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MONTE CARLO ALGORITHM FOR SOLVING INTEGRAL
EQUATIONS WITH POLYNOMIAL NON-LINEARITY.

PARALLEL IMPLEMENTATION *

Ivan T. Dimov, Todor V. Gurov

An iterative Monte Carlo algorithm for evaluating linear functionals of the solution
of integral equations with polynomial non-linearity is proposed and studied. The
method uses a simulation of branching stochastic processes. It is proved that the
mathematical expectation of the introduced random variable is equal to a linear
functional of the solution. The algorithm uses the so-called almost optimal density
function.

Numerical examples are considered. Parallel implementation of the algorithm
is also realized using the package ATHAPASCAN as an environment for parallel
realization. The computational results demonstrate high parallel efficiency of the
presented algorithm and give a good solution when almost optimal density function
is used as a transition density.

1 Introduction

The paper deals with realizations of Monte Carlo algorithms for evaluating of integral
equations. It is known that these algorithms usually can be applied for calculating
functionals of the solution. Consider the following functional:

& I = 00 = [ gehuia)ds,

where the domain G C R? and a point z = (z1,%2,...,24) € G is a point in the
Euclidean space R?. The functions u(z) and g(z) belong to any Banach space X and
to the adjoint space X*, respectively, and u(z) is an unique solution of the following
Fredholm integral equation in an operator form:

*Supported by the Ministry of Education, Science and Technology of Bulgaria under Grants # MM
449/94 and # 1501/95 as well as by EC under INCO-Copernicus Project #960237 - STABLE.
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2) u=IKu)+ f.

The problem under consideration can be formulated as estimation the functional
J(u). The case when g = §(z — z0) is a delta - function is of special interest, because we
are interested in calculating the value of u at zg, where zg € G is a fixed point.

It is known, that Monte Carlo methods give statistical estimates for the solution of
the problem by performing random sampling of a certain chance variable whose mathe-
matical expectation is the desired solution [8], [11].

Moreover, the same algorithmic complexity is needed for estimating any linear func-
tional of the solution (for example, an inner product of a given function with the solution
of the Fredholm integral equation of the second kind) [2], [3].

Consider a general description of the Monte Carlo method. Let f = f(z) € X and
w = u(x;) € X be defined in R? and K = K (u) be a linear operator IK (u) € [X — X].

We consider the first order stationary linear iterative process for the integral equation

(2)

(3) w=Kw)+f, 1=12,...,

where [ is the number of iterations. In fact (3) defines a Neumann series
(4) w=f+K({)+...+ K(f) + K (uo), 31,

where JK! means the I-th iteration of IK.

A special case is when the corresponding infinite series converges. Then the sum ig
an element u from the space X which satisfies the equation (2).

From (2) and (4) one can get the value of the truncation error. If ug = f, then

(5) w —u=IK'(f-u).

Consider the spaces

(6) Tiy1 =R xR x...x R?, i=1,2,...,1,

g
i times

where ” x” denotes Cartesian product of spaces and let J(u;) be a linear functional that
is to be calculated.

Random variables ©;, ¢ = 0,1,...,l are defined on the respective product spaces
T;+1 and have conditional mathematical expectation:

(7) E@o = J(UO), E(@l/@()) = J(ul),...,E(@[/eo) = J(ul).

The computational problem then becomes one of calculating repeated realizationg
of ©; and combining them into an appropriate statistical estimator for J(u;). As an
approximate value of the linear functional J(u;) set up
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®) Tw) ~ =30} = On,,

where {0,}; is the i-th realization of the random variable ©;.
The probable error is defined as a value 7, (see [5], [11]) for which the following
condition holds:

A 1 A
Pr{|J — O, | <th} =~ 3~ Pr{|J — On,| > ra}.

For the usual Monte Carlo method (which does not use any a priori information
about the smoothness of the functions)

9) Tn = co(@,)n‘%,

where ¢ = 0.6745; 0(0,) is the standard deviation of the random variable ©;; n is the
number of trials. Our approach corresponds to a special case of the operator IK:

IK(u“"))=/G.../Gk(z,yl,...,ym>Hu(yi)de,~,
i=1 =1

which leads to a non-stationary iterative process.

