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Abstract

We study mixed Riemann-Liouville integrals of functions of two vari-
ables in Holder spaces of different orders in each variables. We consider
Holder spaces defined both by first order differences in each variable and
also by the mixed second order difference, the main interest being in the
evaluation of the latter for the mixed fractional integral in both the cases
where the density of the integral belongs to the Holder class defined by usual
or mixed differences. The obtained results extend the well known theorem
of Hardy-Littlewood for one-dimensional fractional integrals to the case of
mixed Holderness. We cover also the weighted case with power weights.
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1. Introduction

The mapping properties of the one-dimensional fractional Riemann-
Liouville operator

12, f(z) = F(la) / (xf_(ti)cft_a, v >a, (11)

a
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are well studied both in weighted Hélder spaces or in generalized Holder
spaces. A non-weighted statement on action of the fractional integral op-
erator from Hg into H0ﬁ+a is due to Hardy and Littlewood ([1], see [11],
Theorems 3.1 and 3.2), and it is known that the operator I$, with 0 <
a < 1 establishes an isomorphism between the Holder spaces Hj([a, b]) and
H}([a,b]) of functions vanishing at the point z = a, if A\ + a < 1. The
weighted results with power weights were obtained in [9], [10], see their pre-
sentation in [11], Theorems 3.3, 3.4 and 13.13). For weighted generalized
Holder spaces H (p) of functions ¢ with a given dominant of continuity
modulus of py, mapping properties in the case of power weight were stud-
ied in [8], [7], [12], see also their presentation in [11], Section 13.6. Different
proofs were suggested in [3], [4], where the case of complex fractional orders
was also considered, the shortest proof being given in [3].

The case of weights more general than power ones, including in partic-
ular power-logarithmic type weights, in the spaces H§ (p) was considered
n [13], where operators more general than just fractional integrals were
treated. We refer also to paper [2] where the mapping properties of frac-
tional integration operators were reconsidered in terms of the Matuszewska-
Orlich indices of the characteristic w defining the generalized Holder space
H*“. Finally, we mention also the papers [5], [6], where fractional integrals
were studied in spaces of Nikolsky type.

In the multidimensional case, statements on mapping properties in gen-
eralized Holder spaces are known ([14]) for the Riesz fractional integrals

/ ¢(y) dy - e R"

|z —y[r—e’

see [11], Theorem 25.5. Mixed Riemann-Liouville fractional integrals of
order («, f3):

z Y
o(t, T)dtdr
a?ﬂ
(IO+,0+QD) (l‘, ) // $ _ t 1 a . 7_)1_’37 T > 07 y > 07

" (1.2)
were not studied either in the usual Holder spaces, or in the Holder spaces
defined by mixed differences. Meanwhile, there arise ”points of interest”
related to the investigation of the above mixed differences of fractional inte-
grals (1.2). For operators (1.2) in Holder spaces of mixed order there arise
some questions to be answered in relation to the usage of these or those
differences in the definition of Holder spaces. Such mapping properties in
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Holder spaces of mixed order were not studied. This paper is aimed to fill
in this gap. We deal with both non-weighted and weighted spaces.
We consider the operator (1.2) in the rectangle

Q={(z,y):0<zx<b 0<y<d}
2. Preliminaries

2.1. Notation and a technical lemma

For a continuous function ¢(z,y) on R? we introduce the notation
1,0 , _
(85°%) (@.9) = ela+h y)—p(@.y), (AY') (@,y) = (@, y+n)—e(@.y),

(Azl{,;sﬁ) (x,y) =@+ hy+n) —el@+hy) —e@y+n)+ey),
so that

pla+hy+m = (Ane) @)+ (80°%) (@.y)+ (A4) (2,9) + ¢z, ).

(2.1)

Everywhere in the sequel by C, C1, Cy etc we denote positive constants

which may different values in different occurrences, and even in the same
line.

We introduce two types of mixed Holder spaces by the following defini-
tions.

