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RANDOMIZED PUSH-OUT MECHANISMS IN PRIORITY
QUEUING AND THEIR PROBABILITY
CHARACTERISTICS

K. E. Avrachenkov, G. L. Shevlyakov and N. O. Vilchevski

ABSTRACT.The non-preemptive priority queueing with a finite buffer is con-

sidered. A randomized push-out buffer management mechanism that allows
to control very efficiently the loss probability of priority packets is intro-
duced. The packet loss probabilities for priority and non-priority traffic are
derived with the use of the generating function approach. For the standard
non-randomized push-out scheme, the explicit analytic expressions are ob-
tained. A procedure for the numerical calculation of mean queues is also
proposed.

1. Introduction

Priority queueing disciplines have a number of important applications in com-
puter networks, for example, in the Differentiated Services architecture for the
Internet [7].

Consider the non-preemptive priority queueing system with two classes of
packets. Class 1 packets have priority over class 2 packets. The packets of
class 1 (2) arrive into the buffer according to the Poisson process with rate A;
(A\2), respectively. The service time has the exponential distribution with the
same rate p for each class. The service times are independent of the arrival
processes. The buffer has a finite size N and it is shared by both types of
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customers. If the buffer is full, a new coming customer of class 1 can push out
of the buffer a customer of class 2 with the probability «. Note that if « =1 we
retrieve the standard non-randomized push-out mechanism.

The infinite buffer priority queueing has been thoroughly studied in [4, 8, 9].
The case of finite buffer priority queueing received considerably less attention.
The M/M/C/K type finite buffer non-preemptive priority queueing with non-
randomized push-out mechanism is analyzed by Kapadia et al [5, 6]. Bondi [1]
considers the M/M/1/K type preemptive and non-preemptive priority queueing
with the following buffer management schemes: complete partitioning, complete
sharing and sharing with minimum allocation. Wagner and Krieger [10] analyze
the M/M/1/K type non-preemptive priority queueing with the complete shar-
ing buffer management scheme and with the class-dependent service rates. In
[2] Cheng and Akyildiz consider the priority queueing with general service time
distributions and a general service discipline function.

Most of the above works use recursive relations to solve steady state Kol-
mogorov equations. We use a generating function approach, which only requires
the solution of a linear system of N equations. As far as we know, the randomized
push-out mechanism is analyzed for the first time.

2. The generating functions

Denote by p(i,n) the stationary probability of the event that there are n packets
in the queue including ¢ packets of class 1. We also use pg for the stationary prob-
ability of the event that there are no packets in the system. These probabilities
satisfy the following stationary Kolmogorov equations:

(M + A2)po = up(0,0);

(A1 + A2 + 1)p(0,0) = pp(1,1) + pp(0,1) + (A1 + A2)po;
e 0<n<N
()‘1 + A2 + ,u)p(o,n) = up(l,n + 1) + up((),n + 1) + )‘2p(0’n - 1)’
(M + X2+ p)p(in) = pp(n+1,n+1) 4+ Ap(n —1,n—1);

en=N
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(a)‘l + ,u)p(O,N) = )‘2p(07 N — 1)’
(A1 + p)p(i, N) = Mp(i —1,N —1) +Xop(i, N —1) +alip(i—1,N),

Next we introduce the generating function for p(i,n) by the index i

Fo(x) = Zn:p(z', n)z'.
i=0

Using the above given Kolmogorov equations, we obtain the following rela-
tions for the generating functions Fj,(z),n =0,1,..., N:

e n=20
(At Ao + ) Fo(@) = = [Fi(2) = p(0, D] + ap(0. 1) + (M1 + Ae)po,
e 0<n<N
MA+Xe+p)F(x) = % [Frs1(z) —p(0,n + 1)+ pp(0,n+ 1)+ (Az+ A2) Fro—1 ().
In particular, we get the following boundary condition
e n=N

(1) (@A + p)Fy(x) — alip(N, N)zV = (A\z + Xo)Fn_1(z)
+alzFy(z) — a2V Tp(N, N).

