+t+y+v 11 In\Im\
= - («)("») | | Ynn+ 4+ (/-U4)a. v+ T

+ (j—y)r)dudr:
Obviously, the inequalities
(18) |dbn,7(/; n, YYWN\<G>,,m(j\ O)7(")((?)
hold for n:(lg, W+1];yf[lv, v+1] and =0, 1,... , N, V=0, 1,.. m.

2. Preliminaries. We shall use the following lemmas from [5]
Lemma,!. For each natural number n,
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where I[]j(x) are as in (1.5).
Lemma 2 If

K (2.1) N,WVW= 5 4 - max {!/,..(*) 1: vs a:< v+ 1},
y=" (] )
then ~,v<1+0-trwl’ where v==0- 1 .--. [(n—1)/2], Qy= 1+ 1/2+ - - +1/v;
(v
ao= o, and (in particular)
(2.2) P,o=Il+ YtT~r-max{ |/, ,lx)]| :0< a<1}<2.
y1\j)
Lemma 3. If 16 £(0, Zi-+-1)], have the following representa-
tion of f

(2.3) *6 f(iiydn = /7;0 /. N(ji+ a) f f(n)dn-h ¥ U7£00<p1(/\p+ n) AP(u 4 -cT—n)rf/z,

where p=0,1,...,n, O<ac<l.
Now we are ready to formulate and prove an analogous formula to (2.3).
Theorem 3. If /E£(O), then the following equation is true

y-f-o v+T A n m P A
(2.4) 6 J f(n, i)dndr = /72—9 gzo /,.pn+ Ci/m,(v+ T) (1; (1; f(n, r)dndr

+ b;io /,,’\(m+0ct)?/jomg /r or (/(a, -); N+ H/MY(v+ T—r) dndr
m g n on
+ qgo /m,,(v+ t) 6/7:% (/) <pn(/(-, r) ; p+ wltp (n+ 8—n)dndr
nom a =
o200 b PHTUS A 2a (Nt a = «/mI(VaT — rydndr.

Proof. In (2.3) we substitute /(x) by 7(*, j')» where y is fixed and
obtain /

(2.5) lg f(n, y)dn-\- /?:0 (1 + ct) /0 7 («, y)rfrt

n
+ /7;0 6 <p.(/(-, y); P+ n)l,,.p(n+ (p—n)™s.

From the definition of the operator <p,/, X), it is evident that
(2.6) pdpm(/; ? + 1) ;pt0)=<i>-m(<P,(f; p+<¥); 2 + * )= < p p+°, ?2+1)
for all non-negative integers n, m (See (1.6) E{ndmiglj)). In order to complete
the proof, we apply (2.3) to the function g(y)= J f(u, y)du and from (2.5),

(2.6) Theorem 3 follows. .
If we differentiate (2.4) by ~ and respectively by y, the following basic

representation of /(n:, y) is obtained, which holds almost everywhere in O :

(2.7) /((n+a,v+t)= Y Y + a)Lm (y +t) / / f(n, r)dndr
p=0 g=0 00
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A v - in
n pom
3, Inp(ls + a) /, o3 P/ ); g+ x)Lmg{v)dn
n p m r

+ [Jo Inpr + a)lf  / ®*(IS);9+ r)ImAy+x—r)drdn

m qn
t T MV 3 4%a¢( - )5 P+ M¥N,p(n)dr

m q n a
+ %o +T)Y/7 0 7 @1”" °r); I'-t-«K /N + CT /) rfivarr
2 Y <p..m(; 20+ CL N+ Infy) 1 2(y)
p=049=0
n m a
+ 3 5 f d>nm(f; p+n, g-j-x)I'\i+ a—n)  Img(v)dn
p=0 g=0 U . n

r

m
S/ <Pun(l; />tcr, 9+ 1)/, L)l _(v+ t—r)dr
0

p

m .

+ SNT(/5/>+ + ! -+ a—n)l’ + X— .

