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ESSENTIAL COVER AND CLOSURE

R. R. Andruszkiewicz

Communicated by V. Drensky

Abstract. We construct some new examples showing that Heyman and
Roos construction of the essential closure in the class of associative rings
can terminate at any finite or the first infinite ordinal.

1. Introduction. All rings considered in this paper are associative, but
do not necessarily have a unity. We say that a subring A of a ring R is essential

in R if A ∩ I 6= 0 for every non-zero ideal I of R. We use the notation I ⊳ R to
mean that I is an ideal of a ring R. If an ideal A of a ring R is essential, then R
is said to be an essential extension of A. The two-sided annihilator of a subset
X of a ring R is defined to be the subring aR(X) = {r ∈ R : rX = Xr = 0}.

All considered classes of rings are assumed to be closed under isomor-
phisms. For a given ring R, we denote by {R} the class of all isomorphic copies
of R. Now let M be an arbitrary class of rings. The class EM consisting of all
essential extensions of rings belonging to M, shall be called the essential cover

of the class M. The class M will be called essentially closed if M = EM. Each
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class M can be embedded in an essentially closed class, namely as follows (cf.
[8]): define M(0) = M and M(i+1) = EM(i) for each integer i ≥ 0. Then the

class Mc =
∞
⋃

i=1

M(i) is essentially closed, it contains the class M, and moreover,

it is contained in every other essentially closed class containing M. The class
Mc shall be called the essential closure of the class M. Many authors have used
the notions of essential cover and essential closure in their characterizations of
the supernilpotent and special radicals. Naturally, one is interested in conditions
on M so that Mc = M(n), for some integer n ≥ 0. There has been considerable
interest in the following problems (cf. [7, Problem D]):

PROBLEM 1. For every integer n ≥ 0 determine necessary and/or suffi-
cient conditions on a class M such that Mc = M(n+1) 6= M(n).

PROBLEM 2. Determine necessary and/or sufficient conditions on a class
M such that M(n+1) 6= M(n), for every integer n ≥ 0.

In this paper we study these problems for classes of rings with trivial two-
sided annihilators. It is convenient to describe the essential closures of such classes
in terms of accessible subrings. Namely, we say that a subring A of a ring R is
n-accessible in R if there exists a chain of subrings A0 = A ⊆ A1 ⊆ · · · ⊆ An = R
such that Ai⊳Ai+1 for i = 0, 1, . . . , n−1, and A is said to be precisely n-accessible

if it is not k-accessible in R for any non-negative integer k < n. We say that A
is accessible in R if there exists a positive integer n such that A is n-accessible.
It is well known that a subring A of a commutative ring R is n-accessible in R if
and only if RAn ⊆ A.

Lemma 1.1 [2]. Let A be an accessible subring of a ring R such that

aA(A) = 0. Then A is essential in R if and only if aR(A) = 0. In particular, if

A is essential in R, then A is essential in every subring of R containing A.

2. Some general results. By easy induction and Lemma 1.1 we obtain
the following

Proposition 2.1. Let M be a class of rings A such that aA(A) = 0.
Then

M(n) = {R : R has an essential n-accessible subring A ∈ M}

for every integer n ≥ 0.

Definition 2.2 [6]. We say that a ring R is an iterated maximal essential
extension of a ring A and write R = IME(A) if A is an essential accessible subring
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of R and, for every ring S in which A is accessible, there exists a homomorphism

of S into R which is the identity map on A.

As an immediate consequence of [2, Theorem 2.1, Proposition 2.3], and
Lemma 1.1, we obtain the following

Theorem 2.3. Let R = IME(A). Suppose A is an n-accessible subring

of R. Then {A}c = {A}(n) is the class of all isomorphic copies of all subrings of

R containing A.

Let P be an integral domain with K the field of fractions. We say that
P is a completely normal ring (cf. [4]) if for any x ∈ K and 0 6= a ∈ P , we have
that xna ∈ P for n = 1, 2, . . ., implies x ∈ P . It is well known that a noetherian
integral domain P is a completely normal ring if and only if P is an integrally
closed.

Corollary 2.4. Suppose A is a non-zero precisely n-accessible subring of

a completely normal ring P . Then the class {A}(n) is essentially closed, {A}(n) 6=
{A}(n−1) and {A}(n) is the class of all isomorphic copies of all subrings of P
containing A.