Now we introduce the generating function for F},(x) by the index n

N-1
O(z,y) = ) Falx)y"

n=0

The generating function ®(x, y) satisfies equation (2) given in Lemma 1 below.
Lemma 1. The generating function ®(x,y) satisfies the following equation
(2)  [(p+ Dry —2y*(pizx + p2) = 1@(2,y) = =y la(prz + p2) Fy-1(x)

+yNFy(z) + y(z — 1)A(y) + (zy — 1)ppo,
where p; = Ni/p, p=p1+ p2 and A(y) = 0= p(0,n + 1)y™.
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The generating function ®(z,y) is determined by the next result.

Theorem 1. The generating function ®(x,y) is given by

q)(x’ y) =
[1—zy+ apizy(z — DyVVy_1(z) + y(z — 1) A(y)
(p+ Dzy — zy?(prz + p2) — 1
[1 — zylaNy"p(N, N) + plzy — 1]po
(p+ Dy — zy*(prz + p2) — 1

where

N-1
Vn_i(z) = Zxkp(k,N),
k=0

Aly) = —apy™'p(0,N)
N—-1
U (t) L U(D)
N—kYEk-1 N—k—1Yk
+ > 2y F+1)/2 k)2
k=1 P1 P1
e U (D) Un_1(1)
N—k—1Yk-1 N-1
+ay D2 Ip(k, N) + p2 7P(N+1)/QP(N, N)
1 1

witht = (p+1— pgy)/(Qp}/Q) and where probabilities p(k,N),k = 0,..., N can be
obtained as a solution to the following system of linear equations

e s=10

apiCx_y(to)p(N —1,N)
+ [Pczlvq(to) - P11/2011v(t0)} p(N, N) + ppr N 1/2p, = 0,
e 0<s<N
O (to)pr*
(—p2)itt

Cll\f—s—l(to)
(=p2)*

— p*?(1+ ap)

Si [ C3E i (to) pr o+

k=0 (_)02 ) i
CJS\/_—kstll (tO )p1

k
) ]p(N—l—k:,N)—Fapls+1 p(N—1-5,N)

+ 03 (o) — p2CRE, (10)] (N, N) = 0,
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N— N
F(to)p1*
P (Lron) Y bV =1k, )= G (V. ) =0
k=0

with Uy, (x) and C¥(x) denoting the Chebyshev polynomials of the second kind
and the Gegenbauer polynomials [3], respectively, and

po=(1=p)/(1=p"), 1= (p+1)/20%).
The proof is carried out into Section 4.
3. The loss probabilities

Once we know the value of p(N, N), we can derive the loss probabilities of class 1
and class 2 packets.

Theorem 2. The loss probabilities of class 1 and class 2 packets are given
by the following formulae

(3) P = p(N,N) + (1 — a)[Py — p(N, N)],
(4) Plows = P + a2 [Py = p(N. N)],
where

o 1=p N
PN_l_pN+2

Proof: A priority packet can be lost either when the whole buffer is filled only
with priority packets or when there are some packets of class 2 but with prob-
ability 1 — « the push-out mechanism is not enabled. The probability of the
first event is p(IN, N) and the probability of the second event is ZkN:*OI p(k,N) =
Py — p(N,N). Thus, we obtain formula (3).

The stream of lost packets of class 2 consists of the stream of packets with rate
A2 Py lost when the buffer is full and the stream of packets with rate a\; (P, —
p(N, N)) pushed out by packets of class 1. Since the system is ergodic, we obtain
formula (4).
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Note that if & = 0 (no push-out), the loss probabilities or two classes coincide
and are equal to Py. Furthermore, due to the fact that the service time distri-
bution is the same for the two classes, the expressions for pg, Fx(1) and ®(1,1)
could be obtained immediately by elementary considerations.

In the particular case of the non-randomized push-out mechanism, that is,
when o = 1, we can calculate the loss probabilities explicitly.

