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Abstract

The universally prestarlike functions of order @ < 1 in the slit domain
A = C\[1, ) have been recently introduced by S. Ruscheweyh. This notion
generalizes the corresponding one for functions in the unit disk A(and other
circular domains in C). In this paper, we obtain the coefficient inequalities
and the Fekete-Szego inequality for such functions.
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1. Introduction

Let H(2) denote the set of all analytic functions defined in a domain
Q. For domain 2 containing the origin Hp(f2) stands for the set of all
function f € H(2) with f(0) = 1. We also use the notation H;(Q2) =
{zf : f € Hy(Q)}. In the special case when ) is the open unit disk A =
{z € C:|z] <1}, we use the abbreviation H, Hy and H; respectively for
H(), Hp(2) and Hq ().
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A function f € H; is called starlike of order o with (0 < v < 1) satisfying
the inequality

R { fo;ij)} >« (z€A) (1.1)
and the set of all such functions is denoted by Sa. The convolution or
Hadamard Product of two functions f(z Z anz" and g(z Z bpz"
is defined as i

(f*g)( Z apbp 2"

A function f € H; is called prestarlike of order « if

z
A=z x f(z) € Sq. (1.2)
The set of all such functions is denoted by R,. The notion of prestarlike
functions has been extended from the unit disk to other disk and half planes
containing the origin. Let € be one such disk or half plane.Then there are
two unique parameters v € C \ {0} and p € [0,1] such that

Qyp ={wyp(2): 2z € A}, (1.3)
where
vz
w77p(z) = 1 _ pz‘

Note that 1 ¢ Q. , iff |y + p| < 1.

DEFINITION 1.1. (see [2], [3], [4]) Let o < 1, and Q = Q, , for some
admissible pair (7, p). A function f € H;(£2,,,) is called prestarlike of order
ain Q, , if

frp(2) = if(w%p(z)) € Ra. (1.4)

The set of all such functions f is denoted by R, (€2).

Let A be the slit domain C \ [1, c0)(the slit being along the positive real
axis).

DEFINITION 1.2. (see [2], [3], [4]) Let o < 1. A function f € Hi(A) is
called universally prestarlike of order « if and only if f is prestarlike of order

a in all sets €2, , with |y + p| < 1. The set of all such functions is denoted
by RY.
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z
(1 _ Z>172a
0 < a < 1. When a = 0 the function is universally prestarlike of order
0.When o = % the function f(z) = z is the only entire function in RY.

z

(1—-2)z

ExAMPLE 1.1. A function f(z) = is prestarlike of order

EXAMPLE 1.2. A function f(z) = is universally prestarlike of

1
order 5

DEFINITION 1.3. (see [4]) Let ¢(z) be an analytic function with positive
real part on A, which satisfies ¢(0) = 1, ¢/(0) > 0 and which maps the unit
disc A onto a region starlike with respect to 1 and symmetric with respect
to the real axis. Then the class RY%(¢) consists of all analytic function
f € Hi(A) satisfying

D3—2af
N C] (15)
where < denotes the subordination,where (D°f)(z) = ﬁ * f, for 8 > 0.

In particular, for 3 = n € N. We have D"t!f = %(z"‘lf)(”). We let
RY(A, B) denote the class Ry (¢), where ¢(z) = (-1<B<A<LI).

14 Az
1+ Bz

For suitable choices of A,B,a the class RY%(A, B) reduces to several well

known classes of functions. RY(1,—1) is the class S* of starlike univalent

2

functions.

NoTE 1.1. (see [4]) Let F(z) = iakz’“ _ /1 dp(t)
k=0 0

1—1tz

where, a; =

/1 t*du(t), p(t) is a probability measure on [0,1]. Let T denote the set of
a?l such functions F'. They are analytic in the slit domain A.

NoOTE 1.2. (see [3]) Let Q be a circular domain containing the origin,
a<1,and let f € Ro(R), F € RL. Then f* F € Ro(Q).

To prove our result we need the following theorem.

