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Abstract

We introduce some new weighted Herz spaces associated with the Dunkl
operator on R. Also we characterize by atomic decompositions the corre-
sponding Herz-type Hardy spaces. As applications we investigate the Dunkl
transform on these spaces and establish a version of Hardy inequality for
this transform.
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1. Introduction

In the last years Herz and Herz-type Hardy spaces in the Euclidean
case have been intensively considered in [11,12,13]. These spaces turn out
to be very useful in the study of the sharpness of multiplier theorems on H?
spaces (see [14]).

In this work, we consider certain weighted Herz spaces, next we define
the corresponding Hardy spaces in terms of the Dunkl analysis.

* The authors are supported by the DGRST research project 04/UR/15-02



https://core.ac.uk/display/62659611?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

288 A. Gasmi, M. Sifi, F. Soltani

The Dunkl analysis with respect to a > —1/2 concerns the Dunkl op-
erator A,, the Dunkl transform F,, the multiplication *,, and a certain
measure [, on R. In the limit case @« = —1/2, then A,, Fu, *q and pq
agree with the operator d/dx, the Fourier transform, the standard convolu-
tion and the weighted Lebesque measure \/%dx, respectively.

The Dunkl operators on R™ in [7] are differential-difference operators
associated with some finite reflection groups. They are important in pure
mathematics and in certain parts of quantum mechanics and one expects
that the results in this paper will be useful when discussing continuity
properties in Dunkl analysis. Furthermore, these operators provide a use-
ful tool in the study of special functions associated with root systems (cf.
[8,9,20,24]). They are closely related to certain representations of degener-
ated affine Hecke algebras (see [4,16]). Moreover the commutative algebra
generated by these operators has been used in the study of certain exactly
solvable models of quantum mechanics, namely the Calogero-Sutherland-
Moser models, which deal with systems of identical particles in one dimen-
sional space (cf. [1,10]).

The paper is organized as follows. In Section 2 we recall some results
about harmonic analysis associated with the Dunkl operator on R. Then,
we define the a-grand maximal function of N-order G, n.

In Section 3, using the a-grand maximal function G, n, we define for
0<p<l<qg<oo,B>1-1/q and large N € N:

- The homogeneous weighted Herz space Kg,’g, by the space of functions
fin L (1a) such that Y252 2X@FDBRe|| £y 1B ) < 0o, where LY (1) is
the space of functions f such that | f|¢ is locally integrable with respect to the
measure djiq(z) == (2°7T (o + 1)) |#[2* L da and xy is the characteristic
function of the set {z € R /2F"1 < |z < 2F}.

- The Herz-type Hardy spaces H Kﬁfzé”N are as follows:

HEGN = {f € S'(R) / Gan(f) € K52}
We study the continuity property of the operator G, n on these spaces.
Next we establish their characterizations in terms of decompositions into
central atoms.
In Section 4, the atomic decomposition allows us to study the Dunkl
transform F, on the Herz-type Hardy spaces H ngg’N. In particular, we
establish the following version of Hardy inequality for F:

dy
L1 <Ol
In the classical case this property is studied in [5,6].
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Throughout the paper we use the classic notation. Thus S(R) and S’'(R)
are the Schwartz space on R and the space of tempered distributions on R
respectively. Finally, C' denotes a positive constant whose value may vary
from line to line.

2. Preliminaries

We recall first some basic definitions and facts. We consider the Dunkl
operator Ay, a > —1/2, associated with the reflection group Zy on R:

Aof(x) = %f(w) I 204;- L7 f(x) — f(—x) |

2
Note that A_;/, = d/dz.
For « > —1/2 and A € C, the initial problem:

Aaf(x) - Af(.%‘), f(O) =1, (1)

has a unique solution E,(Az) called Dunkl kernel given by

x

Ea(>\$) = %a(Aﬂ?) + m%a—i_l()\l‘)’ x € R,

where 3, is the modified Bessel function of order o given by
(/2

Salhe) :=T(a+1) nZ:o nTn+a+1)

Note that E_j o(Azx) = e**. See [8,9,18] and [25].
Furthermore, the Dunkl kernel E,(Ax) can be expanded in a power
series in the form:

= (\z)" 2n({n/2M)! . n+1
Ea(Az) = ; bala) = I'({ Jra+l), (2
7;) bn () F(a+1) 2
where {a} is the integer part of a € [0, 00| (see [18]).

Let
dpia(z) == (220 (a + 1)) "z [2* da.

