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Abstract

Two integral transforms involving the Gauss-hypergeometric function in
the kernels are considered. They generalize the classical Riemann-Liouville
and Erdélyi-Kober fractional integral operators. Formulas for compositions
of such generalized fractional integrals with the product of Bessel functions
of the first kind are proved. Special cases for the product of cosine and sine
functions are given. The results are established in terms of generalized Lau-
ricella function due to Srivastava and Daoust. Corresponding assertions for
the Riemann-Liouville and Erdélyi-Kober fractional integrals are presented.
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1. Introduction

This paper deals with two integral transforms defined for x > 0 and
complex a, 5,1 € C (R(a) > 0) by
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@) = [ 0man (e omast - 1) foar
(1.1)
and
@) = s [0 (w o pmmast - £ foar.
(1.2)

Here I'(«) is the Euler gamma function [1, Section 1], %(a) denotes the real
part of «, and 2Fi(a,b;c; z) is the Gauss hypergeometric function defined
for complex a,b,c,€ C, ¢ # 0,—1,—2,--- by the hypergeometric series [1,
2.1(2)]

> a Zk
2P (a,bye;2) = ) ( 2’2)(:)”“ ik

k=0
where (2); is the Pochhammer symbol defined for z € C and k € Ny =
Nu{0}, N={1,2,...} by

(1.3)

(2)o=1, (2)k=2(z+1)...(z+k—1) (keN). (1.4)
The series in (1.3) is absolutely convergent for
|z| <1 and |z|=1(z#1), R(c—a—10b)>0. (1.5)

Operators (1.1) and (1.2) were introduced by Saigo [5], and their proper-
ties were investigated by many authors; see bibliography and a short survey
of results in [3, Section 7.12, For Sections 7.7 and 7.8]. When 8 = —a, (1.1)
and (1.2) coincide with the classical left and right-hand sided Riemann-
Liouville fractional integrals of order o € C, R(«) > 0, [6, Section 5.1]:

(Zo ")) = (T5, f)(x) = F(la) /z(x — )27 f(H)dt (x>0), (1.6)

a,— (0% ]' > a—
T ) = (@) = o [ =t @0 (1)
If 3=0, (1.1) and (1.2) are the so-called Erdélyi-Kober fractional integrals
defined for complex a,n € C (R(«) > 0) by [6, Section 18.1]:

x—o "

T H) = Tiafo) = o [ =" @20, (1)
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z" & —1,—a—
t—ax)* T f(H)de 0).
o = f(#)dt (x> 0)
(1.9)
We investigate compositions of integral transforms (1.1) and (1.2) with
the product of Bessel function of the first kind, J,(z), which is defined for

(T2 ) () = (K af) (@) =

complex z € C (2 #0) and v € C (R(v) > —1) by [2, 7.2(2)]
[e'S) ( 1 ( )1/+2k
kzz()ru+k+1k' (1.10)

We prove that such compositions are expressed in terms of the generalized
Lauricella function due to Srivastava and Daoust [7], which is defined by

sl
A: B';..;B(n)
FC: D’;n-;D(")
Zn
_ oA BB (@) 0y 000, (8 ¢/ (0 6]y
= e pripw [[(c): Wy HOOL [(@): 8 [z 6] ST En
A B’ B™) )
/ n
oo H(aj)klﬁ’.Jr-"JrknG(.n) H(b])kwﬁ;H(bj )knd)§") ) .
_ Z Jl Jl i=1 A A"
=0 D) (n) ]{?1! kn!7
n— n
H ()t et H sy [0, g0
j=1
(1.11)

the coefficients

0" (j=1,...,4); ¢ (j=1,...,B™)
Yy G =1,...,0) 8™ (G=1,...,DM); ¥Yme{l,...,n}
(1.12)
are real and positive, and (a) abbreviates the array of A parameters ay, ..., a4,

(b™)) abbreviates the array of B("™) parameters bg-m) (G=1,....,B™): Vm ¢

{1,...,n}, with similar interpretations for (¢) and (d™) (m = 1,...,n).

