View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Bulgarian Digital Mathematics Library at IMI-BAS

Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

PLISKA

STUDIA MATHEMATICA
BULGARICA

FIANCKA

BbATAPCKU
MATEMATUYECKU
CTYAUU

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on

Pliska Studia Mathematica Bulgarica

visit the website of the journal http://www.math.bas.bg/~pliska/

or contact: Editorial Office

Pliska Studia Mathematica Bulgarica

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49

e-mail: pliska@math.bas.bg


https://core.ac.uk/display/62660997?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Pliska Stud. Math. Bulgar. 21 (2012), 47-70 PLISKA
STUDIA MATHEMATICA
BULGARICA

PROBLEMS FOR P-MONGE-AMPERE EQUATIONS

Claudia Anedda, Lucio Cadeddu and Giovanni Porru

Dedicated to P. Popivanov on occasion of his 65th birthday

ABSTRACT. We consider the homogeneous Dirichlet problem for a class of

equations which generalize the p-Laplace equations as well as the Monge-
Ampere equations in a strictly convex domain Q@ C R", n > 2. In the
sub-linear case, we study the comparison between quantities involving the
solution to this boundary value problem and the corresponding quantities
involving the (radial) solution of a problem in a ball having the same 7;-
mean radius as 2. Next, we consider the eigenvalue problem for such a
p-Monge-Ampere equation and study a comparison between its principal
eigenvalue (eigenfunction) and the principal eigenvalue (eigenfunction) of
the corresponding problem in a ball having the same 7;-mean radius as 2.
Symmetrization techniques and comparison principles are the main tools
used to get our results.

1. Introduction. In the paper [9], G. Talenti established sharp a priori
estimates of quantities involving solutions to boundary value problems of second
order elliptic linear PDE’s via Schwarz symmetrization. In the subsequent paper
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Key words: Generalized Monge-Ampére equations, Rearrangements, Eigenvalues, Isoperi-
metric inequalities.
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[10], he introduced a suitable symmetrization to get a priori estimates of quanti-
ties involving solutions to boundary value problems of a Monge-Ampere equation
in dimension 2.

These papers have inspired the use of similar methods in several investigations
involving both linear and non-linear elliptic problems. In the recent paper [2], B.
Brandolini and C. Trombetti extended some results of Talenti to more general
Monge-Ampere equations in dimension 2. In the paper [14], K. Tso generalized
the symmetrization introduced in [10] for obtaining isoperimetric inequalities
of quantities involving solutions to k-Hessian equations in convex domains of
arbitrary dimension. The work in [14] provides a direct generalization of the
results of Talenti [10] for n = k = 2. In the paper [13], N.S. Trudinger extended
the results of T'so to the case of (k—1)-convex domains. We also refer the reader to
[1, 5, 6, 11] and references therein for works that use symmetrization methods to
study sharp a priori estimates of solutions to elliptic Dirichlet problems. Results
of existence, uniqueness and regularity of solutions to Hessian equations can be
found in [3, 4, 15, 16].

The p-Laplace operator with p > 1 generalizes in a natural way the classical
Laplace operator. Although it is nonlinear (for p # 2), many features true for the
linear case extend to the p-Laplace case. We refer to the paper of P. Tolksdorf [12]
for a theoretical investigation on this operator. The definition of (p, k)-Hessian
appears in [4]. This operator, with p > 1 and 1 < k < n extends in a natural
way both the p-Laplace operator as well as the k-Hessian operator. As far as we
know, this operator has not received good attention yet. In the present work we
investigate the case k = n, that is the (p, n)-Hessian operator, which we prefer to
denote as p-Monge-Ampere operator. We employ similar methods as in [2, 10, 14]
to get isoperimetric inequalities of various quantities that involve solutions of
Dirichlet problems related to a p-Monge-Ampere operator with p > 2. Since the
precise statement of our results needs several definitions and preliminary results,
we postpone them to the next section.

In the present paper we extend the case p = 2, k = n investigated in the recent
work [6], to the case p # 2, k = n. The results that we find give information
on the solutions of our problem in a general domain ) as soon as we have the
solutions of a corresponding problem in a suitable symmetric domain.