,7:07;0{) /0 A>n.71(/>/>+ n, q+ r)I'nAV-+ a n)Iml(y x—t) drdn
Using (1.7), the right-hand side of (2.7) can be written in the form

f(x, y)+ ®(x, y), where &(r, 3/ is a continuous function and ®(r, y)=0 almost

everywhere in O. Now it is clear that (2.7) is true for every point of O.
From (2.7) we have

(2.8) /(n+ o,vH-T)—P*(f, X, y)=<pnm(f; N+ Q, v+ T)
n a .
-+~ 5 / H|.m(f; P+ v-f-1)/' (]g+ a—ri)dn
p=0 o p
m T
+ 9-0 1 <PM'm”™ ; U+ CT 9 + r)Im,q(V+ X—r)dr

a T \

n m
* . ' _ .
+ p:zO gz”o/o f0 P«,m(/; P+, g+ r)I' (\\+ o—n)ImAy+T—r)dudr,

where P*(/; n, ™)( Q,_i, m-iC[]).
Theorem 4. If /(U N), tte/iis a qtiasipolynomial /?(/; n, y)
(Q~w () satisfying the following conditions'.

y/ S
o f El[f(x, y)-R(f: x y)]dxdy=0for i=0, 1,...,n:/=0, 1
1 - > -, .
/+1 *
(i) /o Ge, y)—R (F\X y)]dy- o for y=o, 1,..., m:
j

(iii) f [f(x,y)—R(f; X, y)]Jdx=0 for /==0,

t
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(iv) AE"R(f; X, y)=— f ¢+ A"-f/(n, r) dndrl,mAm + FA""™f(n, y)dnr\m
+ f A" f(x, rndr™*n0O<C, n<l-
o

Proof. Let F(xyy)=8 B f{u, v)dudv; Fx— f f(x, y)dvand Fy(x, y)
0

=/ [(«, j/)dto. Then we set
0

(2.9) R (f; y)= Z Fy(p, y)I'n+Up{x)+X Fxx, 9)rT+ugb ),

= SZ\?X Hp, ?)C..,V\Cl—lg(y)-

We start to prove (ii).

I+ 1 A+1 +

’J.?l[/(*. Y)-RUG x yldy = 1 10cydy— 37 (5> y) 4K +.u(%)

n
- 7210 FX(x, 0) [Im\q(y-h 1) "mfi7 (/)]
Nv1 A
+ 3 ¥ K{p, gL"  (X)\Im+\,q(j+\) — m

p=o0 7=0

1
=FxXx, j+ 1) - Fx(x, j) - p=z [/=(?. Y +1)-0 /1, />1/,+L., (*)
0
M1
—1: (at, y-f- 1) -f-/7 (at, ¥) -f- 3§ [/=*(7, V+ 1) F(PT j)1In+\plx)—
P=0

By analogy with (ii), we get (iii). It is easy to see that (i) follows from,
(i) and (iii). In order to complete the proof of theorem 4, we have to prove (iv).
From (2.9) we get

(2.10) AE"/2(/; jey) = ¥d F ATE(n, y) dn("+1) (= Dn+l+ £
+ O i AZfix, r)dr(m+1) (- 1)">+l+>n"
— '/'Z\g /g()‘ é 6 /(«. r)dndl’[\ﬂ+1l-|)(/ﬂj 1}(— Dy»+at/+/.
< 4
(2.11) vS /AU, g) rfc (M) (= )T

= T / M/U/j, iN[(7 ") + (7)](-V)ned
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= 3 [/ LA/(i, M)GY(--D) -+ -/ D/ (¢ vt ) (R N ]
= £ (- Dn+l (M) T AN/ *)<*« = 50/ (-i)"+,(m)/(«+'. JO*

.=/ AT/ (" =) i/
From (2.11) it is easy to see that

J/ .a\
(2.12) m f (om+ il (— L)">+'+/Ac/(at, /-)<xe= / f(x, y)dr.

Applying (2.11) and (2.12), we obtain(iv).
3. Main result. The aim ofthis sectionis to prove the following theorem
of Whitney’'s type /23

Theorem 5. If f £41M), then there is a quasipolynomial (0)
such that
(3.1) NAX, y)-P(f; X, y) N<49 (onm(/; 0O).

