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Abstract

Denoting by D, the time-fractional derivative of order a (a € (0,1))
in the sense of Caputo, and by Ag the Laplacian operator on the (2N + 1)-
dimensional Heisenberg group H, we prove some nonexistence results for
solutions to problems of the type

Dg‘tu — AH(au) > ‘u‘p,

Dg“tu - AH(a u) > ‘v
DYy~ Au(be) > Juf”.

)

p
q

in HY x RT, with a, b € L>®°(HY x R*).

For « = 1 (and § = 1 in the case of two inequalities), we retrieve the
results obtained by Pohozaev-Véron [10] and El Hamidi-Kirane [3] corre-
sponding, respectively, to the parabolic inequalities and parabolic system.
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1. Introduction

Let us begin this section by recalling some known facts about the time-

fractional derivative D8‘| ;» the Heisenberg group HY and the operator Ay

which will be useful later on.
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The left-sided derivative and the right-sided derivative in the sense of
Riemann-Liouville for ¢ € L'(0,T), a € (0,1), are defined respectively as

follows:
(P§w) (0= F(ll—a) c(;lt /0 (tw—(?)a 4o,

T ag
(Pirw) (0= r(11—a)jt/t (awit))a 4o,

where I' is the Euler gamma function.

For ¢ € LY(0,T), the Caputo derivative of order a € (0,1) is defined

by
1 t (o
( 0|tw> () = I'l—a) /0 (tw—(aio‘ a0,

and it is related to the Riemann-Liouville derivative by

D, ¥(t) = Dgi {v(t) —1(0)}.

Recall also the integration by parts formula

/OT o(t) ( oW) (t)dt /OT (Dngcp) (t) o (t) dt.

For more details concerning fractional derivatives, one can refer to books as
[9], [11].

The (2N + 1)-dimensional Heisenberg group HY is the space
R2VHL — {77— T,Y,T )E]RNXRNXR},

equipped with the group operation ”o” defined by

N
nof;:(a:+5c,y+7j,7‘—|—7~'+22($il7¢—ifiyi)), (1.1)
i=1
where

T] = (x7 y7 7_) = (x:l? A xN? y17 A yN7 T)7
77 = (j7g77-) = (5:17 "-757]\[7:&17 7@]\77%)
This group multiplication endows HYV with a structure of a Lie group.
The subelliptic Laplacian Ag over HY is obtained from the vector fields

B B ) B
Xi= 75— +2yi Yi=5— —2wi-
oz, Wi, and oy Vior
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by the following
N

Ag=> (X7 +Y7). (1.2)
i=1

An explicit computation gives us the expression

N
62 82 82 82 , ) 82
Ay = ZZ; <al’22 + 87%2 + 4%’% — 41%% + 4(a;l- +y; )87-2> . (13)

The operator Ay is a degenerate elliptic operator satisfying the Hérman-
der condition of order 1 (see [5]). It is invariant with respect to the left
multiplication in the group since

AH(u(noﬁ)) = (AHU) (noﬁ), V(n,ﬁ) e HY x HV.

An intrinsic distance of the point 1 to the origin can be defined on HY by

setting N 1/4
b= (4 00 1))
i=1

It is also important to observe that 1 — |n|mg is homogeneous of degree one
with respect to the natural group of dilatations

ax(m) = (Az, Ay, A%t). (1.4)

Remark also, by virtue of (1.3), that the operator Ay is homogeneous of
degree 2 with respect to the dilatation d) defined in (1.4), namely

Ap = N 05 (Ag).

Concerning the action of Ay on functions v depending only on p := |n‘H,
it is easy to show that

d’*u Q—ldu)

Agu(p) = a(n) <dp2 + ~, dp

where the function a is defined by

2
%

2
Ty +y

a(n) :Z 3
= P

and Q =2N +2.
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This last number Q is called the homogeneous dimension of HV.

We escort the paper of Kirane, Laskri and Tatar [7] but taking into
account of the Laplacian on the Heisenberg group. The critical exponent
found here is the same determined in [7] for the case of a single equation
as well as for a system of two equations; of course, with some appropriate
modification coming from the replacement of the fractional power of the
Laplacian by the Laplacian on the Heisenberg group.

Nonexistence results for solutions of semilinear inequalities of the type

ou
%L Do) > [l (1.5)
were studied by Pohozaev and Véron [10], and they proved that no weak

solution u exists provided

:Q—|—2+7
Q

In this paper, we generalize this result to evolution inequalities with
temperal fractional derivative. More precisely, let a be a bounded and
measurable function defined in HY x R*t, then we prove that there exists
no locally integrable function u defined in whole HY x R¥, such that u €

/ u(n,0)dn > 0, ~v>-2 and 1<p<pe: . (1.6)
R2N+1

Ly (HN x RT, |n|dndt), satisfying
DG, (u) — Am(au) > ||} lul? (L.7)
+2 4
whenever 1 < p < Q—al’y’ for an arbitrary a € (0,1). And thus, for
Q+2(2-1)

a = 1, we retrieve the critical exponent introduced in (1.6).