The paper is organized as follows. In Section 2, we provide notations and
basic definitions as well as the statement of our main results. In Section 3, we find
various estimates related to our problem in the sublinear case. In Section 4, we
investigate isoperimetric inequalities involving the eigenvalues and appropriately
normalized eigenfunctions associated with the p-Monge-Ampere operator.
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2. Notations and Preliminaries. Throughout this work, we suppose
that Q C R™, n > 2, is a bounded strictly convex domain with a C? boundary
0f). Let

B(Q):={uecC?*QNC®(Q):u<0 and u convex in Q, u =0 on IN}.

If w € ®(Q), from Sard’s theorem it follows that for almost all ¢ € (mg,0),
mo = min u, the sub-level set

QG ={reQ:u(xr) <t}
is convex and will have a smooth boundary 3; given by the level surface
Ye={r € Q:ux) =t}

In what follows, p will be a real number with p > 2. If u € ®(Q), at points
where |Du| > 0 we define the matrix

Q) =1 (14 (- 222

| Dul?

Let D?u be the Hessian matrix of u. For 0 < ¢ < (p — 1)n, we consider the
Dirichlet problem

(1) det[Q(Du)D?*u] = (—u)!, w <0 in Q, u=0 on Q.

For p = 2, we have det[Q(Du)D?u] = det[D?u], the usual Monge-Ampeére oper-
ator. On the other hand, if p > 1, the trace of [Q(Du)D?u] yields the p-Laplace
operator. For this reason, we call (1) a p-Monge-Ampere equation. The eigenval-
ues of the matrix Q(Du) are | Du|P~2 (with multiplicity n — 1) and (p —1)|Du[P~2
(with multiplicity 1). It follows that

(2) det[Q(Du)D?u] = (p — 1)|Du| P2 det[ D?u).

We can also motivate the definition of the p-Monge-Ampere operator as fol-
lows. Define the n x n matrix

—92 - _92 u H u
(DU s ), = DU (84 (0= 22 2 Y
where d;¢ is the usual Kronecker symbol. The trace of this matrix is the p-Laplace

operator, whereas, its determinant is our p-Monge-Ampeére operator. From now
on we shall write u; for u,,.
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It is possible to write this operator in a variational form. Indeed, if 7>~ (D%u)
is the adjoint matrix of D?u, that is, if

0 det[D?u]
T(n 1) D2
] ( ) aul] )
then

ﬂgﬂ_l)(D2u)uij = n det[D?u],

(n—1) 2 _ -

(TU (D*u ))] 0, i=1,...,n,

and

ungl.(f_l)(DQu) = 6y det[D?u),

where the summation convention over repeated indexes is in effect. For a detailed
proof of these equalities we refer to [7, 8].
In view of the equalities in above we have

1 .
4 (p—2)nn(n—1) 52 ,
— (1w =T (D u)ul>j

= (p — 2)| Dl 2y, T (DPuyus + | Dl 0TS (D2
= (p — 2)|Du|P=2"24,u; det[D>u] + |Du|P~2" det[D?u]
= (p — 1)|Du|P=2" det[D?u).

Therefore, recalling (2) we find

det[Q(Du)D?u] = (p — 1)|Du|P~2" det[D?u]
(3) 1
_ (p—2np(n=1) 2, .
- (IDul =2 T (D)

that is, our p-Monge-Ampeére in a variational form.
Define

Sp.q(2)
@ i {/ﬂ(—v) det|Q(Dv)D*]dz : v € &(Q), /Q(_U)Hldx B 1} '
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Note that we have

jﬁ(—v)deﬂQ(Dv)D2de

1+(p—1)n

(e

Our first result asserts that a minimizer v € ®(2) of (4) satisfies

S, 4(Q) = inf v e ()

(5) det[Q(Dv)D*v] = S, 4(2)(=v)?, v<0 in Q, v=0 on Q.
It is easy to check that if v satisfies (5) then
1
u = (Spq(Q)) FDmw

satisfies (1).
To state our next results we need the definition of a suitable rearrangement.

Let x1,...,Kkn_1, be the principal curvatures of 0§2. Since € is strictly convex,
we have k; > 0,7 =1,...,n. If n > 2, we define the (n — 2)-th mean curvature
of 99 by

Hn72(aQ) = Sn72(/€17 s 7’4'77,71)7

where S;,_o denotes the elementary symmetric function of order n—2 of k1, ..., Kkp_1.
If n = 2 we put Ho(9Q2) = 1. We also put H,—1(9) = K1 -+ Kp—1, the usual
total curvature.

