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1. Introduction. The study of nonselfadjoint operators is based on
the methods of the characteristic functions and its development began with the
works of M. S. Livsic [19] and his associates in 1950’s [6, 5] and later that of I.
Gohberg, M. Krein, B. Sz. Nagy, C. Foias, L. de Branges, J. Rownyak [8, 23,
3, 4], M. S. Livsic, V. Vinnikov [21, 29] at al. Later on M. S. Livsic and A. A.
Yantsevich in their book [22] proposed an interesting idea for an investigation of
continuous curves (in particular of random processes) with the help of the theory
of the nonselfadjoint operators and their characteristic functions. This idea was
expanded and developed in the work of K. Kirchev, V. Zolotarev [11, 14, 15] at al.
The essence of the theory, created from M. S. Livsic, is the connection between
the theory of the nonselfadjoint operators and the theory of the bounded analytic
functions on the upper half-plane and it considers mostly operators in a Hilbert
space with a finite dimensional or trace class imaginary part.

The matrix function

W(\) =Ig —iPg(A— M) 'PgL

is called a characteristic function of a bounded operator A : H — H with
1

dim(A — A*)H < oo, where B = (A—A")H, L = —-(A— A*)|g and & = Pg is
i

the orthogonal projector of the Hilbert space H onto E. W(\) is defined and

analytic in the set of all regular points of A, analytic in a neighbourhood |A| > a
of A =00, W(c0) = I and W () possesses the metric properties

L
(1.1) WH\IWO) =L (ImA=0),
L

for a regular point A of the operator A. In other words to every bounded operator
A in a Hilbert space with a finite dimensional imaginary part there corresponds a
matrix valued function which characterizes this operator up to an unitary equiv-
alence on the principal subspace of A.

More generally the characteristic function of A : H — H can be intro-
duced in the form

W) =1—i®(A—-\)"1O*L

by the so called operator colligation X = (A; H,®, F; L), where E is a Hilbert
space, ® : H — FE and L : E — F are bounded linear operators with L* = L
and (A — A*)/i = ®* L.
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As an arbitrary finite matrix can be presented in a triangular form by a
corresponding unitary mapping analogous problem can be solved for classes of
nonselfadjoint operators. The operators from these classes are presented in the
so called triangular models using unitary mappings. The study of these models
may give much information about the original operators.

The main point of this investigations is the relation between the invariant
subspaces of the operator A and the factorizations of the characteristic function
W () (given by Potapov’s factorization theorem).

The methods and results of the operator colligation theory have important
applications not only in the investigations of various classes of linear nonselfad-
joint operators, but also in the scattering theory, in the theory of nonstationary
random processes or more generally in the theory of the continuous curves g(t)
in a Hilbert space H:

g(t) =" f (f € H).

The obtaining of the asymptotic behaviour of the nonstationary curves, generated
by classes of nonselfadjont operators, allows us to construct a scattering theory
for the couple (A*, A), where A is an operator from a given class.

An analogous theory can be developed for unbounded operators.

The class of the unbounded operators possesses richer properties than
the class of the bounded nonselfadjoint operators. But the problems, considered
in [6, 22, 11, 14, 15, 29, 12] for the bounded case, concerning triangular models,
characteristic functions, continuous curves, their asymptotics, their corresponding
correlation functions in a connection with the spectral properties of the operators
are too complicated in the unbounded case.

Triangular models, characteristic functions of unbounded operators are
considered by A. V. Kuzhel [16, 17, 18], operator colligations and characteristic
functions are considered by A. G. Rutkas [26], triangular models and nondissipa-
tive curves are considered by the authors in [13].

Note that models of various classes of nonselfadjoint linear operators were
constructed by different methods. Sometimes it is possible to construct different
models of the same class of operators adapted to the solution of various particular
problems.

In our applications in the scattering theory we use the so called time-
dependent method — in other words in a time-dependent approach one deals with
the asymptotic behaviour of T} = ™4 more or less directly.

The class of characteristic functions, introduced for bounded operators A
by M. S. Livsic and M. S. Brodskii [19, 6, 20|, and for unbounded densely defined
operators A by A. G. Rutkas [26], with the help of the channel representations
of the imaginary part Im A of A or operator colligations is more general than the
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class of characteristic functions for the operator A from [17, 18] or [28]. But the
functions from [17, 18] and [28] can be used for closed unbounded operators A
with nonempty resolvent set p(A).

In this paper we present wide classes of K"-operators (i. e. closed opera-
tors A in a Hilbert space with an Hermitian part of A with deficiency index (r,7)
(0 < r < 00) and a nonempty resolvent set).

We present the classes of nondissipative operators Qr (part 2, part 3) and
Ar (part 4, part 5), their triangular models, corresponding continuous curves,
their asymptotics, correlation functions and an application in the scattering the-
ory, considered by the authors in [1, 12, 2, 13]. The operators from Qg and Ar
are classes of K"- operators with r dimensional imaginary parts and equal do-
mains of the operator and its adjoint. In other words following the denotations
of A. Kuzhel ([18]) we have Qr, Ar C K7.

We present also the continuation of these investigations for a class of un-
bounded dissipative K"-operators A with domains D4 # D+ concerning analo-
gous problems as in the cases of Qr and Ag (part 6).

The class QR describes the class of all bounded nondissipative operators
A in a Hilbert space with a finite dimensional imaginary part and presented as a
coupling of a dissipative operator and an antidissipative one with real absolutely
continuous spectra. The class Ar describes the class of all unbounded nondis-
sipative operators A in a Hilbert space with a dense domain D4 = D7, with
a finite dimensional imaginary part and presented as a coupling of a dissipative
operator and an antidissipative one with real absolutely continuous spectra. We
introduce the next triangular models

Af(x) = o) f(z) — i / FOTIE)STT* (x)de +
(1'2) [ 0 x
» / FOTI(E)STI (2)dé + i / FOTI(E)LIT* (2)de
T 0

for f € L*(0,

function in [0,

;C"), L =J1 —Jo+ S+ 5% a(x) is a bounded nondecreasing
| (see part 2) and

l
l
Af(z) = aa)f(x) + i / FETE)(Jr — Jo)IT (@) de +
(1.3) -

+oo
w / FOTI(E) ST (2)de
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for f € Dy Cc L?(R;C"), L = J;—Jo+S+S*, a(z) is an unbounded nondecreasing
function in R (see part 4), describing the classes Qp and Ag correspondingly up
to an unitary equivalence on the principal subspaces. (The selfadjoint matrix
L:C"™ — C™ and n x m matrix function II(x) satisfy appropriate conditions —
see part 2 and part 4 correspondingly.) We define in an appropriate way families
of operators and prove their properties which present these families as semigroups
of operators from the class (Cy). The families T} = ¢4 (¢t < 0,¢ > 0), where A has
the form (1.2), are semigroups of operators from the class (Cy) with generators
from Qg (see part 2, part 3).
The families

+oo

» Tf =5 [ (@D (A~ (€~ o)D) -

_eit(gf%) (A — (E+146)I) 1 f)de

(t > 0,t <0), where the integral on the right hand side of (1.4) is in the sense of
a principal value and A has the form (1.3), are semigroups of operators from the
class (Cp) with generators from Ax (see part 4, part 5).
These semigroups determine the exponential function by the equalities
¢4 = T} and generate continuous curves ¢4 f for the models (1.2) and (1.3).
The asymptotics of the curves e f with A from the form (1.2) are given
by the next theorem (see part 2):

Theorem 1.1. Let for the model A € Qg, defined by (1.2), the next
conditions hold: 1) the function a : [0;1] — R satisfies (i), (ii), (iii) (page
112);

2) Q*(z) is a smooth matrix function on [0;1];

3) B(z) € Cy,[0;1] (0 <y <1).

Then the curve e f(x) for each f € Hy after the change of the variable x = o (u)
satisfies the relation

(1.5) [ f(o(u)) — € Ss f(o(u)|| . — 0

as t — +oo.

Hy is a suitable subspace of f € L2(0,/;C") and in the relation (1.5) we
have used the next denotations

Sif(o(u)) =

1.6 R , -
o = (5% f(o(w) TeTl(a(w) ([P0 Ty + Joft| 752 1) Qo (w)),
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(L.7) Sef(o(w) = (Sef(o(w)Ts,

(1.8) Sif =Suf+Sonf+Shf,

N (- 1)k+lsz(v
(1.9) Sk f (o(w) / /e Daw e, k=1,2,

b
(1.10) SEf(o / FF (u, b)dwS,

Tih=h (JlUga(u)(u — @) Bi@F3BD-1(T 4 By () ]y +

1.11 _ _ _
S + JoUsq(u)(u — a) "2 et B2w)p—1(] iBg(u))Jg) IT* (o' (u))

for each f € Hy and each h € C™. (The operators F=(u,b), Usq(u), Use(u) are
denoted in part 2 with the help of multiplicative integrals. ) The asymptotics of
the curves Ty f = ¢4 f with A from the form (1.3) (when a(z) = ) are presented
by the next theorem (see part 4):

Theorem 1.2. Let for the model A defined by (4.35) the next conditions
hold:

1) 1@l € L2(R), Q@) < C;

2) B(z) € Cy;(R) (0 <y <1).
Then the curve Ty f has the next asymptotics for each f € S(R;C™)
(112) ITif () — €% S f(2) s — O

as t — +o00, where

(1.13) St f(x) = (S f(2)Tel(@) (S [t P @ Ty + Jalt| 752 1) Q(x)

(1.14) Sif=Suf+Suf+55],
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w
—

Rl ) o
S ( /f /e =g k= 1,2,
(1.15)

+oo
8 f(x) = / 7 () FE (2, +00)duwS,

for each f e S(R;C"),
Tih=h (le,oo(x)ﬁ%&(x)r—l(l FiBi(x) 1 +

(1.16) ~
+ oV (z)et B B2@p—1(] — iBg(x))Jg) I*(z) (heC™M).
and f(w) is defined by (4.45).

Here the operators F=(z,= o0), V_eo(z), Voso(z) are defined in part 4
with the help of multiplicative integrals. We present the case, when «(z) = x,
to avoid the complications of the writing. The case of an arbitrary unbounded
nondecreasing function a(x) can be considered analogously after a suitable change
of the variable.

The obtaining of the asymptotics of the corresponding continuous curves
e f allows to construct a scattering theory for the couples (A*, A) and solve
the basic problems from the scattering theory concerning the similarity of A and
A*, of A and the operator of a multiplying by an independent variable (see part
3, part 5).

The solutions of these problems is based on the obtaining of the form and
the existence of the wave operators for the couples (A*, A) as strong limits. The
next two theorems describe the wave operators for the couple (A*, A) in the case

when A € Qg (see part 3).

Theorem 1.3. Let for the model A € Qp, defined by (1.2), the next
conditions hold

1) the function « : [0;]] — R satisfies (i), (ii), (iii) (page 112);

2) Q*(z) is a smooth matrix function on [0;1];

3) B(z) € Cy,[0;1] (0 <y <1).
Then there exist the limits

(1.17) lim (" e~ f,g) = (S3:5%f, )

t—=oo

for all f, g € L2(0,1;C") and the operator A satisfies the equalities

(1.18) StSLA=StQS,
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onto L2(0,1;C") after the change of the variable x = o(u) where Qf (o(u)) =
flo(u))u.

Theorem 1.4. Let for the model A € Qg, defined by (1.2), the next
conditions hold

1) the function « : [0;1] — R satisfies (i), (ii), (iii) (page 112);

2) Q*(z) is a smooth matrix function on [0;1];

3) B(z) € Cy,[0;1] (0 <y <1).
Then there exist the limits
itA*e—itA

s— lim e
t—+o00

on L2(0,1;C").

The analogous results concerning wave operators for the couple (A*, A)
when A € Ag are obtained in the theorems (see part 5):

Theorem 1.5. Let for the model A € Ar, defined by (4.35), the next
conditions hold:

1) |Q*(x)] € LA(R), |Q*(x)| < C;
2) B(z) € Cy;(R) (0 <y <1).
Then there exist the limits

(1.19) lim (e e Af g) = (ngg;f, 9)

t—+oo

for all f,g € L2(R;C") and the operator A satisfies the equalities
(1.20) StSLA=StQ8,
onto S(R;C"), where Qf (x) = z.f(z) and Sy are defined by (4.55).

Theorem 1.6. Let for the model A € Ag, defined by (4.35), the next
conditions hold:

1) 1Q" @)l € L2(R), Q7(x)] < C;

2) B(z) € Cy;(R) (0 < a1 <1). ‘ ‘
Then there exist the strong limits s — lim €4 e~#4 onto L2(R;C").

t—+oo

It is worthwhile to mention that for the considered classes ﬁR and KR the
analytical solution of the problems, presented in [14, 15, 12], is obtained using
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the characteristic function of M. S. Livsic (see part 2, part 4). It is presented
with the help of the multiplicative integrals from the form

1 +oo
— —
T (v) - T'(v)
elqudv and /erAdv
0 —0o0

(T'(v) is a nonnegative (nonpositive) matrix function) and the multiplicative in-
tegrals from these forms take part in the representations of the operators (1.5)
and (1.13), describing the asymptotics of the corresponding continuous curves
(see part 2 and part 4). Moreover the results for the bounded operators from Qr
and the unbounded operators A from _/NX]R with domains D4 = D4+ are close each
other.

A natural continuation of these investigations is the consideration of the
class of K"-operators A with domains Dg # Da~. In part 6 of this paper we
present the class of dissipative K"-operators A with domains Dy # Da« and
solve analogous problems as in the cases of the classes Qr and Agr. For the
triangular model of A. Kuzhel ([18])

Af(x

- a(@)f @)+
(1.21) o

) =
+i 7O + 119 [¢OPORIT @) () - e
3

(where o : R — R is an unbounded nondecreasing function, the matrix functions
II(z), B(z) = IT*(2)II(x) satisfy appropriate conditions) describing the class of all
unbounded dissipative K"-operators with domain Da C L2(R;C"), Dg # Das
and with real spectrum, we define a family of operators

+oo
(12) T =g [ DU - e

(t > 0) in a sense of a principal value in a suitable subset of L?(R; C") (see part
6). After proving of the properties of the family (1.22), showing that this family
is a semigroup from the class (Cp), we obtain the asymptotics of the continuous
curves, defined by the equality ¢4 f = Tif with generators (1.21) (in the case
when a(z) = x). These asymptotics are given by the theorem:

Theorem 1.7. Let for the model A, defined by (6.33), the next conditions
hold:
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1) [|B(@)|| < C, [lzB(z)| < C Vz € R;
2) B(z) € Cyy(R), 2B(z) € Cpy(R) (0 < a1 <1, 0< g < 1);
3) |1B(z)|| € LR), [[+B(z)|| € L(R);

4) Q*(x) is a smooth matriz function on R and ||Q* (z)| € L2(R).
Then the curve Tyf(x) for each f(z) = (A — XoI) Y (A — pol)"‘h(z), h € D1 N
HoN S(R,C") has the next asymptotics

(1.23) |ITef () — €S f(2) L2 — O

as t — 400, where Sy f(x) is defined by the equality

w
T —

Sef@) = [ Tw) [ IO Gy (B35,

—00 —00

TN +iB(z))IT* (z) 255 - L

z—Xo T—po’

(1.24)

V_oo(z) and h(x) are defined by (6.45) and (6.61) correspondingly.