Theorem 3. The loss probabilities of class 1 and class 2 packets in the case
of mon-randomized push-out mechanism are given by

(1) N (1=p)(1=pVth
) foss = P11 2 o) (1= pN+2)

=Py + 2Py - P

(6) P(Q) 02 loss] :

loss

In the case of non-randomized push-out mechanism (o = 1), the equation for
the generating function (2) takes the form

(7) [lp+ Dy — 2y*(prz + p2) — 1@ (2, y) = y™ [1 — 2y + pra(z — 1)y Fy ()
+y(@ = DA(y) + pr(1 = )z y (N, N) + (zy — 1) ppo.
Setting = 1 in (7), and then reducing it by the term (y — 1), we get
(1= py)®(1,y) = ppo — y" Fn(1).

Then in the above equation we take subsequently y = 1 and y = 1/p to obtain

(8) (1=p)®(1,1) = ppo — Fn(1)
and |
(9) 0= ppo — p_NFN(1>'

Solving equations (8) and (9) together with the normalization condition
®(1,1) +po + Fn(1) =1,

we obtain the following expressions for pg, Fy (1) and ®(1,1):

1-p 1-p  np 1-pMH
o= T N72 Fy(1) = Tl ®(1,1) = 1= Nt
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Next we take y = 1 in equation (7) and then reduce it by the term (x — 1)
(1= p12)®(z,1) = —(1 — pra) Fx (2) + A(1) — pra™*'p(N, N) + ppo.

We now set subsequently z = 1 and x = 1/p; in the above equation. This results
in the following two equations:

(10) (1=p1)@(1,1) = =(1 = p1)Fn(1) + A(1) = p1p(N, N) + ppo,

(1) 0= A(1) - ﬁpw, N) + ppo.

Solving equations (10) and (11), we obtain

(1-p)(—p"*
(1= p0™H(1 = pN+2)
The loss probability of class 1 packets Pl(o{g)s is given by p(N, N). Then, we note
that the stream of lost packets of class 2 consists of the stream of packets with
rate \oF(1) lost when the buffer is full and the stream of packets with rate
A (Fn(1)=p(N, N)) pushed out by packets of class 1. Hence, using the ergodicity

])(]\]a]\f) = ﬁu?{v.

property of the system, we obtain formula (6) for P 2)

loss*

4. Proof of Theorem 1

By substituting boundary condition (1) into equation (2) for the generating func-
tion ®(x,y), we get

[(p + Day — ay® (1 + p2) — 1@(x,y) = [1 — zy + aprzy(e — 1]y Vi1 (z)
(12) +[1 = ayla™NyNp(N, N) +y(z = 1D A(y) + plzy — po,

where Vy_1(z) = SN 2'p(i, N), and hence the expression for ®(z, y).
Next, we set z := xy and rewrite equation (12) as follows:
z _ z
[(p1+p2+1)z—p12° = poyz—1]® <§y> = [(1=2)y+palz—y)2ly" "V <§)
+(z = y)Ay) + (1= 2)2"p(N,N) + p(z — 1)po.

Let us now consider the analyticity condition for the generating function ®(z/y, y).
Namely, the following two conditions have to be satisfied simultaneously

(pr+p2 + 1)z — p122 — poyz — 1 =0,
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(1= 2)y + pra(z = y)2ly™ Vv G)

+(z = 9)Ay) + (1 2)2VP(N,N) + p(z — D)po = 0.

The first condition can be rewritten as

p2(y — 2)z = (1 — z)(pz — 1),

which gives

1—2)(pz—1
]
P2z
We substitute the above expression for y — z into the first two terms of the second

analyticity condition and then reduce it by 1 — z, to get

(13) (y—%a@z—n)M“%wl(g)

pz—1
P2z

Next we denote by a and b the roots of the following quadratic equation with
respect to the variable z

A(y) + 2Np(N,N) = (p1 + p2)po = 0.

(p1+p2+ 1)z — p12> — poyz — 1 =0.

