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Abstract

In this paper, we establish real Paley-Wiener theorems for the Dunkl
transform on IR?. More precisely, we characterize the functions in the
Schwartz space S(IR?) and in L2 (IR?) whose Dunkl transform has bounded,
unbounded, convex and nonconvex support.
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1. Introduction

In the last few years there has been a great interest to the study of the
spectrum of functions, i.e. the support of the transform of these functions
relatively to certain integral transforms. These results have been called
in some papers "real Paley-Wiener theorems”. See [13] for an overview
references and details for this question.

In this paper we consider the Dunkl operators T}, j = 1, ..., d, which are
the differential-difference operators introduced by C.F. Dunkl in [6]. These
operators are very important in pure mathematics and in physics. They
provide useful tool in the study of special functions with root systems.

In [7] (see also [8]), C.F. Dunkl has studied a Fourier transform Fp,
called Dunkl transform defined for a regular function f by
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Vee R, Fpf(z)= RdK(—ix,y)f(y)wk(y)dy,

where K(—ix,y) represents the Dunkl kernel and wy a weight function.

The purpose of this paper is to prove real Paley-Wiener theorems on
the Schwartz space S(IR?) and on L7 (IR?). More precisely, we consider first
the Paley-Wiener spaces associated with the Dunkl operators:

PWA(IRY) = {f € &(R")/¥n € N, ARf€ L}(RY) and R{* < +oo},

PW},(IR?) being the space of f € £(IR?) such that for all n,m € IN, (1+
||z||)™ AT f belongs to L7 (IR?) and R?k < 400, where £(IR?) is the space

d
of C*-functions on IR, A}, = Z Tj2 the Dunkl-Laplacian operator, L2(IR%)
j=1
the space of square integrable functions with respect to the measure wy(z)dz,
i A . 1
[||]k,2 its norm and R = nh~>ngo 1A% 1175
We establish that Fp is a bijection from PW}?(Rd) onto Li,c(ﬂ%d) (the

space of functions in L2(IR?) with compact support), and from PWj(IR?)
onto D(IR?) (the space of C*®-functions on IR? with compact support).

Next, we characterize the L?(U)-functions by their Dunkl transform,
where U is respectively a disk, a symmetric body, a nonconvex and an
unbounded domain in IR?. These results are the real Paley-Wiener theorems
for square integrable functions with respect to the measure wy(z)dz.

We generalize also a theorem of H.H. Bang [3] by characterizing the
support of the Dunkl transform of functions in S(IR?) by an LP growth
condition. More precisely, these real Paley-Wiener theorems can be stated
as follows:

e The Dunkl transform Fp(f) of f € S(IR?) vanishes outside a polyno-
mial domain Up = {x € IR?, P(x) < 1}, with P a non constant polynomial,
if and only if )

ool [P GT) £, < 1, 1 < p < o0,

with 7' = (T1,...,Ty) and ||.|[xp is the norm of the space L} (IRY) of p'
integrable functions on IR? with respect to the measure wy(x)dz.

e A function f € S(IR?) is the Dunkl transform of a function vanishing
in some ball with radius r centered at the origin, if and only if

o0
: (&)™ f L 2
Jim ||m§_0 " Ijr, < exp(—r7), 1 <p < co.
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This paper is arranged as follows:

In Section 2 we recall the main results about the harmonic analysis as-
sociated to the Dunkl operators. Section 3 is devoted to study the functions
such that the supports of their Dunkl transform are compact, and to estab-
lish the real Paley-Wiener theorems for Fp on the Schawrz space S(IRY).
In Section 4 we characterize the functions in S(IR?) such that their Dunkl
transforms vanish outside a polynomial domain. In Section 5 we give a
necessary and sufficient condition for functions in L2(IR?) such that their
Dunkl transforms vanish in a disk. We study in Section 6 the functions such
that their Dunkl transforms satisfy the symmetric body property, and we
derive a real Paley-Wiener type theorem for these functions.

2. Harmonic analysis associated to the Dunkl operators

In the first two subsections we collect some notations and results on
Dunkl operators, the Dunkl kernel and the Dunkl intertwining operators
(see [6],[7],[8]).