In [3], El Hamidi and Kirane presented similar results for system of
m parabolic semilinear inequalities. Their results have been generalized,
by El Hamidi and Obeid [4], to systems of m-semilinear inequalities with
higher-order time derivative.

Concerning nonexistence results to elliptic semilinear inequalities and
systems, one can refer to [1], [2], [6] and [§].
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2. Case of single inequality

We first consider single inequality of the following type

Da

O|tu—AH(au) > ‘77|%\u|p, for (n,t) € HY x Rt,

(2.1)
u(77¢ O) = U0(77) =0, for ne HN7

where a = a(n),t) is a bounded and measurable function defined in R2V+1 x
RT, v and p > 1 are two real numbers. We identify points in HY with
points in R2V+1 We also recall that the natural Haar measure in HY is
identical to the Lebesgue measure dn = dezdydr in R2VT1 = RN x RN x R.

DEFINITION 2.1. A local weak solution u of the differential inequal-
ity (2.1) in Qr (Qr := RN+ x (0,7)) with positive initial data uy €
L} C(R2N +1) is a locally integrable function such that u € LP (QT; |77‘;Hd77dt)
which satisfies

/ (—tho“Tcp + aulgp + }n‘gﬂ‘u‘pw + ug Dto“Tgo) dndt < 0, (2.2)
T

for any nonnegative test function ¢ € C’?]t1 (Qr) verifying ¢(.,T) = 0.

The integrals in the above definition are supposed to be convergent. If
in the definition T' = +o00, the solution is called global.

THEOREM 2.1. Let N > 1 and p > 1. Assume

Q+2+n
Q+2(L-1)

then there exists no global weak solution of (2.1) other than the trivial one.

1 <p< (2.3)

P r o of. The method is based on a suitable choice of the test function.
We assume that problem (2.1) has a nontrivial global weak solution, namely
u. Let T, R and 6 > 1 (will be determined later) be three positive reals
and let ¢ be a smooth nonnegative test function. Since the initial data wug
is nonnegative, the variational formulation (2.2) implies

J

ofilulednit < [ uDgpdnit = [ audspdt

TRA/O TRA/O Qrpaso

(2.4)
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The test function ¢ is chosen so that

/ {{Dt\T@‘p/ + ‘AHﬁp{p/} (|77%<,0)7p//p dndt < co.

TR4/0

In order to estimate the right-hand side of (2.4), we apply Young’s
inequality for an arbitrary € > 0. It follows

[ uDfupeedndt < < [ gl odnat
Crpaso TR/
14 -
+C€/ Dipnaroe| (Inlie) ™ dnt,
Qrpa/6
and

/ auAgpdndt < 5/ ‘n‘%‘uﬁgpdndt
Q R4/0 R4/0

+C. al? / |Arel” (|n|3e) v dndt.

Qrpa/o

Choosing ¢ small enough, we get

L pltre < [ { ||+ 18wl } (i) ?
TR4/9

TR4/9
(2.5)
Now we take
72+ [t + [yt + ¢
sp('r}’t):(p(x’y,'r’t) :q)< | |R4| | )7
where ® € 2(R™) satisfies 0 < ® < 1 and
if r>2
(2.6)
if 0<r<1.
Then
4(N +4) 9’
Ay (n,1) = (R4)(p) [\37|2 + |y\2]
16 " (p)
+T (% +191%) + 72 (2 + [y*) + 27 (@, 9) (|2 = yI*) |,

2.7)
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where

I o e T e
= 7 .
In order to estimate the right-hand side of (2.7), we perform the change
of variables

Let

and
Q = {(,0) = (5,5,7,0) e RV xRY, 243l +|g* +1° < 2}

Then

|Ang (7, 1)] < % Y (7,1) € Q. (2.8)
R

Since dndt = R?N*t2+4/9 dpdt and 1|y = R 7| we derive from (2.8) that
L 1amel” (nlze) "
TR4/0 ’ _ //
< Rt [ ageo gl (jifgeep) " i
Q

Taking into account the definition of the time derivative in the sense of
Riemann-Liouville, we obtain

fop

P —p/
D] (Infie) ™"

4o

_darioNyo 4 o’ Np/ - _ —p'/p o~
<R 7 P H2N+2+5 -5 /Q‘DﬁTq)op‘ <|n%q>op) dndt.
In order to get the same exponent in R, we take 6 = 2 and deduce

/ nfLlupdndt < © RN, (2.9)
TR2/e

where

CZCE/Q{‘Dchboﬁ]p +|AH<1>05|P/} (|i[2® o p) > didi.
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Now, in the case where

L <2N+2+fy+§_ Q+2+y
P 2N + 2 Q+2(-1)

the exponent of R in (2.9) is negative. Letting R go to infinity and using
Fatou’s lemma, we deduce that

/ / |2 |u[Pdndt = o, (2.10)
R+ R2N+1

which implies that uw = 0. This contradicts the fact that w is a nontrivial
weak solution of (2.1), which achieves the proof. n

REMARK 2.1. When a = 1, we recover the case of parabolic inequality

of the type

ou
o~ Dulaw) > ||l (2.11)

studied by Pohozaev and Véron in [10].