2 Formulation of the Problem

Let us take X = L;(G) then X* = Loo(G) ( [5], p.148). Consider the following special
case of the operator:

m m
(10) K(u(’"))=/ / k@Y1, Y2, ym) [ [us) [T dvi m > 2,
G G i=1 i=1

where IK is an integral transform with polynomial nonlinearity.
Thus, equation (2) becomes :

m m
) u@= [ o [ ko vm) [[uw) [Ldw+ 1@, m 22
G G i=1 i=1
In this case the problem under consideration can be formulated as follows: for a given
k(z,y1,Y2,---,Ym) € L1 (G x ... xG) and f(z) € L1(G), compute the functional (1),
N e B
m+1
where the function u(z) is a solution of an integral equation with polynomial non-linearity
(11).
Solving the integral equation (11) by the method of simple iterations one can obtain
the iterative process:
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12 w@ = [ .. [ ke om) [Junswo [Ldn+ 1@ 1=1,2,...,
i=1 =1

uo(z) = f(x),

or

m
w=Ku™)+ f, u™) = [Ju-1(:), wo=f.
i=1

Consider the equation:

19 w@= [ [ v [ [Lds + 7@, m 22,
i=1 =1

It is clear that if the following iterative process

(14)“'1(‘7") :L"'le(m’ylvy2y~-'7ym)|Hul—l(yi)dei+|f(m)|7 l=172’~"’
i=1 i=1

uo(z) = | f(2)]
converges then the iterative process (12) converges.
Suppose, the conditions providing existence of the unique solution of the problem
under consideration are fulfilled. Let us note (as an example) that for the existing of an
unique solution of the equation

u(z) = [3 k(z,y)u™()dy + f(z), m>2

the following condition .
D — 1
(15) K,, < min ( i ——)

Dm ' mpDm-1
has to be fulfilled. In the last expression the following notations are used:

== F -
K =max [ k@ )ldy, P = max| /(o)
and the constant D satisfies the inequalities:

D>Fa HUOHSD

The problem of constructing of a random variable which mathematical expectation
is equal to the functional (1) is considered in the next section. A branching stochastic
process [5] which corresponds to the above iterative process is used. The above mentioned
iterative process is non-stationary.
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3 The Monte Carlo Method

In this section we consider an approach for constructing iterative Monte Carlo algorithms
for evaluating of functional (1), where u(z) is the solution of the non-linear integral
equation of Fredholm type (11).

Suppose that any particle distributed with initial density function

po() > 0, and / po(@)dz = 1

is born in the domain G € R? in a random point 2.

In the next moment this particle either dies out with probability h(zo), where (0 <
h(zo) < 1) or generates posterity of m,(m > 2) analogical particles in the next random
points oo, Zo1,-..,Tom—1 With probability

pm(l'o) =1- h(.’L‘o)

and transition density function

p(T0, 00, - - - s Tom—1) > 0,

where -
m—1

/---/p(mo,zoo,wox,---,%m—l) 11 dooi = 1.
i=0

The generated particles behave in the next moment as the initial one and etc. The
traces of such a process is a tree from the type sketched in Figure 1.

Axo\
§ AT . LOm=1
Too ZTo1i ,/1\‘

Zom—-10 Tom-11 TOm—1m-—1

Figure 1

The used index numbers in Figure 1 are called multi-indices. The particle which
belongs to zero generation is enumerated with zero index, i.e. zo. Its direct inheritors
are enumerated with the indices 00,01,...,0m—1,i.e. the next points zoo, To1, - -, Tom—1
are first generation. If a particle (or a point) from the ¢-th generation of the tree v has
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the multi-index 7[g], then the multi-index of the s-th inheritor of this particle has the
following form ~v[g + 1] = ~[g]s, where in this case the corresponding multi-index is a
number written in m-th numerical system.

Consider the first two iterations of the iterative process (12), ([5], p. 254) in the
simple case when m = 2. The branching stochastic process which corresponds to these
two iterations is presented on Figure 2.

uo(zo) = f(zo),
u1(zo) = f(xo) +/ k(zo, oo, To1) f(Zoo) f (zo1)dzoodzor ,

(16) uz(zo0) = f(zo) + // k(zo, zoo, Zo1) f(wo0) f (xo1)dToodzor +
+//k($o,1‘00, zo1) f(zo1) (//k(xoo,xooo, 93001)f(xooo)f(l'oox)dl'ooodib'om) dzoodxo; +
+//k(xo, Zo0, To1) f(Zoo) (//k(rm,xom, wou)f(-'l?om)f(xou)dfl?owdxou) dxoodzor+

+// k(zo, zoo, To1) (// k(Im,-’0010,2?011)f(ivom)f(-’ﬂou)dl‘omd-’b'ou) x

X (// k(zoo,-’L‘ooo,$001)f(-’”ooo)f(-’liom)dzooodil?oox) dzoodzo; .