2.1. Reflection groups, root system
and multiplicity functions

We consider IR? with the Euclidean scalar product (.,.) and ||z|| =
V{z,z). On@?, ||.|| denotes also the standard Hermitian norm while for

d
all 2= (21,..., zq), w = (wy, ..., wq) €T, (z,w) = sz@j.
7j=1

For a € IR™\{0}, let o, be the reflection in the hyperplane H, C IR%
(o)

A finite set R C IR?\{0} is called a root system, if RN R.a = {, —a}
and 0,R = R for all « € R. For a given root system R the reflection
Oas @ € R, generate a finite group W C O(d), the reflection group associated
with R. We denote by |W]| its cardinality. All reflections in W correspond
to suitable pairs of roots. For a given # € IR\UyecrH,, we fix the positive
subsystem Ry = {a € R /{a, ) > 0}, then for each o € R, either o € R
or —o € Ry.

A function k : R — @ on a root system R is called a multiplicity func-
tion, if it is invariant under the action of the associated reflection group
W. If one regards k as a function on the corresponding reflections, this
means that k is constant on the conjugacy classes of reflections in W. For

orthogonal to a, i.e. o4(x) =2 — 2
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abbreviation, we introduce the index v = (k) = Z k(«), and the weight
acRy
function wi(z) = [laer, |(a, z)|?#(®) | which is W-invariant and homoge-
neous of degree 2+.
We introduce the Mehta-type constant

cp = (/}Rd exp(foHZ)wk(x) d:z:)_l. (1)

REMARK. For d =1 and W = Z,, the multiplicity function k is a single
parameter denoted v > 0 and we have for all x € IR, wi(x) = |z|*.

2.2. Dunkl operators. The Dunkl kernel
and the Dunkl intertwining operator

NoTATIONS. We denote by
- CP(IRY) (resp. CEP(IRY)) the space of functions of class CP on IR? (resp.
with compact support).
- £(IR?) the space of C*™°-functions on IRY.
- S(IRY) the space of C*°-functions on IR? which are rapidly decreasing as
their derivatives.
- D(IR?) the space of C*®-functions on IR? which are of compact support.
We provide these spaces with the classical topology .
- &'(IR%) the space of distributions on JR? with compact support. It is the
topological dual of £(IRY).
- 8'(IR?) the space of tempered distributions on IR?. It is the topological
dual of S(IR?).

The Dunkl operators T}, j = 1,...,d, on IR? associated with the finite
reflection group W and the multiplicity function k are given by

T f(x) = ai] @)+ 3 kaja, L@ Salz)

e, (a, z)

, fec'(mrY). (2

In the case k = 0, the T}, j = 1,...,d, reduce to the corresponding partial
derivatives. In this paper, we will assume throughout that £ > 0 and v > 0.
The Dunkl Lapdlacian Ay on IR is defined by

Af =Y T =N0F+2 Y kaba(f), feCIR), (3)

L a€R4
where A\ = Z 8]2 is the Laplacian on IR? and
7=t 504(]0)(55) — <Vf(l'),06> . f('l')_f(O-ZOz(‘T))7

(o, ) (ar, )
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with Vf the gradient of f.
For f in C}(IRY) and g € C'(IR?) we have

/ Tif(x)g(x)wk(x) de = —/ f(@)Tjg9(x)wy(x) dz, j=1,...,d. (4)
R4 R4

For y € IR%, the system
jjju(xvy) = y]U(CU,y), ]: 177d7

u(0,y) = 1, for all y € IR%.
admits a unique analytic solution on IR?, denoted by K (z,y) and called
Dunkl kernel. This kernel has a unique holomorphic extension to @¢ x @.
ExamMpLE. If d =1 and W = Z,, the Dunkl kernel is given by

K(z,w) = jv_%(izw) + (izw), =z, wed, (5)

zw
2y + 177t
where for a > _71, Jo 1s the normalized Bessel function of index « defined
by

p 0 _1\n(z)\2n
Ja(2) :2aP(a+1)JZi) :F(aﬂ)zm(r(&(flm’ (6)

n=0
where J, is the Bessel function of first kind and index o.