3. System of two inequalities
We consider the following system:
DG,
é Y
Dgv — Ag(bv) > WH |u

u—Au(au) > |nl2fof’, in HY xRY, )
9 in HY x R, '

where D8‘| ; (resp. Dg| ;) denotes the time-fractional derivative of order o, o €

(0,1) (resp. 6, 6 € (0,1)), in the sense of Caputo.

The functions a and b introduced in (3.1) are supposed to be measurable
and bounded functions on HY x R*. While the exponents p, ¢ > 1 and
0B, v are real numbers.

Denoting by Dg‘lt g‘t

(resp. d) in the sense of Riemann-Liouville, we adopt the following

(resp. Dg,) the time-fractional derivative of order «

DEFINITION 3.1. A local weak solution (u,v) of the system (3.1) in
Qr = R*N 1% (0,T) with positive initial conditions (uo,vo) € L}, (R*N*1)
is a couple of locally integrable functions (u, v) such that

(u,v) e L], (QT, |77|%[dndt) x LY . (QT, |n|ﬁdndt>
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satisfying
/ (—thachp + aulAgp + ’Tz‘fﬂ‘v’pap + up Df“Tgo)dndt < 0,
Qr

/ (—v Df|T90 + bvAgy + ‘n%{u’qw + v Df‘Tgo)dndt < 0,
T

(3.2)
for any nonnegative test function ¢ € Cstl (QT>, such that ¢(.,T) = 0.

As in Definition 2.1, we assume that the integrals in (3.2) are convergent.
If in the definition T" = +00, the solution is called global.

THEOREM 3.1. Assume that

Q<Q; = maX{Ql,Q2}7

where
5 3 1
a(1+3)+2(1+4)-(1-%)
le o 5 ;
271’+2p’q
g\ AW ) (3.3)
o(1+4)+e(1+%)-(1-%)
QQ: ) o :
2w T 20p

Then, there exists no nontrivial global weak solution (u, v) of system (3.1).

P r oo f. As in the proof of Theorem 1, we argue by contradiction.
Suppose that (u,v) is a nontrivial weak solution which exists globally in
time. That is (u,v) exists in (0,7) for an arbitrary 7% > 0.

Let T and R be two positive real numbers such that 0 < TR < T™.

Since initial conditions ug and vy are nonnegative, the variational for-
mulation (3.2) implies

/ ‘n|g|v}pg0dndt < / quI‘TRgodndt —/ au Agp dndt,
QTR QTR

TR
‘n|gﬂ|u‘q<pdndt < / UDf|Tchdndt — bv Agp dndt.
R TR Qrr
(3.4)

T

Using Holder’s inequality, it follows

1 ’
/ _d
L mldlele < ([ tattiniee)” ([ 105emel” (o))’
QTr QTR lQTR, B
wlall ([ o) ([ 1wl (nie) ¥
QTR QTr
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and
1
7

. , _?’\p
[ e < (] !vl”lnlﬁ@)p(/ Dirael” (Inie) )
QTR QTR QTR

B z P (118 *% v
sl ([ 1Plalie)” ([ lsael” (o) )"
QTR QTR

In the sequel, C denotes a constant which may vary from line to line but is
independent of the terms which will take part in any limit processing. So

[un

we have
q
/ \nlﬁ(v}%@(/ \u|q|nﬁso) o, (3.5)
Qrr Qrr
and
1
p
[ tlglule <o ([ pulie)” )
Qrr Qrr
where

»Q\‘ -

1
o= ([ 10gret” () %)+ ([ Jaael (i) F)"
Qrr Qrr

1 1
' P\ W , _2 N\
7= (/ [Djrrel” (i) ”) +</ Aael” (Inize) p)
Qrr QTr
Combining (3.5) and (3.6) we obtain
1—L
Pg 1
(/ }n\g\u\%) < CPBid, (3.7)
QTR
and
1—L
YI,.14 pa 1
(/ i s&) < Cav B. (3.8)
Qrr
Now we take
7205 4 |2]405 4 |y[% + ¢4
<P(777t) - 80(9572%7" t) = < | | R4 ‘ | > ) - 1,2, (39)

where @ is a smooth nonnegative nonincreasing function satisfying (2.6) and
0; > 1, j = 1,2, will be determined later on.
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Then,
2
16 6; D" (p)

Ampnt) = —pg [|x|2(49j—1) + [y|2405-1)

1272071 (g ) (|x’2(29j71) _ ‘y|2(29j71)> 1 2(20-1) <\:c|2 I |y\2)

46; 9'(p)
TR

(N +2(20, — 1)) <|£’2(2.9j—1) i ‘$|2(20j—1)>

+2(20; = 1) 7207 ([ + |yl?)

