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DISCRETE TIME BISEXUAL BRANCHING PROCESSES IN

VARYING ENVIRONMENTS

Manuel Molina, Manuel Mota, Alfonso Ramos1

This paper concerns with the bisexual branching process in varying environ-
ments introduced in [16]. For such a model a survey of results is provided.
Previously, brief descriptions about the bisexual branching process and some
bisexual models derived from it are given.

1. Introduction.

Branching processes theory provides appropriate mathematical models for de-
scription of the probabilistic evolution of systems whose components, after certain
life period, reproduce and die. It is well-known that, from the classical Bienaymé-
Galton-Watson process, several asexual models have been investigated. In the
Symposium held in 1966 at the Wistar Institute of Anatomy and Biology, S.M.
Ulam pointed up the necessity of developing a corresponding sexual branching
processes theory. In 1968, D.J. Daley introduced the bisexual branching process
as a two-type discrete time stochastic model {(Fn,Mn)}n≥1 defined in the form:

Z0 = N, (Fn+1,Mn+1) =
Zn∑

i=1

(fni,mni), Zn+1 = L(Fn+1,Mn+1), n = 0, 1, . . .

(1)
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where the empty sum is considered to be (0, 0), N is a positive integer, {(fni,mni),
n = 0, 1, . . . ; i = 1, 2, . . . } is a sequence of i.i.d. nonnegative, integer-valued ran-
dom variables, their common probability law is called offspring probability distri-
bution, and the mating function L : R

+×R
+ −→ R

+ is assumed to be monotonic
nondecreasing in each coordinate, integer-valued on integer arguments and such
that L(x, y) ≤ xy. Intuitively, (fni,mni) represents the number of females and
males produced by the i-th mating unit in the n-th generation and consequently,
from (1), (Fn+1,Mn+1) will be the total number of females and males in the
(n + 1)-th generation. These females and males form Zn+1 = L(Fn+1,Mn+1)
mating units, which reproduce independently of all other mating units with the
same offspring probability distribution for each generation. It can be easily proved
that {(Fn,Mn)}n≥1 and {Zn}n≥0 are homogeneous Markov chains. The bisexual
branching process is a reasonable model to describe the probabilistic behaviour
of populations with sexual reproduction, it has received some attention in the
literature (see e.g. [1]-[8],[13] and [14]) and moreover, it served as a base for a va-
riety of other bisexual branching models. In particular, a bisexual process which
allows the offspring probability distribution to vary from generation to generation
has been introduced in [16]. In section 3, a survey of results about this bisexual
process is given. Previously, in section 2, some bisexual processes derived from
Daley’s model general context are briefly described.

2. Some bisexual models investigated.

Recently, in order to describe the probabilistic evolution of more complicated
bisexual populations, from (1), some bisexual branching processes have been
introduced. Next, we provide the formal definition and some information about
them:

A) Bisexual process with immigration of females and males.

Introduced in [9], the bisexual process with immigration of females and males
is defined in the form:

Z0 = N, (Fn+1,Mn+1) =

Zn∑

i=1

(fni,mni) + (F I
n+1,M

I
n+1),

Zn+1 = L(Fn+1,Mn+1), n = 0, 1, . . .

where {(F I
n ,M I

n)}n≥1 is a sequence of i.i.d. nonnegative, integer-valued random
variables independent of {(fni,mni), n = 0, 1, . . . ; i = 1, 2, . . . }. Intuitively,
(F I

n ,M I
n) represents the number of immigrant females and males in the n-th
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generation. The classification of its states, relations among its probability gener-
ating functions and some inferential results have been established in [9] and some
limiting theorems have been proved in [10] and [12].

B) Bisexual process with immigration of mating units.
This bisexual branching model was also introduced in [9] in the following

manner:

Z0 = N, (Fn+1,Mn+1) =

Zn∑

i=1

(fni,mni),

Zn+1 = L(Fn+1,Mn+1) + In+1 , n = 0, 1, . . .

where {In}n≥1 is a sequence of i.i.d. nonnegative, integer-valued random vari-
ables independent of {(fni,mni), n = 0, 1, . . . ; i = 1, 2, . . . }. Intuitively, In

represents the number of immigrant mating units in the n-th generation. Results
concerning with the classification of its states and some relations about its prob-
ability generating functions have been provided in [9] and its limiting behaviour
has been investigated in [11].