The quermassintegral V1(2) is defined by

1
i) = —— Hy—2(0Q)do,

where do denotes the (n — 1)-dimensional Hausdorfl measure.

Following [13] and [14] we define the 1-mean radius of €2, denoted by 7;(£2),

m (Q) = Vl(Q)?

Wn

where wy, is the measure of the unit ball in R™. In case Q is a ball, 7;(Q2) is the
usual radius of €2. For a general 2 we denote with 2} _, the ball with radius

m ().
The following isoperimetric inequality is well known for convex domains 2

© <@g%<mm)

Wn S Wy
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It follows that
|9 <[54

In Section 3 we shall prove that, if p > 2 and 0 < ¢ < (p — 1)n then

Sp.a(2) = Spg(Qn1);

n—1

where S, ; is defined as in (4).
Recall that if u € ®(£2), the sub-level set

QG ={reQ:u(xr) <t}

is convex. We define the rearrangement of u with respect to the quermassintegral
Vi as
u*_l(s) =sup{t <0: V() <s, 0<s<Vi(Q)}.

n

The function U:A (s) is negative, non decreasing, and satisfies u:;l (0) = ming u(z),
u:_l(Vl(Q)) = 0. We also define

up_y(2) = uny (wale]), 0< 2| < m(Q).

n—1

The function u;_,

also be defined by

(x) is called the (n — 1)-symmetrand of u (see [13]), and can

n

uy_q(x) = sup{t <O0:m() <z, 0<|z] < nl(Q)}.

Since u}_,(z) is radially symmetric we often write u}_,(z) = w’_,(r) for |z| = r.
We have u},_;(0) = ming u(z) and u},_; (m1(€2)) = 0.

n—1
By definition we have

m () = m({u, 1 (x) <t}).
By using this equation and (6) for €24, we find
() < m{un_ () <t}) = n{ug 1 (2) <t}),

where 7,,(E) is the radius of the ball with measure |E|. Recalling that 7 _, is
the ball with radius 7;(2), it follows that

(7) o€ Q:u(e) < t}] < o € 2y uhi(2) < £},
By (7) we find, for a > 1,

(8) ulla@) < lup—illza:_ -
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Let v be a super-solution of problem (1). We prove the isoperimetric inequal-
ity
dv* (p—1)n T
(Z—T(T)) < n/ o (—ot (4)%dt, 0 <1 <y (Q)
0

where v*(r) := v} _,(x) for r = |z|, v}_,(z) being the (n — 1)-symmetrand of v.

Next, we prove the inequality

vi(r) = z(r), 0<r <m(Q),

where z(r) is a sub-solution of problem (1) in ¥ _;.
A related isoperimetric inequality concerns the Hessian integral

I(Q,u) = /Q(—u) det[Q(Du)D*u)dz.

We prove that
1(Q,0) < 1(8,_1,2),

where v is a super-solution of problem (1) in 2, and z(r) is a sub-solution of
problem (1) in Q}_;.

All the previous results will be proved in Section 3 for p > 2 and 0 < g <
(p — 1)n. In Section 4, we consider the case ¢ = (p — 1)n. Let

Q) :inf{/(—v) det[Q(Dv)D*v]dz : v € ®(Q), /(—v)@—l)"“dx = 1}.
Q Q
We show that a minimizer u € ®(Q2) satisfies the eigenvalue problem
det[Q(Du)D*u) = A(Q)(—w)P~HI" AQ) >0, u<0 in Q, u=0 on N
Such a solution is called principal eigenfunction. We shall prove the inequality
A(Q) = MQ_y).

Next, we will prove two inequalities involving appropriately normalized eigen-
functions u.
We collect here some non trivial results proved, for example, in [13].

Lemma 1. Let Q be convex and u € ®(Q). If mg = infqu, for almost every
t € (mo,0) we have

d Hn—l
9 — Hp—odo = (n —1 / do,
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(10) ﬂgn_l)(D2u)uiuj = |Du["" " Hp 1 on %y
Furthermore, if ( :=u’_4, for a > n+ 1 we have

n—1-

(11) /Qiz-‘f”<D2u>u¢uj|Dura‘”‘1d$ > [TV 0066 1D e,
n—1

Proof. For the proof of (9), (10) and (11) see (2.20), (2.28) and (4.1) respec-
tively of [13]. O

3. Thecasep>2, 0<qg<(p—1)n.

Proposition 2. Let S, ,(Q) be defined as in (4). If u € ®(Q) is a minimizer
of Sp.q(Q) then u satisfies (5).