In our considerations we have essentially used the characteristic function,
introduced by A. Kuzhel ([17, 18]), which is different from the characteristic
function of M. S. Livsic ([22]) and A. G. Rutkas ([26]), applied in the other two
considered classes and the proved properties of the multiplicative integrals

LN LA

S14 - 14+da(v)
/ezqu;B(v)dv or /ez a(o)=x B(v)dv
a a

(Im A # 0, —o0 < a < b < +00) describing the characteristic function of A.
Kuzhel (see part 6). As in the previous two classes of operators Qg and Ag the
obtained explicit form of the asymptotics of the continuous curves e f with A
from the form (1.21) allows to apply these results in the scattering theory for the
couples (A*, A). The next theorems (see part 6) give the form and the existence
of the wave operator W_(A*, A) as a strong limit:

Theorem 1.8. Let for the model A, defined by (6.33), the next conditions
hold:
D) [|B(z)|| < C, [leB(z)| < C Vz € R;

2) B(z) € Cyy(R), 2B(z) € Cpy(R) (0 < a1 <1,0< g < 1);
3) |B(2)|| € L(R), |2B(2) € L(R), [e2"P@) |2 < 1;
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4) Q*(x) is a smooth matriz function on R and ||Q*'(x)| € L3(R).
Then there exists the limit

(1.25) lim (e""e~"Af,g) = (S55, f,9)

t——o00

for all f,g € L2(R;C™) and the operator A satisfies the equality
(1.26) S¥S,A=S%QS,
onto the subspace Dy, where Qf (x) = xf(x) and Sy is defined by (6.82).

Theorem 1.9. Let for the model A, defined by (6.33), the next conditions
hold:
1) |B(z)|| < C, |[zB(z)|| < C Vx € R;

)
2) B(z) € Cy,(R), B(z) € Cpy,(R) 0 <1 <1,0< g <1);
3) [|B(x)] € L(R), [¢B(2)| € L(R), [le 2B@||L2 < 1;

4) Q*(x) is a smooth matriz function on R and ||Q* (z)| € L(R).
Then there exists the strong limit

s—tlim et onto L2(R; CM).
——00

All results in this paper are obtained in an explicit form by using of mul-
tiplicative integrals and the introduced analogue in C™ of the classical gamma-
function. The results in parts 2, 3, 4, 5 are considered by the authors in
[1, 12, 2, 13]. The results in part 6 are new and they have not been published till
now in other papers.

It has to mention that analogously it can be considered the case of a
coupling A of a dissipative K"-operator and an antidissipative K"-operator with
different domains D4 and D 4~ essentially using the methods and the results,
presented in the last part of this paper for the dissipative K"-operators. The
separate consideration of the dissipative case of K"-operators A with different
domains of A and its adjoint is important from the viewpoint of the necessity
of introducing of other preliminary technical results and propositions, concern-
ing the multiplicative integrals, which describe the characteristic function of A.
Kuzhel.
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2. Triangular model and asymptotics of nondissipative curves
with bounded semigroup generators from the class {2g. In this part
we consider a new form of the triangular model of M. S. Livsic, introduced by
the authors in [1, 12]. This new form allows to obtain results for the class of
nondissipative operators (a coupling of a dissipative operator and an antidissipa-
tive one) which are similar to the results of L. A. Sakhnovich [27] for dissipative
operators.

The results of this part and the next part of the paper are presented by
the authors in [1, 12, 2].

Let H be a separable Hilbert space and let A be a bounded linear non-
selfadjoint operator in H with a finite nonhermitian rank, i.e. with a finite dimen-
sional imaginary part dim(A — A*)H < +o00. (Analogously it can be considered
the case when the imaginary part of A belongs to the trace class.)

Let a(x) be a bounded nondecreasing function on a finite interval [0;]]
which is continuous at 0 and continuous from the left on (0;], II(x) is a mea-
surable n x m (1 < n < m) matrix function on [0;/], whose rows are linearly
independent at each point of a set of positive measure, and satisfying the condi-
tion

(2.1) tr IT* (2)1I(z) = 1.

~ - l
Let the operator ® : L?(0,/;C") — C™ have the form ®f(z) = [ f(z)Il(z)dx
0

and L : C"™ — C™, L* = L, det L # 0. For the selfadjoint operator L : C™ —
C™ with det L # 0 we can assume without loss of generality that L has the
representation

(2.2) L=J—Jo+S+5",

where Jq, Js, S, §* . C" — C™,

(I, 0 (0 0 /00
e a=(f o) (040 )5=(50)

I}, is the identity matrix in C* (k = r1,m —ry), Sisa (m —r1) X 71 matrix, ry is
the number of the positive eigenvalues and m — 71 is the number of the negative
eigenvalues of the operator L. This is possible because we can always find an
invertible operator V : C™ — C™ (see [1]), so that

L=V(J—Joa+5+8)V*"
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We consider the model (1.2) in the Hilbert space L2(0,l; C") which can
be embedded in a colligation

(2.4) X = (A;L%(0,1;C™), ®,C™; L),

where the operator ® : L?(0,l; C") — C™ is defined by

1
(2.5) b f(z) = / F()TI(2)da
0
Then
(2.6) (A— A")/i = &* LD
where
2.7) B*h = KT (z).

If the matrix function B(x) = IT*(x)II(xz) satisfies the condition
(2.8) B(x)J; = J1B(x)

for almost all z € [0;!] then the model (1.2) describes the class of all linear
bounded nonselfadjoint operators in a Hilbert space (up to an unitary equiva-
lence) presented as a coupling of a dissipative operator and an antidissipative
one (see [1]). In other words the model A from the form (1.2) has the represen-
tation

(2.9) A= P AP, + PyAP; + P AP,.
The operators Py, P : L2(0,1;C") — L2(0,1;C"), defined by the equalities
(2.10) Pif(z) = f(2)(z)1Q(z), Pof(z)= f(z)(z)2Q(z),

are orthogonal projectors in L2(0,; C"), where Q(x) is a measurable m x n matrix
function satisfying the condition

(2.11) (2)Q(x) = I
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for almost all x € [0;1] and I is the identity matrix in C™. Then
PLAP f(z) :Oé(x)f(fff)ﬂ(fff)J1Q(fC)+’i/f(£)H(£)J1H*(93)d€7
0

212 PAPf() = alo)f (@)1() Q) -1 [ FETIE) LI ()ds.
0

l
PiAPf(a) =i | HOMOSI (@), PAPif(z) =
0
The operator A1 = P;A is a dissipative operator onto the subspace H; =

1L2(0,1;C"), Ay = P,A is an antidissipative one onto the subspace Hy =
P,L2(0,1;C") and the subspace Hj is an invariant subspace of the operator A. In
other words the operator A is a coupling of the operators A; and As: A = A1V As.
Conversely, an arbitrary linear bounded nonselfadjoint operator C' € Qg,
presented as a coupling of a dissipative operator and an antidissipative one with
real spectra determined by a bounded nondecreasing function « : [0;]] — R is
unitary equivalent to the model (1.2) (on the principal subspace) with appropriate
matrix functions II(x), B(x) and L, and B(z) satisfies the condition (2.8).

Let us denote by ﬁR the set of all operators A € Qg with the represen-
tation (1.2) (up to the unitary equivalence), satisfying the condition (2.8). This
class describes nondissipative curves with basic operators from 2 with real spec-
tra having a limit of the corresponding correlation function as ¢ — 4oo. Then
the complete characteristic function of the colligation (2.4) with A € Qg has the
form (see [1])

N A
1J2B(9)J2 leB(Q)Jl
:/e L Ld@/€ L Lao.
0 0

We shall be considering only operators from the class fNZR with an ab-
solutely continuous spectrum. This means that the inverse function o(u) of the
function a(x) generates a measure v which is an absolutely continuous measure
with respect to the Lebesgue measure (the singular part of v is 0), i.e. the function
o(u) is absolutely continuous.

We will present the asymptotics of the nondissipative curves 4 f(z), f €
L2(0,1;C"), generated by the operators A € Qg with an absolutely continuous
spectra ([12]). In the course of the obtaining of these asymptotics we have used
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the existence and the form of the limits

b z—6 b
— — —
—iT(v) . —iT(v) —iT(v)
(2.13) s—lim [em@Em? =g lim [ e s Wt T [ gm
6—0 6—0
a a x40

(for almost all = € [a;b]) for an integrable nonnegative matrix function 7'(v) and
some corollaries and results of this formula (2.13) that have been considered by
L.A.Sakhnovich in [27] (s — lim denotes a strong limit). The formula (2.13) is
an analogue for multiplicative integrals of the well-known Privalov’s theorem [24]

for the limit values for the integral f(A f ) S dt in the scalar case.

In this part we will denote by || I the norm of a matrix function in C"
and by || ||z2 — the norm in L2(0,1;C").

We recall that a matrix function T'(z) is said to be a matrix function
from the class Cy[a;b] (o > 0) if T'(z) is an integrable nonnegative or nonpositive
matrix function on [a;b] and satisfies the condition

|T(x1) — T(x2)|| < Clxy — x2|*

for some constant C' > 0 and for all z1,z2 € [a;b].
For a nonnegative (nonpositive) matrix function T'(x) € Cya;b] (o > 0)
let us denote the next operators

u

—iT(v)
(214) F%(_{L" u) = S — %ln(l) ev—(zii&)dy
w
(2.15) Py(z,u) = Ff (z,u) — F, (z,u)

for all w,u,x such that a <w <u <b,a <z <band

x—6 u
—iT(v) —iT(v)
(2.16) FE(zu)=s—lim [ e v-e W@ [ om=rdv
w ’ 0—0
w z+0

SIS

Ry (x) = (F&f(w,U)(Fi(%U))*)

(2.17) —iT(v) g " / —iT(®) 4,
w

=s—1lim [e v= e v ,
6—0
w
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. wlz,u) = r,u) = s — lim e_;T(xv e_iTE:)d
(2.18) U (z,u) = RE () Fyy (z,u) = lim
w x+46
= (@)
—tI'(v Zf medv
(2.19) Urw(x,u) = %Hr(l) e vT(z)d wt+s ’
1;5 A 175T(I)d
2.20 Usy () = lim oy ! I
(2.21) Pow(x, 1) = (Ry(z) — Ry () Ug (2)e @M a=0
(2.22) Qu (2, 1) = Pay (1, u)eT (@ (=) g=iT(w) In(u—z)
(2.23) Qu(z) = le(x)eiT(x) In(z—w)
(224) Proy(z) = (Ru(2) = Ry (@) Uz (x)

for all w, u, x such that a < w < x < u < b. (The existence of these limits follows
from the formula (2.13) about the limit values for multiplicative integrals ([27]).)

Using these notations for T'(x) € Cyla;b] (0 < a < 1) we shall recall
several inequalities obtained by L. A. Sakhnovich in [27] which we will use in our
proofs:

— T

x—v\

T(z
(2.25) U (i, 0) — U (a0, 0)|| < / I dv
for all w, u, z such that a <w < x < u < b,

/

(2.26) [U2a(z1) — Usa(2)]| < C <3;21__3;1> ’
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’

(2.27) |Raa1) — Ra()]| < C ( - ”’“) ,

1 —a

o’ o’
2.98 FiF(z1,0) — FE(aa,b)|| < O | ([ 2—2L T2 o
(228)  |FE@b) — F (e b)) < ((_ H(mmm) ),
for all z1,29 : a < 1 < 29 < b where C' > 0 is a suitable constant and
o =a/(l+a).
From the limit formula (2.13) for multiplicative integrals follows the next
representation

b

— b
—iT(v) g 1 P,(x,b)
2.29 v=2X =14+ — d
(2.29) / ¢ tomi) Zoa ™
a a

for a nonnegative (nonpositive) matrix function 7'(z) € Cyla;b] (0 < o < 1) for
each A € C\ [a;b]. This representation we use in the course of obtaining of the
asymptotics of the continuous curves, generated by the model (1.2).

We shall recall also the next inequalities, obtained by the authors in [12]
(Lemma 1, Lemma 2, Lemma 3) for a nonnegative (nonpositive) matrix function
T(x) € Cqlasb] (0 < a<1):

/

(2'30) 6z‘T(a:) In(u—z) 6z'T(u) In(u—x) < C’(u - x)a
foru, z: a<zx<u<band Vo' :0<d <a,
(2.31) | Py(x,u) — Qu(z,u)| < C(u— a:)a/

foral w,u, z: a<w<z<u<band Vo' :0<d <a,

/

(2.32) 1Qu(e1) — Qulza)| < C (“"2 - ”““1)

r1 —w

forall z1,29 : a<w<z1 <a9<band 0 < o < a.
For a selfadjoint matrix function 7'(u) in C™ we introduce the analogue
in C™ of the classical gamma-function
“+o0o
(2.33) T(el —iT(u)) = / e TellEmDI=T (W) n g,
0
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for € > 0 and we present some properties which we have used for the asymptotic
behaviour of the considered nondissipative curves in this part and the other parts
of the paper (see [12], Lemma 4, Lemma 5, Lemma 6, Lemma 7).

Lemma 2.1. If T'(u) is a selfadjoint operator in C™ then there hold the
next equalities

coet?
(2.34) / ezl E=DI=T W)z g, — P(e] —iT(u))
0

Jorall p: =5 <o < 5 and foralle : 0 <e <1.

The equalities (2.34) have been obtained by the Cauchy’s theorem for the
operator function G(z) = e #e(E=DI=T(W)Inz and a suitable domain in C.

Lemma 2.2. If T is an arbitrary selfadjoint operator in C™ then the
next equalities hold:

(2.35) L(cI —iT)T(I — el + iT) sin(w(el —iT)) =

foreache:0<e<1 and

(2.36) lim T(e] —iT) = D (I + 4T)(sinh (7 T)) L.
£—
For future reference we will call a matrix function 7'(z) on [0;!] a smooth
matrix function if 7'(z) is differentiable and 7”(x) is continuous on [0;!] (by norm

in C™).

In this part we will assume that the matrix function Q*(x) is smooth on
[0;1], B(x) € Cq,[0;1] (0 < aq < 1) and the function « : [0;!] — R satisfies the
conditions:

(i) a(x) is continuous strictly increasing on [0;];

(ii) the inverse function o(u) of a(z) is absolutely continuous on [a;b]
(where a = a(0), b= «a(l));

(iii) o’(u) is continuous and satisfies the condition

(2.37) lo"(u1) — o' (u2)] < Clug —ual®® (0 < ag < 1)

for all uy, ug € [a;b] and for some constant C' > 0.

For our further applications we shall denote the matrix functions defined
by (2.14) (or (2.16)), (2.15), (2.17), (2.18), (2.19), (2.20), (2.21), (2.22), (2.23),
(2.24) with Ff(z,u), Py(x,u), REN(2), Uy(z,u), Unw(z, 1), Usy(x), Pow(z,u),
Qu(z,u), Qu(x), Pry(z) respectively for the nonnegative matrix function 7'(x) =
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JB(o(z))10'(x) on [a;b] and with Fif(z,u), Pu(z,u), RE'(z), Uw(w,u),
Urw (2, 1), Usw(2), Pow(x, 1), Qu(z,u), Qu(x), Pry(z) respectively for the non-
positive matrix function 7'(z) = —JoB(o(z))J20’(z) on [a;b].

For the simplification of the writing suppose that the initial function

f(@) = (fi(2), f2(2),..., fu(z)) € L?(0,1;C")

is chosen from the dense set Hy in L?(0,1;C™) such that there exist f}(z) €
L2(0,1), k =1,2,...,n, and f(0) = (0,0,...,0).

The next theorem gives the asymptotics of the projections of the curve
e f as t — +oo on the dense set in L2(0,1;C") (see [12]).

Theorem 2.3. Let for the model A € Qp, defined by (1.2), the next
conditions hold:

1) the function a : [0;1] — R satisfies (i), (ii), (iii);

2) Q*(z) is a smooth matriz function on [0;1];

3) B(z) € Cy,[0;1] (0 <y <1).
Then the curves PleitAPlf(a:), PgeitAng(x), Py APy f(x) for each f € Hy after
the change of the variable x = o(u) have the next asymptotics

TP FE BT (L 4By () AT (o () — 0,
(2.39) | P2 Pa f (o (u / P () U (1) (= w) = B2
JHB200 EEBOT1(T — 4y () T (o) 5 — O,
[Pre’ APy f(o(u)) +
(2.40) + el /b F/(w)(FF (u,b) — I)dwSUsa (u)(u — a)iBr()

. \t@l(u)ﬁ%éﬂu)r—l(uz‘él(u))Jln*(a(u))‘

— 0

Lo

as t — 400, where

(2.41) f(w) = f(o(w))Q(o(w)) ,
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(2.42) Bi(u) = JyB(o(w)Jyo'(u), k=1,2.

