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Abstract. Let in even-dimensional affinely connected space without a
torsion Aay, be given a composition X, x X, by the affinor ag The affinor ba,
determined with the help of the eigen-vectors of the matrix (aa) defines the
second composition Y,, x Y,,. Conjugate compositions are introduced by the
condition: the affinors of any of both compositions transform the vectors from
the one position of the composition, generated by the other affinor, in the
vectors from the another its position. It is proved that the compositions define
by affinors ag and bg are conjugate. It is proved also that if the composition
X X X s Cartesian and composition Yy, XY, is Cartesian or chebyshevian,
or geodesic than the space As,, is affine.
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1. Preliminary

Let Ay be an affinely connected space without a torsion, i.e. with a
symmetric affinely connectedness, define by the coefficients I'y 5. According
to [2] the space Ay assumes a composition X, X X, of two base manyfolds
X, and X, (n +m = N) if and only if there exists an affinor al, such that

(1) agag = 0g.

This space will be denoted An(X,, x X;,) and ag will be called the affinor of
the composition Ax(X,, X X,,) [2]. Two positions P(X,,), P(X,,) of the base
manyfolds pass through any point of Ax (X, x X,).

We shall consider an affinely connected spaces Ay (X, X X,,) with inte-
grable structure of the compositions. According to [3], [5] the integrability
condition of the structure is characterized with the equality

(2) azViaay) — aUV[ﬁa"] =0.

For the prOJectlng affinors a g, a a, define by the conditions al =
%(5’6 +ady, Gl = f(éﬁ — ab), the following equalities are fulfilled: a & a ag=
Qg aaag=a7% andaf=anaf=0[3,[4.

According to [4] for an arbitrary vector v® € Ay we have v® = a ¢ v7 +

m n
GO =V OV e where V @ =4 @ o7 € P(X,), VazmngeP(Xm).
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Following [3] we will write the known characteristics for the affinor of
some special compositions X, x X,, :

Proposition 1. The positions P(X,,) and P(X,,) of the ¢, c-composition
(Cartesian) X,, x X,,, are parallelly translated along any line in the space if
and only if Va3 = 0.

Proposition 2. The positions P(X,) and P(X,,) of the ch, ch-compo-
sition (Chebyshevian) X, x X,, are parallelly translated along the lines of
X and X, respectively if and only if V[aag] =0.

Proposition 3. The positions P(X,,) and P(X,,) of the g, g-composition
(geodesic) X, x X,, are parallelly translated along the lines of X,, and X,,,
respectively if and only if af, Voag +ag Vaag = 0.

2. Conjugate compositions in affinely connected spaces without a
torsion A,

Let the affinor ag defines a composition X,, x X,, in affinely connected
spaces without a torsion Asy,.

Let accept:
(3) o
o, B,7,0v €{1,2,....2m}; i, 4, k,poq, s €{1,2,...,m};
iJ, kD, g T, 5 €e{m+1,m+2,...,2m}.
Let v 0% ...,v %..., v @ be the eigen-vectors of the matrix (ag), as
172 m 2m
(4) A vi=vP dluvr=—vh.
S S S s
They define the net (v, V, ..., U )
12 2m
The reciprocal covectors g(,(a =1,2,...,2m) are defined by the equalities
(5) VP U, =08 = WP ls=107.
« [e%
Following the paper [6], we can consider the affinor ag of the composition
X, X X, as an affinor, associated with the net (11), LURERRI ) Therefore ag
m.
has the presentation
8 8 1 g m Jé] m+1 Jé] 2m B 3 8 i
(6) a, =v7 va+---+v” va— W Vg——0" Vg=0" 04— vy .
1 m m+1 2m i i
Now according to [6] for the projecting affinors we have @ 2 = o zl)a,
(2
@ 5 = yﬁ {)a. Let net (11), Uyes U ) be chosen as a coordinate one. Then we
'3 m
have
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Let consider the vectors

(8) w* =0+ v ¥ w =0T v
7 7 m-+1 m-+1 1 m-+1
The reciprocal covectors 3}0(04 =1,2,...,2m) are defined by the equalities
9) w’ W, =00 = w’ Wz =207 .
(0% (0%

Let introduce the affinor

B

S

o

(10) bf = w’ we —
KA

g

From (9), (10) we obtain b3 b% = 0, Hence the affinor b3 defines a composition

Y, X Y. We denote by P(Y,,) and P(Y ;) the positions of this composition.
Using (9 ), (10) we establish

(11) bpwe=wh b

s

m\g

o B,
s

from where it follows that w “ and w are the eigen-vectors of the matrix (bﬁ ).

According to [6] the prOJectlng aﬂinors of the composition Y;,, x Y,, have the

following form b o= 124)5 Wy b g = zgﬁ Wey-

(2

Definition 1. The compositions X,, x X,, and Y;, x Y, be called con-
jugate if

1) for arbitrary vectors v* € P(X,,) and v € P(X,,) are fulfilled
b5 v eP(X,,) and b5 v eP(X ):

2) for arbitrary vectors u® € P(Y,,) and u® € P(Y,,) are fulfilled
abu®e P(Y,,) and a bare P(Yy).

Theorem 1. The compositions X,, x X,,, define by the affinor (6) and

associated with the net (1.1), Uy Y ) and the composition Y;, x Y,,, define
m.

by the affinors (10) are conjugate.