DEFINITION 2.1. 1. Let A,y € (0,1]. We say that ¢ € HM'(Q), if

lo(x1,91) — (22, 92)| < Ch |1 — 22| + Co |y1 — yo|? (2.2)

for all (z1,y1), (z2,y2) € Q. Condition (2.2) is equivalent to the couple of
the separate conditions

(a5%) @y <cin, [(A%9) (y)| < Gl (23)

uniform with respect to another variable. By H{)\ 7(Q) we define a subspace
of functions f € H*7(Q), vanishing at the boundaries 2 = 0 and y = 0 of

Q.
II. Let A =0 and\or u = 0. We put H%°(Q) = L*>°(Q) and

H(Q) = {p € L™(Q) : |(84%) (w.p)| < Cul}, A€ (0,1
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H(Q) = {o € 12(Q) : | (AY'%) (wyw)| < Culnl}, € (0,11,
DEFINITION 2.2. We say that ¢(z,y) € I?A’V(Q), where A\, € (0, 1], if
HM d |(AF < Cs|hn|”

@€ (Q) an ny®) (@,y)| < Cslh|*n]7.

We say that ¢ € H)"(Q), if ¢ € HM(Q) and ¢(0,y) = ¢(x,0) = 0.

These spaces become Banach spaces under the standard definition of
the norms:

(81%) @) (a%'¢) @)

. + sup + sup
llell gan H%OHC(Q) et ht 0] |h|A y,y+n€(0,d] || ;
y€[0,d] rel0]
1,1
lellznr = Il () @)
~ p— N + Su
Pl gr~ Pl zyz+hel?o,b], ‘hP""?W
y,y+n€[0,d]

Note that

peEMQ = |(Bhhe) (m.y)| < Colp PP (24)

for any 6 € [0,1], where Cy = 20?021_9, so that
HM(Q) = HM(Q) — () H™1(Q), (2.5)

0<6<1
where < stands for the continuous embedding, and the norm for

N H0-97(Q) is introduced as the maximum in 6 of norms for
0<6<1

HO(=97(Q). Since # € [0,1] is arbitrary, it is not hard to see that the
inequality in (2.4) is equivalent (up to the constant factor C') to

[(A12e) ()] < Coninflb 7). (26)

We will also make use of the following weighted spaces. Let o(x,y) be
a non-negative function on @ (we will only deal with degenerate weights

o(z,y) = 01(z)02(y)).
DEFINITION 2.3. By HM(Q, 0) and ﬁ/\W(Q, 0) we denote the spaces

of functions ¢(x,y) such that op € HM(Q), 0p € HM(Q, o), respectively,
equipped with the norms

Il = leelma@y 1ol = 2l
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By HS‘ 7 (p) and I;TS‘ 7(Q, 0) we denote the corresponding subspaces of func-
tions ¢ such that pp|,—q = 0ply=c = 0.

Below we follow some technical estimations suggested in [3] for the case
of one-dimensional Riemann-Liouville fractional integrals. We denote

Q(.T7 y) — Q(tv T)

B it = 2.7
L) = ) e ey - I 27
where 0 < a, <1, a<t<z<b c<7T<y<d, and
— o1(t —
Bi(z,t) = o1(z) — o1 (t) Bol(y,7) = 02(y) — 02(7) (2.8)

o1(t)(x — )t o2(r)(y — 7)1 7
In the case o(z,y) = 01(x)p2(y) we have

B(z,y;t,7) = Bi(x,t)Ba(y, 7) +

B1($7t) + BQ(yaT)
(y—7)=F  (z—t)=
Let also

Dy(z,h,t) = Bi(x + h,t) — By(z,t), t,x,x+he0,b], h>0,

D2(y>7777) = B2(y+na7_) - B2(yv7—>a T,y,ZH‘ ne [07d]7 n> 0.

REMARK 2.4. All the weighted estimations of fractional integrals in the
sequel are based on inequalities (2.9)-(2.10). Note that the right-hand sides
of these inequalities have the exponent max(u — 1,0), which means that in
the proof it suffices to consider only the case u > 1, evaluations for u < 1
being the same as for p = 1.

LeEmMMA 2.5. ([3]) Let o1(x) = 2*, u € RY,0 < o < 1. Then

x\max(u—1,0) (z — )
< (= —_— .
Bia.t)| < (T) =, (2.9)
z+h max(pu—1,0) h
< . .
Do) < (250) rhegee (210

14

Similar estimates hold for By(y, ) and Dy(y,n, ) with o(y) = y".