The Dunkl kernel possesses many properties, in particular, the following
proposition gives some of them:

PROPOSITION 2.1. i) For all z,w € @¢ we have
K(z,w) = K(w,2); K(2,0)=1; K(Az,w)=K(z,\w), forall \ed@.

ii) For allv € IN%,z € IR? and z € @¢, we have

|DYK (x,2)| < [a]|" exp(|||||[Rez]), (7)
and for allz,y € R%: |K(iz,y)| <1, (8)
with DY = (%TI?W and |v| = v + ... + vg.

2.3. The Dunkl transform

NoOTATIONS. We denote by Li(le) the space of measurable functions
on IR? such that
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1 .
1flley = ([ 1f@)Pun(e) do)? < oo, if1<p<+oc,
R

fllkoo = ess supyepal f(2)] < +oo.

The Dunkl transform of a function f in D(IR?) is given by
e, Fo(f)o) = [ f@KCinom@d. )

Further, we give some properties of this transform (see [7],[8]):

i) For all f in L} (IRY) we have

FD (ko < M f1lk1- (10)
ii) For all f in S(IR?) we have
Vy € Bd? fD(,T]f)(y) = Zy]fD(f)(y) 7j = 17 7d (11)

i4i) For all f in L}(IRY) such that Fp(f) is in L}(IR?), we have the
inversion formula
2

1) = | P @K o) de ae (2)

- 47—&-%

THEOREM 2.2. The Dunkl transform Fp is a topological isomorphism:

i) From S(IR?) onto itself.

ii) From D(IR?) onto H(@?) (the space of entire functions on@?, rapidly
decreasing and of exponential type.)

The inverse transform f51 is gjv%n by

el F)w) = e Fo()-u), feSURY. (13)

THEOREM 2.3. i) Plancherel formula for Fp: For all f in S(IR?) we

have

02

/MWWMMw:k/Wﬁmmm&ma (14)
R4 R4

4rts

ii) Plancherel theorem for Fp:  The renormalized Dunkl transform

f— 2_(7+g)cka(f) can be uniquely extended to an isometric isomorphism
on L} (IRY).
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PROPOSITION 2.4. Let 1 < p < 2. The Dunkl transform Fp can be
extended to a continuous mapping from Lz(IRd) into LZ(BC[), with g the
conjugate component of p.

DEFINITION 2.5. i) The Dunkl transform of a distribution 7 in S’(IR¢)
is defined by

< Fp(r),¢ >=<1,Fp(¢) >, ¢ e S(IRY). (15)

ii) We define the Dunkl transform of a distribution 7 in &'(IR%) by
Vy e RY, Fp(r)(y) = (7, K(—iz,y)). (16)

THEOREM 2.6. The Dunkl transform Fp is a topological isomorphism:

i) From S'(IR%) onto itself.
ii) From &'(IRY) onto H (@) (the space of entire functions on @?, slowly
increasing and of exponential type.)

Let 7 be in S'(IR?). We define the distribution T;7, j = 1,...,d, by
< Tjr,p >= — < 1,Tjh >, for allyp € S(RY). (17)

This distribution satisfies the following properties:

Fp(Tyt) = y;Fp(r), j=1,...d. (18)
Fo(bpr) = —|lyl*Fp(7). (19)

We consider f in L2(IR?). The distribution T}, given by the function
fwy belongs to S’(IR?) and the relation (19) is written in this case in the
form

Fp(DiTrw,) = =Y Fp(Tru,)- (20)

NoTATIONS. We denote by
- Lz’ C(Rd) the space of functions in L,% (IR?) with compact support.

-H 12 (@) the space of entire functions f on @? of exponential type such
that f|a belongs to L2(IRY).

THEOREM 2.7. The Dunkl transform F is bijective from L2 _(IR?) onto
M2 @7).

P roof. i) We consider the function f on @? given by
Ve o) = [ gk iz (o) (21)
R4
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with g € L} ,(IRY).