For the obtaining of the asymptotics (2.38), (2.39) and (2.40) we have
used suitable representation of the projections of the curve e*4 f after the change
of the variable x = o(u) (see [12]):

Piet P f(o(u) =

(2.43)

2m u—

_ / Flw / KB 111 (o () dw) | dA,

PP, f(o(u)) =

o
o
)
1
|
O
¥ -
~.
—
: 2
\
g*l:

eitx -

5~>0

(2.45)

+/(U_€W( F,(x,b) — I)SP,(x,u)dz | dwJ1T*(o(u)).

for f € Hy, where 7 is an arbitrary closed contour containing [e(0); ()] ([1]).
We have also used the properties of the multiplicative integrals and the gamma-
function, the limits from the form:

u u

(2.46) lim 5/ /(7] —2) 7 Py (x,n)dn | dz =0,

e—0
w T

u

(2.47) gli?((l) (u — ) 1P, (2, u)dxJ, ¥ (o (u)) = 2miJ IT* (o (u)),
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obtained in [12], the inequalities (2.30), (2.31), (2.32), the relations from the form

r eitz o~
lim 67131 (u) In(u—2x)

(2.48) e—0 ) (u—x)l—¢

w

~ mieitutiP1 =3B D-1(T 1 i B (w))(sinh (7 By (u))) !

dx ~

as t — 400 and other similar inequalities and relations.

It has to mention that the relations (2.38) and (2.39) present the asymp-
totics of the curve €T f as t — +oo, where T is a dissipative and an antidissipa-
tive operator correspondingly

Tf() = alx) f(x) + i / FOTI(ETT (2)de.
0

In the dissipative case under somewhat different assumptions and using
different ways a result similar to (2.38) has been obtained by L. A. Sakhnovich
in [27].

Let us consider now the dense set Hy in L2(0,1;C") such that fi.(z) €
L2(0,1) (k=1,2,...,n), f(0) = (0,0,...,0), f(I) = (0,0,...,0).

For the convenience of the writing let us use the denotations (1.9), (1.10),
(1.8), (1.11) for each f € Hy and each h € C™. Then using the properties of the
multiplicative integrals we present the operators Si and gi in ﬁo in the form
(1.6) and (1.7)

Generalizing the results in Theorem 2.3 we are in a position to give the
asymptotics of the nondissipative curve 4 f for the considered model A using
the introduced denotations. These asymptotics are given by Theorem 1.1.

The obtained asymptotics (1.5) of the curve e®*4 f allow to consider the be-
haviour of the corresponding correlation function. The next theorem follows from
the form of matrix functions Bj(u), B2(u), the asymptotics (1.5) and straight-
forward calculations.

Theorem 2.4. Let for the model A € Qg, defined by (1.2), the next
conditions hold

1) the function « : [0;1] — R satisfies (1), (ii), (iii);

2) Q*(z) is a smooth matrix function on [0;1];

3) B(z) € Cy,[0;1] (0 <y <1).

Then there exists the limit liril (t+7,s+7) for the nondissipative curve e
T— OO

itA f
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in the subspace Hy and after the change of the variable x = o(u)

lim V(t+71,s+7) =

T—+00
b
(249 — [ 9B () Bl o) o (u)du =
L (@B f(o(w), @B f(o(u)))

for all t,s € R where V(t,s) = (A f, €A f) is the correlation function of the
curve e f and the operators Sy are defined for all f € Hy by (1.7).

The next theorem allows to extend the relations (1.5) and (2.49) in the
whole space L2(0,1;C").

Theorem 2.5. The operators S+ and S+, defined by (1.6) and (1.7), are

bounded linear operators in the subspace Hy.

The boundedness of the operators S+ and gi follows from the bounded-
ness of §11, §22 and gf; which follows from the dissipative operator Py AP; and
the antidissipative operator P, AP», based on the obtained asymptotlcs (2.38)
and (2.39) correspondingly. For the obtaining of the boundedness of 512 we have
also used the boundedness of the operator

(2.50) G(f(o(u) = /b e ] R g,

and the suitable representation of §f[2 in the form

b LA
—iB (v) ~ iB 'u)
S5 f(o /f /e o d“dwF;F(u,b)—i—/f / g | s

4 The next theorem shows the uniformly boundedness of the semigroups
{e"Y 50 and {e"},<o on Hy which implies that that {e"4} are semigroups
from the class (Cp).

Theorem 2.6. For the model A € Qp, defined by (1.2), the family of
operators {e®} is uniformly bounded.
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The proof of this theorem is based on the representation

b b
(2.51)  ®tAf = / (e f (o (u)) (o (u))o’ (u)du = % / MG f (o (u))du

a

for each f € H, where

Gf(o(u) = (S11/(o(u)))Palu,b) = (Saaf(o())) Pu(u,b)—

b
—/J?’(w)(ﬁuf(u, b)S(Fyf (u,b) = T) = Fyy (u,0)S(Fy (u,b) — T))duw,
the inequality

. 1 .
(2.52) ™A f 1172 < I f1172 + gHLII-IIGfH%2
for each f € ﬁo and the boundedness of G in I:TO. B

Now from Theorem 2.5 it follows that the operators Sy and S+ can be
extended by continuity in L?(0,7;C"). Then using (2.52) for all f € L2(0,1;C")
the next relations hold

(2.53) ||eitAf(o(u)) — emKS'jEf(o(u))HL2 —0 ast— Foo,
(2.54) lim V(t+Ts+r)= (€™ Sy f(o(u)), €Sy f(o(u))).

It is important to mention the next fact: it can be shown that the op-
erators S; and S_ do not depend on the choice of the matrix function Q(z)
satisfying the condition (2.11) on [0;{]. (We have used this matrix function Q(z)
to define the orthogonal projectors (2.10) which present the considered model A
as a suitable coupling of a dissipative operator and an antidissipative one.)

3. Wave operators and a scattering operator for the couple
(A*, A) with A € Qg. The obtained asymptotics (2.53) for the nondissipative

curve generated by the operator A from the class Qg allow us to consider the basic
terms from the scattering theory: wave operators and a scattering operator for
the couple (A*, A) as in the selfadjoint case [25, 9, 10] and in the dissipative case
[27]. Using the introduced wave operators of A we will show that the operator
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A is similar to the operator of a multiplying by the independent variable in a
subspace of L2(0,1; C") after a change of the variable.

Let A € Qg, L, II(z), Q(z), B(z), a(x), the colligation X are stated as
in part 2.

The form and the existence of the wave operators as storng limits for the
couple (A*, A) are presented by Theorem 1.3 and Theorem 1.4 with the help of
the explicit form of the asymptotics (2.53) for the nondissipative curve ¢4 f.

The equality (1.17) follows immediately from (2.54) and the equality
(1.18) follows from the proved equality

(€™ Sy Af, e Ss f) = (ue™ S f, e Sy f)
for all f € L2(0,1;C") and all t,s € R. A ‘
If we denote (W1 (A", A)f,q9) = . liim (e e A f g) then the operators
Wy (A*, A) = S%5-

are the wave operators as weak limits. Now from (1.18) it follows the similarity
of A and A*, given by the wave operators:

AW (A%, A) = Wi (A", A)A.

The existence of the wave operators as strong limits follows from the
colligation condition (2.6), the relations

to N 2
eiTA* A-A

W ea)s - Wt Sl = [ e par| =

t1 L2
2

to m
= /Z(e_iTAﬁga)(L@a,€g)€iTA*g,g(x)d7- <

t1 a,f=1 L2

to
<M 3 [(Leaen) [ (@A ca)Par [ By Par
t1

(M is a suitable constant, t1,t3 € R, f € L2(0,1;C")) for the operator func-
tion W (t) = e ¢4 where {e,}}" is an orthonormal basis in C?, g,(z) =
O*eq = e II*(x) (z € [0;1]), « = 1,2,...,m, are channel elements of A. Then
the integrability of [|e?" ®*eg||2, and ||[Pe~ " f||? (Vf € L2(0,1;C")) shows that

(W(ta)f —W(t1)fllLz2 — 0 as ti,t — £oo
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which together with the uniformly bounded set of operators W(t), t € R, implies
that there exist the strong limits

s— lim W(t)=s5— lim 4 ¢ 4
t—+oo t—+oo
onto L2(0,1;C").

The next theorem shows that the operator A from the class ﬁR is similar
to the operator Q of a multiplying by the independent variable in a suitable
subspace of L2(0,1;C™) (after the change of the variable z = o(u)). This allows
us to define a scattering operator analogously as in the selfadjoint case and in
the dissipative case.

Before continuing with the next theorem it should be noted that the
inverse operator T'; L of Ty is defined by

T h = (o (u))o’ (u):
(3.1) : (le- lim (el + iBy(u))eF2 P (y — q) =B U (u)J) +
. L, X el
+ Jo(=i) i T(eT — i By (u))eF 5520 (u — @) P2, (u). 1y )

for h € C™. _
Let us denote the next range of the operator S

Y1 = R(g) = {g € L2(0,1;C™) : Sf= g for some f € LQ(O,Z;(C”)},

and Y = Y] is the closure of Y;.

Theorem 3.1. The operators Si in L2(0,1;C") have bounded inverse
operators Si defined in'Y and A = Si Q8. onto L2(0,1;C™).

Straightforward calculations and the obtained asymptotics (2.38), (2.39)
show that the operators G+ = G171 + Gog + Gﬁ where

Guug(o()) = -5 [ 9o () Palrwdr7iQo () (o () ™,
1 d i '3 ! -1
Grag(o(w)) = 5= [ glo(7)) Pa(r, w)dr Qo () (o ()™

a

GhHglo(u) = —G11§$G229(U(U))
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in the subspace of all functions g € L2(0,1;C™) such that |¢/(x)] < C in [0;]]

~

(where C > 0 is a constant) are bounded inverse operators of Sy and
(3.2) A=57'05,

onto L2(0,1; C™).

The proved equality (3.2) implies that the operator A which we consider
after the change of the variable x = o(u) is similar to the operator Q of a
multiplying by the independent variable v in the space Y.

The representation (3.2) allows us to introduce a scattering operator for
the couple (A*, A) using (1.7)

WZHAS, AW, (A%, A) = (S28) 7185 = SN (T 1) ' T* TS,

The obtained asymptotics of the curve e f allow to give an explicit form
of the corresponding correlation function.

Theorem 3.2. Let for the model A € Qp, defined by (1.2), the next
conditions hold:

1) the function « : [0;1] — R satisfies (1), (ii), (iii);

2) Q*(z) is a smooth matriz function on [0;1];

3) B(x) € Cyy[0;1] (0 <y <1).
Then the correlation function V (t,s) of the curve €A f (f € L2(0,1;C™)) has the
representation

V(t,s) = (=S, f(o(u)), S f(o(u)+
+oo

m
+ / S Wa(t 4 7) (L ) Ua(s + T)dr,
0 O(,ﬁil
where W, (t) = (em‘gif, §£1*ga), a=1,2,...,m, {ex}" is an orthonormal basis

in C™ and go () = ®*eq = e I1*(x) (z € [0,1], a« = 1,2,...,m) are the channel
elements of the colligation X.

We have only considered the nonselfadjoint operator A with a finite di-
mensional imaginary part. Analogously one can find the asymptotics of the curve
¢ f in the case when the imaginary part (A — A*)/i of A belongs to the trace
class.

In order to conclude this part it should be remarked that one can find the
asymptotics of nondissipative curves e f (A € Q) and apply in the scattering
theory in the case of weaker assumptions for B(z) and a(x). But this will give
some technical complications of the consideration.
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4. Triangular model and asymptotics of nondissipative curves
with unbounded semigroup generators from the class Ag. In this
part we present nondissipative curves generated by a class Ar of unbounded
nondissipative operators and having asymptotics. The generators from Agr are
unbounded operators A with a domain D4 = D 4+, a finite dimensional imaginary
part and presented as a coupling of a dissipative operator and an antidissipative
one with real absolutely continuous spectra. We present the triangular model
and basic terms and problems from the single operator colligation theory for the
operators A € Ag.

In an appropriate way we introduce two families of operators from the
class (Cp). These semigroups determine the exponential function e®*4 for A. The
obtaining of the asymptotics of the continuous nondissipative curves e f as
t — Zoo and the limit of the corresponding correlation function in an explicit
form allows to construct the scattering theory for the couple (A*, A) (i.e. to
consider a perturbation of a closed operator A with an operator iﬁ, where A is
a finite dimensional selfadjoint operator).

The results of this part and the next part are presented by the authors
in [13].

Let H be a separable Hilbert space. We consider the class A of all op-
erators A : Dy — H with a domain Dy, Dg = H, Da+ = D4 and finite
dimensional imaginary part (i.e. dim(A — A*)D4 < o0). (Analogously it can
be considered the case with a trace class imaginary part of A.) In this case the
operator A € A has the representation

A+ A" A—A*

(4.1) A= it

and A is a closed operator.
As in the bounded case in the study of an unbounded operator A € A
the set

(4.2) X =(A;H,9,E; L),

where H, E are Hilbert spaces, ® : H — F and L : E — FE are linear bounded
operators and L* = L, are said to be the operator colligation if A satisfies the
condition

(4.3) (A—A") /i C ®*LO.

Note that every operator A € A can be embedded in a colligation from
the form (4.2) by setting (for example)
1/2 A— A*

, L =-sign - ,
¢ E

A—A*

7

E=(A-A"H, @:‘

E
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where the absolute value and the sign function are understood in the sense of
the usual functional calculus for selfadjoint operators, A — A* is extended in H,
dim F > dim R((A — A*)|g) where R((A — A*)|g) is the range of the extension
of (A—A*)/iin H (]26]).

The set of non-real points of the spectrum o(A) of A € A is finite or
countable and the accumulation points of this set are real (see, for example, [§]
or this can be obtained analogously as in the bounded case in [6]).

The characteristic operator function of the colligation X from the form (4.2)

(4.4) W(\) =1—iL®(A— )" 1o*,

defined onto E for A\ & o(A), is analytic on the set p(A) of the regular points of
A and W (A) possesses metric properties as in the bounded case onto the linear
subspace G\ C Dyy(y) = E, determined by the condition ®*Gx C (A—AI)D4 for
A & 0(A). Then the L-metric properties as in (1.1) hold onto G (a such linear
subspace G always can be chosen ([26])).

The COHigatiOIlS X1 = (Al; Hl, (I)l,E; L), X2 = (AQ; HQ, (I)Q, E; L) with
operators Ay, As € A are unitary equivalent if there exists an isometric operator
U : Hi — Hj, which satisfies the conditions UA; = AU, ®5 = U®P]. From the
unitary equivalence of the operators A; and As it follows that o(A;) = o(A2).
When A\ € (A1) then

(Ay = AP =U(A; = XI) U™,

This equality implies that the characteristic operator functions W (A1) and W (\2)
of the unitary equivalent colligations coincide for all A & o(Ag), k = 1,2.
Let A€ Aand A: Dy — H. The subspace H; C H is said to be the
invariant subspace of A if DyN Hy = Hy and Af € Hy when f € DgN Hjy.
Now we will define a coupling of operators from A. Let Ay, A> € A and
Ay : Dy, — Hy, Py be the orthogonal projectors of H = Hy © Hy onto Hy,
k=1,2. Let T" be a linear operator in H with the properties

I'H, =0, PQDF:DAQ, R(F)C.Hl
where Dr is the domain of I" and R(I") is the range of I". The operator
A=A1Pi+ AP +T

defined in Dy = D4, ® Dy, is said to be the coupling of A; and As, ie. A =
AV Ay. Then Dy = H, DaN H; = H; and H; is an invariant subspace of A.