\

7_29j + ‘x’49j + ’y|49j +t4

R* ’

In order to estimate the right-hand side of the last equality, we apply

the scaling: (n,t) = (z,y,7,t) — 7 = (T,9,7,1)
1

where p =

1 1 ~
=R %z, §=R %y, 7=R %71, =Rt (3.10)

=N

Let
Q= {(@1) = (@571 € BY xR 1 |72+ |a* + |g* + 1% < 2}.
Then, it follows that
| A (i, t)] < 02 , Y (7,1) Q. (3.11)

RY%
L AN+14+2 -
Since |17’H = R% |ﬁ’H and dndt = R it dndt, we derive the following
estimates:

e For j = 1, we choose 61 such that the right-hand sides of

q s
P (T
QTR

2N

7aq/*’791q7/+ 9+2+1 a 17 =17 5 7%/ =
=R q 1 Q‘DﬂT@op‘ (‘n’HqDop> dndt

and

d
/ |Ag p|? (\n\ﬁw) " dndt

Qrr ,

_2 g & L 2N+2 -L -
< CR WS +1/<’77‘%1<P05) " dijdf,
Q
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2
are of the same order in R. For this end, we take #; = — and we obtain
@ 2N+2+ 1 Q
q

o <CR“ %:ts 7

e For j = 2, taking 62 = —, we get

67
¢S § 2N+2

B<CR w2y
And thus, from (3.7) and (3.8), it follows

1
P,

1

(/ \n}ﬁlv\pwdndt) M ORI EF o g )
H X
Qr

(3.12)
and
1—L
(/ \”\%qudndt) M o R R b Har g ey
Qr
(3.13)

Thus, it suffices to assume

2q q  q 2 2p ' p
or
1) 1) 1 1 Q Q 1
— —764-*9 e — ’——7+—Q+— <0
2p 29 P p 2q 2q¢ ¢

This condition is equivalent to
Q < Q: =max {Q1,Q:},
where @)1 and Q9 are defined in (3.3).

Finally, letting R — oo and taking into account estimates (3.5) and
(3.8) or (3.6) and ( , we obtain

/RQNH /R+ gy ]” dndt < (3.14)

Lo [ lalul?anit < o 815)

We then conclude that v =0 and u = 0, which is a contradiction. =

and
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REMARK 3.1. In [3], El Hamidi and Kirane show that the system

0
8—1; — Ag(au) = |n ﬁl‘v‘pl,
0
0 _ Asfane) > ol

does not admit global solution other than the trivial one whenever
2 2 2 2
Q < Q" = max {71+ +p1(e + ),72+ + pa(m + )}'
pip2 — 1 pip2 — 1
Up to replace 1 (resp. 72) by 5 (resp. ) and p; (resp. p2) by p (resp. q),
the critical exponent Q5* is nothing but the one introduced in Theorem 3.1
fora=46=1.

REMARK 3.2. The analysis could be performed for the more general
System

{ Dgft“i — Ag(au;) = |n

Um+1 = U1,
m =2, Pmt+1 = D1, Ym+1 = 7, & € (0,1) and a; € L™ (HN X R*) for all
ie{l,..,m}.

REMARK 3.3. We can also study the following problem

Dgj,u — Am(au) > ‘n‘gﬂu]p, (3.16)
where Dg, denotes the Caputo fractional derivative of order «, o € (1,2).
Therefore, using the same techniques and escorting the scheme of the proof
of Theorem 2.1, we retrieve the critical exponent introduced in (2.3). Thus,
taking a = 2 in (2.3), i.e. when inequality (3.16) reduces to the hyperbolic

Ty P, peHN, teRY, 1<i<m,

one 9u
25— Aulau) > [a[lul (3.17)
we retrieve the critical exponent found by Pohozaev-Véron in [10] namely,
Q4 1+y
SrE

REMARK 3.4. If one let formally « to infinity, the critical exponent
introduced in (2.3) becomes
. @t
c T Q ) ’
which is nothing but the one determined in [10] for the case of elliptic
inequality.
Acknowledgments. The authors thank Prof. Kirane for the sugges-
tion of the topic and the fruitful discussions taking place during this work.
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