$e /on\k /.xo\~
* Too * To1 /.QO‘ * Ty

* Zooo " Zoo1

a) b) o c)
* oo / 'Q: /'Qi /Q
* Toio * Ton * Tooo " "Too1 " Toio * o1l

d) e)
Figure 2
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Obviously the structure of u; is linked with all trees which appear untill the first
generation, (see Figure 2a and Figure 2b). The structure of ug is linked with all trees
which appear untill the second generation.

Definition 3.1 A full tree with | generations is called the tree T'; where the dying
out of particles is not visible from zero to the | — 1-st generation but all the generated
particles of the l-th generation die out.

Ezample: In fact T's is the tree o from Figure 2e and I'; is the tree from Flgure 2b.
The next density function corresponds to the tree 7o from Figure 2e:

Prvo = Po(Zo)p2(20)p(Z0, Too, Lo1)P2(To0)P(Z00, Tooo, Too1)P2(To1)P(To1, To1o, To11) X

(17) ><h(il?ogo)h(.’l?o(n)h(:L‘()lo)h(.'L‘ou).

The random variable which corresponds to =, is:

(18) ® (70) — g(-’Eo) k(zo)zOO)-’Dol) k((l)o(),l‘()oo,:l?oo])
l Po(o) p2(20)p(Zo, Zoo, To1) P2(Te0)P(Too, Tooo, Too1)

k(zo1,To10,%o11)  f(Zooo)f(zoo1) S (Zo10) f(Zo11)
p2(z01)p(01, Zo10, To11) h(zooo)h(Zooo)h(Zooo)R(Zo00)

This random variable estimates the last of the terms in (16) if the realization of
the random process is a tree of kind vy. Thus, random varlables are constructed which
correspond to trees of another type.

Denote by A the set of points, generating new points and denote by B the set of
points, which die out [7].

Consider a branching stochastic process with ! generations in the general case m > 2.
It corresponds to the truncated iterative process with [ iterations (12).

There is a one-to-one correspondence between the number of the subtrees of the full
tree I'; and the number of the terms of the truncated iterative process with ! iterations
(see, for example, [5]).

This correspondence allows to construct a procedure for a random choice of the tree
and to calculate the values of a random variable which corresponds to this tree. Thus,
when we construct the branching stochastic process we shall receive arbitrary trees 7.
In this case we can associate to every one of them the random variable Oy (v/T}) in the
following way:

9(zo) f(zo)
po(To) h(zo)’

(19) O (v/T1)) =

if the tree consists of the initial point only.
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If the tree consists of other points, then @y, ()/I) is constructed simultaneously
with the construction of 7. When a transition from the random point [, to points

Z4(g)05 Ta[g]1s « - + » To[glm—1
take place then it corresponds to multiplication by

E(Z4(g)s Tx[g)0s - - - » To[glm—1) )
Pm (T [q))P(Z+{g)s T+[qJ0 - - » Ta[glm—1)

When the point z.,(; dies out it corresponds to multiplying by

f(x'y[r})
h(z'y[r]) ’

In this case the random variable ©(y)(y/I'1) which corresponds to 7 is:

20 O, (7/T1)) = 9(zo) K(24(q) f (@)
(20) 00D = ooy, 1L Py, 1L Ry

with the density function

(21) Py = po(zo) H P(mv[q]) H h(z'y[r])v

T41q) €A Z4(r)EB

1<q¢<l-1, 1<r<l,

where
K (Z(q) = k(Z+(q)s Tx[g)0s - - - s Ta[g]m—1)
and
P(24(g)) = Pm(@x(q))P(Tx(q) T4[g)0s - - - » Ty [glm—1)-

Thus, we obtain random variable for arbitrary trees v which estimate I-th iteration,
uy, of the iterative process (12).

Theorem 3.1. The mathematical ezpectation of the random variable Oy (v/T;) is
equal to the functional J(u;), i.e.

EO(v/T1) = J(w) = (g, w).

Proof. Suppose that the subtree v; is fixed and it has s; + s + 1 points, such that
ZTg,T1,...,Ls, € A and Tg,41,Ts,42,+-+,Ts14+s, € B. It is clear that this can not be
considered as a restriction of the generality.