P r o o f. From Proposition 2.1 we obtain that P ∈ {A}(n). Assume that
P ∈ {A}(n−1). By Proposition 2.1, there exists an (n − 1)-accessible subring
B ∼= A in P , which contradicts [3, Corollary 3.5]. Thus, P ∈ {A}(n) \ {A}(n−1)

and {A}(n) 6= {A}(n−1). By [2, Proposition 2.18] it follows that P = IME(A).
Therefore, by Theorem 2.3, {A}c = {A}(n) is the class of all isomorphic copies of
all subrings of P containing A. �

For a semiprime ring A, we denote by Q(A) the ring of right Martindale
fractions determined by the filter of all essential ideals of A.

Proposition 2.5. Let A be a semiprime ring. Then aQ(A)(A) = 0. If A
is an essential accessible subring in a ring S, then there exists an embedding of

rings f : S −→ Q(A) such that f(a) = a for all a ∈ A.

P r o o f. If q ∈ Q(A) and qA = 0, then q = 0 and so aQ(A)(A) = 0.
Assume that A is an essential accessible subring of a ring S. Denote by AS the
ideal of S generated by A. It is well known that there exists a positive integer
m such that Am

S ⊆ A. On the other hand, Am is an essential ideal of A, because
A is a semiprime ring. Hence I = Am

S is an essential ideal of A and I ⊳ S. Let
ls(a) = sa for s ∈ S and a ∈ I. Then ls is a homomorphism of the right A-
module I into A. It is easily seen that the function F : S −→ Q(A) defined by
F (s) = [ls, I] is an embedding of rings such that F (a) = a for all a ∈ A. �

From Propositions 2.1 and 2.5 and Lemma 1.1 we obtain the following
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Theorem 2.6. Let A be a semiprime ring. Then {A}c is the class of all

isomorphic copies of all subrings S of Q(A), in which A is accessible.

By [3, Proposition 3.1] and Theorem 2.6 we have immediately the follow-
ing corollary.

Corollary 2.7. Let A be a non-zero subring of a completely normal ring

P . Then {A}c is the class of all isomorphic copies of all subrings of P in which

A is accessible.

Definition 2.8. We say that a subring A of a ring R has a bounded
degree of accessibility in R if there exists a positive integer n such that for every

subring S of R in which A is an accessible subring, A is n-accessible in S. We

say that n bounds the degree of accessibility of A in R.

By Theorem 2.6 and Lemma 1.1 we have

Proposition 2.9. If n bounds the degree of accessibility of a semiprime

ring A in Q(A), then the class {A}(n) is essentially closed.

Example 2.10. Let P be a completely normal ring with K the field of
fractions. Assume that there exists a non-zero element a ∈ P such that Pa 6= P
is a semiprime ideal in P . Let A = M2(Pa2). It follows from [2, Example 2.19]
that 2 bounds the degree of accessibility of A in Q(A) and IME(A) does not exist.
Therefore, by Proposition 2.9 there exists a prime ring A for which IME(A) does
not exist but the class {A}(2) is essentially closed.

Example 2.11. We show that there exists a prime ring A which does not
have a bounded degree of accessibility in Q(A), but the class {A}(1) is essentially
closed. Let p be a prime number. Let in the ring Q[x]: P = Z + Zx + x2Q[x]
and A = pZ + Zx + x2Q[x]. Then P is a subring of Q[x] and A ⊳ P . Let Ai =

pZ+
1

pi
Zx+x2Q[x] for i = 0, 1, . . .. It is easily seen that Ai ⊳Ai+1 for i = 0, 1, . . .

and A0 = A. Thus, A is n-accessible in An for all n = 1, 2, . . .. Suppose A
is (n − 1)-accessible in An for some positive integer n, then AnAn−1 ⊆ A, so
1

pn
x · pn−1 ∈ A, a contradiction. Therefore A does not have a bounded degree of

accessibility in Q(A).

Suppose now that A is accessible in a subring S of Q[x]. Then there

exists a positive integer n such that SAn ⊆ A. Hence Spn ⊆ A, that is S ⊆
1

pn
A.

Let f ∈ S. For k = 1, 2, . . ., we have fkpn ∈ A, which means in particular
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that f(0)kpn ∈ Z. Notice that Z is a completely normal ring, so f(0) ∈ Z.

Consequently, S ⊆ Z +
1

pn
Zx + x2Q[x].

Suppose now that S 6⊆ An. Then there exists an integer b0 such that

p 6 | b0 and there exist b1 ∈ Z and g ∈ x2Q[x] such that h = b0 + b1
1

pn
x + g ∈ S.