2.2. A one-dimensional statement

The following statement is known, being first proved in [9], see also
the presentation of this proof in [11], p. 57; a shorter proof was given in
[3]. Nevertheless we recall the scheme of the proof from [3] to make the
presentation easier for the two-dimensional case.
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THEOREM 2.6. Let 0 < A< 1, Ada < 1 and o(z) = 2*. The operator
(I&,f) (z) maps the space Hg([0,b]; 0) into the space H)([0,b]; 0), if
pw<A+1.

Proof Let f € HJ(0,0;0) and v = o(z)f(z), where 1(x) €
H*([0,8]), (0) = 0. We have

(oI, f) (@) = (I8 ) (2) + (J& ) (2), (T 0) ()= F(l) / B, ) (t)dt.

a
0
Let h > 0 and @,z +h € [0,b]. The estimation of (I§, ¢) (x+h)— (1§, ¢) (z)
is the same as in [11], pp. 54-55. For J§, ¢ we have
(Jg‘gﬁ) (x+h)— (Jg+¢) (x) = Fi(x,h) — Fa(x, h),
where
x+h z+h
Fi(a,h) = / Bla+ htyo(t)dt,  Falx, h) = / D1 (2, h )t dt.

By Remark 2.4, it suffices to consider only the case u > 1. By (2.9) we have

z+h x+h
h—1t)~
| < Clo+ by~ / WA B0 < ona+ ! / P Hdt

< Chot(z + h)A L < oot
Making use of (2.10), we obtain

T Ap
< Ch Pttt
< Cha+ 0y [ o
0

T
x+h

1
)\—,ud )\—ud
= Oh(fﬂ + h)A+a_1 / (16_ f)lé;a < Cha+>\/ (15_ é‘)lé;a = ChAJrav

which completes the proof. ]

3. Mapping properties of the mixed fractional integration
operator in the mixed type Holder spaces

LEMMA 3.1. Let p(z,y) € HM(Q), 0< Ay <1, 0<a,fB<1.
Then for the mixed fractional integral operator (1.2) the representation
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o __9(0,0)2%y"  n(x)y’ | aa(y)
(500) 00 = 50 i 1 3 T+ ) e @) B

holds, where

T Y
MOE F(a)o/ D ) = g | S

W(a,y) = e / /y G _<A%’771 0.0 __dtdr,
0 0

L(e)T(B) )=y —7)-F
and
[1(2)] < Cra™®, [iha(y)] < Cay? ™7, (3:2)
(@, y)| < C min po Ty IHI=0T = Oy min{a?, ¢} (3.3)

P roof. Representation (3.1) itself is easily obtained by means of (2.1).
Since ¢ € HM(Q), inequalities (3.2) are obvious. Estimate (3.3) is obtained
by means of (2.4) and (2.6). ]

THEOREM 3.2. Let 0 < \,v < 1. The operator Igf,ch is bounded from

H}(Q) to HYY™ P (Q), if A\ +a <1 andy+ < 1.
Proof. Since p(z,y) € H(Q), by (3.1) we have

(1604%) (2.9) = V().

We denote

glt.7) = (Al1e) (0,0) (3.4)
for brevity. Note that

(ale) (0,0) = p(t,7)
for ¢ € H(;\ V. but we prefer to keep the notation for g(¢,7) via the mixed
difference as in (3.4). By (2.4) we have

lg(t, 7)] < CtP270=97 < min{t}, 77}, (3.5)

For h >0, z,z+ h € Q1 = [0,b], we consider the difference
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[(a)T(B) J (h =)=
) Yy
glx —t,y—7) (x+h)*—a* [g(z,y—71)
_// tl-arl=g dtdr 1+ a)(B) / T1-6 dr
0 0 0

TR // lg(x —t,y —7) — gla,y — 7)]-[(t+ h)* =t 77 dtdr
0 0

= A1+ As + As. (3.6)
We make use of (3.5) with § = 1 and obtain
|AL] < C(z + h)* — z%| 2> < ChYT,

For Ay in view of (2.4), we have

|g($ —ty— T) - g(xa Y- T)’ = ’ <A1—7t1,y—’rg0> (1.7 0)‘ < C‘t‘)\a (37)
and then
Ay < Ch .
For Ag by (3.7) and (2.4) we obtain

Aggc/ Mt (t+h) > dE < Cohot, Coz/t)‘\ta_l(t+1)a_1|dt < o0,
0 0
Gathering the estimates for Ay, As, As we obtain
[9(x + h,y) — d(x,y)| < CRAT,

Rearranging symmetrically representation (3.6), we can similarly obtain
that

|¢($)y + h) - Qp(l‘)y)‘ < Ch'YJr,B’

which proves the theorem. [ ]
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THEOREM 3.3. The mixed fractional integral operator Igﬁf 0+ 1s bounded

from the space fIS’V(Q), 0 < M\, v < 1 into the space ﬁg‘“" @), if
Ao, v+ 8 < 1.