By derivation under the integral sign and by using the inequality (7),
we deduce that the function f is entire on @¢ and of exponential type.

On the other hand, the relation (21) can also be written in the form

¥y € R, f(y) = Fp(g)(y)-
Thus from Theorem 2.3, the function fjz« belongs to L2(RY). Thus f €
HL% (@d)-
ii) Reciprocally, let ¢ be in H 2 (@4). From Theorem 2.6 ii), there exists

S belonging to £ (IR?) with support in the ball B(o, a) of center o and radius
a, such that

Vy € RY, ¥(y) = (Sp, K(—iz,y)). (22)

On the other hand as 9| ga belongs to Lz(ﬂ%d), then from Theorem 2.3 there
exists h € L2(IR?) such that

Yire = Fp(h). (23)
Thus from (22), for all ¢ € D(IRY) we have
V(y)Fp(e)(Wwr(y)dy = (Sa, / K(—iz, y)Fp(p)(y)wk(y)dy).
RY Ré

Thus using (13) we deduce that

- v+
[ Oty = 57 (5. ) (24)
On the other hand, (23) implies
s V(Y)Fp(e)(y)wr(y)dy = o Fo(h)(y)Fp () (y)wk(y)dy.

But from Theorem 2.3 we deduce that

4’7+% 4’Y+%
Fo(h) (1) o (2) @)k ()dy = — / B() 0 (0)k (1) Ay = g (Thesy» 0)-
R4 Cr. JIR4 CL (25)

Thus the relations (24),(25) imply
S = Thy,,-

This relation shows that the support of h is compact. Then h € L% C(IRd)..
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3. Functions with compact spectrum

We begin this section by the following definition.

DEFINITION 3.1. i) We define the support of g € L?(IRY) and we
denote it by supp g, the smallest closed set such that the function g vanishes
almost everywhere outside it.

ii) We denote by R, the radius of the support of g given by

Ry = sup |[[A]].
AEsuppg

REMARK. It is clear that R, is finite if and only if, g has compact

support.

PROPOSITION 3.2. Let g be in L2(IRY) such that for all n € IN, the
function ||A||*"g()\) belongs to L?(IR?). Then,

1

7, = i { [ g0 Pang (26)

P r o o f. We suppose that ||g||x2 # 0, otherwise R, = 0 and formula
(26) is trivial.
Assume now that g has compact support with R, > 0. We have

L

{/ IIAH‘*"Ig(A)Ika(A)dA}% < {/ Ig(A)I%k(A)dA} ' Ry.
R lIN<Rg

Thus,
1
4dn

T 4n 2
i { [ NP0} < R, (21)

n—oo

On the other hand, for any positive € we have
/ 9N Per(A)dA > 0.
Rg—e<||A[|<Ry

Hence 1

an
hmw{ / w"rgu)r?wk(A)dA} >R, (28)
Rd

Then we deduce (26) from (27) and (28).

We prove now the assertion in the case where g has unbounded support.

Indeed, for any positive N, we have )

lim, ., { / |rA||4"|g<A>|2wk<A>dA}
Rd
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1
4n
zhmm{ / |AH4"|g<A>|2wk<A>dA} SN
[IA|>N
Thus,
L
hmw{ / r\M‘*“rg(A)r?wk(A)dA} = .

Rd

NoTATIONS. We denote by
- L} p(RY) := {g € L} (IRY)/Ry = R}, for R > 0.
- Dg(IRY) := {g € D(RY)/R, = R}, for R > 0.
DEFINITION 3.3.  We define the Paley-Wiener spaces PW2(IR?) and
PW,i r(IR?) as follows:
i) PWZ(IR?) is the space of functions f € £(IRY) satisfying
a) Arf € L(IRY) for al% n € IN.
b) Rp* = lim [|ARf|I7 < oo.
ii) PW2 p(IR?) := {f € PW2(IR?)/R}* = R}.
The real L?-Paley-Wiener theorem for the Dunkl transform can be for-
mulated as follows:

THEOREM 3.4. The Dunkl transform Fp is a bijection:
i) From PW{ o(IR?) onto L}, p(IR").
ii) From PW2(IR?) onto L? .(IR%).