(2)q is a generalization of the Pochhammer symbol (1.4):

I'(z+a)
(a)

The multiple series (1.11) converges absolutely either

(2)a = (z,a € C). (1.13)

(1) A;>0 (i=1,...,n), ¥V z1,...,2, € C,



162 A.A. Kilbas T, N. Sebastian

or
(i1) A;=0 (i=1,....,n), ¥V 21,...,2p €C, |z| <0 (i=1,...,n),

and divergent when A; < 0 (i = 1,...,n); except for the trivial case z; =
-+ zp = 0, where

c D® A B®
A= 143 90 3780 N0 Nl (=1, m),  (1.14)
7j=1 7j=1 7j=1 7j=1
oi= min {E;} (i=1,...,n), (1.15)
H1yeeesbn >0
with
(@) @) <[ wl (o (@)
DU B( (3) (O
(i) oxe i <Z it ) JJIORE
L+ Z 6j - Z ; j=1 \i=1 ’ j=1 ’
E=(u) 7 7

A n . 93@ B® N (4)
I (3owo) ] T
; o1
(1.16)
For more details see [7]. Special cases of (1.11) are established in terms
of generalized hypergeometric function of one and two variables respectively,
for the sake of completeness we define these functions here. A generalized
hypergeometric function ,Fy(z) is defined for complex a;,b; € C, b; #
0,-1,...(¢ = 1,2,...p;j = 1,2,...q) by the generalized hypergeometric
series [1, 4.1(1)]

k

o (a1)g - - - (ap) =
F, : : :E B 1.1
pFalan, .. api bi,. s bgi2) o (b1)k - .- (bg)i K! (1.17)

This series is absolutely convergent for all values of z € C if p < ¢; and it is
an entire function of z. We define a generalization of the Kampé de Fériet
function by means of the double hypergeometric series [7]

Fpiask (ap):(bg)s(cr); i {H§:1(aj)r+s}{H?:1(bj)r}{H§:1(Cj)s} z"y*

l:mm[(al):(ﬂm)i('h)%x’ y] _r,s:(] {Hé':l(Oéj)r—i—s}{H;'nzl(ﬁj)r}{H?zl(’yj)s} 7“! g
(1.18)
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The above double series is absolutely convergent for all values of x and y,
ifp+g<l4+m+landp+k<i+n+1 Also,ifp+qg=I01+m+1 and
p+k=10+n+1, we must have any one of the following sets of conditions:

p <1, max{|z],|y|} <1;
p>1 ||V 4y VD <,

The paper is organized as follows. Formulas for compositions of integral
transforms (1.1) and (1.2) with the product of Bessel functions (1.10) are
proved in terms of generalized Lauricella function (1.11) in Section 2 and
3, respectively. The corresponding results for the Riemann-Liouville and
Erdélyi-Kober fractional integrals (1.6), (1.7) and (1.8), (1.9) are also pre-
sented in Sections 2 and 3. Special cases giving compositions of fractional
integrals with the product of cosine and sine functions are considered in
Sections 4.

2. Left-sided fractional integration of Bessel functions

Our results in Sections 2 and 3 are based on the preliminary assertions
giving composition formulas of generalized fractional integrals (1.1) and
(1.2) with a power function.

LEMMA 1. ([4, Lemmas 1-2]) Let «, 5, € C.

(a) If R(«) > 0 and R(o) > max [0, R(B —n)], then

(TP ) (@) = F((P,(i);)(&j Z; i)n) T 21)

(b) If R(a) > 0 and R(o) < 1+ min [R(5), R(n)], then

M0+ DM —0+1) o 5
'l-o)l'(a+B8+n—0+1) '

(220171 () = (2.2)

The generalized left-sided fractional integration (1.1) of the product of
Bessel functions(1.10) is given by the following result.