THEOREM 1.1. (see [2], [4]) Let 0 < o < 1and f € Hi(A). Then f € R

if and only if
D372af
D2—2af

eT. (1.6)

This admits an explicit representation of the function in R%. If f € Hy has
all its Taylor coefficients at the origin different from zero we write (=1 for
the (possibly formal but) unique solution of f * f(-1 = L

11—z
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LEMMA 1.1. (see [1]) If Pi(z) = 1 + c12 + c22® + ... is an analytic
function with positive real part in A, then
—4v+2, v<0
lcg — ved| < 2, 0<v<l1

w+2, v>1

+z

1
when v < 0, or v > 1, the equality holds if and only if Pi(z) is 1 or

one of its rotations.when 0 < v < 1, then the equality holds if and only if
2

1
Pi(2) is 1—}—72

5 or one of its rotations. If v = 0, the equality holds if and
z

. 1 AN\ 1+=z 1 MN\1-—-z2
°ﬂ1y1fp1<z):<2+2>1_z (2 2) 152

rotations. If v = 1, the equality holds if and only if P(z) is the reciprocal
of one of the function for which the equality holds in the case of v = 0. Also
the above upper bound can be improved as follows when 0 < v < 1

.0 < X <1 orone of its

1
|e2 = vei| +vler|* <2 0<v<),

1
leo —ved| 4+ (1 —v)|er]? < 2 (§<v§1).

2. Series representation for universally prestarlike functions

THEOREM 2.1. Let f be an universally prestarlike function of order
0 < «a <1, then the function f(z) has a representation of the form

f(z)=2z+ Z anz",
n=2

where
n—1
Z C(a, k)akbn,k.
= =l n= e .
n = C'(a,n) —C(a,n) [’ 23 @1)
n k
H(k—Qa) H(m—2a)
Cla,n) = % Cla, k) = % Ca,1)a; =1



FEKETE-SZEGO INEQUALITY FOR ... 389

I1(k+1-20) )
C'(a,n) = =2 , by = / t"du(t) and p(t) is a probability
(n—1)! 0
measure on [0, 1].
D372af
Proof By Theorem 1.1, f € RY if and only if D% f € T. Hence,

D372af _ 1 du(t)
D2=2af — Jo 1 —t2’

for some probability measure p(t) on [0, 1],

D3—2af o 1
Draf = Z bpz", where b, —/ t"du(t)
n=0
Therefore,
o0
D32af — 5 4 ZC (o, n)anz",
n=2
[[(k+1-20q)
where C'(a,n) = k=2 1) , n=23,

Now,

D*2af — o 4 Z Cla,n)a,z",

n=2
n
H —2a)
k=2 _
where C(a,n) = , n=23,...
(-1
Therefore,
o0
! n
pi-2a Z 4+ T;C (a,n)anz -
D2-2af = = bn2". (2:2)
z+ Z Cla,n)anz" =0

n=2

Equating the like of coefficients, we obtain for n = 2,3,.. .

n—1

Z C(O" k)akbn—k
k=1
C'(a,n) —C(a,n)’

with C(a, 1)a; = 1. ]

an =
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3. Main result
We now establish the Fekete Szego inequality.
o0
THEOREM 3.1. Let ¢(2) = 1+ Biz+ Boz? +.... If f(2) = 2 + Z anz"
n=2
is a universally prestarlike function of order «, then

By + (2 —2a)B? — (3 — 22)B?pu

3 — 2« pson
o <u<
las — pa3| < 3= 20’ o1 P02
—By — (2 —2a)B} + (3 — 2a)B?u
( 3)_ lza : B 5 1= o9,
where o = (B2 — B1) + (2 — 20) BY oy = (B2 + By) + (2 — 2a)B?
(3 —20)B} ’ (3—2a)B}

The result is sharp.
Proof If f € RY, then there is a Schwartz function w(z), analytic in
D3—2a
A with w(0) = 0 and |w(z)| <1 in A such that / ¢(w(z)). Define

D22af —
1
the function Pj(z) by Pi(z) = 1—|—sz§ =1+c1z+cz” +.... Since w(2)
—w(z

is a Schwartz function, we see that ReP;(z) > 0 and P;(0) = 1. Define the
function P(z) = w = 14b1z+byz*+... Now, P(z) = ¢ <P1(2)_1>

R AR ’ U\ P(2)+ 1)
where

Pi(z) -1 1z 4z + ...

Piz)+1 2+ciztcaz®+...

2 i 3 cf
25 c1z+ z [02—5]4-2 [03—01CQ+Z]+---
Hence, on simplification, we get
Biciz | | By G Bact |
P(z)=1 — - = — ..
(2) + 5 + [ 5 C2 9 + 1 z5+
Therefore,
B B 2 Bac?
Tdbiztbez? 4. =14+ 1261Z+ 21<C2—021)+ ch 24

Equating the like coefficients, we get
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Bic
by = ; L (3.1)
Bl C% BQC%
3—2af
Now, praf =14 bz + byz% + ... From equation (2.2), we have

L+ [C'(a,2)az — C(e,2)as] 2 + |C'(e, B)ag — C(o, 2)C (o, 2)a3 — C(av, B)a

+(C(a,2)a2)2] P =14biz b .