Proof. By (4) and (2), we find
Spa() =(p—1) / (—u)|Du|P=2" det[D?u)dzx.
Q
If v e ®(Q) and t > 0 we have

d (—u — tv)|Du + tDv|P~2" det[D?u + tD?v]da

J=—
dt Q t=0

- / (—0)| Du|®=D" det[D2u]dz
Q
+(p— 2)n/ (—u)| Du| P~ 240, det| D?u)dx
Q
—2)n n—1
+/Q(—u)|Duy<P Dnr D (D2u)vyda.

Integrating by parts, recalling the 7"~ (D?u) is divergence free and that

ugjﬂ(f_l)(DQu) = 0y det[D%u),
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we find

/(—u | Dul (p_Q)”T.(ﬂ_l) (D2u)vijdac

/]Du\ P 2”Tn 1)(D2 )Uiujdac—l—(p—Q)n/u]Du\(p2)”2ugjugT( )(D2 Jvidx
Q

Du|®=2) "T n=1(p2y viuider + (p — 2)n | u|Du (p_2)n_2qug det[D?u]dzx.
j
Q

Hence,
J = / (—0)[Du|*=I" det[DPuldz + / | Du| @M (D2uyujugda.
Q Q
Integrating by parts and using (3) we find

—Nn(n—1 ynp(n— 1
/Q\Du](p QL )(DQu)Ujuidac:/Q( (yDu\P D (D2u)u )jd:c

—n(p—1) / (—0)| Dul 2" det[D%u]da.
Q
Therefore,
J=(1+n(p-1)) /(—v)|Du](p_2)” det[D%u]dz.
Q

Now, since v is a minimizer we have

d / (—u — tv)|Du + tDv|P~2™ det[D?u + tD?v]da
Q

dt 1+n(p—1)

( /Q (—u—tv)q“dx) "

t=0

—1—-n(p—1)
g+1

+
S~

(_“)‘Duf(pﬁ)n det[D%]d:c% (/ (—u — tv)‘”ldx)
Q

t=0
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—1-n(p—1)
q+1

=(1+n(p-1)) /Q (—v)| Du|P=D" det| D?u)dx ( /Q (—u)q“dx)

—1-n(p—1)
- / (—u)|Du|®=2" det[Du]dx < / (—u)q“dx) "
Q Q

Since [,,(— u)?dr = 1, it follows that

1/Q(—u)q(—u)dg;

—0)|Du|®2" det[ D?u]dx = —u)|Du|®P= D" det] D2 dx —u)¥(—v)dzx.
/Q< )| Dul 2" det [ D2u]d /Q< )| Dul =D det D ]d/ﬂ( 1(—v)d

Recalling the expression of S}, 4(£2) given at the beginning of this proof we find

/ (=0)(p = 1)|Du|®27 det[ D2uldz = S, 4(Q) / (—u)!(—v)dz, Vo€ B(Q),
Q Q

from which we get
(p — 1)|Du| P2 det[D*u] = S, 4(Q)(—u)".
The proposition follows from the latter equation and (2). O

Proposition 3. Let S, 4(Q) be defined as in (4) for a convex domain 2, and
let S, o(S25_1) be defined as in (4) for Q. If Sp 4(Q) has a minimizer u € ®(Q)
then we have

(12) Sp.a(2) = Spg(Qna)-

Proof. If u € () is a minimizer for Sy, ,(£2) then, by using (3), we find

1 -
S, q(Q) = = / DU PP (D2, / ()T dz = 1.
nJa Q
Let w}_; be the (n — 1)-symmetrand of u. If { = v
and (11) with a = (p — 1)n + 1 we find

by using the latter result

n—1>

*
n—1

Sp.a(§2) > %/ |DC| p=2) nT(n b (D%)QQde

Since by (8) we have

1:/9(—u)q+1d1: < / (=) tdz,

n—1
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we find
1 2)n(n—1) 12
- o |DC|p T (D ()G dx
SP:Q(Q) 2 — 1+(p—1)n > Sp q( ;(L 1)7
at1
( / <—<)q“dx>
o1

that is, (12). The proposition is proved. O

Lemma 4. Let Q C R" be a convexr domain. Suppose f : (0,00) — (0,00)
is a non decreasing smooth function, and f(s) >0 for s > 0. Let v € ®(Q) be a
super-solution of

det[Q(Dv)D?*v] = f(—v) in Q.