Now we substitute subsequently the roots a and b into (13), which allows us to
eliminate A(y)

b—1
5 (- ) ()

p2 Y
—1 b b—1 —1
2 (= Pt 1) 7 v (1) + (e - ) )
a P2 y b a
pb—1 pa—1
—p b po = 0.
a

Taking into account the properties of roots of the quadratic equation

ahﬂmh<m—mw—n:§@w4»

we have

((p—pra)y—aq(py—1)pra)y™ 'Vy_1 (%) —((p—p1b)y—a(py—1)p1b)y™ 'V _1 (%)
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+(p(a — p1(a™ Tt =N TY)p(N, N) + pp1(a — b)po = 0,

py" (VNI <§) — V-1 (g)) =y +alpy — 1)) (aVz\m (g) -

b _
DV (5)) yN1 1 (p(a — b)Y — py (N — bYFLY)p(N, N+ ppr(a— b)po = 0,

N—bN)

N-1
py > vila =0y N = pr(y +qlpy — 1) D vi(aT = by N
=1 =0

(14)  +(p(a™ =) = pr (@™ = BVFE)P(N, N) + pp1(a — b)po = 0.

By denoting cosp = (p+ 1 — pay)/(2p1/?), the roots a and b can be written in
the form

exp(ip) b_exp(—iw)
p1t/2 7 B ;2

Then equation (14) can be rewritten as

N—-1—i N-1 N—-1—i
Yy

Y
Py Z w1 ()= = Py +alpoy — 1)) z_(:) i)

1 1
(15)  + (PUN—1(t)W - P1UN(t)p1(NT)/2> p(N, N) + pp1'/*pg = 0,

where t := cos ¢ = (p+1—pay)/(2p17/?) and U,(t) are the Chebyshev polynomials
of the second kind [3]
i 1
Us(cos ) = w
sin @
The Taylor series for the function U,(t) with respect to y, being actually a poly-
nomial in this case, has the following form

s (i)(t) i,
Us(t(y)) = s \20)_qyi _P2Y
) = 3 T

with to = (p+1)(2p1'/?). By changing the order of summation in the expressions

N-1 Ne1—i U(l*k) (to)(— I—k
y N—k—2\"0 p2)
; v Ui 1 1/2 lz(:) Yy Z: UN—-1- k k)!Ql*kpl(N7172k+l)/2 )
= yV 1 Uz(\tﬁ)q(tO)(—m)l_k

2 ’UZUZ l+1)/2 ZO Yy Z'UN 1— k k)!zlfkpl(N72k+l)/2’
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we rewrite equation (15) as follows:

(s—k—1) s—k—1
s Un_i—2 (to)(=p2)
P 5—231 y Z”N—l—k(s &k — 1)125 k1, (N-2-2k+5)/2

N os—1 (s—k—1) s—k—1
Un_g—1 (to)(=p2)
—p1(1+ap sgl Z UN-1-k (S — k- 1)!25 k—lpl(N—2k+s—1)/2

(s—k) s—k
UN k— 1( 0)(—p2)
+p1az(:)y Z’UN 1— k /{7)!23 kpl(Nf2k+s)/2+

N-1 (s) N s) .
Unalto) (= o (to)(=p2) »
(p Z—% v ($)12°p1 N+S)/2 ; 12 Y125 (NFs+1)/2 p(N, N)+ pp1*/*po = 0.

Next we use the relation between the derivatives of the Chebyshev polynomials
and Gegenbauer polynomials [3, v.2, p.186]

U™ () = 2mm!CmH (2)

to get

C3 1 (t0) (=pa) 1
le Z”N 1—k 1 (N—2-2k+5)/2

O3t (to)(—pa)*~* 1
—p1 1+ap Zy ZUN 1—k NpsN 2k+s—1)/2
s=1 =

O t) (o)

N-—s
+p10‘2y Z”N kT (N-2kts)2 +

N—-1 s+1 s N s+1 s
sON_s_1(t0)(=p2) SON (o) (—p2) 1/2
(p 2 v p1(N+9)/2 iy oV Hs+1)/2 (N, N)+pp1'/*py = 0.