THEOREM 1. Letn € N, o, 3,1,0,v; € Candaj,pj € Ry (j=1,...,n)
be such that

R(a) >0, R(y;)>-1, Re+ Y pvy) >max(0,R(B—n)].  (2.3)

=1
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Then there holds the formula
Igéf,n tafl H JV]‘ (ajtl’j) (;1;)
j=1

s [ (57 ) T (v)
= ,Hr(yj-ﬂ) T(w)D(2)

J=1
2,.2 2,.2
o 2050 | [w:2p1,e00.2pn],[v:2p1,...,20n] . apz” A
2:1,... [w:2p1,...,.2pn],[2:201 .., 200 ]: V1 +1:1],.. . [un +1:1]: ; 4 7 4 ?
(2.4)

where w = o + 370 pjvj, 0 = o+ — B+ Y piviw =0 — B+

diipivi, 2 =0 +a+n+ 35 pjvy and F221010[] is given by (1.11).
Proof. First of all we note that A; 1n (1.14) is given by A; = 1+n >0

(¢ =1,...,n € N), and therefore F2 D [] in the right hand side of (2.4)

is defined. Now we prove (2.4). Applylng equation (1.10), Using (1.1) and
(1.11) and changing the orders of integration and summation, we find

Ofn 7 1l_IJ (atP) | | (z)

v1+2k
(g [ [ 3o ERRCT)
" D(vy + k1 +1) k!

k1=0
5 e,
fen=0 v "
i (—1)k1 (% )12k (—1)kn (2 )nt2hn
L1+ 1) (1 + gy k1! T(vp 4+ 1)(vn + Vg, kn!

k1,....kn=0
> (I(C)me{tU+V1p1+~-+Vnpn+2p1k’1+~~~+2pnk’n—1}) (:):)

By (2.3), for any k;j € No (j = 1,....,n) R(o + 37, pjvj + 237, pik;) >
R(o+>°7_, pjvj) > max[0, R(B—mn)]. Applying Lemma 1( ) and using (2.1)
with o replaced by o + 377, pjv; + 2370 pjkj (j =1,...,n), we obtain

Ty |t IHJ (a5t™) | | (@)



FRACTIONAL INTEGRATION OF THE PRODUCT ... 165

e8] (_1)k1(%)u1+2k1 (_1)kn(%)ljn+2kn
2 T+ D)(r 4 D, k1! T(um + (v + )i, kn!

E1,..,kn=0

L Lo+ > i Wips + 2p5ki))U (0 + 1 — B+ 351 (vipj + 2pjk;))
L(o — B+ 3201 (vipj + 205k)T (0 + a+n+ 320 (Vip; + 2pjk;))

0BT (Vip+205k;)

]
LBy Do+ X5 pjr)T(o + 0 — B+ 375, pjvj)

= g7 F-1 H - - X
e L(vj+1) [ T(o =B+ 35 pjv))T (o +a+n+ 370, pjvj)

o0

Z (J+E;L:1 pjyj)2p1k1+~~+2pnkn (U+77—ﬁ+2?:1 ijj)2p1k:1+~~+2pnkn
k5o (OB 251 PV )opkit2onkn (THQFNH 251 V) 2pks 4 200kn

2.2 2 ..2pn
y 1 (_alﬁpl)k’l (_an;ip )kn
(Vl—l-l)kl”-(lfn-i-l)kn k1! k!
This, in accordance with Equation (1.11), gives the result in (2.4). This
complete the proof of the theorem. [
COROLLARY 1.1. Let o,0,v; € C and aj,p; € R4+ (j = 1,...,n) be

such that ®(a) > 0, R(v;) > —1 and R(o + Y7, pjv;) > 0. Then
8 [ T et ) @
j=1

- mPj
n (aJCE J

e ) == A VL)
i IF'vj+1) | T(c+a+ Z}‘:l piv;)

XFI:O""’O [o+>27 21 pjvii2p1,..20n]: ) _a%xQﬂl _a%pr"
L1 | [ohat 0y o201 2pnliin 41l v+ L0 57 g T
(2.5)