So w = b0 +
b1

pn
x ∈ S. Since wp = bp

0 +
bp−1
0 b1

pn−1
x + g1 for some g1 ∈ x2Q[x],

then bp
0 +

bp−1
0 b1

pn−1
x ∈ S. By easy induction we can show that bpn

0 + b′1x ∈ S,

for some integer b′1, so bpn

0 ∈ S. But p 6 | b0 and p ∈ S, then 1 ∈ S. Therefore

I =

{

k ∈ Z :
k

pn
x ∈ S

}

is a non-zero ideal of Z, there is an integer l such that

I = lZ. Consequently, S = Z +
l

pn
Zx + x2Q[x]. Let φ be an automorphism of

the ring Q[x] such that φ(x) =
pn

l
x. Thus, φ(S) = P and S ∈ {A}(1).

If S ⊆ An, then a similar argument shows that S = pZ +
l

pn
Zx + x2Q[x]

for some positive integer l. Consequently, S ∼= A and S ∈ {A}(0). Therefore,
{A}c = {A}(1) = {A} ∪ {P}, by Corollary 2.7.

Example 2.12. Let (pn) be an ascending sequence of prime numbers.

In the field Q of rational numbers we define the subrings Si =

〈

1

p1
, . . . ,

1

pi

〉

for

i = 1, 2, . . .. Consider An in the ring Q[x] of the form:

An = Sn+1x + Sn+2x
2 + Sn+3x

3 + · · · ,

for n = 0, 1, . . .. Observe that

(Sn+ix
i)(Sn+1+jx

j) ⊆ Sn+i+jx
i+j ⊆ An,

for n = 0, 1, . . ., i, j = 1, 2, . . .. Thus, An is a subring of Q[x] and An ⊳ An+1

for n = 0, 1, . . .. Therefore A = A0 is an n-accessible subring in An for n =
1, 2, . . .. Then An ∈ {A}(n) for n = 1, 2, . . ., by Proposition 2.1. Suppose now
that there exists a positive integer n such that An ∈ {A}(n−1). By Proposition
2.1, An contains a (n − 1)-accessible subring B ∼= A. Let f : A −→ B be a ring
isomorphism. Then

f(a1x + a2x
2 + · · · + akx

k) = a1f(x) + a2f(x)2 + · · · + akf(x)k,
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for all ai ∈ Si, i = 1, 2, . . . , k, k = 1, 2, . . .. Moreover, B is (n − 1)-accessible in
An, so AnBn−1 ⊆ B and in particular Anf(x)n−1 ⊆ B. But f(x) = bn+1x +
bn+2x

2 + · · · + bn+sx
n+s for some bn+i ∈ Sn+i, i = 1, 2, . . . , s, and b = bn+s 6= 0.

Now xf(x)n−1 ∈ B, and there exist ai ∈ Si, i = 1, 2, . . . , k, such that ak 6= 0 and
xf(x)n−1 = a1f(x)+a2f(x)2 + · · ·+akf(x)k. Therefore, 1+(n−1)s = sk which
implies s = 1, n = k and bn−1 = anbn, that is anb = 1. But an ∈ Sn ⊆ Sn+1

and b ∈ Sn+1, so Sn+1b = Sn+1. Moreover, f(x) = bx, thus B = f(A) =
S1bx + S2b

2x2 + · · · and Anf(x)n−1 ⊆ B. Hence Sn+1xbn−1xn−1 ⊆ B, and
then we get Sn+1b

n−1 ⊆ Snbn and Sn+1 ⊆ Snbn ⊆ Sn+1b = Sn+1. This means
Snb = Sn+1b, that is Sn+1 = Sn, a contradiction. Thus An 6∈ {A}(n−1) for
n = 1, 2, . . .. Therefore {A}(n) 6= {A}(n+1) for all n = 0, 1, . . ..

Recall that a class M is called hereditary if A ⊳ R ∈ M implies A ∈ M.
Heyman and Roos in [8] proved that the essential cover of a hereditary class M of
semiprime rings is again hereditary and essentially closed. In [1] it is shown that
if M is a class of semiprime rings and regular (that is, if R ∈ M and 0 6= A ⊳ R,
then A has a non-zero image in M) rather than hereditary, then so is EM, but
the authors comment that they do not know a regular class M of semiprime
rings for which EM is not essentially closed. Watters in [9] constructed such a
class. However Beidar in [5] proved that for each integer n ≥ 0 there exists a
regular class M of prime rings such that the process of constructing the essential
closure of M terminates at precisely the n-th step. Now we construct new general
examples of such classes. It also allows us to construct essential closure which
satisfies some extra properties.

