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Abstract

In the present paper we define a new operator using the generalized
Salagean operator and the Ruscheweyh operator. Denote by DRY the
Hadamard product of the generalized Sildgean operator DY and of the
Ruscheweyh operator R", given by

DRY:A— A, DRYf(z)=(DY*R")f(2),
where A, = {f € H(U): f(2) = 2+ ant12" + ..., 2 € U} is the class
of normalized analytic functions in the unit disc, with 4; := A. We study
some differential subordinations regarding the operator DRY.
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1. Introduction

Denote by U the unit disc of the complex plane, U = {z € C: |z| < 1}
and by H(U) the space of holomorphic functions in U.
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Let A, = {f € H(U) : f(2) =z+ant12" ' +..., 2€ U}, forn €N
and A; := A.

Denote by K = {f € A: Re Z}F,IES) +1>0, z¢ U} the class of the

normalized convex functions in U.

If f and g are analytic functions in U, we say that f is subordinate to
g, written f < g, if there is a function w analytic in U, with w(0) = 0 and
|lw(z)] < 1 for all z € U, such that f(z) = g(w(z)) for all z € U. If g is
univalent, then f < ¢ if and only if f(0) = ¢(0) and f(U) C g(U).

Let ¢ : C3 x U — C and h be an univalent function in U. If p is analytic
in U and satisfies the (second-order) differential subordination

D(p(2), 20 (2), 20" (2); 2) < h(2), for zeU, (1)
then p is called a solution of the differential subordination. The univalent
function ¢ is called a dominant of the solutions of the differential subordi-
nation, or more simply a dominant, if p < ¢ for all p satisfying (1).

A dominant ¢ that satisfies ¢ < ¢ for all dominants ¢ of (1) is said to be
the best dominant of (1). The best dominant is unique up to a rotation of
U.

DEFINITION 1.1. (Al Oboudi [2], generalized the Salagean operator)
For fe A, z€ U, A >0and n € N, the operator D} : A — A is defined by:

DSf(2) = f(2)
Dyf(z) = (1=X)f(2)+Az2f'(2) = Drf(2)

Af(z) = (1=X)Dy'f(2) + Az (DRf (2)) = Da (DY f (2)).
REMARK 1.2. If f € Aand f(z) =2+ > 72, a;z7, then
N f(2) :z+2[1+(j—1))\]"ajzj, for zeU.
j=2

REMARK 1.3. For A = 1 in the above definition we obtain the Salagean
differential operator [5].

DEFINITION 1.4. (Ruscheweyh [4]) For f € A and n € N, the operator
R™ is defined by R" : A — A,

Rf(z) = f(2)
R'f(z) = 2f'(2)

(n+1DR"™f(2) = 2(R"f(2)) +nR"f(2), for z€U.
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REMARK 1.5. If f € Aand f(z) =2+ > 72, ajz’, then

R'f(2)=2+)» Cpjqa;2), for z€U.
Jj=2

LEMMA 1.6. (Miller and Mocanu [3]) Let g be a convex function in U
and let h(z) = g(2) + nazg'(z), for z € U, where a > 0 and n is a positive
integer.

If p(z) = g(0) + ppz"™ + puy12"t + ..., for z € U, is holomorphic in U
and

p(2) + azp/(2) < h(z),
for z € U, then
p(z) < g(2)
and this result is sharp.

2. Main results

DEFINITION 2.1. Let A > 0 and n € N. Denote by DRY : A — A the
operator given by the Hadamard product (the convolution product) of the
generalized Saldgean operator DY and the Ruscheweyh operator R™:

DRYf (2) = (DX * R") f (2),
for any z € U and each nonnegative integer n.

REMARK 2.2. If fe Aand f(2) =2+ Z;‘;Q a;jz’, then

DRYf(z) = 2+ 2024-_7’_1 1+ (G —1)A" a?zj, for z € U.
=2

REMARK 2.3. For A = 1 we obtain the Hadamard product SR" (see
[1]) of the Salagean operator S™ and the Ruscheweyh operator R".

THEOREM 2.4. Let g be a convex function such that g (0) = 1 and let
h be the function h (z) = g(z) + 29’ (2), for € U. If \>0,neN, fe A
and the differential subordination

oy o= "E VDR (o) (014 5 ) (DR ) <h(2).

(2)

holds for z € U, then
(DRYf (2)) < g(2), for z€U, 3)

and this result is sharp.
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P r o o f. With the notation
p(2) = (DRYS (2 _1+Z m i [L+ (= 1) A" jaZe !

and p(0) = 1, we obtain for f(z) =z+3 72, ajz’
p()+2p (2) =1+ Cryy [+~ D" j%af/
j=2

n+1 = ntl 2 i +)\—n—1

= z—i—ZCﬁi} 1+ G =N aj2 3

oo . 1 ‘
_]Z_;CnJr] ([ G =1 N af2)" 1<n—1+)\>3

> n 1—
ZQ n+j— 1 1+ .]_1))‘] ?j ln()\)
:n;LlDR”“f (n—1+ > DRQf(z))’—n(l)\Z)\)DRf\Lf(z).