Conversely, if a subspace H; C H is an invariant subspace of the operator
A € A, defined in Dy, the orthogonal projector P, of H onto H; satisfies the
relation Py(Hy N Dy) C Dy, then

(4.5) A= P AP, + P,AP, + P AP, (Po=1- 1),



Triangular models and asymptotics of continuous curves 123

i.e. A is presented as a coupling of the operators A = AP, = PLAP; in H; and

Ay = PyAPy in Hy (Hy = H © Hy) and Dy, = P.Da, Da, = Hy, k=1,2.
IfANdo(A), N o(Az) and PLAP,D4 C R(A; — AI) then A\ &€ o(A) and

the resolvent (A — AI)~! of the operator A = A; V As has the representation

(A= A1 =Py(A; — M) 7'Py + Py(As — M) P

(4.6)
—Pl(Al — /\I)_1P1AP2(A2 — )\I)_IPQ.

Let A€ A, A: Dy — H. The biggest invariant subspace H4 of the
operator A is said to be the additional subspace of A, if

1) for each f € Hy N D4 holds (Af,g9) = (f,Ag) Vg € D4, i.e. HyN Dy
is a subset of the Hermitian domain of A;

2) Hy and H © Hy4 are invariant subspaces of A. Then the additional
subspace H 4 and the so called principal subspace Hy = HS H 4 of A are invariant
subspaces of A, A*, Ry = (A= X)L, R, = (A* —2I)"! for A g€ 0(A), z € o(A*)

and A4
H=\ {jol - Ry f, f€ H}
n=0,1,2,...
(for an arbitrary fixed A\g: Ao &€ 0(A), Ao € o(A¥)).

Let A € A with a domain D4 be embedded in a colligation X from the
form (4.2). If {eq}]" is an orthonormal basis in E we denote by g, = ®*e, the
so called channel elements of A.

The next two theorems solve the basic problems of the single operator
colligation theory for an unbounded operator A € A concerning the coincidence
of the characteristic operator functions of two operators and their unitary equiv-
alence, multiplicative properties of the characteristic function of the coupling of
two operators.

Theorem 4.1. Let the operators Ay : Da, — Hy, k = 1,2, belong to
the class A. Let the characteristic matriz functions of Ay (k= 1,2)

Wi(N) =1 —il|((A1 — M)~ 'gh, gh)IIL

(where gloi = ®req, o = 1,2,...,m are the channel elements of Ay, k = 1,2,
L* =L, det L # 0) be equal. Then the operators Ai|g, and As|g, are unitarily
equivalent on the principal subspaces Hg, and Hp, where

HEk: \/ {RZ;\rOlgﬁ: a:l,Q,...,m}7 k=1,2,
n=0,1,2,...

Rixng = (A = XoI)7! (k=1,2), Ey and By are linear spans of {gL}7* and {g*}7"
correspondingly.
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Let the operator A with a domain D4 belong to the class A and Hg be a
subspace of H such that PyD4 C Hyp, where Py is the orthogonal projector of H
onto Hy. Let us define an operator Ag onto PyD 4 by the equality

Aof = RAf Vf e PyDa,

ie. Agf = AgPog = PyAPyg for all g € D4. Let A be embedded in a colligation
X =(A;H,®,E; L). Then the characteristic matrix function

4.7)  Wo(A\) =1 —i®PRy(A—- ) '"Ry®*L =1 —i[((A— ) "ga,93)IIL

(where ¢ = Pygo = Py®*eq, {€a}T" is the orthonormal basis in E) is said to be
the projection of the characteristic matrix function W (\) of A onto the subspace
H,.

Theorem 4.2. Let the operator A € A with a domain Dy be a coupling
of the operators A, € A, A: Dy, — Hy, k=1,2, and Hy ® Hy = H. Then the
characteristic operator function W () of A is a product of the projections W ()
onto Hy and Hs:

(4.8) W(A) = Wi(A)Wa(A),

where Wi(\) = I —i®(Py AP, — \) "' P,®* L are the projections of W(\) onto Hy,
k=1,2.

Next we will present a model describing a class of unbounded operators
from A with purely real absolutely continuous spectrum presented as a coupling
of a dissipative operator and an antidissipative one.

Let A belong to the class A and let us suppose that the spectrum of A is
real. In the case of a dissipative operator A the multiplicative representation of
the characteristic operator function W (\) has the form

+oo
iy

_idE(6)
(4.9) WO = / EOE

—0o0

+o0
where [ ||[dE(0)|| < co (see [27]). The dissipative operator A € A with a real

spectrum is an operator with an absolutely continuous spectrum if the charac-
teristic operator function has the representation

+oo
=

—4I1* (0)I1(0)
(4.10) W(A) = /eiaww Lt

—00
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+oo
where / tr IT%(0)I1(0)dh < oo (see [27, 7)).
—00
From (4.10) it follows ([27]) that the operator A € A with a real absolutely
continuous spectrum is unitary equivalent to the triangular model

Af(x) = a(@) f(z) +i / FOTELAET (z), (f € LA(R))

on the principal subspace, where ||II(x)||? is an integrable function on R.

In this part we will denote by || || the norm of a matrix function in C"
and by || ||z the norm in L?(R;C").

Let a(x) be an unbounded nondecreasing function on R which is contin-
uous from the left, let II(x) be a measurable n x m (1 < n < m) matrix function
on R whose rows are linearly independent at each point of a set of a positive

+oo
measure and satisfying the conditions [ trII*(6)II1(6)df < oo and
—00
+00
(4.11) / TT(2) [2dz < oo
—o0

Let L : C™ — C™ be a selfadjoint matrix with det L # 0. We can assume
without loss of generality that L has the representation

(4.12) L=J—Jo+S+5",

where Jq, Jy, S : C™ — C™ have the form (2.3) as in the bounded case
Our object is the model (1.3) with a domain

Dp={f e L*R;C"): a(x)f(z) € L*(R;C")},

where LX(R; C") = {f(x) = (fi(2),-. ., ful®)) : R — C" : fu(z) € LA(R),k =
1,2,...,n} is the Hilbert space with a scalar product

+oo
(f(2). g()) = / f@)g*@)dz  (f.g € LA(R;C")).

The domain D4 is dense in L2(R; C").



126 Kiril P. Kirchev, Galina S. Borisova

The condition (4.11) implies that A : D4y — L?(R;C"). Then the do-
main Dy« of A* coincides with D4, i.e. Dy« = Dy. From the form of A* it
follows that A is a closed operator with a dense domain D4 in L?(R;C"). Then
the operator A can be presented in the form

A+A*  A-A*
= +

7 —
2 21

A

A—A*
2

+oo
flz) = % / FOI(E) LIT* (x)dE, dim 452~ Dy < oo and A belongs to the

class A. Then we can embed the operator A in a colligation
(4.13) X = (A;L3(R;C"),®,C™; L),

where the bounded operator ® : L?(R; C") — C™ is defined by

(4.14) @f(x):/f(a:)ﬂ(a:)da:

The imaginary part of A takes the form
A— A

(4.15) . =®*L®|p,,
1 D

where

(4.16) ®*h = hII*(z), heC™.

Let the matrix function B(x) = II*(x)II(x) satisfy the condition (as in
the bounded case)

(4.17) B(z)J, = J1B(z)

for almost all z € R. Let Q(x) be a measurable m x n matrix function satisfying
the condition

(4.18) (z)Q(x) = I

for almost all x € R, where [ is the identity matrix in C™. Then the operators
Py, Py : L2(R;C") — L2(R; C") defined by the equalities

(4.19) Pif(z) = f(a)l(2)hQ(x),  Pof(x) = f(a)l(z)2Q(x).
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are orthogonal projectors in L?(IR; C") Then from (1.3) and (4.19) it follows that

T

PLAPf(2) = a(e) f(2)T1(2) 1, Q(x) + i / FETIE)ATT (2)de,

o0
T

(4200 PAPyf(x) = a(a) f(@)T1(2) 1,Q(x) — i / F(OTIE) LI () de

o0

+oo
PiAPf(@) =i [ FOUOSII (@), PP f(a) =0,

The form of A* and the equalities (4.20) show that the operator A; = P; A
is a dissipative operator onto the subspace H; = P Dy, Ay = P> A is an antidis-
sipative operator onto the subspace Hy = P,D4 and PiL?(R;C") N D4 is an
invariant subspace of the operator A. This implies that A has the representation

(4.21) A= P AP, + P,AP, + P AP,

and A is a coupling of the dissipative operator A; and an antidissipative operator
Ay: A=AV As.

Conversely as in the bounded case ([1, 12]) if C' is a linear operator from
the class A with a real spectrum, presented as a coupling of a dissipative operator
and an antidissipative one with real absolutely continuous spectra determined
by an unbounded function « : R — R, then C' is unitary equivalent to the
operator from the form (1.3) onto the principal subspace and the matrix function
B(x) = IT*(x)II(x) satisfies the condition (4.17).

Let us denote by ./N\R the set of all operators A € A with the representation
(1.3) (up to an unitary equivalence to the principal subspace) with purely real
absolutely continuous spectrum and satisfying the condition (4.17). This class
KR describes nondissipative unbounded operators A with a dense domain D4 in
a Hilbert space, D4 = D 4+ and presented as a coupling of a dissipative operator
and an antidissipative one with real absolutely continuous spectra. The model
(1.3) we call the triangular model of the operators from the class Ap.

We will show that the operators from KR generate the so called nondis-
sipative curves having asymptotics and limits of the corresponding correlation
function as t — +o0.

The next theorem gives the form of the characteristic operator function
of the operators from the class Ar using the multiplicative properties of the
characteristic matrix function (Theorem 4.2), straightforward calculations and
the properties of the multiplicative integrals.
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Let A € A and let A have the representation (1.3). Let the matrix
function B(z) satisfies the condition (4.17), let P, and P are defined by (4.19).

Theorem 4.3. The characteristic matriz function of the model (1.3) has
a representation

t% t
1J2B(9)J2 Ldo leB(Q)Jl Ld@
(4.22) W(A) = /e —® /e —®
—00 —00
te e

iJ1B(0)J1 [ 10 1J23(9)J2 Ldo ..
, |e are the projections of

where the matrix functions /e A=a(0) a(0)

W()) onto the subspaces PiL?(R;C"), P,L?(R;C") and the product in (4.22) is
as matrices.

Next we introduce semigroups with generators from ./N\R and obtain the
asymptotic behaviour of the corresponding curves. That is way we need a suitable
representation of the resolvent of the operator A € Ag. This representation is
given by the next lemma.

At first for the considered model A from the form (1.3) in this part we
assume that the matrix functions II(x) satisfies the conditions: ||II(x)| < C,
|TI(x)|| € L2(R) (for some constant C' > 0). We also suppose that the function
a : R — R satisfies the conditions:

(i) a(z) is continuous unbounded strictly increasing on R;

(ii) the inverse function o(u) of a(z) is absolutely continuous on R;

(iii) o’(u) is a bounded function on R.

For the simplification of writing suppose that the initial function f(z) =
(fi(x),..., fu(x)) is chosen from the set

Hy={f € L2(R;C") : f € LAR;C"), || f(=)]| < My,

(4.23) 7@ < My, lim_f(@)@"(z) = 0}

(M > 0 is a constant) which is dense in L%(R;C").

Lemma 4.4. Let A be the model (1.3), let Q(x) be a measurable matriz
function on R, the function 1Q* ()| be bounded, ||Q*'(z)|| € L2(R). Then for
each f € Hy and for each A\ € R the resolvent (A— X)L f has the representation

(4.24) (A=A (@) = 1/(a(z) = N Z,2) f (@)1 (),
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(Im X\ # 0) where

—iJ1BO)J1 4

Z(02)f(x) = / ((f(&)Q*(&)Y( / e TRDRO g |

I i12B(0)J3 40
(4.25) +/ 2@=X T X (o] (§)—
13

+oo

= 5

JoB(6)Jo ﬂJlB(e Jq
/ 2zl g / o )dg.
& —00

For further applications of the resolvent of the model A it has to mention
the next representation of (A — AI)~!f for each f € L2(R;C")

AL = @)
(A=A f(2) )
T a(m) = / () = S XA f(mdnll(z) = Y (X, 2)/(alz) = A)

with Y(\2) = f(z) = | (1/(a(n) — N)X(\n)f()dnTl*(z) (YA & R). Here

XA x)f(z) € LIR;C™) and [ XA, n)f)ll < Myllf(m)ll, If ()l € L(R), My
is a suitable positive constant depending on the function f and 1/|Im A|. From
(4.26) it follows the inequality

(4.27) I(A=AD f ()] < (If (@) + Cyllr* ()]}

b
ja(z) = Al

where 6f > 0 is a constant depending on f and 1/|Im A|.

On the other side if f € Hy from (4.24), the properties of the multiplica-
tive integrals and the condition ||B(x)|| < C we obtain the inequality

-
() = Al

where C'y > 0 is a constant depending only on the function f € I;TO (but not on
1/[Im A|).

(4.28) I(A =AD" f ()] < Crl[IT ()],
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Now we will introduce families of operators {T} }+>0, {7 }t<o which are
semigroups of operators, generating the exponential function in the case of un-
bounded operator A € Agr. Then we will present the asymptotics of the curves
Tif, f € L2(R;C") as t — +o0.

For the operator A from the class Ar we may assume without loss of
generality that it has the form (1.3).

Let ||II*/(x)|| be bounded on R, ||ITI*'(x)| € L(R), $Erirlw IT*(x)Q*(z) = 0.

Let the function a(x) satisfy the condition (i), (ii), (iii). Let ||Q*'(z)|| be bounded
on R, [|Q”(x)|] € LA(R).

It has to mention that in the particular case L = I the operator A is
dissipative and this case is noticed in [27]. In the case when L = J; — Jy (i.e.
S = 0) the operator A has the form A = PiAP; + P,AP, and the both spaces
Hy = PIL3(R;C") and Hy = P,L%(R;C") are invariant subspaces of A. In this
part we consider the case when S # 0.

For an arbitrary sufficiently small § > 0 and for every f € D4 we define
the next families of operators T} f by the equality (1.4) in the case of t > 0 and
in the case of ¢ < 0, where the integral on the right hand side of (1.4) is in the
sense of a principal value.

The existence of the integral in (1.4) for all f € Dy follows from the
representation

R
Rhm (eit(f—ié)(A — (- i5)[)_1f . eit(§+i6)(A €+ i5)[)_1f)d§ _
“R
' Git(—id) y A (it(E+id) y R
B B e s wi Gl G LA ey s wi Gl GO KL

(where g = (A — XoI)f, ImXg > 6 > 0 when ¢t > 0 and Im)\g < —0 < O
when ¢t < 0), using the resolvent equation, the Lebesgue convergence theorem
and the Residue theorem for the function e**/(z — \g) and domains with suitable
contours.

On the other hand T;f € L2?(R;C") for each f € D, which follows
from (4.26) and straightforward calculations.

It has to mention also the independence of the definition (1.4) of T} f for
feDyn Hy on the choice of § > 0. In other words the introduced families
{Ti}+>0 and {7} }4<o are well defined by (1.4) in D4 N Hyp.

Next two theorems describe the properties of the families of operators
{Ti}+>0 and {T}}i<0, which present these families as a semigroups of operators
from the class (Cy) with a generator ¢ A and solve the question of a differentiability
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of the considered semigroups. Only the boundedness of T; will be presented
further after the obtaining of the asymptotics of T} f as t — +oo.

Theorem 4.5. The families of operators {1} }i~0 and {T}}i<o, defined by
(1.4), satisfy the conditions

(4.29) T T, f =Tswif YfeDag (Vi,s >0 and Vt, s <0),
(4.30) %irr(l]thzf VfeDy (t—0, t>0 and t— 0, t<0).