If vy _i(x) is the (n — 1)-symmetrand of v, and if v*(r) := v};_,(x) for r = |z|,
then

(13) (dd—“) T [ oo o

with equality if and only if v is a solution and ) is a ball.

Proof. Note that v* is defined in B = Q*

»_1, the ball centered in the origin
and radius R := n;(2). We also recall that

Q={xeQ:v(x)<t}, S,={xeQ:v(x)=t}

Since v is a super-solution, using (3) we find
(IDol T (Do), < (o).

Integration over €, for almost all values of ¢, leads to

1

| Dy|(P=2)n= 1T(n 1)(D2 )vzvjdag/ f(=v)dx.
n b

Q

On using (10), this inequality becomes

|Dv|P=V"H,, do < n/ f(—v)dz.

Et Qt
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An application of Holder’s inequality then gives

H,_1do
¢

1 (p—1)n
(p—1)n+1 (p—)n+1
(14) < (/ ]Dv’(Pl)”Hn_ldU) ’ (/ \Dv\lHn_1dU> ’
Et Et

D . aiDn
<(n /[ f(-v)dx |Dv|” " Hy—1do .
Qt Et

Since H,_1 is the total curvature, we have

(15) Hp—1do = nwy,.
¢

On the other hand, by (9) we get

1 d
(16) |Dv| " H,,_1do =

—_— Hp—odo.
St n—ldt R n—249

From now on we will write V(¢) for V1(€;). By definition of V;(t) we have

Hp—2do = n(n — 1)Vi(t).
Xy

Therefore, we can rewrite (16) as

d
|Do| " "H,—1do = n—Vi(t).
s, dt

Insertion of (15) and the latter equation into (14) yields

e T [ d =y
nwy, < (n f(=v)dzx n—Vi(t) .
Q, dt

After some simplification we get

(p—1)n+1 ﬁ d
(17) w0 < < f(—v)d:c) T Sy,
Q

If mog = ming v(z) and w(t) = ||, we have

f—ode = [ f(—r)l(r)dr = f(~tyu(t) + / f(~7)u(r)dr.
Q¢

mo
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Using (6) we find

Therefore,

=nw, " [ f=T)(Vi(n) T (Va(r)) dr.
mo
Putting V4 (7) = p, since v*(p) is essentially the inverse of V;(7) we find

Vl(t)
(18) feode <na ™ [T F-oX (o) .
Q4 0

Inserting (18) into (17) we find

(p=1)n+1 V() T p
w "< " / F(=v*(p))p" " dp —Vi(1).
0

Now we put Vj(t) = s. Since

L= (219)

dt

after some simplification we get

d * (p—1)n s
(“2) 7 < [ rcor oo an

With the change s = w,r, we have v*(s) = v*(r), and

dv*(r) _ dv* (s) o

dr ds

With this new variable we find

dv*(r))(pl)n -n wnt n—1pe %k d
(—dr < nw, /0 p" T f(=v™(p))dp.

Putting p = wyt, after simplification we get the desired inequality (13).
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If  is a ball and z is a solution of the given equation, all the inequalities used
in the proof of the lemma are equalities. Therefore, the inequality of the lemma
holds with equality sign. More easily, in this case the equality follows directly
from the equation which, for radial functions z = z(r), reads as

(19) Ly ((dd—”) ('H)”>/ s,

Finally, if equality holds for all € (0,7, (£2)) then all the inequalities involved
in the proof must be equalities. Furthermore, by equation (19) we see that
Z'(r) > 0 for r > 0. Hence, 2 must be a ball. The lemma is proved. O

Lemma 4 in case of f(t) = t%, yields

(%ﬁr))(pl)n < n/or t" (=¥ (t))%dt.

By using a method similar to the one used in [16], we prove a lemma which
we shall use later on.

Lemma 5. Suppose w,u € ®(Q) satisfy
det[Q(Dw)D?*w] > (—w)?, det[Q(Du)D?*u] < (—u)? in Q.
Then, w < u in .
Proof. We observe first that if w,v € ®(2) satisfy
det[Q(Dw)D*w] > det[Q(Dv)D?v],

then w(z) < v(z) in Q. Indeed, by contradiction, let zy € 2 such that w(xg) >
v(xg). We may assume xq is a point of maximum for w(x) — v(z). Then, at
this point we have Q(Dw) = Q(Dv), and D?*w < D?v. As a consequence,
since w and v are convex, we have det[D?w] < det[D?v], and det[Q(Dw)D?w] <
det[Q(Dv)D?v], a contradiction.