Proof: With the help of (4), (6) and (8) we find

agwa:ag<vo‘—l— UO‘):UO‘— v ¢ =w*,

(12) S s+m s s+m s
agwa:ag<va—va): &+ =w*

s s—m s s—m B s

i i
Now if an arbitrary vector v® € P(Y},), then v® = Aw®, where X are functions
(2

)
of the point and a 2 v® = X a 5 w®. Taking into account (12) we can
2
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1 2 2m 7
write a 5 v® = Aw P4+ XwbB+ ..., XwP = X w?P, which means that
m+1 m+2

2m m+1
al e P(Y ).
So we proved that from v* € P(Y,,) it follows a Bore P(Y,,). The proof

of the proposition - from v® € P(Y,,) it follows a b e P(Y,,) - is similar.
From (5), (8) and (9) we obtain

(13)
1
5)0418}()[22, Qi)asfmazia wa}éazoa 'Lf]akfmazoa s#k;
s 1 s 1 s 5 -
@ava:—f, We, v Y=— ij)ava:(), We, v =0, $#£k
5 2 5—m 2 % k—m
With the help of (8), (10) and (13) we find
1 1 1 1
(14)b§va:fwﬂ—fw5:vﬁ bgva:fwﬁ-f—fwﬁ—vﬁ
s 2 s 2 s+m s+m 3 2 5-m 23 3—m

Now if an arbitrary vector v® € P(X,,), then v* = ,LZIJ v® where ,LZL are functions
7
of the point and b E; vy = ,& b 3 v®. Taking into account (14) we can write
(2
b v =p zi.a, which means b 5 v € P(X ).
m-r1

The proof of the proposition - from v® € P(X,,) it follows bh v e P(Xn)
- is similar. O

Let consider the affinor ¢ 5 = —a 2 b g. From (5), (6), (8) and (10) we
obtain

(15) cgz—agbg:@gﬁ mJia—mziiﬁ &ia.
Since according to (9) and (15) ch ¢7 = —wl g =—6 5 the affinor ¢ defines
g

an elliptic composition as, while the affinors a 5 and b 2 define hyperbolic

compositions. If z% is an eigen-vector of the matrix (c 2), then ¢y 2% = £ 2°,
where % = —1.

Fromtheequalitiesaga?;:53, bﬁbg:éﬁ, cgcg‘:—&g, agb?;:—cg
easily follow

agbg‘:—bgag‘:—cg, bgcg‘:—cgbg‘:ag,
(16)

cgag‘:—agcg‘:bg.

Because of (5), (6), (9), (10) and (15) we have a & =b % = ¢ & = 0, from

where we obtain a 5 a G=0b 5b g=c be 5 = 0. Then from (4), (5), (6), (7),
(9), (10) and (15) it follows that in the parameters of the chosen coordinate
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system the matrix (a 5), (b 5), (¢ 5), have the following form

1
1

O

(17)

O

Following [3] let introduce the notations A7; =V, a §, B;=Vab 3,
o = Va € 3. In the chosen coordinate system, which is adapted with

the composition X,, x X,,, we have [3]

(18) n=0, &, =0, Alp=-210,, A7 =212,
A-=0, A =0, w=20y, A =207 .

According to (17) we establish in the chosen coordinate system the fol-
lowing equalities for By and C4

By =T = T, By =15 kg ngm7 B =Tim ™ Ff%m’
(19) B;E = Ff E-m F?%m’ Bgc = Ff k+m Ff]:m’ B?k = F?k—!—m B F?;m;
Ble=Tim T Bp=Ti, T
Coe =T b + T CF =15 + 10 Ol =T, 10
(20) Cfp =19, TI5F" Ch=Timm —T0™ O =17 — T2,
Cr= im0 o= T, 0"

Theorem 2. If the composition X, X X, is ¢, ¢ - composition and its
conjugate composition Y, x Y, is of the kind (¢, ¢) or (g, g) or (ch,ch), then
the space As,, is affine.

Proof: Let X,, x X,, be ¢, c - composition. According to Proposition 1
and (3] AZ 3= Va aj = 0. In the chosen coordinate system these conditions
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accept the form [3]

(21) e =0 =I5 =07, =0.
Using (21) we can write (19) properly
— — — — +
By =B; =0, Big=I7p .. Big=-T:7"
(22) _
m

Blp=Bip=0 Bjh=-Ty™" B =T7,,.
1. Now let Y, x Y,, be d,d - composition. From Proposition 1 it follows
Big=Va b =0. Substituting in (22) we obtain I'" -~ = Ff'%m =I5 ™=
L2 m =0 So the last results and (21) show us that I'f 5 = 0 for any «, 8, 0.

2. Now let Y;,, XY, be ch, ch - composition. From Proposition 2 it follows

| = Via b 3 = 0. Substituting in (22) we obtain I' - = rs =0. So

o
B i k+m

a3
the last results and (21) show us that I'g 5 = 0 for any «, 3,0.

3. Now let Y;, x Y, be g, g - composition. Let consider the tensor M o =
b7 B, + b G By, Taking into account (17) and (22) for the components of

the tensor M ap I the chosen coordinate system we have

)

s _Ts s _ _1Tstm s _Ts s _Ts
M, =T, M= —Toim o Mip=Tg, Mip=T%

M3

_Ts 5 _ _Ts—m S _ _Ts5—m 5 _ 1%
ir= g M7 =-T M+ Lo Mi=T

k i—m’ k+m i+m °
But according to Proposition 3 Y, X Y, is an g, g - composition if and only
if My = 0. Consequently Yy, x Yy, isan g,g - composition if and only if
s _stm  _1s _ 718 T8 _7TSsm _7mS—m _1%§ —
i =Thim =0 =1 i =15 = i = 1 s = Tham i4m = 0.
So the last results and (21) show us that 105 =0for any a, 5, 0.
Obviously, in any of the above three cases the tensor of the curvature
agy = 0al'G, —0s1'0, + 17,5 =T, I'¢, = 0, which means - the space Aap,
is affine [1]. O
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