We denote by LP(uq), p € [1,00], the Lebesque space on R with respect to
the measure ji,. In the following we use the shorter notation | f||,,« instead
of £l v (pua)-

The Dunkl kernel gives rise to an integral transform, called Dunkl trans-
form on R, which was introduced and studied in [9].

The Dunkl transform of a function f € L'(j4), is given by

FalF)y) = /R Fo(—izy) f(2)dpa(@), 3 € R.
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Here the integral makes sense since |E,(iz)| < 1 for every x € R ([17,
p.295]). Note that F_, o agrees with the Fourier transform F, given by:

F(F)y) = 2m)~V? /R e f(2) dr, yER.

PROPOSITION 1. (See [24, p.25,26])
i) Forall f € L} (o), we have | Fa(f)l|se.a < I1f |1.0-

ii) For all f € S(R), we have Fo (Ao f)(y) =iy Fa(f)(y), y € R.

iii) F, is a topological isomorphism on S(R) which extends to a topo-
logical isomorphism on §'(R).

THEOREM 1. (See[9,24])
i) Plancherel theorem: The Dunkl transform F, is an isometric isomor-
phism of I2(ta). In particular, | fls.e = | Fa(f)l2.e-
ii) Inversion formula: Let f be a function in L'(p,), such that F,(f) €
L' (), then
F U H(@) = Fa(f)(—x), ae xzcR.

NoTATION. For all z,y, 2 € R, we put:

Wa(x;yvz) = |:1—0'x7y,z+0'z,x,y+0'27y7x Aa(|x|,|y|,|2|), (3)
where
o ity eR\(0)
e 0, otherwise
and
a—1/2
)
« a 5 I [z € z,
Ao(lz], lyl, |2]) = [zy2]? y
0, otherwise ,
d, = 21—a(F(a + 1))2/\/7?1“(04 +1/2), Agy = H|w[ —1yll, || + \yy}

REMARK. (See [17]). The signed kernel W, is even and satisfies:

Wa(l'ayaz) = Wa(y,$,2) = Wa(—l‘, Zay)7

Wa(xayaz) = Wa(—Z7Z/7 —(E> = Wa(_xa -Y, —Z),
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and

/ ‘Wa(l‘aya Z)’d/la(Z) < 4.
R

THEOREM 2. (See [17])
i) Let « > —1/2, A € C. The Dunkl kernel E,, satisfies the following
product formula:

E,(A\x)Es(\y) = / Eo(A2)dv,y(2); z,y € R,
R
where v, , is a signed measures given by
Wa(wayvz)d,u’a(z)a lfflf,y € R\{O}
dvgy(2) = ¢ doz(2), ify=20
ddy(z), ifx=0.

ii) The measures v, , have the following properties:

SUPD (Vey) = Aay U (—=Auy),  [lvayll == /R Al

(z) < 4.

The Dunkl translation operators 7,z € R are defined for a continuous
function f on R, by

rof )= [ FEvy(z), weR:
Let f and g be two continuous functions on R with compact support.
We define the Dunkl multiplication *, of f and g by
fag(@) = Rfmf(—y)g(y)d#a(y), z€R
The multiplication #, is associative and commutative ([17]). Note that
*_1/9 agrees with the standard convolution *.
The following two propositions are shown in [19].

PROPOSITION 2.
i) Forallz € R and f € LY(p1q), q € [1,00]:

172 fllg.a < 4 fllg.a-

ii) Forallx € R and f € L*(pa):
Falraf)(A) = Ealiz)) Fa(f)(N), A ER.
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PROPOSITION 3.

i) Assume that q,q',r € [1,00] satisfy the Young condition 1/q+1/q' =
1+ 1/r. Then the map (f,g) — f *q g extends to a continuous map from
L9(po) % LY (o) to L (jta), and we have

| f *a 9”7",04 <4 “f‘|q70¢Hqu’,a'

ii) For all f € L'(ua) and g € L?(i1a), we have
Falf *a 9) = Falf) Falg)-

PROPOSITION 4.

i) The operators 1., x € R, are continuous from S(R) into itself.

ii) For all f € S(R) and x € R, we have Ay (7, f) = m2(Aaf).

iii) For all f € §'(R) and ¢ € S(R) such that [ ¢(x)dpa(z) = 1, we

R
have

11$1H(1)f*a ¢t :fa in S,(R)7
where ¢, is the dilation of ¢ given by
() == t_2(a+1)¢<%), reR. (4)

We will make use the Hardy-Littlewood maximal function. For a locally
integrable function f on R, we define its maximal function M,/(f), by

Ma(f)(@) = iEE{M / A}, ek,

This operator satisfies the following properties.