COROLLARY 1.2. Let a,n,0,v; € C and aj,pj € Ry (j =1,...,n) be

such that R®(a) > 0, R(v;) > —1 and R(o + 37, pjv;) > —R(n). Then

n
Zr [ ] v (ait?) | ] ()
7j=1
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ﬁ (“22y \  T(o+n+ 35 pivy)
i FV]+1 (O’—f—()[—i—’r]—l—Z?:lpjyj)
><Fl:O,...,O [U+7I+Z?=1 PiV§i2p150.2pn]: ) _a%l‘?m B a%zzp"
Ll [otatn+307_ 1 pjvji2p1,..,2pn]: 1 +1:1),. [vn +1:1]: 4 7 4
(2.6)

CoroLLARY 1.3. Let a,(,0,v1,v2 € C and ay,a9,p1,p2 € Ry be
such that R(a) > 0, R(1q) > —1, R(v2) > —1 and R(o + p1v1 + pare) >
max|[0, R(5 —n)]. Then

(75 (7 I () (0)]) ()

_ ! I'(a)T(b)
T ouitin ()T (v + 1) (2 + 1)
4:0,0 |[5:1.1),[* 111][ AL L) L2t a?
XF4 |:[C 1 1] [ } ] [i } [V1+111],---,[Vn+1:1]: ) 4 5 1 s (27)

where a = o+ v+, b=0c+n—04+v1 4+, c=0—F+v1+ vy,
d=o+a+n+wv + vy and F:‘::{)j{)[-] is defined in (1.18).

Corollaries 1.1 and 1.2 follow from Theorem 1 in respective cases = —«
and § = 0, if we take (1.6) and (1.8) into account. Corollary 1.3 follows
from Theorem 1, if we put n = 2,a1 = 1,a2 = 1,p1 = 1,p2 = 1, use (1.11)
and take into account the relation

(2)ap = 2% (%)k <Z§1>k (2€C, keNy), (2.8)

where (2)j is the Pochhammer symbol (1.4).

REMARK 1. When n = 1,a; = 1,p1 = 1,11 = v equation (2.4) is

reduced to
(zgf’" [t"_lj,,(t)]) ()

potv—pA-1 Fe+v)I'(c+v+n—p)
2v MNo+v—-p)l(c+v+a+nl(v+1)
otv U+u+1 o'+u+n ,6 cr+l/+17 B+1 x2
X4l'5 [ }

2 I
11, cr+u B otv— ﬁ+1 a+u+a+n 0+V+a+n+1 7_Z

(2.9)

This result was proved in [4, Theorem 3].
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3. Right-sided fractional integration of Bessel functions
The following result yields generalized right-hand sided fractional inte-
gration (1.2) of the product of Bessel functions.

THEOREM 2. Let «,3,n,0,v; € C and aj,p; € Ry (j =1,...,n) be
such that

R(a) >0, R(rj) > =1, R(o— > pjv;) <1+ min[R(B),R(n)]. (3.1)
j=1
Then there holds the formula

7B | po— 1H (th> (z)

Q;EPJ V' F(p)F(Q)
I‘ (v;+1) | T'(r)I(s)

2 2
><FQ:O,...7 [P:2p1,..-,2pn],[4:2p1,.-.,2pn]: _ ay _ — n
2:17"'71 [T 2p1a 72pn] [S 2p17 72pn} [y1+1 1]7 a[”nJrl 1] ; 4x2pl rrro 4x2l7n
(3.2)
wherep =1+ -0+ 370 pjvj,q=1+n—0o+ 3 pjvjr=1—-0+

D1 piviys =t BAn—o+ 3 pvj + 1 amdF2210 ........ 10 [-] is given by

(1.11).