Theorem 4.6. The families of operators {1} }i>0 and {1} }i<o, defined by
(1.4), satisfy the conditions

d
(4.31) S Tif(z) =iAT,f(z) VS € Da,
(4.32) lim % —iAf VfeDa.
The relation (4.30) allows to define
(4.33) Tof=f VfeDy

and we can consider the families {7} };>0 and {7 }+<o.

The proofs of Theorem 4.5 and Theorem 4.6 (see [13]) are based on the
use of the representation f = (A — \gI)"!g (for f € D,), the representation
(4.26), the inequality (4.27), other appropriate inequalities, the Residue theorem,
the Lebesgue convergence theorem.

The properties of the families of operators T} allow us to define the nondis-
sipative curves generated by the unbounded operators A € Ar using the families
{T};}+<o and {T}}+>0 for each f € Hy by T3 f when ¢t <0 and ¢ > 0.

We will present in an explicit form of the asymptotics of the curves Tj f,
generated by the unbounded operators A from Agr when f belongs to the suitable
dense set in L2(R;C").

Let A € Ag be the model from the form (1.3), let L, II(z), Q(z), B(x),
Py, Py, a(x), o(u) be stated as above.
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Before continuing with the asymptotics of the curves, generated from A,
it has to mention that the model (1.3) after the change of the variable x = o(u)
can be written in the form

U

Ag(u) = ug(u) +1 / (T (1 — Jo)o (n)dnTT* (u) +
(4.34) Yoo
+i / g(m)TL(n)Sa’ (n)dnIl* (u)

—00

(where g € L2(R; C"; 0(u)), Hﬁ( )| € L2(R;0(u))) when the function f(o(u)) €
L2(R;C*;0(u)), ||[TI(o(u))]| € L%(R) and the function a(x) satisfies the conditions
(i), (ii), (iii).

For the simplification of writing we can consider the model

Af(z) = / G — J2)dETT (z)+
(4.35)
i / F(E)TI(E) SAETT* ()

(i.e. a(zr) = z) with a domain
(4.36) Dy ={f € L>(R;C") : zf(z) € L}(R;C™)}.

It has to mention that the asymptotics of the curves generated by the
model (4.34) can be obtained analogously to the asymptotics of the curves gen-
erated by (4.35) if we suppose the additional condition for o(u): o'(u) € Cq,(R)
(0 < ag <1) (ie. |0/(ur) — o' (u2)] < Clug — ug|*? for all uj, ug € R and some
constant C' > 0).

Let the model A € Ay be defined by (4.35) with a domain Dy, defined
by (4.36), let L, II(x), Q(x), B(x) be stated as above.

Before continuing with the next theorems we need some denotations. Let
B(x) belongs to the class Cy, (R) (0 < ag < 1), i.e. ||B(z1) — B(z2)|| < Clxy —
x9|® for all z1, 2 € R and some constant C' > 0. Let us denote the next
operators analogously as in the bounded case in part 2

(437) Bl(l‘) = JlB(.T)Jl, BQ(%) = JQB(.T)JQ,
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u u
— —

—iB1(v) ~ iBg(v)
(4.38) Fi(wmu)=s— %in% ev- (zlﬂ“f‘)d Ff(z,u) =s— }ir% ev- (ii“s)dv
w w

(4.39)  Py(z,u) = Ef(z,u) — F, (z,u), Py(z,u)=F}(x,u)— F,(z,u)

for all w,u,z € R such that —oco < w < u < 400 and

a:;(s ﬂ,
—iB7 (v) —iBj (v) (v)
(4.40) Fr(z,u)=s—lim [ e o ®ErBil@) [ 7o dv
§—0
w T+6
:L‘:)(S u
- . iBg (v) iBg (v) (v)
(441) F$($7 u) =S — ].lm e v—zx dUe:FT('BQ(:B e v—zx dv
6—0
w T+6
(4.42) Vooo(w) = 5 — lim / e‘i?lg“dv iB1 (@) s,
a:;(i
~ zBQ(U)d B ns
4.43 Voo(z) =s—lim [ e v-e We—iB2(@)In
(1.43) (o) =5~ lim
—o0

for all w, u, = such that —oco < w < z < u < +00. Now using (4.38) from (4.24),
(4.25) it follows the existence of the limits Z* (¢, 2)f(z) = }ir% Z(& £1i0,x) and

these limits have the form

+oo
TLEE € 00)SFE (6 ) )
where

(4.45) fw) = f(w)Q*(w) for fe Hy.
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Let us denote by S(R;C™) the set of all smooth fast decreasing functions
f(@) = (fi(2),. ..., falz)).

Now we are in a position to give the asymptotics of the nondissipative
curves Tif as t — +oo for f € (R;C™). These asymptotics are presented by
Theorem 1.2.

The main point of the obtaining of the asimptotics (1.12) is a suitable
representation of the operators T;, defined by (1.4) for the model A with the
form (4.35) (see [13], Lemma 5.1):

150 =5 [ e 7e? (€@ (@)
R\A
1 T
(4.46) ~lim / W (60 ()T ()~
i)\o
27” C (@) + € f(a)
when ¢t > 0 and Im \g > 0,
1 NG
1560 = g [t A R -
R\A "
) 1 1t .
(4.47) ~lim / ﬁzﬂf,xw)ﬂ () dé—
i)\o
2m § /\ " (@)

when t < 0 and Im \g < 0 correspondingly for all f € L?(R;C"), where A =
[z—B;2+08], B > 0is asuitable fixed number, g(z) = (A—XoI) f(x), Z(&, 2) f(2)
are defined by (4.44) and f(w) is defined by (4.45).

From the representations (4.46) and (4.47) it follows that the asymptotic
behaviour of T; f as t — +o0o depends only on the asymptotic behaviour of

1 eitf

lim — [ —S
o0 | (x—€)¢
A

Z7(& @) f (@)1 (z)dE,

correspondingly. The other addends in (4.46) and (4.47) tend to 0 as ¢t — 400
and t — —oo correspondingly.
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Next we use the methods and the ideas as in [12, 2] for the bounded
case, the properties of the multiplicative integrals in (4.44), appropriate in-
equalities concerning multiplicative integrals for the matrix functions Bj(x),
By(z) € Coy(R) (0 < a1 < 1) (as (2.26), (2.27), (2.28), (2.30), (2.25), (2.32)
and other similar inequalities), the asymptotic behaviour

u
eitx )
lim 6sz(u) In(u—x)
e—0 (u — 1‘)175

~ it iC() o~ 20T +iC (w))(sinh(7C (u))) !

dx ~

as t — 4oo for a nonnegative matrix function C'(u), obtained in the bounded case.
Then using these ideas, the Lebesgue convergence theorem and the Lebesgue
lemma for the Fourier transform we obtain consecutively the asymptotics of the
projections P AP, f, PieAPyf, Pie™ Py f, i.e.

_2_7”;%0 51 . (/ f yx)dw | dEJ T () ~

(4.48)
/f U2w ZBl )dwtzB1() fracm2By (x)
T I 4By (z))J.II*(z),
+03 . x
gy [ | Py .a)du | denm(z)
omiem | (w—g)i- WP (& @)@ | A5 T
z—0 00
(4.49) N B
eitx / f/(w)Ugw (l‘)(%‘ o w)fiBQ(x)dwtfiBQ(x)eng(x)'
T HI —iBy(x))JoII*(z),
=h ite +oo
. e ~ o~ 3 .
lim @_oi= /f’(w)Fw (§,00)SF_ (&, x)dw | dE T (z) ~
z—03
~ 2miett® /f (2, 00)dwSV_s0(u )tiBl(I)E*%BI(I).

TN + By (2)) T (2)
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as t — 400, where

This proves the asymptotics (1.12) in the case when ¢ — 4o00. Analogously we
obtain the asymptotics (1.12) in the case when ¢t — —oc.

As in the bounded case in part 3 we obtain the boundedness of the oper-
ators Sy, defined by (1.13), using the dissipativness and the antidissipativness of
the operators Py AP, and P, AP, correspondingly onto D 4, the decreasing func-
tion 1 (t) = | ATy Py f||}» and the increasing function 15 (t) = || 2Ty P f |3 in R
for each fixed f € S(R,C"). We also use the obtained asymptotics (1.12), the
boundedness of the operator

+oo T
~ iBo(v)
(4.50) / 7 (w) / e W g,
T w
in S(R;C™) and the representation of §f[2 f in the form
Sizf (@) =
x & +00 =
~ —iBa(v) ~ ~ iBg(v)
=- / f'(w) / e PdwFT (x,00) + / Fl(w) / Sy | 8.
0 —00 x w

So we obtain the next theorem.

Theorem 4.7. The operators Sy and Sy, defined by (1.13) and (1.15),
are bounded linear operators in the subspace S(R;C™) of the smooth fast decreas-
ing functions.

The next theorem finishes the description of the families of operators
{T}}+>0, {Tt }+<0 and together with the properties of these families, obtained above
(Theorem 4.5, Theorem 4.6), shows that {7} };>0 and {7} }+<o are semigroups of
operators from the class (Cp).
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Theorem 4.8. The families of operators {T;}+>0, {Tt}i<o, defined by
(1.4) for the model A from the form (4.35), are uniformly bounded families of
operators in S(R;C").

The proof of Theorem 4.8 is analogous to the proof of Theorem 4.6 (see
[13], Theorem 5.4). The uniformly boundedness of the families of operators
{T;}i>0, {Ti}i<o follows from the colligation condition (4.15) and the inequal-
ities

1T 22 < IF12. + L / T, f[2dr <
(4.51)

“+00
1 ~ 1 ~
<|flz= + o 1Ll / |G f(2)Pdz = ||fll72 + gIILH-HGfIIiz
—00

for each f € S(R;C"). In (4.51) we have used the representation of

“+00

(1.52) OTLf(w) = 5= [ GHE)d

—00

which follows after direct calculations from the properties of the multiplicative
integrals and the limits, similar to the limits as in (2.46). We have also used the

form of Gf (€)
(4.53)
/f Py(&,+00)J1 — Py(€,400)Jo—
—(Fj (&, 00)S(F2, (5, 00) = I) = Fiy (§,00)S(F= o (€, 00) — I)).Jy)dw =

= S11£(€)Pooo (&, +00)Jy — Saaf (€) Poo (€, +00) Jo—

- / F(w)(Ff (€,00)S(F* (€, 00) — I)—
—ﬁ;(&, OO)S(F:OO(f, o0) — I))Jidw

using the introduced denotations (1.15), the boundedness of operator Gin S (R;C™)
given by the boundedness of Sj1, S92 and the operator (4.50) (see Theorem 4.7).
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The proved boundedness of the operators from the semigroups {7} }+<o
and {T}};>0 in the subspace S(R;C") (dense in L?(R;C")) allows us to extend
T; by continuity in L?(R;C") and to define the exponential function for the

unbounded operators A € Ar by
eitA = Tt (t S R)

and to consider the nondissipative curves ¢ f = T,f for f € L*(R;C"). Then
Theorem 1.2 and Theorem 4.7 imply that for all f € L?(R;C") the next relation
holds

et f(x) — S, f(z)||r, — 0 as t — +oc.

The obtained asymptotics (1.12) allow to determine the behaviour of the
correlation function V(¢ + 7,5 4 7) = (e!+74 f ei(s+7)4 £) of the nondissipative
curves e f as T — +o0.

Theorem 4.9. Let for the model A € Ar, defined by (4.35), next condi-
tions hold:

1) Q7 (2)]| € L*(R), Q" (2)]| < C

2) B(z) € Cy;(R) (0 < a1 <1).

Then there exist the limits of the correlation function lirf (t+7,s+7) of the
T—+00

nondissipative curves ¢4 f for each f € L2(R;C") and

400
(4.54) lim V(ttrs+T) = / =902 S, F(2)(Sef(z))*dx

for all f € S(R;C™), t,s € R, where V(t,s) = (e®f,eAf) is the correlation

function of the curve €4 f and the operators Sy are defined by
(4.55) Sif(x) = T8 f(2),

Sy, Ty are defined by (1.15) and (1.16).

5. Wave operators and a scattering operator for the couple
(A*, A) with A € Ar and applications. The obtained asymptotics (1.12)
for the nondissipative curves e f generated by the unbounded operators A from
the class Agr with domains D4 = D 4+ allow us to apply these results for a con-
structing of the scattering theory for the couple (A*, A) as in the selfadjoint case
[25, 9, 10], as in the bounded dissipative case [27] and in the bounded nondis-
sipative case [12]. In other words we consider a finite dimensional perturbation
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A +iA of the closed operator A presented as a coupling of a dissipative operator
and an antidissipative one with a dense domain D 4, where A is a finite dimen-
sional selfadjoint operator. We obtain explicit forms of the wave operators of A,
the scattering operator and the similarity of A to the operator of a multiplying
by the independent variable in a subspace of L2(R;C"). We obtain also the form
of the correlation function of the nondissipative curves etAf,

Let the model A € Ag be defined by (4.35), let L, II(x), Q(x), B(x), the
colligation X be stated as in part 4.

Theorem 1.5 gives the form of the wave operators of the couple (A*, A)
as a weak limit.

The equality (1.19) implies the existence of the wave operators of the
couple (A*, A) defined by

(We(A", A)f,g) = lim (e ™ f,g) = (55551.9)

and Wi (A* A) = g}ﬁ; as weak limits. Theorem 1.6 proves the existence of the
wave operators as a strong limit.

The proof of this theorem (see [13], Theorem 7.2) is analogous to the
proof of Theorem 1.4. But in this case we have used the form of the operator CAJ,
defined by (4.53) and its boundedness, obtained in the course of the proving of
Theorem 4.9.

Now from the equality (1.20) it follows that

A*WL(A*, A) = WL(A*, A)A

which express the similarity of A and A*, given by the wave operators W (A*, A).

The next theorem deals with the similarity of the model A € KR, defined
by (4.35), and the operator Q of a multiplying by an independent variable in a
suitable subspace of L2(R;C") and presents this similarity in an explicit form.
This allows us to define a scattering operator analogously as in the bounded
selfadjoint case, the bounded dissipative case and the bounded nondissipative
case. R

Let us denote the range of the operator Sy by

R(S\i) = {g e L}(R;C") : §if =g for some fcL*R;C")}

and Y4 = R(S4) be the closure of R(S.).

Theorem 5.1. The operators Ss, defined by (1.15) in S(R;C™), have
inverse bounded operators S;l defined in Y1 and

(5.1) A=5;'08,
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onto S(R;C").
The proof of this theorem (see [13], Theorem 7.3) follows the ideas of the
proof of Theorem 3.1. For the operators

Gy = Gy1 + Gan + G5,

where
_1.d
- 2ndx

—00

GliQ = —GnngQGggg(x)

Grrg(x) g(T)Pgi)O(T,JJ)dTJkQ(l‘), k=1,2,

(where Pflo)o (1,2) = P_oo(1,z) and P£2O)O (1,2) = P_oo(7, %)) in the subspace of all
functions g € L2(R;C™) such that ¢’ € L%(R;C™), ||¢'(z)| < C straightforward
calculations show that G4 are bounded inverse operators of ,§i, Then from the
representation (4.55) of Sy, the existence and the form of T

Ti'h = hIl(z)(Jyi lim T(e] + iBy(z))et2Br@ vy () +
+J5(—i) lim (1 — iBy(x))eF2B20V*_(2).]y)

(h € C") and the equality (1.20) we obtain (5.1).
Now Theorem 5.1 allows us to introduce a scattering operator for the
couple (A*, A) using the representation (4.55), Theorem 1.5 and Theorem 1.6

W=l A*, AW (A%, A) = (57.5,)718" 5.

The proved similarity (5.1) of the model A and the operator Q of a multi-
plying by an independent variable and the obtained limits (4.54) of the correlation
function V(t + 7,5 4+ 7) as 7 — o0 of the nondissipative curves ¢4 f allow us
to obtain the form of the correlation function V(¢,s). We consider the function

(5.2) W(t,s) = —aEV(t + 7,84+ 7)|r=0
T

called an infinitesimal correlation function of the curve e f (f € L2(R;C")),
introduced by M. S. Livsic and A. A. Yantsevich in [22] for a bounded opera-
tor A.