s=0
Collecting the terms with the same power of y, we obtain the required system of
equations:

e s=10

ap1Cy_y (to)un—1+ [Pczlvq(to) - /)11/2Czlv(t0)} P(N, N)+ppt NV FTD/2py = 0,
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e 0<s< N
s—1 s—k k+1 s—1 s—k k
Cy_ls_1(to)p1 Cy s (to)p1
P (8_1 trroN-1k — (L ap) > =
k=0 p2) = (=p2)

>, O (to)pr*
+ap; ﬂf—UN—l—k
kz::() (—p2)*

+ [POR (o) = 1" PO, (1) | PV, N) = 0,

e s=N

N-1 ~N—k k
C t
_P13/2(1 —I—Olp) 2 : 0 ( 0)/)1

(Cpp)Ftl UN—l—k p1'2C{ M (to)p(N, N) = 0,
k=0

or, equivalently,

e s=0

ap1Cy_y (to)un—1+ [Pczlvq(to) - /)11/2Czlv(t0)} P(N, N)+ppt VTD/2py = 0,

e 0<s< N

Cih (to)prF

s—1 s—k k+1
C t
> [ SR 3214 e D
= (—p2) (—p2)
C 5 (o) CNn_s_1(to)pr*t!
—l—p1oz]\[(‘(”_+),C UN_1-k T+ & N s(_1p2)8 UN—1-s

+ [pCN 1 (to) = pr PO, (10)] (N, N) = 0,

N—1 ~N—k k
C t
Y1 ap) Y BLA

(Cpo)ftl ON-1-k T p112Cy™  (to)p(N, N) = 0.
k=0
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Finally, to obtain an expression for A(y) in terms of p(k, N),k =0, ..., N and
Chebyshev polynomials, we again substitute subsequently the roots a and b into
(13) and subtract one equation from another

N—-1 k N-1 k41 k+1
a® —b _ a —-b
NS Tk, N) = PapyV ST Tk, N)
k=0 Y P2 k=0 Y
N 1 bk N P1
. Z p(k,N) + (™ —b Jp(N.N) = T Aly)(a —b) =0.

As above, taking into account that

ab —bF Uy (t)
a—b  (k-1)/2°
P1

we can express A(y) in terms of p(k, N),k =0, ..., N and the Chebyshev polyno-
mials of the second type.

5. On the numerical calculation of mean queue values

Now we consider the calculation of mean queues. The total mean queue of pre-
emptive and non-preepmptive priority packets is given by

3= 303 plin) = B(1,1) + NVi_1(1) + Np(V, N).
n=0 =0

The mean queue of preemptive priority packets is equal to

n

N
ZZ = &/ (1,1) + V{_1(1) + Np(N, N).
n=01:=0

The mean queue of non-preepmptive priority packets is 7 — i.
We have also Vi, (1) = SN Vip(i, N).
To derive the unknown functions, we have to do the following steps:

e Substitute z = 1 into the expression for the generating function(12) and
reduce it by (y — 1), hence

(py — 1)®(1,9) = vy Vy_1(1) + yVp(N, N) — ppo
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Differentiating by y and substituting y = 1, we have:
(p—1)2(1,1) = VN-_1(1) + p(N,N) — ppo,
pB(L,1) + (p — ), (1,1) = NVi_y(1) + Np(N, N)

e Substitute y = 1 into the expression for the generating function(12) and
reduce it by (x — 1), hence

(prz = 1)@(x,1) = (1 — apr2)Viv-1(z) + 2"p(N, N) — A(1) — ppo
Differentiating by x and substituting x = 1, we get:
(p1 —1)®L(1,1)+p1®(1,1) = —ap1 VN-1(1)+ (1 —ap1)Vi_1(1)+ Np(N, N)

Asn = &y (1,1) + NVy_1(1) + Np(N, N), i = ®,(1,1) + V{_,(1) + Np(N,N)
and the values p(i, N) are determined by the solution of the system of equations
from Theorem 1, the mean queue values are easily determined numerically.
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