Proof Firstof all we note that A 1n (1.14) is given by A; = 14n >0
(¢=1,...,n € N), and therefore F2 L H in the right hand side of (3.2) is
defined. Now we prove (3.2). Using Equatlons (1.2) and (1.10) and changing
the orders of integration and summation, we have

B | o1 H T, (%) (x)
j=1

W) Sy (S Gg)

,,377 o—1 tP1
Zry1+k1+1)k1! k:OF(ynJrknJrl)kn! (z)

= (=1)k ()t (=1)kn (o)t
2 T+ 1)1 4 D, k1! T(n + D) (v + i, k!



168 A.A. Kilbas T, N. Sebastian

% (Iiv,ﬁm{ta—vml—~~-—Vnpn—2mk1—~~~—29nkn—1}) (:E)

By (3.1), for any kj ce Ny (j =1,... ,n) %(U—Z?Zl pivi — 22?:1 pjkj) <
R(o— >0 pjvj) <1+ min[%R(ﬁ), R(n)]. Applying Lemma 1(b) and using
(2.2) with o replaced by o — j 1PV — QZJ ik (=1,...,n), we

obtain
ﬂﬁ 1o~ 1 H ) (1‘)

( 1 V1+2k1 (71)kn(a7’n)Vn+2kn

N z;_or(yl +1)( n +1) b k1l T(un 4 D) (n 4 Dy, K

y DB =0+ 14375 (vipj +2pik;))T(n — o+ 1+ 35 (vip; + 2p5k;))
D(1—o+32% (vip; + 2pik;) )T (L+a+B+n—o+3 70 (vipj + 2pik)))

w g0 B1=251(vipi+2p5k5)

o (57)" ) T(p)T(q)

l:I +1 L'(r)I'(s)
o0

% Z (p)2p1k’1+'“+2pnk’n(Q)2p1k1+'“+2pnkn
o (P)201k1+42puk0 (8)201 k144201 ke

k17 n=—
2 2
« 1 (_4;21171 )kl o (_4527:771 )kn
(I/l -+ 1)k1 s (I/n + 1)’% k! ky! .
By equation (1.11), this yields the result in (3.2). [

COROLLARY 2.1. Let a,0,v; € C and aj,p; € R4+ (j = 1,...,n) be
such that R(v;) > —1, and 0 < R(a) <1—R(o — > 7, pjv;). Then

il 1HJV] )] ] @

pota—l ﬁ (Qi%j)yj F(l_U_OH‘Z _1PjV5)
= F(l _J+Zj:1 ,()]'I/j)

2 2
o 10,0 (l—o—a+327 1 pjvji2p1,....20n]: o o ay
Lol | [L=o+3 72 pjvii201, 2001+ 1:1], [un +1:1]: ; Ap20 0 dg2em

(3:3)
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COROLLARY 2.2. Let a,n,0,v; € C and aj,pj € Ry (j =1,...,n) be
such that R(a) > 0, R(v;) > —1, and R(o — D27 pjvj) <1+ R(n). Then

Koo [ L0 (22)] ) @
j=1

—a (] () | Tt —0+35 )
T(vj+1) ) T(L+n+a—o+ 30 pjvj)

Jj=1
N ol oo 2 2
o 050 [ =042 50y 015320150 2pnl: .Y _ay
1:1,...,1 [1+0¢+77—0+E?:1 PV 215 20n i1+ 11 [un+101]: 0 402017 7T gp20m |
(3.4)

COROLLARY 2.3. Let «,3,n,0,v1,v2 € C,a1,a2 and p1,p2 € Ry be
such that R(a) > 0, R(v1) > —1, R(ra) > —1, R(o — piv1 — para) <
14+min[R(B), R(n)] and R(F—o+v1+12+1) > 0,R(n—0+v1+1r2+1) > 0.