By (2) and the first assumption of the lemma we have

(p — 1)|Dw|®~2" det[D?w] > (—w)?.
Since w € ®(Q2), there is a positive constant C'(n,p) such that

C(n,p)(div|Dw[P~2Dw)" > (p — 1)| Dw|®=2™ det[ D*w] > (—w)? > 0.
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By Hopf’s lemma for p-subharmonic functions it follows that w(z) < —c1d(z)
in a neighborhood of 992, where d(z) denotes the distance from = to 9 and ¢;
is a suitable positive constant. Diminishing the constant ¢; we can assume the
previous inequality holds in Q. For z € Q, let x;, € OQ such that d(z) = |x — x|
Then, since u € C%(Q), we find that

—u(z) = Ju(2)| < Lip(u, D)l — 3] = Lip(u, Dd(x).

Therefore u(x) > —cod(z) for z € Q and some positive constant co. Consequently
we get

(20) w(z) < Z—;u(.@).

Let us now suppose, by way of contradiction, that w < w in € does not hold.
Consider the set

S:={)e€[0,1] : w(z) < lu(z) Ve Q}.
Let A :=sup S. By using (20) we see that 0 < A < 1, and we have w < Au in Q.
Since 0 < ¢ < (p—1)n, we choose € > 0, sufficiently small, that A? > (A+4¢)P~D7,
The following chain of inequalities holds in €.
det(Q(Dw)D*w)] > (—w)?
(—Aw)*

> (A + e)PHn ()

v

> (A 4 )P~V det[Q(Du) D%
= det[Q(Duc)D?u], ue = (A + €)u.

By our observation above we have w(z) < (A + €)u(x) in Q. Since this inequality
contradicts the choice of A, the lemma is proved. O

Remark. By Proposition 2 and Lemma 5, problem (2) has at most a min-
imizer. Furthermore, if B is a ball then the minimizer v for S, ,(B) is radially
symmetric. Indeed, v satisfies (5) with Q = B. Since the operator det[Q(Dv)D?v]
is invariant for rotations, if v were not symmetric then, by a suitable rotation, we
would find a different solution 0, contradicting the uniqueness for problem (5).
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Theorem 6. Let v(z) € ®(Q) be a super-solution of problem (1) in Q, and
let v} _|(x) beits (n—1)-symmetrand. With R := n1(2), let z(r) be a sub-solution

n—1

of problem (1) in the ball with radius R. If v*(r) = v} _,(z) for |x| =r, we have
vi(r) > z(r), 0<r<R.
Proof. Let w be a radial solution of

(21) det[Q(Dw)D*w] = (—v*)? in Q ; and w=0 on I ;.

If w(z) = w(r) with || = r, w is given explicitly by

R/ s (=
w(r) = —n(p—ll)n / (/ t”l(—v*(t))th> ' ds.
r 0

Therefore w satisfies

(dzflg))(p_l)n = n/or =1 (¥ (1)) dt.

Comparing this equation and the inequality (13) with f(¢) = t?, we see that

dv*(r) < dw(r)

S T 0<r<R.

Integrating on (r, R) for any 0 < r < R, we get
v (r) > w(r) for 0<r<R.
With v*(z) = v*(r) and w(z) = w(r) for |z| = r, we have
(22) v (z) > w(x) for e Q.
Using (21) and (22), we find that
det[Q(Dw)D*w] = (—v*)? < (—w)? in QF ;.
Summarizing, we see that w and z satisfy

det[Q(Dw)D?*w] < (—w)4 in QF ; and w=0 on 9N ,

det[Q(Dz)D?z] > (—2)4 in Qf_; and z=0 on O _;.
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By Lemma 5, we have
(23) w(z) > z(z) in Q_;.
Thus, from (22) and (23) we conclude

v*(z) > z(x) in QF_;.
The theorem follows. O

Corollary 7. Let g : [0,00) — [0,00) be a non-decreasing smooth function
such that g(0) = 0 and g(t) > 0 for t > 0. Under the assumptions of Theorem G,

e /Qg(—v)dffj < / g(—z)dz.

n—1
Moreover we have

igfv(ac) > inf z(z).

n—1

Furthermore, equality holds in each of these inequalities if and only if v and z are
solutions of the corresponding equations and §2 is a ball.