Consider the following density function
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Dyi = Pr; ((L‘o,.’l?l,. XU IRECTIES PR x8x+82) —-po(l‘o)HP(z. H h(z31+t

=0 z=1

and the probability to obtain the subtree v = ;

PT{’Y=%}=/ .../p.,,.dxo...da:““z.
¢ Ja

The random variable

O (m) = 9(zo) H I;((wi) H f(@sy45)

po(o) ;= P(x5) j= P(@s145)
has the following condition density function
Dy; (m05z17 ceosTgy s Ty 41y ,$31+32)
T, ... =v) = s
Py(Tos - o« s Tsyta |y = %) Pr{y =7}
where
K(:L‘J) = k(:l:j,.’l:jo, N ,zjm—l) and P(:L‘J) = pm(mj,il?jo, SN ,«'Ejm—-l)-

Let us calculate the mathematical expectation:

EO) (1) = E{Oq)(v/T)ly =%} =

/ / Og) (7i)Py (T, - - - s Tay 482 |7 = Vi)dZo . . . dT5, 45, =

L, g(fo)HKm)Hf(wnﬂ)dﬁ?rmdm’ﬁ" 3

j=0

__ (g4}
where

81 82
u}:u;(xo)=/ / [ K@) [] f@eiss)dmr - .. dzgy 1,
G G j=o0 j=1

One can choose n subtrees of the full tree I';. (Note that some of the subtrees may
be chosen many times, since n is a large number.) n,, is the number of the trees which
correspond to 7;. The following expression holds:

Ny,
L~ P =~}
= r{y =%}
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On the other hand

"’1;

(23) J(l) = (g,uf) » ErY =1 {7 =i 3 @ L Z(e[gm»]

Jj=1
Clearly
N
E@,(v/T1) = ) E{®(v/T)ly = %:}Pr{y = %},
=0
where N is the number of all subtrees of the I';.
Using (22) one can get

N N .
EO(v/T1) = D (9, uf) = (g,w) = J(w).

=0 -

This completes the proof of the theorem.

Note, that if I — oo, then the mathematical expectation of the random variable is:

(24) Jim 504, (y/T) = E@»(1) = J(w) = | s(ou(e)dz,

where wu(z) is the solution of (12).
From (23) we obtain the following Monte Carlo method:

N N Ny
(25) TJw) =Y (g,uf) = Z > (O ()i Z(@lg] (v/T0));.
=0 1.—-0] 1

Suppose the initial density function and the transition densmy function are tolerant to
9(x) and k(T 4(q], T[q0s - - - » Ty[qlm—1), TSPectively (the definition of the tolerant density
functions is given in [11]).

In this case the probable error is

rn & 0.67450 (04 (v/T1))n =1/

where 0(O(g(7/T1)) is the standard deviation of the random variable O, (v/T}).

The problem of optimization of Monte Carlo algorithms consists in the minimization
of the standard deviation, i.e. minimization of the second moment EG)[g] (v/Ty) of the
random variable Oy (v/T;). This is done by a suitable choice of the density function p.,.

There are various techniques for variance reduction of the standard deviation. We
consider one of them.

Let us chose the transition density function p(z,y1,¥2,...,ym) and the initial density
function po(z) in the following way:

p(Z,y1,¥2,- -, Ym) = Cz | k(Z,91,¥2,---,Ym) | and po(z) = Cy | g(z) |,
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where

m
¢t = [ oo [ 1K@ unvnsesm) | Tl s and €71 = [ 19@) | do.
a Ja o G

In this case the density function p, is called almost optimal [7] and one can write:

p‘YEﬁ'y:

(26}: Ci I g(!L‘o) ] H pm(m'y[q])cz.,[q] I k(zq[q]az'y[q]m-' -ym'y[q}m—l) | H h(x'y[r])-

ZT[qEA z,rEB

Let us describe the Monte Carlo algorithm using the almost optimal density function.
Calculate one value of the random variable O, (v/I';) in the next steps:

Algorithm 3.1:

1. Compute the point £ € G which is a realization of the random variable T with
the density p(z) = C; | g(z) |. Here

9(é)
lg(&) |

2. Construct an independent realization, o, of the uniformly distributed random
variable in the interval [0, 1].
3. If (a < pm(€)) Then ezxecute steps 5, 6 and 7.
Else ezecute step 4.
4. Multiply the value of the random variable ©(4)(v/T1) by

liGY
h(§)
In this case we say that the point £ dies out.

5. Compute the points &, &, . .., En which are components of the m-th dimensional
random variable Y (y1,y2,...,ym) with a transition density function

O (v/T1) = C1

P(@,y1,Y2, -, ¥m) = Co | k(291,02 ym) | -
6. Multiply the value of the random variable O (v/T) by

k(£1§1;£2y--"§m)
pm(E)Cﬁ I k(§’£17€2,' .. ,ém) |

7. Repeat steps 2 and 3 for the generated points &1,&2,...,&m.
8. Stop the algorithm when all points die out.
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Thus, we calculate one realization of the random variable @(g(v/I;). The above al-
gorithm has to be executed n-times to obtain n realizations of the random variable
O (v/T1).-

This algorithm is very convenient for a parallel realization since every value of the
random variable can be calculated independently and simultaneously.