Then ) )
(e (e ()
t t
_aomsd L)
2u1tv2 I'(g)T(R)(v1 + 1) (2 + 1)
4:0,0 | [£:1,1],[22 1,1, [L:1,1), [ L 1,1 o1 1
xFia [[2:1,1],[92“;1,1],[2:1,1],[*%1:1,1];[u1+1:1},...,[yn+1;1]:’ S 4x2’ 4g2|’ (3.5)

wheree=F—oc+uvi1+wm+1l, f=n—c4+uvi+wn+l,g=1—0+uv)+vs,
h=a+pB+n—0c+vi+va+1 and Ffﬁ’lo[-} is defined in (1.18).

According to (1.7) and (1.9), Corollaries 2.1 and 2.2 follow from The-
orem 2 in respective cases § = —«a and § = 0. Corollary 1.3 follows from
Theorem 1, if we put n = 2,a; = l,a2 = 1,p1 = 1,p2 = 1 and take (2.8)
into account.

REMARK 2. When n = 1,47 = 1,p; = 1,11 = v, equation (3.9) is

reduced to
s Q)

s rg—o+v+1)'p—oc+v+1)
2v rll—oc+vlla+p+n—c+v+1)I'r+1)
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B—o+v+1l B—o+v+2 n—o+v+l n—o4v+2 1
) 2 I’ ’

X 4F5 V+1,217c£+u7273+V7a+ﬁfn;0+u+172a+ﬁ+7750+v+2 3_@ (3-6)
This formula was proved in [4, Theorem 4].
4. Fractional integration of cosine and sine functions
For v = —% and v = 3, the Bessel function J,(z) in (1.10) coincides
1
2
with cosine- and sine-functions, apart from the multiplier ﬂi) :
J AL J 2\ 4
z)=|— ] cos(z), z)=|— sin(z). 1
Lo =(2) e, 6= (2) e @
Setting vy = -+ =1, = —% and py = --- = p, = 1, from Theorem 1 and

Corollaries 1.1 and 1.2 we deduce the following results:

THEOREM 3. Let o, 3,n,0 € C,a; € R4,j =1,...,n be such that

R(a) >0, R(o) >0, R(c+n—p)>0, R(o)>max[0,R(5—n)]

Then there holds the formula
Igf’" o1 H cos(a;t) | | (z)
j=1

_ as_T)T(0 47 5)
Mo—-p)I'(c+a+mn)

F2:07'-'10 [0-:2 7777 2}7[04‘77—/311---72}1 . a%x2 a%xz . (42)

2:1,...,1 [U—ﬂ:Q,...Q],[a+n+a:2,...,2]:[%:1],...,[%:1]: ’ _T’ T 4

X

COROLLARY 3.1. Let a,0 € Canda; € R4 (j =1,...,n) be such that
R(a) > 0 and R(o) > 0. Then

n
& |17 [T eos(at)| | ()
j=1

:onrafl F(U) Fl:O,...,O [0:2,...,2]: ‘_CL%.’E2 CL?LCC2
T(o+a) Mool [lotaze 2 alofdn: 7 4 T 4
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COROLLARY 3.2. Let a,n,0 € C and aj € R4 (j = 1,...,n) be such

that R(a) > 0 and R(o) > —R(n). Then

(I,‘;a o1 H cos(ajt)] ) (x)
L J=1

xo'fl F(U + 77) :0,...,0 _[0+r]:2,...,2]:

1

_ 10,... L
- 1“(0- + o+ 77) 1:1,..1 _[U+a+n:2,...,2]:[5:1],...,[%:1]: !

a3z? B aZz?
1 1
(4.4)

THEOREM 4. Let a,f3,n,0 € C and aj € Ry (j = 1,...,n) be such

that

R(a) >0, R(o) >0, R(c+n—p0) >0, R(o)>max[0,R(5—n)].

Then
n
Ig‘f’" ton-l H sin(a;t) | | (z)
j=1
=™ (], | a0 L 20— )
= aj X
2n i (o - (c+a+mn)
x FQ:O’""O [0:2,...,2],[c+n—B:2,...,2]: . _(1%1'2 _a%:z:z (4 5)
21,1 | [0—B:2,..2) [atnto:2, . 23], (3] 0T 4 0 S

COROLLARY 4.1. Let a,o € Canda; € R4 (j=1,...