PRrROPOSITION 5. For all ¢ €]1,00], the operator M, is continuous
from L9(po) into itself.

P r o o f. Since the operator M, is sub-linear it suffices to show the
result for non-negative functions only. From (3), we have

(W(z,y,2)| < 4Aa(lallyl,[2]), |2 € Awy,

where A, is the Bessel kernel introduced in (3).

We write f = fo + f, with f. even and f, odd, then
||-+[y]

[T f ()] < 8/ fe()Aa(lzl, [yl [2])dpa(2). (5)

[EET]
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Thus
M(f) (@) <4 fZ(|z]),

where f7 is the maximal function of f, on the Bessel-Kingman hypergroups
[3,23]. Therefore by using [3, p.58] (see also [23]), there exists a constant
Cy > 0, so that

[IMa(Hllga < Cqlifellga < Cqllfllg.a

which proves the result. ]

For all N € N, we denote by Fx the subset of S(R) constituted by all
those ¢ € S(R) such that supp(¢) C [—1,1] and for all m,n € N such that
m,n < N, we have

pmin(@) 1= sup(L + [z))"|As(@)] < 1. (6)
TE
Moreover the system of semi-norms {pn, n }mnen generates the topology of
S(R) (see [2]).
Let f € S'(R) and N € N. We define the a-grand maximal function of
N-order G, n(f) of f, by
Ga,N(f)(x) = sup |¢t *a f(.’E)|, r € R,
t>0, pFN
where ¢; is the dilation of ¢ given by (4).

According to Proposition 4 and by proceeding in a standard way as in

[21,22], we obtain the following.

COROLLARY 1. The a-grand maximal function G n is a bounded con-
tinuous operator from L1(p,) into itself, for every q €]1, 0o|, provided that
N >2(a+1).

3. Herz-type Hardy spaces

In this section we describe certain weighted Herz-type Hardy spaces in
terms of the Dunkl analysis.

DEFINITION 1. Let € R, p €]0,00[ and ¢ € [1, 0.
i) The homogeneous weighted Herz space ngg is the space constituted
by all the functions f € L} (p4), such that

loc

= 2(a+1)8k 1/p
Illgop =] 3 2 Pl fx
k=—00

P
aa < 00,

where y}, is the characteristic function of Ay := {x € R /2F 1 < |z| < 2F).
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ii) The non-homogeneous weighted Herz space ngg is defined, as usual,
by Ko = L%(ua) N Kah. Moreover, ||l ey := | fllg.c + 1] g22-

Note that K34 = K39 = LI(ju4,).

REMARK. By proceeding as in [13], we can obtain blocks decompositions
by the elements of the Herz spaces Kg;g and Kg;g .

We now study some properties for ngg . It is remarkable that we can
establish similar results for KE;?; . For simplicity, we prove our results in the
homogeneous version.

PROPOSITION 6. Let p €]0,00[, ¢ €]1,00] and —1/¢ < f < 1—1/q.
Then the operator Go,n, N > 2(a 4 1) is continuous from Kg;q into itself.

P r oo f. Assume that f is a compactly supported and integrable func-
tion on R. For x € R and ¢ > 0, we have

50 @) = [ 7etn (=)o),
where ¢; is the dilation of ¢ given by (4

Using the fact 7,¢.(y) = t 2@+ /gb(ﬂz we obtain
By () = 1720 f S(2) F-w)dalu).

Let ¢ € Fy. Then from (5) we have

(lz|+lyl)/

ed(Dl <4 [, AL [l + 162 diae). ()

Thus we deduce that

2(a+1)
Tx/tgb(%)‘ <C(‘|x! |y\‘/t> i zy,yeRandt>0.
Hence, we conclude for = ¢ suppf that )
Yy
Gan(f)@) < C e da(y). (®)
% Jlel = Iyl

To prove our result we will use a procedure similar to the one developed
in the proof of [14,Theorem 1]. Assume that p,q €]1, c0l.
Let f € K&P. We can write

> 1/p
|G (Dlgay = | D2 22 Gon(Fxelli] < Br+ Bo + B,

k=—o00
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k:o_ooo l:’“jrgo p1/p
By — [kz_:oo 22(a+1)mp<lzk;2||Ga,N(sz)Xk||q,a) ]