Proof. Let u(t) =z e Q:v(z) <t}, p* (t) = {z € Q_; :v:_,(x) < t}|. By
(7) we have
:u(t) < :u*(t) Vi e (m070)7 mo = m{%nv.

We note that mg = v _;(0), and

[otoe= [ g-tautny = [ g -outo

mo mo

0 0
s/yemww=/gemmw

mo mo
— [ s-viin
n—1

The first statement follows since we have —v_;(x) < —z(z) (see Theorem
6). The second statement is true because

igfv(:r:) =wvy_1(0) > 2(0) = inf z(x).
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Finally, when equality holds in each of these inequalities we must have v _;(z) =
z(z) Vo € ;. Hence, we must have equality in the inequality of Lemma 4, but

this implies 2 is a ball. The corollary is proved. O

For u € ®(Q2), we define the Hessian integral
I(Q,u) ::/(—u) det[Q(Du) D*u)dz.
Q

Proposition 8. Let Q C R" be a convex domain. Let v € ®(Q) be a super-
solution of

det[Q(Dv)D?v] = (—v)? in Q,

and let v} _(z) be its (n — 1)-symmetrand. If z € ®(_,) is a sub-solution of

the above equation in the ball 2*

- _1, we have

I(Q,v) < I(2_4,2).
Proof.

I(Q,v) = [ (—v)det[Q(Dv)D?v]dx

< [ (—v)(—v)%dz since v is a super-solution

S— S5—

IN

/ (—=2)(=2)%dz by Corollary 7
Q*

n—1

< / (—2) det[Q(Dz)D?*z]dx since z is a sub-solution
Q*

n—1

=11, 2).

The proposition is proved. O

4. Eigenvalues. In this Section we consider the case ¢ = (p — 1)n. Let
A(6)

@y —int{ [ (~ojderlQUDo s ve @), [ or =i,
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Of course, we have

/ (—v) det[Q(Dv)D*v]dx
Q

/ (=)=t gy
Q

Proceeding as in the proof of Proposition 2, we find that if u € ®() is a minimizer
of (24) then it solves the eigenvalue problem

(25) det[Q(Du)D?*u] = A(Q)(—u)®P~ D" A(€) >0, u<0in Q, u=0 on .

Recall that p > 2. Of course, A\(2) depends also on p, but in the sequel of this
section p will be fixed. We have

A(Q) = inf

ved()

Proposition 9. Given a conver domain €, let 2y, be the ball with radius
R:=n(Q). If X() has a minimizer u € () then

A(S2) = A(S2,1)-
Proof. If u € ®(Q) is a minimizer for A(f2), using (3) we find

AQ) = %/ﬂ|Du’(P2)nTi(]ﬁ1)(D2u)uiujdl‘, /Q(_u)(pl)n+1d$ = 1.

Putting ¢ = u}_;, by using (11) with a = (p — 1)n + 1 we find

A@) = [ DT (D¢ da.

n

n—1s

n—1

On the other hand, by (8) we have

1 — /(_u)(pl)n+1dl‘ S/ (_C)(pfl)n+1dl“
Q *

n—1
Therefore, using again (3) we find

1 n—
ﬁ/g* (D¢ (D) il

AQ) 2 —=
/ (_C)(pfl)n+1d$

n—1

| (-0 detla(pe)pclis
= 20 > A@y).
/ (=¢) =t gy,

n—1
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The proposition is proved. O

Let us consider a fixed eigenfunction u of problem (25), and let Br, be the
ball centered at the origin and such that A(Bg,) = A(R2). Let v be the (radial)
eigenfunction corresponding to A\(Bp,) normalized either such that

(26) inf v(z) = iléfu(q:),

Br,

or such that

(27) /B (—v(x))Pde = / (—u*(z))dz, 0< < oco.

n—1

Theorem 10. Let u be a fized eigenfunction of problem (25), and let u* =
u)_q be its (n—1)-symmetrand. Let B, be a ball with radius Ry, centered at the
origin, and such that A(Bgr,) = MN(Q) =: X\. Let v be an eigenfunction of problem
(25) with Q = Bp,. Let u*(x) = u*(r) and v(x) = v(r) for |z| = r. Ifv is
normalized as in (26) then

u*(r) <w(r), 0<r< Ryp.