Proof. Let pe€ ITI(;\’W(Q). By Theorem 3.2 and embedding (2.5), for
flz,y)= (Igfo+<p> (z,y) it satisfies to estimate the difference (A,ll’;f) (z,y).

Since p(z,Yy)|z=0y=0 = 0, according to (3.1) we have f(z,y) = ¢(z,y),
where ¢ (x,y) is the function from (3.1). The main moment in the estima-
tions is to find the corresponding splitting which allows to derive the best
information in each variable not losing the corresponding information in
another variable. The suggested splitting runs as follows

(A3f) @w) = (ahw) @) = 1
k=1

(y+n)P° —y°
T(a)T(1+ B)

= [(z+h)* =2 [(y +m)" —y°] +

9@,y +1) —9(z,y) ,

h
X/g:rthy g(z y)dt+(x+h) -
0

o\d

h —t)l-«a I'(1+ a)T(B) (1= )15
(y+mn)P° —y° o
+r<><1+ﬁ>0/[g<x—t,y>—g<x,y>]. T
(x + h)* — ’
I'(1+a)(B) O/[Q(way ) —g(z,y)]- [(T—I—n) e 1] dr

F(O‘)F(ﬁ) 5 t)lfa(n — 7—)
h y 1,1
1 (At:*‘l'g (‘T7 y) 5.1 51
+F(oz)F(ﬁ)O/O/ (h—t)ia ()t =777 dtar
z 7 1,1
1 (A;wg (z,y) .
IXORE) 0/0/ (n— 1)1 P [(t+ 1) t*=1] dtdr
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where h > 0, n > 0; =, z + h € [0,b]; y,y +n € [0,d] and g(z,y) is the
function from (3.4). The validity of this representation may be checked
directly.

Since ¢ € HM*, we have |g(z,y)| = |A;,¢(0,0)] < Cx*y” and then
T3] scxkywmh)a—xar\<y+n>ﬁ—yﬁ ,
tAdt
Ty| < Cy” ‘y+77 yﬁ‘/ T
Vd
T3] < Ca | (2 + h)° a|/ =t
—7)

Ty SCy”‘(ern)ﬁ—yﬂ’/t [(h+ )"t =t dt,
0

e Mlae e

For Ty — Ty we similarly, make use of

(A% r0) )| = | (A1) )| < el

and obtain
P A de
t TrdtdT
e e e e =
0 0
Y
t
U]

h
)‘T7 n+7’5 1 6_1’
|T7| < C dtdr,
_t l—a
0 0
xr
h—|—t a—1 ta_l}
T3] gc// S ——dtdr
0 0

)
Ty| < C//t)\’]"y [(h+)> =t )(77 + 7)1 - 75—1( dtdr,

after which every term is estimated in the standard way, and we get
1,1

(Ah’,nf) (@, y)) < CghMoqgrth,

This completes the proof.




MIXED FRACTIONAL INTEGRATION OPERATORS IN ... 255

4. Extension to the weighted case

In this section we give a generalization of Theorem 3.3 to the weighted
case with the weight

olz,y) =2'y’, p<A+1l,v<y+1 (4.1)

THEOREM 4.1. Let o, € (0,1), A,y € [0,1), A +a <17+ < 1
and o be weight (4.1). Then the mixed fractional integral operator Ioi 0+

is bounded from the space H)" () to Hy 7 ().