From the representation (5.2), the limits (4.54), the colligation condition
(4.15) and the similarity (5.1) it follows the form of the correlation function. This
form is given by the next theorem.
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Theorem 5.2. Let for the model A € Ag, defined by (4.35), next condi-
tions hold:

1) Q7 (2)]| € L*(R), |Q*(2)]| < C;

2) B(z) € Cyy(R) (0 < a1 <1).
Then the correlation function V (t,s) of the curve e f (f € L2(R;C™)) has the
representation

too .
V(t,s) = (ei(t—s):vgif(ac), §if(a:)) + / Z UE(t + 7)(Lea, e,g)\Iféf(s + 7)dT,
0 a,ﬁ:l
where WE(t) = (eimgif(x),g;l*ga(@), a=1,2,...,m, {ex}]" is an orthonor-

mal basis in C™ and go(r) = P*e, = e I1*(2) (r € R, a = 1,2,...,m) are the
channel elements of the colligation X defined by (4.13).

6. Triangular model and asymptotics of dissipative curves
with unbounded semigroup generators iA with different domains
of A and A*. The presented classes of operators Qg and Ag in the previous
parts of this paper are K"-operators A with domains D4 = D4+« and a finite
dimensional imaginary parts (following the denotations in these cases r = m).
We recall that a closed operator A in a Hilbert space H is called a quasi-Hermitian
operator of a rank r (K"-operator) if the restriction of the operator A onto the
Hermitian domain of A is an Hermitian operator with finite and equal defect
numbers (r,r) and nonempty resolvent set p(A).

In this part we will continue our considerations for a class of dissipative
unbounded K"-operators A with domain D4 # D 4+« and a real spectrum.

The results presented in this part are new and they have not been pub-
lished till now in other papers.

In [18] A. Kuzhel has considered the triangular model of all K"-operators
A with a real spectrum and characteristic functions from the form

1
_ 14 xa(v)
W(\) = /e Vat—x 4B )7
0

where «(v) is a nondecreasing real function in (0;1) (or (—oo;+00)), E(v)J is a
monotonically increasing family of Hermitian matrices.

We consider the triangular model (1.21) where & : R — R is an un-
bounded nondecreasing function, II(z) is a measurable n x m (1 < n < m,
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r < m) matrix function whose rows are linearly independent on each point of a
set of positive measure and satisfying the conditions:

(6.1) / \|H(a:)||2d1‘ < 400,
—+o00

(6.2) / tr B(z)dr < +o0,
—00

where

B(z) = IT*(x)(x)

and f € L%(R;C").

The model (1.21) describes the class of all unbounded dissipative K-
operators with a domain D4 C L?(R; C") with a real spectrum and with a char-
acteristic matrix function

—+oo
J ey

Aa(v)
(6.3) W) = /e e Bl

—00

The model (1.21) satisfies the condition Im(Af, f) > 0, Vf € D4, and conse-
quently A is a dissipative operator.
On the other hand the operator A is densely defined (see Corollary 3.3,

[18]).
Direct calculations show that the resolvent of A has the representation
- f(z)
A—- "t = ——-
(A=A f ) = s
o0 Fa@ i e (@) =i
. « iit2e®) gy, a(r) —1
_ a(v)—A d H* -~ 7
| g arene [ o -
—00 é

for each A ¢ R and f € L?(R;C"). Following [18] we obtain that for all \:
Im A # 0 the resolvent (A — AI)~! is defined and bounded on the space L%(R; C")
and the spectrum of A lies on the real axis.

Let us consider the auxiliary selfadjoint operator

(6.5) B; = iR; — iR} + 2R'R;,
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where R; = (A —il)~!. Then following the ideas from [18] we obtain the repre-
sentation

400 T =
) _ O‘(&) +1 B(v)dv v)dvT* (.1‘) —1
6 P = Z e é/ PO / () 5
Denoting the operators
400 ) T

(6.7) Of(x) = / Zg; J_rz F(2)I(z) / B0y f e LAR;C"),

xp ! B(v)dvyy* oz(x) —i m
(6.8) @h—h/e @S heC

it follows that
(6.9) Bif =®*®f.
Following the ideas of A.Kuzhel ([18]) the condition under which Dy =
D 4+ for the model A from the form (1.21) takes the form
+oo
Dp=Dy <= tr /(aQ(a:) + 1)B(z)dr < oo,
—o0

(i.e. Do = Da-~ if and only if (a?(z) + 1)B(z) is an integrable matrix function
on R).

Remarks. It has to mention that the case when (a?(z) + 1)B(x) is
an integrable matrix function on R the model A of A. Kuzhel, defined by (1.21),
coincides with the model of M. S. Livsic for the dissipative operator

+oo
Af() = a(@) f(z) +i / F(O)Ti(€)deTT (2)

when D4 = D g+, where

x
P

ﬁ*(x) _ /eia(v)B(v)de*(x)(a(l,) o Z)

—0o0
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and tr(a2(z) + 1)B(x) = tr II* (z) () = tr B(z).

Let us consider now the model A with the representation (1.21), where
(a?(x) + 1)B(x) is not integrable function on R. This implies that A is a dissi-
pative closed densely defined operator with D4 # D 4+.

Let us denote

(6.10) Dy = {f e L*(R;C") : a(z) f(z) € L*(R;C")}

We define the family of operators {7} };~o by the equality (1.22) in the sense of
a principal value, where f = (A — \gI)"lg, Vg € Dy, )\ is an arbitrary fixed
number with Im Ag > 0, ¢ is an arbitrary number with 0 < § < Im )y and ¢ > 0.

Theorem 6.1. The operator T (t > 0), defined by (1.22), satisfies the
conditions:

1) the integral in (1.22) exists in the sense of a principal value for each
f=(A—XI)"tg, where g € Dy;

2) Tif (x) € L*(R;C") for all f = (A= XoI)"'g, g € Dy;

3) Tif(z) does not depend on the choice of the sufficiently small number
§>0 for f=(A—XI)"'g, g€ Dy.

Proof. Let g € Dy and f = (A— X\oI)"!g, let \g be a fixed number with
ImMAy > 0and d:0 <9< ImAg. Then after calculations and using the Residue
theorem the operator (1.22) takes the form

+oo
Tf(e) =~ [ MDA (6~ i)D) ()t =
+oo -
(6.11) = / EHEi0) (A — (€ — i8) )1 (A — NoI)Lg(w)dé =

/ g_ €06 — )\O — (& - Z'(;)I)*ld(x)dg + €it)‘0f(x),

On the other hand from the definition of the multiplicative integral we have

x
-

/ Fo==nRdOLy
i

;Qtéa@) (@ =6)-5%a@) __sa®(w)+1) )B(U)dv
/e (a(v)—€)2+52)  (a()-)2+82) <1
3

(6.12)

—_ 9
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Ve, x R, € <x.

Now from the form (6.4) of the resolvent (A — (¢ — i6)I)"1g and the
inequality (6.12) it follows the existence of the integral on the right hand side in
the last equality in (6.11), i.e. T;f is defined by (1.22) for all f = (A — M\oI)"1g,
g€ Ds.

The condition 2) follows from the relations (6.11) and the representation
of the resolvent (A — (¢ —i6)I)~Lg for g € D;.

Finally for the obtaining of the independence of the definition of T} f by
(1.22) on the choice of 6 > 0 (0 < § < Im Ag) we apply the Residue theorem for the
function (A — zI)~! f and for a suitable domain in the lower half-plane. Then
using the form (6.4) of the resolvent and the inequalities as in (6.12), concerning
the multiplicative integrals, we obtain

+oo 2o
/ eit(g—if)(A (e iT)I)flf(x)df — / eit(éfié)(A - Z-(;)I)*lf(x)dﬁ

for arbitrary 7,6 : 0 < 6 < 7 < Im ), f = (A — \gI)"'g for all g € D;. The
proof is complete. O

The condition 3) in Theorem 6.1 implies that the operators from the
family {7}}i>0, defined by (1.22), onto the set

Do={fe€Dy:f=(A—XI)"'g Vge Dy}

are well-defined operators.

Next we will show that the family {7} };~0, defined by (1.22), possesses the
properties of the semigroup of operators from the class (Cy) with a differentiability
and a generator iA.

Theorem 6.2. The family of operators {T}}i~o defined by (1.22) satisfies
the conditions

(6.13) T.T,f = Tsuf Vf€Dy (Vs> 0),
(6.14) lim7,f = f VfeDy (t>0).

Proof. The proof of (6.13) is analogous to the proof of (4.29) in the case
when t > 0 (see [13], Theorem 4.1).
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Let f € Dy and then f = (A — M\gI)~'g, where g € D;. Let § > 0 be
a fixed number such that 0 < § < Im A\g. From the representation (6.4) of the
resolvent, the definition (1.22) of T; and the Resolvent equation we obtain

Tif () = To(A = Xol) 'g(a) =

+oo
1

=5 / M0 (A — (€ —i0) )M (A — NoI)'g(x)dé =

zt(§ 9)
T2 / £—id — )\0 — (£ —i6) 1)~ g(x) — (A= XoI) 'g(x))d¢ =

n—1id) 1 J
N 2m/£—25 Ao az) — 77—1—2'59(:6) T
—+00

alr) —1 1
ton | (e +ilg /5—15 N @) —E+i0 aln) —ctis

—0o0

1+(§ i8)a(v) .
/ “at=ens PO Ge | il (@) + €0 f ().
n

These relations and the Lebesgue convergence theorem show that

+oo
Jim Tf(e) = —g [ (A= (€= D)D) (A= 20 gla)de =
(6.15) —o0
1 1
o | A €D gl + (o)
according to the norm || ||gz.

Now we calculate the integral on the right hand side of (6.15) applying the

Residue theorem for the function ¢(2) = 1/(z — A\g)(A — 2I)~!g and the domain
G with a contour I'p = [AB] U Lg, where

Lrp={2=VR?*+ 82e; — + Yr < o < =R},

[AB] ={z =2 —i0;—R <z < R},
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(YR = arctan% for an arbitrary sufficiently large R > 0) and then letting R —

0o0. These calculations show that

400
(6.16) / M%AO(A (e — o))" g(x)de = 0.

The equalities (6.16) and (6.15) imply that (6.14) holds and the theorem is
proved. O

The relation (6.14) allows to define the operator T; in the case when ¢ = 0
by the equality

(6.17) Tof(z) = tl%{?>Oth($) = f(z) Vfe€ Dy.

The next theorem solves the question of a differentiability of the fam-
ily {T}}+>0, defined by (1.22) and (6.17), and determines the generator of the
considered family.

Theorem 6.3. The family of operators {1i}i>0, defined by (1.22) and
(6.17), satisfies the conditions

(6.15) ST f(0) = iATf(x) V)€ Dy,

(6.19) lim 1S =S

t—0,4>0 =idf V] €Dy,

where
Do={f e L*(R;C"): f = (A— AI)""(A = poI)"*h,Yh € Dy}

(o # Ao, Tm pig > 0).

Proof. The model A is a closed operator. Then from the representation
(6.4) of the resolvent (A — (€ —id)I)~! direct calculations show that

(6.20) AT, f(z) = T,Af(z) Vf € Dy.
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Then if f € Dy, ie. f=(A—XI) " g=(A—XI) (A= pol)"*h (h € Dy), we
obtain

ATy f(x) = iTyA(A — XoI) " (A — pol) ' h(z) =

- QM/&—ZuS i€ —i0)(A— (€ —id)D) " g(a)de+

(6.21) +eM0iNg (A — NoI) g(z) =

+00
! d e ; -1 d itxo
__%/Emm—(f—@f) g(w)dg + "™ f(x).

d
Now we will show that the right side of (6.21) is equal to the derivative %Tt f(x)

for each f € 130.
Indeed we have

gl (Tt+7'f Ty f)+

zt(& i9) .
/ E—id— o (€ —i0)(A — (€ —i8) 1) g(w)d — idoe™ f(x) =

_ 1 627(5 0) — (e —i eit(f—ié) (A - (6 - 25)‘[)_19(‘r)
- /<T< 1)~ ie - i) e de+

(6.22)

—00

+27m~(1(ei(t+7'))\0 _ eit)\o)f(l‘) _ i)\oeit)‘of(l‘)).
T

These results show that it remains to prove that the integral on the right hand
side of (6.22) tends to 0 as 7 — 0. But

(6.23) lim G(e”@—@ —1) —i(¢ - ia)) =

7—0
and direct calculations show that

1<eif<£i6>_1>—z-<s—ia>‘ <{ Cilg]  when |r¢| >4,

6.24 5
(6.24) - Co|& — 6| when |7¢] <6,

where 0 > 0 is an arbitrary fixed number, 6’1, 6’2 > (0 are suitable constant.
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From the form of g(z) = (A — pol)~*h(z) (h € D1) and the form (6.4)
of the resolvent of the model A we present the integral on the right hand side of
the equality (6.22) in the form

(6.25)
+00
1 . ) it(§—i0) (A — — 1L
/(;(6”(5_26) _ 1) _ ’L(f B 15))6 ( = Eg — 3\0) ) g(x)dg _
+00 . .
[ i)y ey € (A (€ —i)D) h(z)
- [ G 1) = g = i6)) e e
+o0

(L sy e aayy €TET) 1
/(T(e 1) —i(¢ 15))5_2-5_)\05_2.5_#0(159(1‘).

—00

But direct calculations show that

400
LA gy e — oy

eit(f—i(S) 1 i ( )
(6.26) 2mi T E—10— XN & — 10 — po g
. —00

1, . » 1 . .
_ <<_(em-)\o _ 1) _ 2)\0) ezt)\o _ <_(€z7',uo _ 1) _ 2“0) ezt,u,o) g(%‘) )
T T Ao — [o

For the obtaining of (6.26) we have applied the Residue theorem for the function

) itz
v1(z) = (e = 1)/7 —iz) ¢ L and an appropriate domain.
Z2— Aoz — o
For the first integral on the right hand side of (6.25) it follows that
(6.27)
+oo
1 irie—i eME=10) (A — (€ —i6)1) " h(x)
() 1) — i(€ — _
JC )= il = i) e
—00
+oo
1 e eit(6—1d) 1 h(zx)
— ) Y o
/(T(e DRSS M”g—ia—Aog—M—Moa(@«)—§+z‘5d5
—o0
400
1 . . eit(éfi(s) 1
_ 2 (eTE=10) 1) (e — s .
/U@ )= il6 ~ i) e

[ o)+ [ iy, I (@) a() — i)
/a() §+15 /6 e M et | %
n
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For the first integral on the right hand side of (6.27) applying the Residue theorem
) itz 1 1
for the function ¢(z) = ((¢'™* — 1)/7 — iz)ze_ N ma(r) —2 and a suitable

domain we obtain

(6.28)
+OO . .
B l — o ezt(ffﬂ) 1 1 o
/(T(e D TR e peale) € r i

—00

1 ) eit)\() 1
= —2mi [ [ =(e™0 —1) —iX
m<<7(€ )~ 0) )\o—ﬂoa(l“)—)\oJr

1, eitho 1
+ | (e —1) — i/,L(]) —
(Fe = -im) =

) ita(x)
- <l(e”a<w> _ ) —ia(m)) ¢ L ) 0

T a(z) = Ao a@) — po

as 7 — 0.

The Lebesgue convergence theorem shows that the second integral on the
right hand side of (6.27) tends to 0 as 7 — 0.

Consequently from (6.28), (6.27), (6.26), (6.25), (6.24) it follows that

+0o0

1 1 e X . 5 eit(6—id) A $17)-1 d
i (;(6 - )—2(5—2))m( —(§—i0) ) g(x)d¢
tends to 0 as 7 — 0 according to the norm || |g2. This relation together with

(6.23), (6.22), (6.21) implies that

1 ~
(629) ;(Tt+7-f - th) I ZAth as 7 — 0 Vf S DO

and (6.29) implies that %Tt f =4AT,f for all f € Dy and (6.18) is proved.