C) Bisexual process with population-size dependent mating.
This branching model has been formally defined in [15] as follows:

Z0 = N, (Fn+1,Mn+1) =

Zn∑

i=1

(fni,mni),

Zn+1 = LZn
(Fn+1,Mn+1), n = 0, 1, . . .

where {Lk}k≥0 is a sequence of mating functions. Assuming some conditions
about the sequence of mating functions, results concerning with its extinction
probability and limiting behaviour have been obtained in [15] and [19].

D) Bisexual process in varying environments.
Introduced in [16], this branching process is defined in the form:

Z0 = N, (Fn+1,Mn+1) =

Zn∑

i=1

(fni,mni) ,(2)

Zn+1 = L(Fn+1,Mn+1) , n = 0, 1, . . .

where, for every n = 0, 1, . . . , {(fni,mni)}i≥1, is a sequence of i.i.d. nonnegative,
integer-valued random variables. Thus, for this process, unlike Daley’s bisexual
model defined in (1), the offspring probability distribution varies from generation
to generation and therefore, it is deduced that {(Fn,Mn)}n≥1 and its associated
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sequence of mating units {Zn}n≥0 are Markov chains not necessarily homoge-
neous. This lack of homogeneity establishes an important difference with the
previous bisexual processes.

3. Results concerning bisexual processes in varying environments.

In this section, we shall present a survey of results concerning with the bisexual
process in varying environments (BPVE) defined in (2). For details about the
proofs of such results we refer the reader to the papers [16]-[18].

A) Probability generating functions and moments.
Firstly, we shall provide some relations among the probability generating

functions of the random variables involved in a BPVE. As consequence, some
relations among their main moments will be obtained.

Proposition 1. Given a BPVE it is verified that:

(i)

E[sfn1

1 smn1

2 ] = πn(αns1 + (1 − αn)s2), s1, s2 ∈ [0, 1], n = 1, 2, . . .

where, for s ∈ [0, 1], πn(s) := E[stn1 ] with tn1 := fn1 +mn1, and αn ∈ (0, 1)
denotes the probability to obtain a descendant female in generation n,

(ii)

E[s
Fn+1

1 s
Mn+1

2 ] = hn(E[sfn1

1 smn1

2 ]), s1, s2 ∈ [0, 1], n = 0, 1, . . .

where hn(s) := E[sZn ], s ∈ [0, 1].

Let us denote by µn, Σn and Γn, ∆n the mean vector and the covariance
matrix of (fn1,mn1) and (Fn,Mn) respectively. From Proposition 1, it is matter
of straightforward computation to deduce, for n = 0, 1, . . . , the relations:

(i) µn = E[tn1]αn , Σn = Var[tn1]α
t
nαn + E[tn1]αn(1 − αn)βtβ,

(ii) Γn+1 = E[Zn]µn , ∆n+1 = E[Zn]Σn + Var[Zn]µt
nµn,

where αn := (αn, 1 − αn), β := (1,−1) and αt
n, βt and µt

n denote the transpose
vectors of αn, β and µn respectively.

Definition 1. A BPVE is said to be superadditive when its mating function
L is superadditive, namely, for k = 2, 3, . . . , it verifies:

L

(
k∑

i=1

xi,

k∑

i=1

yi

)
≥

k∑

i=1

L(xi, yi), xi, yi ∈ R
+, i = 1, . . . , k.
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Proposition 2. For a superadditive BPVE it follows, for s ∈ [0, 1] and n =
0, 1, . . . , that:

(i) hn+1(s) ≤ hn(gn(s)),

(ii) hn+1(s) ≤ ((g0 ◦ · · · ◦ gn)(s))N ,

where gn(s) := E[sL(fn1 ,mn1)], i.e. the probability generating function associated
to the number of mating units originated by the offspring of a mating units in
generation n.

B) Extinction probability.
We will now present some necessary and sufficient conditions for the almost

sure extinction of a superadditive BPVE.

Definition 2. For a BPVE we define the mean growth rates per mating unit
as:

rnj := j−1E[Zn+1|Zn = j], n = 0, 1, . . . ; j = 1, 2, . . .

Proposition 3. For a superadditive BPVE it is verified, for n = 0, 1, . . . ,
that:

(i) rn1 = infj>0 rnj,

(ii) rn := lim
j→∞

rnj exists and rn = sup
j>0

rnj,

(iii) rn < ∞ implies that E[Zn] < ∞.