P r oo f. By Remark 2.4, it suffices to deal with the case p,v > 1.
Let ¢ € Ha\”( ), so that p(z,y) = go(z.y ), where oq(z,y) € H*? and

o(z.y)
900($7y)|x:0,y 0 = 0. For
// o(z,y)po(t, 7)dtdr
(7,y)
(t,7)(x —t)l=(y — )18

we have to show that ® € H(’)\+O"7+ﬁ and || @ zarants < Clleollgan- We
represent ®(x,y) in the form

(I)(w7y) = <I>1(:):,y) + (I)Q(x?y)

(t,T)dtd
// x iol aT T // xT yjt T SOO(t T)dth (42)
- - 7'

where notation (2.7) has been used. Here ®1(z,y) € HM'a PH(Q) by The-
orem 3.3. To estimate the term ®o(z,y), we note that the weight being
degenerate, we have

o(z,y)—e(t, 7) =[e(z)—e(t)] [o(y) —o(1)+e(7) [o(z) — (W) +e(t) [e(y) —o(7)],

which leads to the following representation

z Y T Y

2(z,y) //lethy, )gpgtTdth+//Bl Soot)T) dtdr
0 0

0
//Bw, %ol ’)) dtdr,

where the notation (2.8) has been used. For the difference (A}L’O(Ih) (x,y)
with h > 0 and z,z + h € (0,b), we have
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x+h Yy

(A}Z’O(I)2> (z,y) = / /Bl(:z: + h,t)Ba(y, 7)po(t, T)dtdT

T
x

Y z+h Yy
+//thth(y, T)o(t, 7)dtdr +
0 0

/le+ht ot 7 )dtd
0

_7—)
x Y z+h

y
wol(t,7) vol(t, T)dth
D h,t dtdr Bs(
+ [ [P+ [ [ man ST
00 0

xT

a\

+ O/O/Bg(y,T) [(z+h =) — (x—t)* ] po(t, 7)dtdr.

Since ¢ € fla\”, we have

|900(t7 T)| < CtAT,yv |()00(t7 T) - @0(x7 O)‘ < C(t - :U))\T’y )
and then
z+h T

‘(ALOCI)2> (m,y)‘ < C{( / \Bl(x—i-h,t)]t)‘dt—i—/|D1(x,h,t)t’\dt

0
z+h

t — x)Ndt o ,
+/(x(+h—t1a /\x+h—t — (v —1) 1‘(t—a¢))‘dt>y !

xT

y vth 7
X/ v o —l—(/B1(x+h,t)t)‘dt+/\Dl(x’h’t)tAdt)/(y::)l—ﬁdT}'
0 0

0 T

Hence, by inequalities (2.9)-(2.10), via standard estimations can easily arrive
at

‘(A}l’ofh) (m,y)‘ < ChotA,
The estimate
‘(A};O%) (way)‘ <oyt
is symmetrically obtained.
For the mixed difference with (Ai’}fbg) (z,y) with h,n >0, x,z+h €

[0,b], y,y+mn € [0,d] the appropriate representation leading to the separate
evaluation in each variable without losses in another variable is as follows:
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z+h y+n
(A1L82) (2.9 = / / Bi(z+ hy t) Ba(y + 0, 7)o (t, 7)dtdr

€z Yy
x+h Yy

//D1 x, h, t)Da(y,n, 7)o (t Tdth+/ /31 (x+h, t)Da(y, n, 7)o (t, T)dtdT

z y+n z+hy+n

Bl($+h,t)
—l-//Dl(a:,h,t)BQ(y—l-TI,T)QOO(t,T)dth+/ /(1/4—77—7')16

0 vy Ty
z+h Yy

X @o(t, T dtd7'+/ B(x+h,t) [(er?]*T)’g 17(y77')’g_1} wo(t, T)dtdr

z 0
T

+/
0
Y

+//D1 x, h,t) y—i—n—T)B*l — (y —7)P 7Y polt, 7)dtdr
0

z+h y+n
4 / / (& + h — )" Ba(y + 1, 7)po(t, 7)dtdr

T

Dy (x, h,t)(y +n — 1) Lpo(t, 7)dtdr

@"\E

T y+n
+// x—i-h—t a_l]BQ(y‘i‘ﬁ,T)gOo(t,T)dth
Yy oth v
+ / /(x—l—h—t)a LDy (y,m, 7)ot 7)dtdr
x y
—|—// x—i—h—t ]Dg(yn, 7)o (t, 7)dtdr.
0

We omit the detalls of evaluation of each term in the above representation,
it is standard via Lemma 2.5 and yields

[(Ahh22) (2,)] < CRM*e 2,
Finally, it remains to note that
®(2,0) = ®(0,y) = 0, since |D(z,y)| < Ca*oy)+s
under the conditions p < A+ 1,v <~ + 1. ]
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