If v is normalized as in (27) then
/ " (—ut(8) P dt < / =N (—v(t))Pdt, 0<r < Ry.
0 0

Proof. Since A(Bgr,) = A(2), by Proposition 9 we have Ry < R, where R is the
radius of (0 _,. If Ryp = R then Q) = Bpg,, and there is nothing to prove. Thus,
assume Ry < R.

Let v be normalized as in (26). Since u*(0) = v(0) and u*(Rp) < v(R), if
u*(r) < v(r) does not hold, there exists a point ry such that u*(rg) = v(rg) and
either u*(r) > v(r) or u*(r) < v(r) for 0 < r < rp with the inequalities being
strict at some point. By Lemma 4 with f(t) = M®~D", we have

(28) (%ﬁ”)(w)n < nA /0 "Ly (1) - gy,

and

(29) (dzgf))(p_l)n ~ A /0 "1ty gy,
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In case of u*(r) > v(r) on (0,79), by (28) and (29) we get

du*(r) < dv(r)
dr  — dr’

0<r<rg,

with the inequality being strict at some point. Integration on (0,7¢) yields
u*(rg) < v(rp), a contradiction. In case of u*(r) < v(r) on (0,79), we proceed as
follows. Define

u*(r) r € (0,rg],

v(r) 7€ (ro, Ro).

By (28) and (29) we get
(30) (w’(r))(p_l)n < n)\/ " (—w(@)P A, 0 < r < Ry.
0

Furthermore, we have w(r) < 0 on (0, Ry), w(Rp) = 0, and clearly w(r) is not
equal to cv(r) for any constant c. Therefore,

S, (—w) det[Q(Dw) D*w]dx
(31) A< fBR (—w) P Dty

Since w is a radial function, with w(r) = w(z) for r = |z|, we have (see [14], page
99)

det[D?*w] = r~" ! (l(w’)”)/.

n

Hence, since det[Q(Dw)D?*w] = (p — 1)|Dw|?®~2" det[D?w], we find

det[Q(Dw)D*w] = r~ "1 <%(w’)(p_1)”>/.
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Therefore, using the latter equation and inequality (30) we get

/ () deriQUDu D = / “w) (1<w’><p-1>”)/dr

n
Ry
:wn/ w’(w’)(p_l)”dr
0
Ro r
< /\nwn/ w’(r)dr/ " (—w(t) Pt
0 0
Ro
= /\nwn/ r”fl(—w(r))(pfl)"ﬂdr
0

= /\/ (—w) P~y
Br,

Insertion of this inequality into (31) yields A < A, a contradiction. Hence, we
must have u*(r) < v(r) on [0, Ro], as claimed.

Let v be normalized as in (27). Since Ry < R and —u* > 0 on [Ro, R), we
have

Ro Ry
(32) /0 r" Y (—ut(r)Pdr < /0 r" Y (—u(r)) dr.

Since v(Rp) = 0 and u*(Rp) < 0, it follows that there is (at least) one point rg €
(0, Rp) such that u*(rg) = v(rg). We claim that there is only one point 79 such
that u*(rg) = v(rp). By contradiction, assume u*(r1) = v(r1), u*(ro) = v(ro),
w*(r) < wv(r) on (0,71) and u*(r) > v(r) on (r1,79). Putting
") u*(r) re (0,m],
w =
v(r) re(r, Rol.
we see that w satisfies inequality (30). Arguing as in the previous case we get a
contradiction.
Now let u*(r1) = v(r1), u*(ro) = v(ro), u*(r) > v(r) on (0,71) and u*(r) <
v(r) on (ry,rp). Putting
v(r)  re(0,m],
w(r) =< u*(r) r € (ry,rol,

v(r) 7€ (ro, Rol,
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w satisfies again inequality (30), and arguing again as in the previous case we
still get a contradiction. Hence, we must have,

u*(r) >wv(r), 0<r<r,
and
u*(r) <wo(r), rg<r < Ry.
Let us write inequality (32) as
Ro 0
[ e @) = o)< [ =oo) - (o).
Since —u*(t) > —wv(t) for rg < t < Ry, it follows that, for any r € [ro, Ro],
/r tn_l [(—u*(t))ﬁ _ (—U(t))ﬁ] dt < /OTO tn_l [(—U(t))ﬁ _ (—u*(t))ﬁ] dt,
that is,

/ " (1)t < / o)t e [0, Ro)
0 0

The proof of the theorem is completed. O
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