We have p(2) + zp’ (2) < h(z), for z € U. By using Lemma 1.6 we
obtain p(z) < g (2), forzEU ie. (DRYf(2)) < g(2), for z € U and this
result is sharp. [ ]

COROLLARY 2.5. (see [1]) Let g be a convex function such that g (0) = 1
and let h be the function h(z) = g (z) + 24’ (2), for z € U. If neN, f€ A
and the differential subordination
n
n+ 1
g(z

R”+1 f(z)+ 2(SR"f (2))" < h(z) for z€U, (4)

holds, then (SR™f (2)) < ) for z € U and this result is sharp.

THEOREM 2.6. Let g be a convex function, g (0) = 1 and let h be the
function h(z) = g(z) + 2¢' (z), for z € U. If n € N and f € A verifies the
differential subordination

(DRYf(2)) < h(z) for z€U, (5)
then
DRif(z) <g(z) for zeU, (6)

and this result is sharp.
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Proof. For fe Aand f(2) =2+ ) ;2,a;27 we have

DRSS (2 —Z+Z o+ G =) a2, for ze UL
Consider
p(n) = DRAS(2) _ 24 X% Oy L+ (G — DN af2
< z

_1+Z i1 L4+ (G = 1) N" 223 L

We have p (z) + 2p' (2) = (DR} f (2))', for z € U.

Then (DR’A‘f (2)) < h(z), for z € U, becomes p(2) + zp’ (2) < h(z) =
g (2) + 24’ (2), for z € U. By using Lemma 1.6 we obtain p(z) < g(z), for
zeU,i.eLf()<g()forz€U. [

COROLLARY 2.7. (see [1]) Let g be a convex function, g (0) = 1 and let
h be the function h(z) = g(z) + z¢' (2), for z € U. If n € N and f € A
verifies the differential subordination

(SR"f (2)) < h(z), for z€U, (7)

< g (2), for z € U, and this result is sharp.

z

THEOREM 2.8. Let g be a convex function such that g (0) = 1 and let
h be the function h(z) = g(z) + 24’ (2), for z € U. If n € N and f € A
verifies the differential subordination

(DR (2))
(DRS\‘f B ) < h(z), for z€U, (8)
then
DRI ()
DR (2) <g(z), for zeU, 9)

and this result is sharp.

Proof. For fe A and f(z):z%—zjgizajzj we have
—z—i—Z i1 L+ (G = 1) A" a?zl, for zecU.

J

Consider
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" DR (2) ZJFZJ?O:QCZE [1+(j—1))\]n+1a§za‘
p\z) = n = o ; n j
DR)\f (Z) z+ ijg C +j5—1 [1 + (.7 - 1) )‘] a?Z]

n
L+ 308, O L4 (G = DA™ ey
IR Y o A U ) DY P

DRI f(2)) DR} f(2))’
We have p' (z) = (,ﬁzif(z)) —-p(z)- (DRzlif(z))'

ZDRY f(2) '
Then p(z) + 2p’ (2) = ([)RELM) . Relation (8) becomes p(z) +

2p' (2) < h(2) = g(2) + 24’ (2), for z € U, and, by using Lemma 1.6 we

. . DRYM'f(z
obtain p(z) < g (z), for z € U, i.e. Wf{z()) < g(z), for z € U. [

COROLLARY 2.9. (see [1]) Let g be a convex function such that g (0) = 1
and let h be the function h(z) = g(z) + 24’ (z), for z € U. If n € N and
f € A verifies the differential subordination

ZSRTLf (2)
SR f (2)
then %;(fz()z) < g (2), for z € U, and this result is sharp.

)l < h(z) for zeU, (10)

References

[1] A. Alb Lupas, Certain differential subordinations using Salagean and
Ruscheweyh operators. Mathematica (Cluj) (Proc. Intern. Conference
on Complex Analysis and Related Topics, The 11th Romanian-Finnish
Seminar, Alba Iulia, 2008). To appear.

[2] F.M. Al-Oboudi, On univalent functions defined by a generalized Salagean
operator. Ind. J. Math. Math. Sci. 2004, No 25-28 (2004), 1429-1436.

[3] S.S. Miller, P.T. Mocanu, Differential Subordinations. Theory and Ap-
plications. Marcel Dekker Inc., New York, Basel, 2000.

[4] St. Ruscheweyh, New criteria for univalent functions. Proc. Amer.
Math. Soc. 49 (1975), 109-115.

[5] G. St. Salagean, Subclasses of univalent functions. Lecture Notes in
Math., 1013 (1983), 362-372 (Springer Verlag, Berlin).

Department of Mathematics, University of Oradea

Str. Universitatii, No.1

410087 Oradea — ROMANIA

e-mail: dalb@Quoradea.ro Received: GFTA, August 27-31, 2010