Example 2.13. We show that there exists a regular class M of commu-
tative domains such that M(n) 6= M(n+1) for every n = 0, 1, . . .. Let (pn) and
(qn) be ascending sequences of prime numbers such that pi 6= qj for all i, j. Let A
be a ring as in Example 2.12 and let P be the class of all commutative domains of
non-zero characteristic. It is easily seen that the class P is hereditary and essen-
tially closed. Let M = {A} ∪M and let 0 6= I ⊳ A. Then there exists a positive

integer t such that I 6⊆ qtA, because
∞
⋂

i=1

qiA = 0. Then I = I/(I ∩ (qtA)) 6= 0 and

qtI = 0. Suppose that I is not a domain. Thus, there exist f, g ∈ I \ (qtA) such
that fg ∈ qtA. Therefore there exists a positive integer n such that f, g ∈ Sn[x]
and fg ∈ qtSn[x]. But qt is a prime element in a Euclidean domain Sn, then
f ∈ qtSn[x] or g ∈ qtSn[x], by Gauss’ Lemma. There is no loss of generality in
assuming that f ∈ qtSn[x] and f = a1x + a2x

2 + · · · + anxn for some ai ∈ Si,
i = 1, 2, . . . , n. Then ai = qtbi for some bi ∈ Sn, i = 1, 2, . . . , n. But Si is a Eu-
clidean domain and Si ⊆ Sn, then bi ∈ Si for i = 1, 2, . . . , n. Therefore f ∈ qtA,
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a contradiction. Thus M is a regular class of commutative domains. It follows
from Example 2.12 that An ∈ M(n) for n = 0, 1, . . .. If An ∈ M(n−1) for some
positive integer n, then there exists an (n − 1)-accessible subring B ∈ M in An,
by Proposition 2.1. But the additive group of the ring An is torsion-free, then
B ∼= A, contrary to Example 2.12. Therefore M(n) 6= M(n+1) for all n = 0, 1, . . ..

Lemma 2.14. Let P be an integral domain and let a ∈ P be a non-zero

element such that P 6= 〈1〉 + Pa. Let S be a subring of P containing a non-zero

accessible subring A of P . If 0 6= I ⊳ S, then there exists an element b ∈ I such

that Pb ⊆ I and 〈b〉 + Pbn is precisely an n-accessible subring of P for every

positive integer n.

P r o o f. There is a positive integer m such that PAm ⊆ A. Then 0 6=
B = IAm ⊆ A ∩ I and B ⊳ A. Thus B is accessible in P and PBm+1 ⊆ B.
Let 0 6= c ∈ Bm+1. Then 0 6= Pac ⊆ Pa. Since P 6= 〈1〉 + Pa, we obtain
P 6= 〈1〉+Pac. Hence, by [3, Proposition 2.2], there exists b ∈ Pac such that the
subring 〈b〉 + Pbn is precisely n-accessible in P for every positive integer n. But
Pb ⊆ Pac ⊆ PBm+1 ⊆ B ⊆ I, and the result follows. �

Example 2.15. For every positive integer n there exists a regular and not
hereditary class M of commutative domains such that Mc = M(n) 6= M(n−1)

and the class Mc is hereditary. Let P be a completely normal and Jacobson
semisimple ring. Assume there exists a non-zero element a ∈ P such that P 6=
〈1〉 + Pa. Denote by K the class of all fields and let P = {0} ∪ K. Then P
is a hereditary and essentially closed class of commutative domains. Moreover,
B 6∈ P for all non-zero accessible subrings B of P , because P is not a field. Let n
be an arbitrary positive integer. Denote by A the set of all precisely n-accessible
subrings of P . Then A is non-empty, by Lemma 2.14. Let 0 6= I ⊳ A ∈ A. Then
there exists a maximal ideal M of P such that I 6⊆ M . So, 0 6= I/(I ∩ M) ∼=
(I + M)/M and (I + M)/M is a non-zero accessible subring of the field P/M .
Thus I/(I ∩ M) ∈ A. Therefore M = {A} ∪ P is a regular class of commutative
domains. But 〈b〉 + PBn+1 ⊳ 〈b〉 + PBn for b ∈ P , then the class M is not
hereditary, by Lemma 2.14 and [3, Corollary 3.5]. As an immediate consequence
of Proposition 2.1 and Corollary 2.4, we obtain that the class M(n) is essentially
closed and P 6∈ M(n−1). Finally, the class M(n) is hereditary, by Lemma 2.14,
Proposition 2.1 and Corollary 2.4.
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