Proof. i)Let gbein PW,?,R(]Rd). From the relation (20) the function

Fp(Ang)(€) = (=1)™|€|P"Fp(g)(€) belongs to L2 (IR?) for all n € IN. Thus

from Theorem 2.3 we deduce that
1

s { [ el € Parterde )

00
1

—tin { [ 1dg)Partoas}” =R

n—oo

Using Proposition 3.2, we conclude that Fp(g) has compact support with
Rrpg) = 1.

Conversely, let f be in L%R(IRd). Then ||¢||"f(¢) € LL(IRY) for any
n € IN, and F'(f) € E(IRY). On the other hand, from Theorem 2.3 we
have
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1
4n
n—oo

i { [ 188 1)) P |

=t { [ @ Paerte ) = m

Thus 7' (f) € PW z(IR%).
ii) We deduce ii) from i). (]

COROLLARY 3.5. The Dunkl transform Fp is a bijection from PW2(IR?)
onto H 2 @9).

P roof We deduce the result from Theorem 3.4 ii) and Theorem 2.7..

DEFINITION 3.6. i) The Paley-Wiener space PW},(IR?) is the space of
functions f € £(IR?) satisfying
a) (1+ ||z|))mARf € LE(IR?) for all nym € IN.

A . =
b) Ry = nh_)rgloHAZle,i2 < 00.

ii) We have PWj, p(IR?) := {f € PW},(IRY)/R7* = R}, for R > 0.

REMARK. We notice that the only difference between PWZ2(IR?) and
PW,;,(IRY) is the extra requirement of polynomial decay to help ensuring
that Fp(f) belongs to £(IRY).

The real Paley-Wiener theorem for the Dunkl transform of functions in
the preceding spaces is the following:

THEOREM 3.7. The Dunkl transform Fp is a bijection:
i) From PWj, r(IR?) onto Dp(IR?).
ii) From PWj(IR?) onto D(IR?).

Proof i) Let g be in PWyg(R?) C PW!?,R(ZRd)' Then Fp(g) €
£(IR?) since g has polynomial decay, and by Theorem 3.4 the function Fp(g)
has compact support with Rx, 5 = R.

Conversely, let f € Dg(IR?), then Fp'(f) € S(RY) and Fp'(f) €
PW,? »(IR%) by Theorem 3.4. So it only remains to show that F,,'(f) sat-
isfies the polynomial decay condition for any f € Dgr(IR?). For this, we use
the following identity which is easy to prove:

For a suitable functions f and g, we deduce from relations (3),(4),(9),(13)
that

(L + [J[[*)"Fp' () (=) =/ (I = Ap)" f() K (i, §)wi (§)dE.

R4
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Thus we obtain the result.
ii) We deduce the result from the i). [

4. Dunkl transform of functions with polynomial domain support

THEOREM 4.1. Let P(x) be a non-constant polynomial on IR?. For any
function f € S(IRY) the foH?Wing relation holds:
lim [|[P"(iT)fl[p,= sup [P(y)], 1<p< oo, (29)
n=ee yesuppFp(f)
with T = (T4, ..., Ty).
P roof. We consider f # 0 in S(IRY). Set ¢ = ;25 if 1 < p < o0, and
q=1or coif p=o00 or 1. The proof is divided in several steps.
In the following three steps we suppose that

0< sup |P(y)| < oo. (30)
yesupp Fp(f)

First step: In this step we shall prove that
_ 1
lim [[P"(T) f]|;, < sup  |P(y)|, 1 <p < 0.
n—oo yEsuppFp(f)
o Let 2 < p < o. By applying Proposition 2.4, there exists a positive
constant C' such that

[P*"(T) fllep < CIP"(E)Fp(Hllkg (31)
< C( sup  [PW))"IFp(Hllkg- (32)
yEsuppFp(f)
Thus N
lim [|[P"(T)fl[g, < sup  [P(y)]- (33)
o yEsuppFp(f)

e Suppose now that 1 < p < 2. For r > 2v+ d Holder’s inequality gives

e, = / (L4 [ll2) P11+ ([l 2)7 £ () Poo ()
Rd
< QU Il PY IR+ 2l Pl e
< O+ [P AR, (34)