Next the equalities (6.18) and (6.20) together with the closedness of the
operator A give the equality (6.19) which proves the theorem. O

It has to mention that for the dissipative model A, defined by (1.21), the
equality (6.18) implies that {7} }+>0 is an uniformly bounded family of operators.
Really, from the relations

d
ZIT Sl = —Tm(AT f, T1) <0
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and the dissipativness of the model A it follows that

(6.30) ITif 13> < ITo 132 < If1E> Y € Do,
and hence
(6.31) 1T lf2 < 1.

Now we can extend the operator 73 by continuity on the whole space
L?(R;C"). Then the proved properties of the operators T; imply that the family
{T}}+>0 is a semigroup from the class (Cp).

The proved properties of the family {7}};>¢ given by Theorem 6.2 and
Theorem 6.3 allow us to define the dissipative curves generated by the unbounded
operator A with the form (1.21) by T3 f for each f € Dy and T; are defined by
(1.22), (6.17).

Before continuing with the asymptotics of these curves generated from A
it has to mention that in the case when o : R — R satisfies the conditions:

(i) a(z) is continuous unbounded strictly increasing in R;

(i) the inverse function o(u) of a(x) is absolutely continuous on R;

(iii) ¢o’(u) is a bounded function on R,
the model A, defined by (1.21), after the change of the variable z = o(u) can be
written in the form

u

(6.32) Ag(u) = ug(u) + 1 / (m+1)g / AT () (u — i) dn

—00

(where g € L2(R; C"; o(u)), |I(u)| € L%(R;0(u)) when the function f(o(u)) €
L*(R; C™;0(u)), [[T(o(w))] € L*(R)).

To avoid corgplications of the writing we can consider (as in the case of
the operators from Ar — part 4) the model

x
€T g

(633)  Af(x) =af(x) +i / (€ + i) FOTE) / BRI () (¢ — i)

—00 &'

(i.e. a(r) = z) with a domain D4 which is dense in L?(R; C").

It has to mention that the asymptotics of the curves generated by the
model (6.32) can be obtained analogously to the asymptotics of the curves gener-
ated by the model (6.33) if we suppose additional conditions for o(u) (for example,

o'(u) € Coy(R), 0 < g < 1).
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Let the model A be defined by (6.33) and II(z), B(x) be stated as above
in this part. Let us denote

(6.34) Dy = {f e L} R;C") : zf(z) € L*(R;C")}.

Next we need some appropriate denotations similar to the denotations, introduced
in part 2 and part 4 for the models from QR and AR and some prehmmary
properties, concerning the multiplicative integrals, describing the characteristic
function of the operator A from the form (6.33).

Theorem 6.4. Let the matriz function B(x) is nonnegative and inte-
grable on R. Then for almost all x € [a;b] there exist the limit values of the
multiplicative integral (T > 0)

b
=

_ 14 (zdiT)v
s— lim [e " varir DO =
7—0
(6.35) a

r—¢ b
— —

—ZI+UIB(U)CZ’U +7(1+22)B(z) / 1'*'"“”B

=s—1lim [e
e—0
a T+e
where —oo < a < b < +o00.
The existence and the form of the limits (6.35) we have proved, using the
ideas of the obtaining of the limits (2.13) in [27].
Let us denote the next operators

1+v(z 16)
(6.37) Fo(w — i6, u) / R By
w
1+v(xz—1d)
(6.38) F,(x,u) =s— %in% e~ omegis Blv)dv ’
w

for all w,u,z € R such that —oo < w < u < 400 and

z—0
—

N
. 1+vz _ 1+’Ul‘
(6.39) F,(z,u)=s—1lim [ e B(v)dv ,~nB(x — Lt B(U)dv7
6—0
w z+6
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z—0 _
(640) Rw(x) =g — %lrr(l) e_Z 1+sz(U dv ﬂ'B / 1+“”B |
w w
1;6 s
; 1+vx
(6.41) Usw(x) = s — }IH(l) e_i%B(v)dveZB@ u[; v dye—iB(ac)a:(:c—é—w)’
w

(2,u) = RN (2)Usy () B@ W=

w

(6.42) P

2w

u

iB(x Loz g,
(643) Ug(x’u) — 111% e*iB(x)I(u—xf(S)e ( )115 v—x /ei lvtv;:B(U)dv’
z+0
(6.44) Qu(x,u) = Py (x,u)e! B(x)In(u—2) ,—iB(u) In(u—z)
a:;(s
(6.45) Vooo(z) = %in% o~ B(v)dv iB(z) Ind

for all w, u, x such that —co <w <z < u < +o0.

The existence of these limits follows from the limit values of the considered
multiplicative integrals, given by Theorem 6.4.

The next representation presents the resolvent (A — AI)~! in a suitable
form which we will use in the representation of the family {7 };>0.

Let Q(z) be a measurable matrix function which satisfies the condition

Q* () is a smooth matrix function with ||Q*'(z)|| € L?(R). Then for each f from
the set

Hy={f e L*(R;C") : f' € L2(R; C"), || f ()| < My,

(6.46) |f/ @)l < My, limf(@)Q*(x) =0}
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and A : Im A # 0 the resolvent (A — AI)~! has the representation

647) (A=) /f ) [ () 2=
where
048 Fw) = i ) + (0@ W)

Let the matrix function B(x) satisfies the conditions:

1) [[B(z)| < C, |zB(z)| < C Vz € R;

2) B(z) € Cy,(R), 2B(x) € Coy,(R) (0 < a1 < 1,0 < ag < 1) (ie.
[B(21) — B(a2)|| < Clay — o™, [[x1B(x1) — 22B(22)|| < Clay — x2]*?).

Let a = min{ay, as}. Then the next inequalities hold:

Lemma 6.5.
(649) [P _ GHOUIREE ) < O(1 + Jal)|w — €7

for some constant C > 0, for all o/ : 0 < & < a and for x,& such that 0 <
r—&<1.

Lemma 6.6 For each o/ : 0 < o/ < a there exists a constant C > 0 such
that

(6.50) | BEOUHE) In(E—w) _ giB@)(1+a*) In(e—w))| < (1 + |z|) (x_—'§ "
< £ w

forallw éz:w<é<z, 0<zx—w<1.

Lemma 6.7.
(6.51) IF, (&2) = Qu(& )| < C(1L+ |z))(z — &~

for some constant C > 0, for all w,&,x : w < £ <z, 0 < xz—w <1 and
Yo/ 1 0 < d <a.

Lemma 6.8.

/

(652) [U20f) = V()] < C1 + o) (=5 )
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for some constant C > 0, for all w,&,x : w < € <z, 0 < x—w < 1 and
o =a/(l+a).

Lemma 6.9.
(6:53) IR (6 - Ry @)l < C1 -+ o) (£
for some constant C > 0, for all w,&,x : w < § <z, 0 < x—w < 1 and
o =a/(l+a).

Lemma 6.10.

/

(6.54) 1Qu (z) — Qu(&)ll < C(1+ |z)) (%f;)

for some constant C > 0, for all w,&, 2w < £ <z, 0 < x—w <1 and
o =a/(l+a).

Lemma 6.11.

(6.55) / eTE PO _ 1 (£)e POUHIMED ) < G(1 4 |af) (€ — 2)*

for some constant C > 0, forallw, £,z :w<x<&<x+0, 6 <1, and for each
o 0<ad <a<l.

Lemma 6.12.

(6.56) [Ua(a,u) = Uae ] < E1 -+ Lol) (£

X

for some constant C > 0, forall {,z,u @ € < x < uw, 0 <u—€& <1, and
o =a/(l+a).

Lemma 6.13.

657 IFy(6u) — By (e, w)] < 51+ [2) ((g%f)) (22 )) |

(6.58)  [[Uw(z,u) = Un(§u)|| < C(1+|al) <<§_;i>

_|_
7N
IS
L]
SEEa
S~

Q\
N———
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for some constant C > 0, for all w,éx,u :w < €<z <u, 0<u—w<l1,
o =af(l1+ «), where Uy (z,u) is defined by the equality

(6.59) Uw(z,u) = Ry(x)F, (x,u).

All of these inequalities follow from the properties of the multiplicative
integrals using the ideas of proving of similar inequalities, proved in [27] and [12].

The next lemma presents a suitable representation of the curve T} f which
allows to obtain the asymptotics of the curve T;f as t — +oo when f belongs to
a suitable subset of L2(R; C").

Lemma 6.14. The operator Ty, defined by (1.22), possesses the next
representation

(6.60)
Tif () = Ty(A = Xol) (A — pol) "' h(x) =
1 et T —1 "
“5m | e / R A
]R\A
1 . et T—1 _ "
—%gli}%/ (x — 6)1—8 é‘ - )\0 é‘ _ MO _/ h‘(n)Fn (§>$)d77 dfﬂ (J))—F
itho __ ,ituo
b )+ (),

Ao — Ho

where f(z) = (A — Xol) YA — pol)"*h(x), h € D1 N Hy, A = [z — B;z + 6], B
is an arbitrary fived number: 0 < < 1, A\g # po, ImXg,Im g > 0 and h(x) is
defined by

(6.61) i) =~ h(a)(e) + (

r—1

1 _h@)@*@)/.

r—1

Now we are in a position to give the asymptotics of the dissipative curve
T, f(x) and these asymptotics are presented by Theorem 1.7.

Proof of Theorem 1.7. Let h € Dy N Hy and f = (A — X\I)"}(A -
pol)7th (ImA\g > 0,Im g > 0). The representation (6.60) of the curve T} f(z)
shows that its asymptotic behaviour as ¢ — +o0o depends only on the behaviour
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of

. et z—1 1 [~ _ .
(6.62) ;IL%A I / h(w) P (&, 2)dw | deTr ()

— OO

where A = [z — ;2 + (], [ is a fixed number: 0 < § < 1. The other addends
in (6.60) tend to 0 as ¢ — +oo which follows directly. Next we use the methods
and ideas as in [12, 13], but using suitable inequalities, concerning multiplicative
integrals, presented in the previous lemmas of this part.

Direct calculations show that (as ¢t — +o00):

. eits xr—1 1 $~ _ «
;LmOA (@ =& €2 o / hlw)Ey (& o)dw | dEIT (@) =

— OO

z z+f
. ~ et r—1i 1 _ N
—tim [ i) | [ e e P (6 e | dull @) ~
. " et T —1 1
~tim [ ) | [ R | dot () -
—0 z—f
T r cité
=lim [ h(w) / WFJ(QQCW&JF
(6.63) + 7ﬂLF(§ 2yde | dwt=t L ) =
' (x — &)t v T — Ao T — o
x B x ite
=t | [ hw) | [ g Fa (e | du+
—0 z—f

~ " cité )
+/h(’w) /WFw(g,x)dg dw +
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T T

~ it )
- /h(w) /Wﬂu(f@)d& dw +

x—0 w

[ C p(eayde | dw | () L
R R O T O e s
—0o0 T
Now we will obtain separately the asymptotic behaviour as ¢ — 400 of
the four integrals on the right hand side of the last equality in (6.63). At first for
the second integral straightforward calculations show that

(6.64)

. _ v it B z—i I*(x)
lim h(w) / WF’LU (&, z)d¢ dw$ —NoT—po
—p

T
-

=lim [ h(w) / g)l 5/6 i ge | gy 201 () _

£—0 T — AT — po
z—[3 z—[
x w ite Z . H*( )
~ e’ v)dv T —1 T
= h / /e dé | dw — 0
] ) .y o Ry vy
x—0 x—0 w

as t — 400 (using the Lebesgue lemma for the Fourier transform).
For the first integral in (6.63) we obtain consecutively

lim | h(w) / LF*(g z)d¢ | dwll*(z) LA
e=0 (x—&t—e ™ T—Nox — o
—00 :B—,ﬁ'
z o=p
—lim [ F(w) / B p (e e | du
£—>
—00 xfﬁ w
. T —1 1
I(z)— ~
T—= A0 — Mo
z—pf
li [ h [ i B(v)dv [ e dé | d
~ lim (w)/e /(:1: o< v p(&@)dE | dw
—00 w z—0
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T —1 1

()

~

T— Ao X — o

e—f T ite
NRT i B(v)dy € - .
©665) ~im | hw) [ e | e st e | du
—00 w -0
11* () T —1 I

/ h ] 1+sz

x ﬁ(f)e_ZB(x In(z—¢ df de*(az) T —1 1

~

T — Ao X — o

Q\

. 1+sz _
i, | / @ 5o
—0o0 w
y ite -
/ e e—ié(:l?) ln($—§)d§ de* (./L') T —1 1
§)i—e T =Nz —po’
z—08
as t — 4o00. In (6.65) we have used the inequality
==f ==p z—f
- VT 7‘1+’U§ C 1

/e_Z%B(U)dv— /e g Blodv | < Fl|x—§|(1+ﬂ+|33‘) / ¢ dv <
w w w

C © _
< Gl =€+ B+la) @ —f-w)' 8
(C1 > 0 is a suitable constant, § : 0 < 6 < 1 is an arbitrary fixed sufficiently
small number), Lemma 6.7, Lemma 6.10, the Lebesgue convergence theorem and

the form of Q, (&, x):

(6.66) Qo (€, 7) = Qp (£)e~B@ m@=9),
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For the third integral in (6.63) from Lemma 6.7, Lemma 6.10 and the form (6.66)
of @, (&, x) applying the Lebesgue convergence theorem and the Lebesgue lemma
for the Fourier transform it follows that

(6.67)

x T

lim [ h(w) /%Fg(g,x)dg dulr (z) 2= L

e—0 T — )\0 T — Mo
—00 w
[ [t 5 x—1i II*(z)
~ li h — = —iB(z) ln(a:—g)d d S\
tim [ Qw0 | [ e € | dur =

as t — +oo.
For the last integral in (6.63) we have

(6.68) 5
x T+
_ oite T —1 1
. I 7 H* —
ilg(l) hlw) / (x =&)L= Fy (8, 2)dg | dw (x)a: — A0 T — po
—00 T
. E(w) / / 1+v§ B(U)d’lldé‘ d/w_x —1 H*(aj)
o e—0 v )\O T Ho
~ i I 208) ~iBEOWEE ge | gy L0 LN
229 (w) /(56—5)16 ¢ YR
0 T
z z+f B £
. N oit€ o~ B () In =5 x—1i IT*(x)
~ ;141}% h(’w)UQw(.T) / (1‘ _ 6)175 df dwl‘ _ )\0 T — 11
% x
T
~ lin% E(w)Um(w)eié(gB) e,
E—
z+h ite ! - i IT*
eie—iB(f)ln(f_‘B)df P 11" () -
(x_g)l—a x—)\ox—/ﬁo

T
xT

~ hH%] ﬁ(w)Ugw (x)ezé(x) In(z—w)

et B x—1i IT*(x)
_°  miB@h(¢-o) =\
| w5 o By peg
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as t — +o0.

In the course of obtaining of the relations (6.68) we have applied consec-
utively Lemma 6.11, Lemma 6.8, Lemma 6.6, Lemma 6.5.