Remark: Note that the above described algorithm can also be used for estimating
the functional (1) when u is the solution of the equation:

u(z)=mzzlfc.../Gk(z,yl,yz,...,ym>Hu(y,~)de,-+f<x), s> 2.

i=1 i=1

In this case the step 5 have to be modified such that m is an realization of a discrete
random variable with s states.

4 Parallel Implementation and Numerical Results

It is well known that Monte Carlo algorithms are well suited for parallel architectures.
In fact, if we consider the calculation of a trajectory as a single computational process,
it is straightforward to regard the Monte Carlo algorithm as a collection of asynchronous
processes evolving in parallel. Clearly, MIMD (multiple instruction, multiple data) -
machines are the ”natural” hardware platform for implementing such algorithms; it seems
to be interesting to investigate on the feasibility of a parallel implementation on such
type of machines. There are two main reasons:

1) since Monte Carlo methods are many times used from, within or in conjunction
with more complex and large existing codes { usually written in FORTRAN, C ), the
casiness in programming makes the use of these machines very attractive;

2) the peak performance of every processor of these machines is usually not very good,
but when a large number of processors is efficiently used a high general computational
performance can be realized.

The MIMD computer used for our tests is a IBM SP1 with 32 processors. The envi-
ronment for parallel programming is ATHAPASCAN which is developed by the research
group in LMC/IMAG, Grenoble. ATHAPASCAN environment is developed using C-
language and a special library for message passing which is similar to the well - known
MPI-Message Passing Interface and PVM-Parallel Virtual Machine. ATHAPASCAN
allows to distribute the computational problem on different type of processors or/and
computers. This environment provides use of dynamic distribution of common resources
and realizes a high level of parallel efficiency if the numerical algorithm is well parallelized.
(For more details see ([9]).

Note that, in the case of an implementation on a sequential computer, all steps of the
algorithm and all trajectories are executed iteratively, whereas on a parallel computer
each trajectory can be carried concurrently.
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Consider the almost optimal Monte Carlo algorithm to estimate the functional (1).
The function u(z) is a solution of the following integral equation with polynomial non-
linearity (m = 2):

(27) uw) = [ [ ke uwuidds + (@),
where z € R! and G =[0,1]. : ‘ S
In our tests y : '
k(zyy,2)=———z(a2y_z) and f(z) =c— —,
ay as
where a; > 0, a3 #0, az and ¢ are constants. Thus,
2
K, = max/ / |k(z,y, 2) |dydz-——3az——*-—
z€[0,1

The equation (27) has an unique solution u(z) = ¢ when the following condltlon

. 6a, 1/2
a3(2a2 — 3az + 2)
holds.

The transition density function which we use in our tests has the following form:

(agy — 2)%.

(W2) = — O
P2 = 508 —3as + 2

We consider the results for calculating the linear functional (1) for
a =11, a; = 4, ag = 12, Cc = 0.5,

and
9(z) = 8(z — zo).

Some results are plotted on Figures 3 -5. Figure 3 shows the dependence of the
approximated solution from the number of the random trees. Three different transition’
density functions are considered (0.25, 0.45, /4). One can see that there are oscillations
of the solution for a small numbers of random trees. The best solution is obtained for
the third case (p(z) = z/4).

On Figure 4 the parallel efficiency of the algorithm is shown. The efficiency oscillate
around 0.2 — 0.3 when a small number (200 — 300) of trees is realized on every of
16-th and 32-nd processors used in the system. The parallel efficiency grows up when
the number of the random trees increase.

The Figure 5 shows how the parallel efﬁmency of the presented algorithm depends
on the number of processors. In these numerical tests all random trees are distributed on
all processors. That means that the system of 4 processors performs the same number
of realizations as the system of 32 processors. As a result the system of 4 processors is
more efficient ( in general ) than the system of 32 processors.
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' ; . timal density
Figure 3: The exact solution and Monte Carlo solutions using the almost op

function. Three cases for the probability pa2(z) which generate new points.

0.54

Exact Solution = 0.5

400 600 800 1000 1200 1400 1600
Number of random trees

i 0Cessors
Figure 4: The parallel Monte Carlo efficiency when po(z) = 0.25. The number of pr
is 16 and 32.

’ *Effici ',-0.26 y 16: b
'Emcm_p’ z _proc’ﬁon-& Ll

15000
number of random trees
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Figul'e 5: Para"e

I M .
1 Onte :
6and 35 Carlo efficiency for P2(z) = 0.45. The number of processors is 4,

2000
Number of rangorm 2000 4000 2
11865 0n every processor 8000 6000 5000 10000 15000 20000 25000
Number of random trees on every processor
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