Proof. By [1/t7=1, 2, 3, 4, we denote the following four subsets of O .

Oi*=={(*, y)EO : O<xsn, O<y<m};

Oa: ={(x, Y)EO : 1£x<n -j-1, 0 <y<m}\

O3: ={(". I O<x<gn, Igj/<m-hl};

Ma: ={(x, y)$a: 1sx<sri+l91<sy<m +1}.
Obviously,

(3.2) ) -

Let us mention that if we substitute/ by f=.fAx, >")— /?(/; a, y) (/?(/;

N, 3;) is as in Theorem 4), then from (2.7) and (2.8) we get -

(3.3) FlLt/ (g; X, y) = (/; n;, _y)= 0, f(}r /=1, 2, 3, 4,

where ~(n:,y) =f{n+ 1 —gr, m+1 —y).
We call the assertion (3.3) a condition for symmetry.
From (2.8), (3.3) and Theorem 4 we have

(3.4) f(x, y)=f(x,y)-R(f-,x,y)s an,m(/; p+ a, g+1t)

n s n

+ S / 44m(/; P+U, ?2+T)/' (n+CT—n)adn
p-0 v ~
w T /!

+ 20 f <Pem(/; A+ < tf-fr)/' (V+ T—n)rf/
< 0]

a X n

n m
+ p:zo qz—O U/ _C{qa,,n(/; p-t-n, <7+"')"p_|£|’_‘+ c—n)l ma_{_lv+T—r)dndr,
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Applying Lemma i, Lemma 2 and (1.7), we obtain

(3.5) If{x, y)—R (f; X, JOl<co,,m(f; 0)/(*)(*)

+ S W'hwJ\- max 1+)1 + 2 ar«wL?' max 1Imowl
' )(v) ?)

- (p Aol - (")( V</<V+*
. /
n A A (A> D) I /&1 I INI
N * ok«
* , Z0 ,-ZO I_lr(vl_!-lz\m)ax ~\>Ir>‘+p_ \ max vs/sv+1l (o \

r 14 1+ H-®@MCTII+1+ H-tTv+ov+1+(H-tr(I+oll+IXI4-Ov+®v+i)

s " LCr)
From (iv) of Theorem 4, it is obvious that

*1111)7~=4(0,1.m(f \O).
Therefore,

(3.6) W/ (*, y)—R(f\ X, jMIb<dco~(/; )1 -+-2-f-2-b4)<36w,,,m(/; O).
Now using (2.11), we may represent /?(/; X, y) £EQnm([]) in the form

1 n (x—)
3.7 R(f;* 3n=Py; x, y)+ [/ Ayl/r, j)du-Sm(y)]1~ —-

+ [/ Arl(x> e I f AifA n>r)dudr

n th 4 )
n ¢-/)n (y—)
2(. - A—m 1 .

m !

where 65, ,(x), ™ _!(j/) are the polynomials from Whitney’s Theorem 2 corres-
1 1

ponding to the functions JA™f(x, rydr, ~ A*/(/z, j/)cto. It is evident that

A/ ; jZ)EQ,_lm i().-
From (3.6), (3.7) and Theorem 2 we have

Iifix, y)—P(f; X jOl|la<36cD/r,m(/; O)

+a/ Kf(x, rjdr—5,_ 1(mG-+ W AJ/(«, y)dn—Snt (y ) Il

+ | £ f Af-pfCu, /)dndr |t <;onm(/; [X36 + 6+ 6+1)=49to,,>n(/; 0).

4. Remarks and generalizations. Theorem 5 may be formulated and pro-
ved for integral Lp-norm (p=I). Whitney’s theorem in RI for integral norm
has been proved in [6].
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Using induction, we may generalize Theorem 5 in RN, where 7V=3, 4, 5,....
The essential difference between Theorem 5 and the work of J. Brudnyi

[7]is that the constant C is independent of n and m. The constant C= 49 in
Theorem 5 obviously is not the best possible.
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