Es = { i 22(a+1)kﬂp< i HGOéW(le)Xqu@)p} 1/p.

k=—o00 l=k+3

We now analyze Ej, j =1, 2, 3.
If k€ Z, x € Ay and | < k — 3, then according to (8) and Holder’s
inequality, we obtain

)Hle‘|q7a-

295

Can(fr)@) < © ARG
Ay
|z = [y]
< c 92(at+1)(I-k—1/q
= (20t (a + 1))t 1/a
Hence, if 0 <y < 1 and f < (1 — 1/q), then
00 k—3 p1/p
B, < c[ 3 ( $ p2etDEBHIR)A-1/a)]) le”qa> }
k=—o00 I=—0o0
00 k—3 1/p
< C[ > Sk(%p)( > 22(0‘“)1”['“5”“"“)(H/q”HszHpaﬂ :
k=—0o0 l=—00
where

k—3 )
Silnm) = (3 22(a+1>p’<l—k>(1—§><1—v)>P/p7 Upt1/p =1,

l=—00

Since Si(v,p) < C, then

Eq

<

> o 1/p
c[ 32 20 pale | = O fl oy

[=—00

IN

00 . oo . B o 1/p
C[ Z 92( “)plﬂHszIIZ,a Z 92(a+D)p(k=0)[B—(1-1/q)]
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To estimate F», from Corollary 1, we get

0o k+2 p11/p
By < €Y 200 (87 i fyillya) |
k=—00 l=k—2
0o k+2 1/p
< | 3 2 N palna] T < C I llgoy
k=—o00 I=k—2 ’

Finally, if k, l € Z, x € Ay and | > k + 3, from (8), we deduce that
[Ga,n(fx)(@)] < 272Vl il

(2a+1r(a + 1))171/q

Then, by proceeding as in the analysis of Fy, it follows that
< S B,p -

By < Cfllgay

Thus we conclude that G, v is bounded from ngq into itself. n

DEFINITION 2. Let N € N, 8 € R, p €]0,00] and ¢ €]1, o0]. The Herz-
type Hardy space H Kﬁ;{;’N is the space of distributions f € §'(R) such that
Gan(f) € K22, Moreover, we define

1 gz = 1Gan(F)ll s

Note that as in the same we define the space H ngg N for the non-homogeneous
case.

In particular, we have the following

LEMMA 1. Let N > 2(a+1), p €]0,00], ¢ €]1,00] and —1/q < 8 <
1—1/q. Then

o
HEZRY = K.

Proof. Let fe Kéf;{;, from Proposition 6 we deduce that G, n(f) €
K5P. Hence f € HKEPN.
Conversely, let f € HKg,’gN and ¢ € Fy such that /qﬁ(x)dua(x) =1.
R

Since .

Wl icogn = | D2 220 Go n(F)xell

k=—o00
we deduce that for every k € N, Go v (f)x% is bounded in L9(fq).
On the other hand, let 0 < a < b < oo. Since supp(¢) C [—1, 1], we can
write

9

}1/10
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||+ (y]
f o u(z) = /J f(—y) /’ " 812 vy (2)dpa ()

|yl

|l -1y
— t(2)dvgy(2)dia(y),
o s [T ey G

where J,; = [—|z| —t, —|z| + t] U [|z] — ¢, |z| + t].
Then for |z| € [a,b] and t € (0,a/2), we obtain
[ ra di(x) = . F(=y)7e0e(y)dpaly),
a,b

where Jop = [—a/2 —b,—a/2]U[a/2,a/2 + b].

Hence f*q ¢i(x) = g ¢t(z), |x| € [a,b], for a certain g € L9(uq ), being
g(x) = f(x), |x| € [a,b], when t is small enough.

By a standard argument, we have 1%i_]r}r(l)g *q Or = ¢, a.e. x € R. Then,

}in% fradr=f, ae. |z| € ]a,b].
Thus we show that

[f(@)| < Gan(f)(x), ae. [z]€[ab].

From this inequality and since G, v (f)xx is bounded in L9(f,), we deduce
that f € L] (1) and [[fll o0 < [Gan(f)l gopr < 00. Tt concludes that
a,q o,q

loc
feKEP "

In the sequel, we are interested in the spaces HKQ;@”N, when 5 > 1-1/q.