Now from (6.63), (6.64), (6.65), (6.67) and (6.68) it follows that
(6.69)

x40 T
et T —1 1 / ~
lim . . h(w)E (€, x)dw | dé€IT* () ~
z—[3 T .
li / ﬁ( )Qf( ) / L 77,B(:E )In(z— dg dw +
lim w)Q,, (z @ _6)1756 w
—00 z— 03
T T e
T - e’ —iB(z)
+ / h(w)Qx () / B g | dw +
(x =&t
z—0 z—
T
+ / E(w)UQw(x)eiB(x) In(z—w) |
—00
z+f .
et x—1i IT*(x)

o—iB@)In(¢—z e | duw

(x =)=

xT

T — AT — o

1+sz

as t — +oo, where Q,( /e 'Q, (@)
w

Next we consider the inner integrals on the right hand side of the relations
(6.69) and after a suitable change of the variables we obtain

x
/eitf(x _ ) lemiB@) -0 ge _

(670) v i(z—w)t
— tfs(_i)seitxeié(z) 1ntefg]§(x) / 679‘9571671'5(1) ln9d0’

0
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x

/ eitf (.1‘ - g)sflefié(x) 1n(zf§)d§ _

(6.71) a=h s
_ t—a(_i)aeimeié(zr) lnte—gg’(zr) / 6—095—1€—i§($) In 9d0,
0
z+0
eitf (x - é-)sflefié(x) 1n(§7x)d€ —
(6.72) v s
— tfs(_1)571€itxt752-5€i§(x) lntegé(x) / 6790571671'5(90) In Gda
0

The relation (6.69), the equalities (6.70), (6.71), (6.72) and the equality
(673) Q'L_U (x)e—zé(a:) In(z—¢§) _ Us (x)ezé(;r) ln(a:—w)e—ié(a:) ln(w—f)e—wé(zt)
imply that the next relations hold as t — +o0

z+f3 ) x
. 1 eité xr—1 1 ~ _ «
EII_I}% % / (l‘ _ 6)175 £—Xo&— Lo (/ h(w)Fw ({,x)dw) d¢ll (J:) ~

z—pf — 00

z—f
~ lim L (/ E(w)Q;(x)tfs(_i)seitxeiB(m)1nt67%B(x) .

it3
) (/ 69951ez‘§(@~)1n9d9) dw +

0
x
+ /E(w)QrL_U($)t_€(—i)6€imei§($)lnte_%é(‘v).
z—p3
itf itB
/69951ei§(x)1n9d9_ / 0071 B@MOg | du +
(6.74) 0 (o)t

+ /%(w)UQw(Jj)eiE(x)ln(xw)(_l)s1t5i5€itx€i§(x)lnt€g§(x) .

—0o0
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—it3
/ 6799571671'5(@ 1n9d0 dw H*(l‘) r—1 . 1 N
T =X T = po
0
x
itx ~ _
= / B(w)Uny (a)€"P ) =0 et .
271
itB
: liH(l) 6_37”5(13) /6—995—1e—i§($)1n6d9 .
£—
0
—itB |
T —Ao T po
0

Now straightforward calculations with the help of the properties of of the
gamma-function I'(e] — iB(z)), presented in Lemma 2.1, Lemma 2.2, show that

itf3
lh% o~ 5 B@) [ ,~0ge—1,~iB(x)Inb g _
£E—

] 0
(6.75) —up

jus

o €2§(x) / eféesflefig(z)lnédg_i_

+ 2~ 3B@) sin}?(ﬂg(m))r(sf - ié(a:))) H <C

for all x € R, Vt > 0 sufficiently large, where C > 0 is a suitable constant.
On the other side direct calculations give the relations
x

/ E(w)UZw (J:)eié(x) In(z—w) 7,,¢¢B(@) It

—00

ezt$

211
i3

-liII(l) e?é(x)/egﬁsleig(@lngdﬁ —
E—
(6.76) /

—it(

_655(93) / 6—605—1€—i§($)1n6d9+

_ 0 ' 1

+ 2¢"5B@ sinh(wé(w))I‘(sI—ié(x))) T (z) 2L
T—Ao T — o

— 0
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as t — +oo by the norm || ||.
Consequently the relations (6.74), (6.75), (6.76) together with the equality
(see Lemma 2.2)

lim I'(e] — iB(z))sinh 7 B(z) = 7l (I + iB(x))

e—0
imply that
(6.77)
z+0
1 el T —1
lim — / / x)dw | dEIT
e—0 271 (l‘—f)l Ef )\06 Ho 5 ( )
T z
~ it / h( ) o z) In(z—w dwezB(z) Int 7£B(x)

—00

YT+ BT (@)~ L

T—A T — po
as t — +oo. Now using the next representation of Us, ()

w

Una() = / POy () — )~ iB @),
—o0
where V_(z) is defined by (6.45), we obtain
(6.78)
L e 1 [
e’ T —1 ~
lim — h(w)F,, d dEIT (x) ~
<20 2mi / (==& =& — po / (w)Fy (& z)dw | &I (z)
z—0 — 00
~ it / fo(uw) / FEEEBOD gy ()BE) o~ F B @),

T —1 1

TN+ iB (@) () —— = - —
€T 0 T — o

as t — +o00, which finishes the proof of the theorem. O

For the simplification of the writing let us denote the next operators:

w
x —

(6.79) Sf(z) = /E(w)/eilth;B(U)dvdw v

r—Xo = —po

—0o0 —0o0
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where f(z) = (A — MI)" (4 — pol)h(z), h(z) € D1 N HyN S(R,C"), h is
defined by (6.61),

(6.80) Tip = pVoso(2)e 2 B@OT YT 4+ iB(2))II*(z), VpeC™,
(6.81) Z(t,z) = W(z)HB@Q(x),
(6.82) Sif(x) =Ty Sf(x).

Using these denotations (6.79), (6.80), (6.81) the operator S, describing
the asymptotics (1.23), takes the form

(6.83) Sy f(x) = Z(t,2)Ty Sf () = Z(t, )5y f(x).

In the viewpoint of the next considerations it is suitable to consider the
case when Ay = i. Let us denote also the subspace

Dy ={f € L*(R;C") : f = (A—il)" (A — poI) "',

(6.84)
he DiNHyN S(R, Cn)}

1

Tr—1

S and

The next theorem proves the boundedness of the operators
S, describing the asymptotics (1.23).

1 -~
-S and S+
x—1

defined by (6.79) and (6.83) are bounded operators in the subspace D.

Proof. From the form (6.83) of Sy, (6.80), (6.81) and the properties of
the gamma-function (Lemma 2) it follows that

Theorem 6.15. If ||e*2’”§(x)||L2 < 1 then the operators

1S5 f(@)|22 = | Z(t, 2) T Sf () |22 =
1

xr—1

SF@)V-oo() (I — 2P L (G () V- e()) =

x—1i o’ ‘x — i

- ”%2—74 L S (@)Voso(@) T — e2nB@)| 2,

= [(——S8f(@)Ts(x — i)} =
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for each f € Do.

On the other hand from (6.30), the asymptotics (1.23) and the equality
(6.85) we obtain

| =

S f(x)> Vooo(z)\/ I — e—27B(x)

< || fllLe-
L2

The last inequality together with the existence of the bounded inverse operator
of VI — e27B() implies that ﬁg f(x) is a bounded operator on the subspace
ﬁo.

Hence from (6.85) it follows that S, is a bounded operator on Dy and the
proof is complete. O

The boundedness of the operators from the semigroup {7i}:>0 in the

subspace Dy, defined by (6.84), and Theorem 6.15 allow to extend 7; and S by
continuity onto L?(R;C"). In this way using the properties of {T}}+>0 we can
define an exponential function ¢4 for t > 0 by the equality e*4 = T, and
consider the dissipative continuous curves

AF=T,f, t>0, VfeL*R;C").
Now Theorem 1.7 and Theorem 6.15 imply that the next relation holds
e f () — ™Sy f(@)||lL2 — 0 as t — 400

for each f € L?(R;C"), where S, is defined by (6.83) (or (1.24)) for \g = i.

The next theorem presents the behaviour of the corresponding correlation
function V(t + 7,5+ 7) = (FDAf lTIAL) (£ > 0,5 > 0) of the dissipative
curve ¢4 f as T — +o0.

Theorem 6.16. Let for the model A, defined by (6.33), the next condi-
tions hold:

D 1B(@)[ < C, [[B(z)| < C Ve € R;
2) B(z) € Cyy,(R), 2B(z) € Coy(R) (0 < a1 <1,0< g < 1);
3) [|B(2) € L(R), |[zB(z)|| € L(R), e~z < 1;
4) Q*(x) is a smooth matriz function on R and |Q* (z)| € L?(R).
Then there exists the limit of the correlation function hgl V(t+ 7,54+ 7) of the
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dissipative curve e f for each f € L2(R;C") and

—+o00
lim V(i +7.s+7)= / =% (S ()T ) (Sf(2)Ty ) do =
(6.86) too 1 1* A -
= [ et | (80 ) Vo 1 - e

for all f € Dy (t,s > 0), where V(t,s) = (¢4 f, 54 F) is the correlation function

of the curve e f and the operators S, Ty, V_oo () are defined by (6.79), (6.80),
(6.45) correspondingly.

The proof of this theorem follows as in the bounded case from the obtained
asymptotics (1.23) and straightforward calculations.

One of the other applications of the asymptotics (1.23) of the curve e®4 f
for the model A, defined by (6.33), is a constructing of the scattering theory for
the couple (A*, A) as in the bounded case and in the unbounded case with equal
dense domains of the model and its adjoint.

Now Theorem 1.8 gives the form of the wave operator as a weak limit.

Proof of Theorem 1.8. The equality (1.25) follows from (6.86). The
equality (1.26) can be obtained following the ideas of the proof of Theorem 1.3
and Theorem 1.5 and using the equality

i(y—t)A _ I
lim S f—tAf
y—t y—t

which follows from the properties of the semigroup {7;}+>o (Theorem 6.3) and
the equality

(S5SLAf, f) = (S1OS. 1. f)

for each f € Dy. The proof is complete. O
The equality (1.25) implies the existence of the wave operator W_ of the
couple (A*, A), defined by

(W-(A*,4)f.g9) = lim (" e f,g)

and o
W_(A* A) = Sj‘rS+

as a weak limit.
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We will prove the existence of the wave operator W_(A*, A) as a strong
limit. For this proof we need the form of ®e~#4g(x) (t < 0, (A —il)"lg(z) €
Dy). The definition (1.22) of the operators e 4 (¢ < 0) from the considered
semigroup, the form (6.7) of the operator ® and straightforward calculations
show that ®e~#4g(z) has the representation

+oo
(6.87) e g(z) = %27 / eHEG(E)dE (< 0),
where
éf(f) _ 1 1 1 J]Ooﬁ(w) ]eB(v)dvdw .
V2mpo —i | £ — a

(6.88)

/ / 1v+u£0 B(v) dvdw +
§— o

! (5—1/10_5;-) /E(w) Fy (& +00)duw

—00

Now Theorem 1.9 presents the existence of the wave operator W_(A*, A)
as a strong limit.
Proof of Theorem 1.9. Let us denote

W(t) = e e A = 1,1,

when t < 0. Let f € Dy (ie. f = (A—il)tg = (A —il)"(A — pol)Lh,
h € DyNHynNS(R,C")). From the properties of the semigroup {7} }+>0 we have

d
——TT,f =
L Tif =

= (A* +iD)T}(i(A — D)™ —i(A* +il) "+ 2(A* +il) (A —il) Ty =
= (A" + )Ty BiTyg = (A" + il )T} " ®Thg,

(9 = (A — po)~'h) where we have used the equalities (6.6), (6.9) and the form
(6.7) of the operator ®.
For arbitrary numbers t¢1,ts > 0 we obtain
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to 2
(6:89) | T5T0 f(x) = T T f(2)lE2 = /(A* +il)T7 @ 0 Trg(x)dr
i1 L2

But the auxiliary selfadjoint operator B;, defined by (6.5) for the dissipa-
tive operator A , takes the form (see [18])

(6.90) Bif = (f:9a)9a = Z (f, @ ea)®*ea,
a=1 a=1

where {e, }7" is an orthonormal basis in C™ and g, = ®*e,. Then from (6.90)
and from the equality (6.89) after straightforward calculations we obtain the next
relations

1T, T f () = T4 T f ()32 =

“+o00
/ HZ/ DT, g(x), eq)(A* 4+ iI)TF D eqdr|?da <
(6.91) =
—00 t1
< MZ/\ BTy g(x), co)| d7/|| (A" + DT B en|2adr
a= 1t1 i

(where M > 0 is a suitable constant).
In the case when t1,t2 < 0, 7 < 0 (t; < t2) the inequality (6.91) has the
form

W (t2) f(2) — W (t1) f(2) ]2 <
(6.92)

[2)
<MZ/| ~irdg ea)|2d7/||(A*—i—’éI)eiTA*(I)*eaHiQdT.
t1

o= 1t1

Now the form (6.88) of Gf(£) shows that ||Gf(€)| € L%(R) and conse-
quently the function
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~

+oo
(6.93) G(r) = % / e TEGF(E)dE (1 €R)

belongs to L2(R; C™) as a Fourier transform of the function Gf(¢). This implies
that ®e~"4g(x) = G(T)X(—00,0)(T) € L?(R;C™) and H<I>e*”Ag(a:)H € L2((—o0;0]).
Hence

(6.94) [(®e™"g(2), €a)| € L*((—003 0]).

The relation (6.94) implies that there exists the limit

t1——0o0

to
(6.95) Jim / (®e ™ g(x), e)|2dr-
t1

Now on the one hand we have
[(A* + D)™ D ey |p2 < [|[Pe™ ™A —iD)|2 (7 <0).
For the function

O(r) = |@e THA = il) 2 = sup [[@e (A —d)f|

[ fllL2=1
in (—oo;0] there exists a sequence
(6.96) Un(7) = B THA =D full,  fn € Do, IlfallLe =1,
(1 € (—00;0]) such that
(6.97) (1) = (1) as n— 400, V1 € (—00;0]

and 6, (7) € L2((—00; 0]).
On the other hand for the function |T;f||2, (f € Dy and ¢ > 0) from
(6.18) after straightforward calculations we obtain
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d . - «
(6.9 EHTJII%Q = —((iR; — iR} + 2R} R;)Ty9, T;9) =
— —(BiTyg, Tig) = —(®*®Tyg, Tyg) = —||®T,f |2,

where R; = (A —4I)~!, B; is defined by (6.5) and (6.9) and ® is defined by (6.7).
Then from (6.98) it follows that

t
(6.99) /M@ﬂg@mﬁdrznﬂﬁz—uﬂﬂ@»
0

From (6.98) for the nonnegative decreasing function |T;f[|f. (f € Do, t >
0) it follows that there exists the limit tlim e~ f(z)||2,. From the exis-
——00

tence of this limits and from (6.99) it follows that there exists the integral
0
/ | e~ Ag(x)||Pdr = ||f]}. — lim |e”"f(x)|2, and the next inequality
T——00
—00
holds
0
(6.100) [ 1o g(a)ar < 20115
—o0

From the inequality (6.100) and the form (6.96) of v, (7) we have

0 0
(6.101) / by (r)dr = / [@e™ A —il) ful* < 2 fullfe = 2

for all n € N. The last inequality (6.101) together with (6.97) implies that
¥?(7) € L((—00;0]). Then the inequalities

(A% + D)™ Dreqa||Fo < [|(A* + D)™ O*|%lea® =
= [@e™TAA —iD)|]{. = ¥*(7)
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show that
(6.102) [(A* +4D)e™ d*e, |7, € L((—00;0]).
From (6.95) and (6.102) we obtain
W (t2)f (@) = W(t1) f(2)]g2 — 0 as t1,t2 — —o0
for all f € 250. Consequently, there exists the limit

Jlim W(t)f = lim A e A L Y f € Dy.

But Dy is dense in L2(R;C") and e4" ¢4 is an uniformly bounded family of
operators and hence there exists the limit

lim et v e LA(R; CM)
——00

(see, for example, Lemma IIT 3.5 [10]) and the proof is complete. O

In order to conclude this paper it has to mention that presented results
in this paper consider the class of operators with an absolutely continuous real
spectrum. In the general case of the operators from the considered classes with an
arbitrary real spectrum these results can be extended using the decomposition of
the spectrum of an absolutely continuous spectrum and a singular spectrum. We
can presume that the existence of the singular component of the spectrum does
not change the asymptotics of the corresponding continuous curves. Probably
the extension will have effect on the subspaces of the initial conditions. The
considerations of these questions is forthcoming.
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