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Abstract

By using integral representations for several Mathieu type series, a num-
ber of integral transforms of Hankel type are derived here for general families
of Mathieu type series. These results generalize the corresponding ones on
the Fourier transforms of Mathieu type series, obtained recently by Elezovic
et al. [4], Tomovski [19] and Tomovski and Vu Kim Tuan [20].
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1. Introduction and preliminaries

The following familiar infinite series

S =3 —"_ (rer*) (1.1)

= (n?2+12?)
is named after Emile Leonard Mathieu (1835-1890), who investigated it in

his 1890 work [8] on elasticity of solid bodies. An integral representation of
(1.1) is given by (see [5]) .

ﬂmzl/““””ﬁ (1.2)
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Several interesting results dealing with integral representations and bounds
for a slight generalization of the Mathieu series with a fractional power,
defined as

[e.e]

SM(T)ZZM (reRYu>1), (1.3)
n=1

can be found in the works by Diananda [2], Tomovski and Trencevski [16],
Cerone and Lenard [1] and Tomovski [18]. Motivated essentially by the
works of Cerone and Lenard [1] (and Qi [13]), Srivastava and Tomovski [14]
defined a family of generalized Mathieu series

oo B
2a
Slga,ﬁ) (r;a) = S/ga,ﬁ) (ri {ar}>2,) = Z (@ 127 +"742)u (r,a, B, u € RY),
n=1
(1.4)
where it is tacitly assumed that the positive sequence

a=A{an}r s ={ai,az,as,...} (hm an = oo)

n—oo

is so chosen that the infinite series in definition (1.4) converges, that is, that
the following auxiliary series

>

n=1 aﬁa_ﬁ

is convergent. Comparing the definitions (1.1), (1.3) and (1.4), we see that
Sy (r) = S(r) and S, (r) = S,(LZ’l) (r,{k}). Furthermore, the special cases
5’52’1) (r;{ak}), S&z’l) (r;{k"}) and S,(f"’aﬂ) (r;{k}) have been investigated
by Qi [13], Diananda [2], Tomovski [17] and Cerone-Lenard [1].

2. Some definitions and formulas

In this section we give some definitions and formulas, needed for com-
putation of the Hankel transforms of S (r), Sy+1 (7) ,S,Sa’ﬁ) (r; {k?/*}) and

S (K7)),
2.1. In order to evaluate the Hankel transform of S (r), we first set
v = 3 in the Sonine-Schafheitlin formula (see for example, [6, p.692]):
/ t2J, (at) J, (bt) dt =
0

a'T ((u+v—X+1)/2)
220 AT (u+ )T (A —p+rv+1)/2)
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p+v—A+1 p—v—XA+1 a’
><2F1< 2 ; 5 ;M‘i'l;bﬁ (2.1)

Rp+r+1)>R(N)>-1;0<a<b)

with a corresponding expression for the case when 0 < b < a, which is
obtained from (2.1) by interchanging a and b, and also p and v. In view of

the relationship
2
Jij2 () =4/ —sinz, (2.2)

we find from the Sonine-Schafheitlin formula (2.1) that

o0

b PO (L (u—X+3/2
/t—A—l/ZJH (at) sin (bt) dt = | = T [ (1 . /2)]
2 226 AT (u+ 1) T [5 (A — p+ 3/2)]
0
p—A+3/2 p—A+1/2 a’
F; ; 1;— 2.
X2 1( 2 ) 2 U B2 ( 3)

(?R(u+2)>8%()\)>—1;0<a<b>,

together with the corresponding integral derived from the analogue of (2.1)
for the case when 0 < b < a. Thus, by further applying integral formula
(2.3) and its companion when 0 < b < a, we obtain (with A =0, p — v):

r Q(l)(x’t):0<:1:<t 1
r~Y2sin (rt) J, (rz) dr = \/? Ty 7 <§R v) > —),
0/ (rt) Ju (rz) 2 QZ(,Q)(a:;t):O<t<:c ) 2
24
where (24)
v I'(5+32) v 3 1 2
Ql) it) = * 2 2 F< R ) 17)
e N UE S TN C ) G Rtk
(0<x<t)
t  T(5+3) v 33 v 3 ¢
0 (=t Tty p (v 33 v
v (@51) x%r(g)r(g+%)“ 2t 112 Y e
1
O<t<z) (Rv)> —5)

2.2. If we apply the Sonine-Schatheitlin formula (2.1), first with A =

w—1 p—pu—1/2,a=t b=z, (0<a<b),and then with A\ = u — 1,

,u—>y,1/—>,u—%,a:x,b:t (0 <b<a), we get
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® oM (s, t):0<t <z
. 3 dr — v (U5,
O/r 12 M T e} Ar =0 g o 0 <o <t
3
<§R(u)>0, %(v)>—2)v (25)

where
¢ (5 + )