Sufficient conditions for the almost sure extinction are established in the
following result.

Theorem 1. Consider a superadditive BPVE such that:

(i) lim sup
n→∞

rn < 1,

(ii) P (Zn → 0 | Z0 = N) + P (Zn → ∞ | Z0 = N) = 1,

then P (Zn → 0 | Z0 = N) = 1, N = 1, 2, . . .

Before providing sufficient conditions for the survival of a superadditive BPVA
with positive probability, we need to introduce the following conditioned variances
per mating unit:

σnj = j−1E[ (Zn+1 − jrnj)
2 | Zn = j ] , n = 0, 1, . . . ; j = 1, 2, . . .
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Theorem 2. Consider a superadditive BPVE such that:

(i) lim
j→∞

rkj = rk uniformly in k = 1, 2, . . . ,

(ii) σk := sup
j>0

σkj < ∞, k = 0, 1, . . . ,

(iii) r := lim inf
n→∞

rn > 1 and
∞∑

k=0

(r − δ)−kσk < ∞, for some δ > 0,

then, for some positive integer j0, it is verified that

P (Zn → 0 | Z0 = N) < 1, N > j0.

Given a BPVE we define its associated asexual process in varying environ-
ments, denoted as {Z̃n}n≥0, in the form:

Z̃0 = Z0 = N , Z̃n+1 =

�

Zn∑

i=1

L(fni,mni) , n = 0, 1, . . .

Using the fact that P (Zn → 0 | Z0 = N) ≤ P (Z̃n → 0 | Z̃0 = N), N =
1, 2, . . . and applying some results from asexual branching processes in varying
environment theory, sufficient conditions for the existence of a positive probabil-
ity of non-extinction have been obtained in [17]. On the other hand, sufficient
conditions for the almost sure extinction of a superadditive BPVE have been de-
rived in [16] by considering the probability generating functions E[sZn+1 | Zn =
j], s ∈ [0, 1], n = 0, 1, . . . ; j = 1, 2, . . . and making use of results about fractional
linear functions theory.

C) Limiting behaviour.
Finally, we shall provide some results on the limiting behaviour of a super-

additive BPVE suitably normed. We will assume that the process starts with a
number of mating units N large enough such that P (Zn → ∞ | Z0 = N) > 0.
Sufficient conditions for this assumption to hold have been established in [16].

Definition 3. A sequence of positive constants {Bn}n≥0 is said to be a rate
of growth for the BPVE if the sequence {B−1

n Zn}n≥0 converges to a finite and
nondegenerate at 0 random variable.

In order to obtain rates of growth for the BPVE, let us consider the mean
growth rates introduced in Definition 2. Taking into account that

N

n−1∏

k=0

rk1 ≤ E[Zn | Z0 = N ] ≤ N

n−1∏

k=0

rk, n = 0, 1, . . .
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if we consider the sequences {mn}n≥0 and {cn}n≥0 where m0 = c0 := 1 and
mn :=

∏n−1
k=0 rk1, cn :=

∏n−1
k=0 rk, n = 1, 2, . . . , it can be expected that, under

some conditions, they will be rates of growth. Next, we will study each one of
them.

Limiting behaviour of the sequence {m−1
n Zn}n≥0.

Let us consider the sequence {W n}n≥0 where Wn := m−1
n Zn, n = 0, 1, . . .

Theorem 3. If
∑∞

k=0(1 − r−1
k rk1) < ∞ then, {W n}

∞
n=0 converges almost

surely, as n → ∞, to a finite and nonnegative random variable W . Moreover it
is verified that E[W | Z0 = N ] < ∞.

This result is derived from martingale convergence theorem, using the fact
that {W n}n≥0 is a submartingale relative to {Fn}n≥0, where Fn denotes the σ-
algebra generated by Z0, . . . , Zn and taking into account that, under the required
assumption, sup

n≥0
E[W n | Z0 = N ] < ∞.

In order to assure that {mn}n≥0 is a rate of growth for {Zn}n≥0 it rests to
prove that W is non degenerate at 0. For this, additional assumptions will be
necessary.

Definition 4. The associated asexual process {Z̃n}n≥0 is said to be uniformly
supercritical if there exist constants A > 0 and c > 1 such that m−1

j mn+j ≥
Acn, j = 1, 2, . . . ;n = 0, 1, . . .