Equating the coefficients of z and z? respectively and simplifying, we get
b+ (2 200)b?

=b .
a9 1 y as 3 “on (3 3)
Applying equations (3.1) and (3.2) in (3.3), we get
3101 1 Bl C% BQC% B%C%
_ _ S, 4 22 :
“=T 0 W 3—204[2 <C2 3 R
Now,
1 B 2 Boc? B3¢ B2¢?
2 1 1 2C1 1€1 1€
_ - 21 _a 2_9 _
43 ™ Ha2 3—204[2 (CQ 2>+ R G K=y
1 B 9 [1 B By 31H
- Ty~ 22 (2-2a) 2 13— 20)ut
3_2a 2 [CQ g~ gp, ~ 25 + B2y
_ B, 2
g 2(3 — 2@) |:02 - Cl’l)} 9
where
1 BQ Bl Bl
v [2 op, (2205 + (-2 2}

Now by an application of Lemma 1.1, if u < o7,

By + (2 —2a)B? — (3 — 2a)B#pu
3— 2« ’

lag — pa3| <

where
(B — B1) + (2 — 20) Bip
(3 —2a)B? ’

g1 =
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NOW7 if o1 < H < oy,

B
3—2a’

las — pa3| <

Now, if y > o9,
—By — (2 —2a)B} + (3 —2a)B?pu

2
_ <
a3 = pas] < 3 - 2a

where
_ (By+B)+(2—-20)Bl
(3 —2a)B?

g9 =
If 4 = o1, then the equality holds in Lemma 1.1, if and only if

1 AN 1 1 A\ 11—
Pl(z)=(+> +Z+<—)Z,0§As1,

2 21—z 2 2)1+4=z
or one of its rotations. If y = o9, then
1 1
Pi(z) (1 A) 1+2 (1_)\> 1—z"
2 + 2)1—z + 2 2)14=z
1+ 222
If o1 <pu<oa Pi(z)= VL To show that the bounds are sharp, we
- Az
define the function K¢ (n =2,3,...) by
D3720‘K¢”
=gl ),
D3—2aKgfn

K2(0) =0, (K2)'(0) = 1 and function F> and G (0 < A < 1) by

(D 2F) () (24w
(D2720F2) (z) ( 1+ Az )

F2(0) =0, (F2)'(0) = 1 and similarly,

[0}

(D2@2) () ra(z 4N
(D?=22G) (2) ( 1+ Az )

GA(0) =0, (G2)'(0) = 1. Clearly, the functions K¢, F}, G2 € RY. Also we
write K¢ := K22, If 4 < 01 or 1 < 09, then the equality holds if and only if
f is K2 or one of its rotations. When o1 < p < 09, then the equality holds
if and only if f is K 23 or one of its rotations. If u = o1, then the equality
holds if and only if fis ) or one of its rotations If 4 = o9 then the equality
holds if and only if f is G\ or one of its rotations. Hence the result follows..



FEKETE-SZEGO INEQUALITY FOR ... 393

REMARK 3.1. If 01 <y < 09, then in view of Lemma 1.1, Theorem 3.1
can be improved. Let o3 be given by
_ By +(2- 20) B?
7= T (3= 20)B?

If o1 < u < o3, then

) (3—2a)uB} — [(By — B1) + (2—2a)B}]\ | » By
_ < .
la — pas| + ( (3 —2a)B? o] = 3— 2«

If 00 < p < o3, then

—(3—20)uB?By + By + (2 — 2a)B? By
!a3—ua§|+< G205 t ) lad] <
1

Proof Foro; <pu<os, wehave

lag — pa3| + (p — o1)|a3]

N L
B ((3 —2a)uB? — By — By — (2 — 2a)B%> B}ley|?
- 2(3-2a) (3 —2a)B? 4
= (3?120[) B\CQ —ved| + ;vlclﬂ
= (3?120[) B |:’CQ — el +v|01\2H .
B

Now, by using Lemma 1.1, we get |a3 — pa3|+ (n—o1)|a3| < B-2a) Now,

for o9 < pu < o3, we have

|ag — pa3| + (o9 — p)|a3]
B By + By + (2 — 2a) B? B?|eq|?
! \cz—vc%]—i—( 2 il )BY )1‘1‘

" 23— 2a) (3 — 2a)B2 4
B —(3 —2a)uB? + By + By + (2 — 20)B?\ Bi|c1]?
-~ 2(3-20) (3 —2a)B? 4

_ (33120[) (; [le2 — v + (1 —v)clﬁ]) .
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B
Now, by using Lemma 1.1, we get |ag — pua3| + (o2 — p)]a3| < ﬁ )
-2«

Hence the result follows.
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