Thus, from the relation (20) we obtain
111k < CIUT = AR)" Fp(HIf 25
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where C' is a positive constant.
Consequently for all n € IV, we deduce that

1PGT) fllkp < CH I = D) [P () Fp(F)]llk2- (35)

To estimate the second member, we use the following relation given in
Proposition 5.1 of [9]: For all u € IN%\{0}, there exists a positive con-
stant C' satisfying: For all z € IR? there exist &z, a), p=1,...,|p|, and
o € R4, such that
|l
Tru@)] < [DMu@)] + ¢ S0 ST Y IDPu @) (36)
a€RY |B|=|u| p=1
From this relation one can deduce that
[P"(T) fllep < Con® sup [P [lnlles
yEsuppFp(f)
with supp ¢, C supp Fp(f) and ||¢n|lk2 < Ci, where C) is a constant
independent of n. Hence,

1 —2r
|P"(T) fllkp < CPC1n* sup  |P(y)|[""". (37)
yEsuppFp(f)
Thus
1
lim ||[P"(T)f|[p, < sup  |P(y)l- (38)
e yesuppFp(f)

e Let now p = oo. From the relation (13) We have
2

C
Mook < 47f¢ 1Fp(f)l
2

k1

On the other hand, from Cauchy-Schawrz’s inequality we obtain

1Fp (Dl < Coll(1+ 11€1R) = Fo(£)(E) Iz
where Cy is a positive constant.

Combining the previous inequalities and replacing f by P"(iT)f, we
deduce that there exists a positive constant C such that

[P (T) koo < CIIP" (€)1 + 1€ 72 Fo(/)(©)llka-  (39)
Thus,
T [P ) 1 < sup Pw)= s |P@)

yesupp (1+1€]12) 2 Fp (1) yesump Fo(f)

(40)
Using (33), (38) and (40) we obtain
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1
hm o [|[PMAT)fllp, < sup |[P(y)], 1<p< oo (41)
yEsupp Fp(f)

Second step: In this step we want to prove that

1
i [|PGT) I, = s [P()]
n—oo yesupp Fp(f)
For any e, 0 < e < sup |P(y)|, there exists a point z¢ € supp Fp(f)
yEsupp Fp(f)

such that

|P(xo)] > sup  |P(y)| -

€
yesupp Fp(f) 2

As P is a continuous function, there exists a neighborhood U,, such that

P@)|> s |Py)|—c xel,
yEsupp Fp(f)

From Theorem 2.3 we deduce that

1P (E)Fp(F)lk,2
[P (€)FD(f)lusg llk,2:

1P (T fl]k.2

4’Y+d
>

4’Y+d
where 1y, s the characteristic function of Uy, .
Thus,

2

c n
ig( sup  |[P(y)| —&)"[|Fp(f)lu,,]
T2 yesuppFp(f)

[P (iT) f||r2 > k2

This inequality implies

1 1
lim, . |[P"GT)fllpy = ( sup  [P(y)| —¢) lim [|Fp(f)Lu,,llis
yEsuppFp(f) oo

> s (P)l-e). (42)
yEsupp Fp(f)

But ¢ can be chosen arbitrarily small, thus from (41) and (42) the relation
(29) follows for p = 2.
Third step: In this step we shall prove that

1
1P*GED) fllf, = sup |P(y)l, 1 <p< oo
yesupp Fp(f)

lim

’VL—*OO
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Since f € S(IRY), the iteration of the relation (4) implies the relation

PHTT@P (T f@hnlade = [ F@PGT) f(@honla)d.
(43)

R4
Hence, by Holder’s inequality,
1P"GT)F1R 2 < 1S kgl P2 GT) (44)
where ¢ is the conjugate exponent of p. Thus,

N 1
Jim [IPGT)SNE, < (i |11 i, oo [P GT)SNE,  (45)

nN—00
< Himn%o||P2”(iT)f||;§7f;- (46)
Applying now the relation (29) with p = 2, we conclude that