Theorem 4. If {Z̃n}n≥0 is uniformly supercritical and each random variable
of the sequence {r−1

n1 L(fn1,mn1)}n≥0 is stochastically smaller than an integer-
valued random variable X verifying that E[X log+ X] < ∞ then, P (W > 0) > 0.

It can be proved that if, for each n = 0, 1, . . . , the sequence {rnj}j≥1 is nonde-
creasing then, there exists a nondecreasing function λn on R

+ such that λn(j) ≤
rnj, j = 1, 2, . . . A necessary condition for the L1-convergence of {W n}n≥0 is
derived in the following result.

Theorem 5. Suppose that, for n = 0, 1, . . . , {rnj}
∞
j=1 is a nondecreasing

sequence. If {W n}
∞
n=0 converges in L1, as n → ∞, to a random variable W with

E[W ] < ∞, then:
∞∑

n=0

(
1 −

rn1

λn(E[Zn])

)
< ∞.

being λn the function above-mentioned.
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In order to obtain sufficient conditions for the L1-convergence of {W n}n≥0

we shall introduce, for each n = 0, 1, . . . , the sequence {Rnj}j≥1 where

Rnj := j−1E [ | Zn+1 − rn1Zn | | Zn = j ] , j = 1, 2, . . .

If {Rnj}j≥1 is nonincreasing for any n = 0, 1, . . . then, it can be derived
the existence of a nonincreasing function ξn on R

+ such that ξn(j) ≥ Rnj ,
j = 1, 2, . . .

Theorem 6. If {Rnj}j≥1 is nonincreasing for any n = 0, 1, . . . ,

∞∑

k=0

(1 −

r−1
k rk1) < ∞ and

∞∑

n=0

r−1
n1 ξn(Nmn) < ∞ then, it is verified that {W n}

∞
n=0 con-

verges in L1, as n → ∞, to a nondegenerate at 0 random variable W such that
E[W | Z0 = N ] < ∞.

Limiting behaviour of the sequence {c−1
n Zn}n≥0.

Now, let us consider the sequence {Ŵn}n≥0 with Ŵn := c−1
n Zn, where recall

that c0 = 1, cn =
∏n−1

k=0 rk, n = 1, 2, . . . and rk = supj>0 rkj, k = 0, 1, . . . . It
will be assumed throughout, that for n = 0, 1, . . . , {rnj}j≥1 is a nondecreasing
sequence and therefore, it is guaranteed the existence of the function λn. It is
not difficult to verify that {Ŵn}n≥0 is a supermartingale relative to {Fn}n≥0 and
therefore, by martingale convergence theorem, it is derived the following result.

Theorem 7. {Ŵn}n≥0 converges almost surely, as n → ∞, to a finite and

nonnegative random variable Ŵ .

In order to establish that {cn}n≥0 is a rate of growth for the BPVE it rests to

determine some conditions guaranteeing P (Ŵ > 0) > 0. For this, we introduce
the sequences {σnj}j≥1, n = 0, 1, . . . where:

σnj := j−2 Var[Zn+1 | Zn = j] , j = 1, 2, . . .

and we will suppose that, for each n = 0, 1, . . . , there exists σn such that σnj ≤ σn,
j = 1, 2, . . . . It is clear that

σnj = dnj − r2
nj where dnj := j−2E[Z2

n+1 | Zn = j]

Theorem 8. If
∑∞

n=0 r−2
n σn < ∞ and

∑∞
n=0

(
1 − r−1

n λn(E[Zn])
)

< ∞ then,

{Ŵn}n≥0 converges in L1, as n → ∞, to the random variable Ŵ . Moreover

P (Ŵ > 0) > 0.



Bisexual Processes in Varying Environments 155

Let us denote by:

εnj := rn − rnj , j = 1, 2, . . . ; n = 0, 1, . . .

From Proposition 3(ii), limj→∞ εnj = 0 and {εnj}j≥1 is a nonincreasing se-
quence, so it can be deduced the existence of a nonincreasing function τn on R

+

verifying that τn(j) ≥ εnj . Next theorem establishes sufficient conditions for the

L2-convergence of {Ŵn}n≥0.

Theorem 9. If

∞∑

n=0

r−2
n σn < ∞ and

∞∑

n=0

r−1
n τn(E[Zn]) < ∞ then, {Ŵn}

∞
n=0

converges in L2, as n → ∞, to a non degenerate at 0 random variable.
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