P <3+1/ 3 v +1 t2>
200\ T o TSI T 5 TS
Qu—lx%p(u+1/2)p(%+i) 4274 2 2" z?

oM (u;z,t) =

B z'T %
R T
3 v v 5 x2
F _ . . 17
X9 1(4+272 N+4ay+7t2>
3
(O<x<t, R(pn) >0, R(v) > ) (2.7)

—~

[N
+

SN—

O (u; 1)

2.3. For the evaluation of the Hankel transform of the general Mathieu
series SLa”G ) (r; {I£2/ a}), we need the definition of the Meijer G-function and
the Fox H-function (for more details, see e.g. in [3, Vol.1], [12]).

DEerINITION 1. By a Fox’s H-function we mean a generalized hyper-
geometric function, defined by means of the Mellin-Barnes-type contour

integral n

ﬁf(bk—sﬁk)l_[f‘(l—aj+saj)

1 = i—
o o) J=am [ s 7
@ 7 H F(l—bk—‘rsﬂk) H F(aj—saj)
k=m+1 Jj=n+1
(2.8)

where L is a suitable contour in C, the orders (m,n,p,q) are integers,
0<m < q 0<n <pand the parameters a; € R, a; > 0, j = 1,2,..,p,
bp € R, B > 0, k = 1,2,..,¢q are such that a; (by +1) # Bk (a; —U' = 1),
LI'=0,1,2,..

Many special functions are particular cases of the H-function. For ex-
ample, if y =85 =1 (1=1,2,..,p; j =1,2,...,q), it reduces to the Meijer
G-function Gpy" (o) (for definition and properties, see [3, Vol.1]):
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g |o| G = wi o] ) | 29)

On the other hand, the Fox-Wright W-function is the following special
case of the H-function, see for example in [15]:

oo l(ap, ) (b, ) 3] = HLE, {_I

(1 - ap, o)
(0,1), (1 — by, By) ] . (2.10)

Next we use of the following Mellin transform of a product of two hy-
pergeometric functions, proven by Miller and Srivastava [9] (see also [12,
Sect.2.22, p.333])

/rs 10F1 — 14 p;—a’r ) 1Fy (a;ﬂ, 1+, —b2r2) dr
0

1-s/2,1—a,1+pu—s/2
0,—v,1-0

1 F(l+u)F(1+u)F(ﬂ)G1 [bQ
- 2a8 I'(«) 33 | a2

(2.11)
(a>0,b>0,0<R(s) <R2+p+v+0—a),0<R(s )<§R( + 20+ p)).

Substituting the relation (see [11, p.727])

(14 p)Jy (2ar)

2 2 1%
= 2.12
) (ar)" ( )
into the integral formula (2.11) with y — v, s = M+% — v+ 2,a — Z

1) 2
M,ﬁ—’ﬂ—gaV:M—a %,b:%,weget

T 1 r2? V2
/TI/ZJ,,(ms)lFQ (,u;pi,,ui+;> dr = ——=
0

oF1 (=31 + p; —

o —

@ &

1/4—/1/2,1—[[1,1/44—1/—#/2
0,—p+B/a+1/2,1— pu+ na
(2.13)

F(“ ng%)F(”_g) 12 [ £
T (i Gs3 | 2

(R() > —; R(u) > 0, R — zg) 50, t> 0,2 > 0).

2.4. In order to evaluate the Hankel transform of Sfﬁ’ﬁ ) (r; {k7}), we
apply the known integral formula from [11, p.355] with p = 1,q = 2,7 =
2,0 =3/2:
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(1 - My 1) :| dr
(07 1)7 (1 - ’Y(MO‘ - ﬁ)v’ya)

1,1 2
1’2 |:w{L‘

/ 112 (
0

f [4w
o3/2

<w€R, o e R, R(u) >0, §R(V)>—g>.