R(a) > 0 and R(o) > 0. Then

,n) be such that
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COROLLARY 4.2. Let a,n,0 € C and aj € R4 (j = 1,...,n) be such
that R(a) > 0 and R(o) > —R(n). Then

n
I;fa et H sin(a;t) | | (x)

:E f[a, $cr—1 F(J+77)
J F(

2\ o+a+n)
x Fl:O,...,O [c+n:2,...,2]: . _G%$2 _a%xz (4 7)
11,1 [a+77+0':2,...,2}:[%:1},...,[%:1]: ’ 4 707 4 : :
Similarly, setting vy =--- =v, = —% and p; = --- = p, = 1 and taking

(4.1) into account, from Theorem 2 and Corollaries 2.1 and 2.2, we obtain
the following results:

THEOREM 5. Let a,f3,n,0 € C and aj € Ry (j = 1,...,n) be such
that

R(a) >0, R(F—0) >0, R(n—0) >0, R(o) <min[R(B), R(n)].

Then
700 | 4o f[ ( @
_ 0B (ﬁ o)l'(n—o)
I(=o)l(a+B+n—0)
S [N SRR 4 B TR

COROLLARY 5.1. Let a,0 € C and aj € Ry (j =1,...,n) be such that
0 < R(a) < —R(o). Then

A Nd ]f[l cos <a7j> (z)

2 2
1:0,...,0 | [-a—0:2,.. ,2] . ﬂ _ai
FI:L 1 |:[—o' :2,.. ,2] [ 1]7__, [2:1]: ’ _41'2 RS . (49)
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COROLLARY 5.2. Let a,n,0 € C and aj € R4 (j = 1,...,n) be such
that R(a) > 0 and R(o) < R(n). Then

(lCn’a [t” ﬁ cos (?)) ) ()

_ o L=9) pro.0 022 . a _a
F(CM +n— 0—) 11,1 [a+r]70:2,.,.,2]:[%:1},...,[%:1}: Q27T Y2
(1.10)

THEOREM 6. Let o,3,1m,0 € C and aj € R4 (j = 1,...,n) be such
that

R(a) >0, R(B—0>-1, R(n—0) > -1, R(o) <1+ min[R(B),R(n)].

Then there holds the formula

B | potn—1 - sin 4 T
[ ) )

— L (ﬁa,) L0—B—1 rNB—oc+1)I'(n—0+1)
on J rl—o)lNa+B+n—0c+1)

j=1
2 2
x F2:O,...,O [8—0:2,...,2],[n—0+1:2,...,2]: .Y Gy
2:1,...,1 [1-0:2,..., 2},[a+[3+7]—a+1:2,...,2]:[%:1]7__.’[%;1]: a2 T A2 |
(4.11)

COROLLARY 6.1. Let a,0 € Canda; € Ry (j =1,...,n) be such that
0 < R(a) <1—R(0). Then

(Ia |:i§"+”1 lilsin (C;])) ) (z)

n n
_ T | orall-a-0)
~ on (]Hlaj> v )
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2
1:0,...,0 [[1—0—a:2,...,2]: . aj a,
X Fl:l,..,,l [[1_0127.._721:[311] ..... [%:1}: ST T gy ey _:| . (412)

COROLLARY 6.2. Let a,n,0 € C and aj € R4 (j = 1,...,n) be such
that R(a) > 0 and R(o) < 1+ R(n). Then

2 ﬁa' :L,Ufl F(n_0+1)
J r

2n i (a+n—0+1)
10,0 [[1=o+1:2,...2]: - af a? 113
X 1:1,...,1 [a+7]—0'+1:2,...,2}: %:1},_“7[%:1]: 3 _@, ey —@ . ( . )

REMARK 3. When n = 1,a; = 1, then all the results in Section 4
coincide with that proved in [4, Sections 5 and 6].
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