1 1
sup  |P(y)| = lim [|[P"(T) S|l < Vi, oo [P (D) [, (47)

yEsupp Fp(f)
We replace in formula (44) the function f by P(iT)f and we obtain
[P GT) fl1R 2 < 1PGT) Ik gl P2 GT) f 11 - (48)
Thus,
sup  |P(y)| = lim ||P”+1(1T)f||f <l n_>oo\|P2”+1(lT)f\|2"“-
yEsupp Fp(f)
(49)
Using (47) and (49) we deduce that
sup  [P(y)| < hmn%ooHPn(ZT)fHkp (50)

yEsupp Fp(f)

Then formulas (50) and (42) give (29). Thus we have proved the theorem
under the condition (30).
Fourth step: Suppose now sup |P(y)| = +00. Then for any N >

yesuppFp(f)
0 there exists a point zg € suppFp(f) such that |P(xg)| > 2N. Since P

is a continuous function, there exists a neighborhood Uy, of z¢ on which
|P(x)| > N. Similarly to the previous calculation in the second step, we
obtain

5 1
kd hﬂnﬂooHPn(g)fD(f)leo”;;27

Ve

1
lim, oo |[[P*(T) fllz, =

1
2 ]\/vhirnn—wo‘|f1U3¢0||l?v2 - N
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We choose N large, and we obtain .
lim [[P"(T) £, = oo
n—00 )

Finally, if  sup  |P(y)| =0, the identity (29) is clear.
yEsuppFp(f)
Hence the proof of the theorem is finished. ]

DEFINITION 4.2. Let P be a non-constant polynomial and U, = {z €
IRY, |P(x)| < 1}. The set Up is called a polynomial domain in IR?.

REMARK. A disk is a polynomial domain. A polynomial domain may
be unbounded and nonconvex, for example the domain Up with P(§) =
2-¢2— ... — 53 is neither bounded nor convex.

We have the following result.

COROLLARY 4.3. Let f be in S(IR?). The Dunkl transform Fp(f)
vanishes outside a polynomial domain Up, if and only if,

1
lim [[P"(iT) f[|j;, <1, 1 <p < oo. (51)
REMARKS. i) If we take P(y) = —||y||?, then P(iT) = Ay, and Theorem

4.1 and Corollary 4.3 characterize functions such that the support of their
Dunkl transform is a ball.
ii) Corollary 4.3 has been obtained for p = 2 by Vu Kim Tuan in [14].
iii) Theorem 4.1 and Corollary 4.3 generalize also the result obtained in
[4].

COROLLARY 4.4. Let g be in S'(IR?). We assume that g and its Dunkl
transform Fp(g) both have compact support. Then g = 0.

P roof. Assume first that g # 0 in D(IR?), with suppg € B(0, R) for
some 0 < R < 00, and Rz, (4 < 0o. Choose & such that ||l > Rr,(g)-
Then

- 1 1
hm\/ AL g(x) K (i, v)wg (z)dx|n < hm HA 9lly, :RE_-D(Q).

n—oo

On the other hand, we have

lim|/ A g(2)K (i€, 2)wp(z)dz|n = lim|/ 2) AVK (i€, 2)wp (z)dz|

1
— |l€ol ? Tim | / K (i, 2)wr(x)dal = |6ol* > B2, )
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This gives a contradiction. ]

Now let g be in S’(IRY) with compact support. Let 1 be in D(IRY). Then
from Theorem 5.4 of [17] g *p 1 belongs to D(IRY) and Fp(g *p 1) =
Fp(¥)Fp(g) has compact support. So g *p 1 = 0 for all ¥ in D(IR?),
which implies that ¢ = 0 (see [12],[16],[17] for the properties of the Dunkl
convolution).

5. Dunkl transform of functions vanishing on a ball

The following theorem gives the radius of the large disk on which the
Dunkl transform of functions in L} (IR?) vanishes every where.
Let E,, n € IN\{0} be the Gauss kernel associated with the Dunkl
operators defined by
Ck Lwll?