(1/4—v/2,1),(1 — pu,1),(1/4+v/2,1)
(0,1), (1 — (uer — B), 1) ] (214)

Using relation (2.10) with p = 1,¢q = 1, by (2.14) we get the following

integral formula:
o0

[ a2 02), 01 (1,15 (2 = 6) 90)s 2207
0
_ﬂ 1,2 447 (1/4_V/Qa]-)v(l_N71)7(1/4+V/271)

<teR+, o €RT, R(p) >0,R(v) > —g)

3. Evaluation of the Hankel transform
The Hankel transform of order v is defined by
H, /f (ra)/rzdr, (3.1)

where J, is the Bessel function of the first kind of order v with R (v) > —1.
In view of the relationship (2.1) and

2
J_1/2(x) =4/ — Cos T, (3.2)

the Hankel transform reduces to the sin-Fourier and cos-Fourier transforms:

— \/z 7Sm (rz) f (r)dr, (Fe f)(z) = \/z 7cos (rz) f (r)dr
0 0

For a generalization of the Hankel type transform as well as of the sin-Fourier
and cos-Fourier transforms, see Luchko and Kiryakova [7].
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3.1. Using the integral formula (2.4), we first evaluate the Hankel trans-
form of S (r):

e}

75 (rz) Vrzdr=+/z / NG ( / tin(’f)dt) J, (rz) dr
0

t
= \/5/ pr— /7"_1/2 sin (rt) J, (ra)dr | dt
0 0

x [e.o]

T t t
= (2) (- 1) (..
5 / - 1QV (x;t) dt + L (x;t)dt | . (3.3)

Using the relation [6, p.1041]

1 1.1
2 F1 <1 )5 2;22> =—1In +Z,

1 3 a2 1 t+a
. 1, =2 =)= O<z <t
17237 I’(g)r(%)2l<’2’27t2> T t—z ( z<t)
t 1 3 ¢ 1 T+t
0% (2t (1,222 = 0<t<
1/2(:6’ ) x\/xl (%)I‘(%) I\ P9y mr - ( 7)
Hence

X o
T t 1 T+t t 1 t+x
=4/ — 1 dt | dt
2 /et—lwﬁnx—t +/et—l7r\/§nt—x
0 T
1 X oo
t r+t t t+x
= 1 dt —1 dt
o /et—l na;—t +/et—1nt—x
0 x
1 o
t t+x
= —PV 1 dt >0 3.4
v | [an| ) @00 e
0

where the Cauchy Principal Value (PV) of the last integral is assumed to

exist. By a direct computational, the same formula (3.4) was recently proved
by Elezovic et al [4].
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3.2. The integral representation of S, (1), obtained by Cerone and
Lenard in [1], is given by

VT [ +
Spyr (r) = / Ty 1ja(rt)dt (r,peRY). (3.5)
u—1/2 t_ 17k
(2r) I'(p+1) J

Applying integral formula (2.5), we obtain

H, (S,41(r /Su+1 L (rz) /rodr

o0 o0 1

_ \/ﬁ 1—p t’u+§

T gu—1/2T (n+1) r of _ 1JM_1/2 (rt)dt | J, (rz)dr
0 0
oo 1 o0

_ VT thta -

T I (pr 1) ) et —1 T T yyg (rt) Jy (rx) dr | dt
0 0

z 1 [ 1
NLT tht3 . / thta .
oW 1/2I‘(M+1> et_1®u (M,$,t>dt+ ot 1Y (M,-ﬁU,t)dt
0 x

(5.6)
(L ERT, R > —%, 2> 0).

3.3. In order to evaluate the Hankel transform of S&a’ﬂ) (r; {kz/o‘}), we
apply its integral representation from [14]:

001'2('“ E)_l
2 (1) =ty [

«

I6] g1 r2x?
oy 2 . d .
X 1F2 <:u7:u Oé’ o 2) 4 £r (3 7)
1
(ra,ﬁ€R+ u—6>2>

and integral formula (2.13). Thus, we have

H, (0 (r; {r2/°})) / S0 (v {w2/}) 1, (re) Vrwdr
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B NG / 2(n=5)-1

_ 2/2r 7t2(“‘a)‘1 a2 (tz
2= ar () \J -1 P\

(5)?(1/)>—;,,u—2§>0,;¢—§>;,:c>0>. (3.8)

3.4. The integral representation of S( 0) (r; {k7}5—,) obtained by Sri-
vastava and Tomovski [14] is given by

ooxv(/wz p)-1
D) = 1o [T

0
X1 [(1,1) 5 (7 (pa—B) , yer) ; —r°27] da (3.9)

(T7a7ﬁ77 € R+,'}/(/,L04—/8) > 1) .

Using this integral representation and (2.15), we get

2T

I (p)

H, (Sfﬁﬂ (r; kﬂ} / S (ri {K7}) J, () radr = -

(na—pB)— -
/” (/“”JW@WJWJ%WQM6%%mﬁﬂﬂw)ﬁ

0

22 /tw pa—0B)— 12 4
2l (p)

[e=]

<§R(u)>0,3‘ﬁ(u)>—,’y(ua—ﬁ)>1,az>0>. (3.10)
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