Vye R, E,(y)= ———¢ 1,
Yy (y) (4n)7+%e 1

and E, #p f the Dunkl convolution of E, and f in L? (IR?) given by

Vae B, Buwp f@) = | n(B)Wf@ewd. 62)
with
" e_(\lxuﬁnyu% Ty
TI(EH)(y)—MnW% Ko 750): (53)

THEOREM 5.1. Let f be in L2(IRY). We consider the sequence

fa(@) = En5p f(x), € RY, n € IN\{0}. (54)
Then,
. 1
Jim _ﬁlann k2 = AFp(f) (55)
where
Arp () = nf {[[¢]], § € suppFp(f)}. (56)

P r o o f. First we remark that from (52),(53) the function f, is well
defined. We assume that ||f||x2 > 0, otherwise the result is trivial. To
prove (55) it is sufficient to verify the equivalent identity

1
Jim [[fafl = exp(=A%,(5))- (57)
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By a simple calculation we see that the Dunkl transform of f,(x) is
exp(—n||¢][?)Fp(f)(€) and then by applying Theorem 2.3 we obtain

Uallez = = llexp(=nl el P)Fp (/) E)llx2 (59)
2773
_ ot PO
Q,H%Hfllk,z{ o) exp(—2n||¢[[7) 112, wi(§)dE}

On the other hand it is known that if m is the Lebesque measure on IR?
and U a subset of IR? such that m(U) = 1, then for all ¢ in the Lebesgue
space LP(U,dm), 1 < p < 400, we have

pILIEO H¢HLP(U;dm) = H¢|’L°°(U;dm)- (59)
By applying formula (59) with
_|Fo(HOF

U=suppFp(f), ¢=exp(—||¢|[), p=2n, and dm(f)—wwk(f)d&
k.2
and use the fact that lim (M)% = 1.
n——+00 2’Y+5
Thus we obtain )
lim [|fallfo = sup exp(—|[¢][*) = exp(=A%,p); (60)
n—oo EesuppFp(f)
which is the relation (57). ]

A function f € LZ(IR?) is the Dunkl transform of a function vanishing
in a neighborhood of the origin, if and only if, Az, y) > 0, or equivalently, if
and only if the limit (57) is less than 1. Thus we have proved the following
result.

COROLLARY 5.2. The condition
1
tim || fallfy < 1, (61)
n—oo ’
is necessary and sufficient for a function f € L2(IRY) to have its Dunkl

transform vanishing in a neighborhood of the origin.

REMARK. From Theorem 3.3 and Corollary 5.2, it follows that the
support of the Dunkl transform of a function in L%(]Rd) is in the tore
Aro ) €l < Ry (), if and only if,

. 1 . =
Arp(p) S HmAf == Inlfallpe < lm [[AEFIES < Ry p). (62)
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THEOREM 5. 3 For any function f € S(IR?) the following relation holds
’I’LAk
Tim | Z LIE =exp(—22, ) 1<p<oo.  (63)

In particular, a funcmon f € S(IRY) is the Dunkl transform of a function in
S(IR%) vanishing in the ball B(o,r) of center o and radius r, if and only if
we have

(nA
lim || §: (n ’“) |y <exp(—1?), 1< p < 0. (64)
n—oo
P r o o f. It is similar to the proof of Theorem 4.1. ]

6. Dunkl transform of functions, vanishing
outside a symmetric body

A subset K of IR? is called a symmetric body, if —z € K for all z € K.
The set K* := {y € R?, (x,y) <1 for all z € K} is called the polar set of
K. We state now another real Paley-Wiener theorem given in [14]:

THEOREM 6.1. A function f € E(IRY) is the Dunkl transform of a
function in Li(IRd) vanishing outside a symmetric body K, if and only if,
THf belongs to Lz(IRd) for all = (p1, ..., ptg) € IN%, and for all n € IN we
have

sup |[((a,7))" fllk.2 < [If]lk,25 (65)
acK*
where T' = (T1, ..., Ty).
Proof. See [14], p.365-366. ]
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