Now, we turn to the atomic characterization of the space H ngg’N

DEFINITION 3. Let ¢ €]1,00] and § > 1—1/q. A measurable function
a on R is called a (central) (3, q)-atom if it satisfies:

(i) supp(a) C [—r,r], for a certain r > 0,

(ii) llalg.o < r2+D7,

(i) /a(az)xkdua(:v) S0, k=01,..2541,
where s :R{(oz—i- 1)(B—=1+1/q)} (the integer part of (a+1)(8—1+1/q)).

THEOREM 3. Let 0 < p<1<qg<o0,>1-1/q and N € N,
N > 2(2s+3+a). Then f € HKZ%"™ if and only if there exist, for all
j € N\{0}, an (3,q)-atom a; and \; € C, such that 3 72, [\;|P < oo and
f=722321 Ajaj. Moreover,
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. > 1/p
”fHHI'(g;g’N ~ inf (Z |)\j‘p> :
j=1

where the infimum is taken over all atomic decompositions of f.

P roof. We first verify the necessity: Suppose a is an (3, ¢)-atom and
assume that ¢ < oo (when ¢ = oo we can proceed analogously). It is enough
to verify that ||Ga,n(a)| zs» < C, where C is a constant independent of a.

o,q

Let supp(a) C [—r,7] and 2% < r < 2K+ for some kg € Z. We write

IGan(@I? s, = S 220G (@)l = I (ko) + Ta(ko),
o k=—0o0
where ko3
Li(ko) = Y 22T Gy n(a)xilh
k=—o00
and 00
Lke) = > 22T Gy n(a)xillh .
k=ko+4
For I (ko) we have ko3
(ko) < |Gan (@), Y 2305,
k=—oc0

Applying Proposition 5 and (ii) of Definition 3, we obtain
Li(ko) < C |lalff (2% +DPRor < C,
where C' is a constant that does not depend on the (3, ¢)-atom a.

In order to estimate I3(ko), we need a pointwise estimate of G, ny(a)(x)
on Ay for k > ko+4. Suppose now that ¢ € F. According to [15, Theorem
2], ¢ admits a generalized Taylor formula with integral remainder

n oAk |z|
o)=Y et [ At ). (O
k=0 F el
where b, (a) given by (2) and wy,(z,y) a kernel satisfying:
]
/ )i (0) < nflal™, (10)
where
B 1 1 1
@) = e T G 1 1) [bm_l(a) o))

Then, if z € R and n € N with n < 2s + 1, (iii) of Definition 3 allows to
write
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||
e / / ) (31, 2) 7 (A 60) (2) dpia(2)dpe ),

||
where ¢; is the dilation of ¢ given by (4).
Using the fact AT (¢y)(2) = t*2a*”*3¢<§), we obtain

weatn@) =2 [ [ gty 2 0710) (2 )

||

Let (A""1¢). be the even part of A"T1¢, then from (7), we have

([ +z])/t
ntl gy (# m M n+1
i) (2)] < s /\w\/t Aol EL )| (A5H16). (0) dpa(u)
(lz|+[z1)/t . lz| |z|
< Spmna(9) [ () A L w)dia(u)
Izl 21| /¢

< 4pm,n+1(¢)(1 + )M - |Z|‘/t> B

Here pp, n(¢) are the semi-norms given by (6). Hence,

4Pmn+1 v |a |wn(y> )|
’a*a¢t($)|— t2a+n+3 //|y| 1+ ‘x’ |z"/t> d a(z)d:ua(y)'

From (i) of Definition 3, there exists a constant 6, € [—|y|, |y|], such
that |le] - 16, < [ja| -

hus,

den (@) pmm+1(9 -m
020 tu(a)| < 0 [ lyptiay)(e4 1 - 18]]) (o)

, for all z € [y, |yl].

Since cp () , putting n = 2s + 1 and m = 2(s + a + 2), then

1
<
~ 22T (a+ 1)
for N > 2(2s +a + 3), we get
2(s+a+2)

asor(o) < €2 [ Jatpi(e+[lal = 10,) " oo

By proceeding as in [11, p.108], we obtain
7,2(s+1) r
|a*q ¢r(z)] < CW _T|a(y)|dua(y).

Applying Holder’s inequality and (ii) of Definition 3, we obtain
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IN

|a %0 ¢ (2)] C m [/_ !a(y)!qdua(y)} l/q[/r dua(y)} o

< cr*
- (204+11“(a + 1))1—1/q|x‘2(3+a+2)’

where u =2[s+ 1+ (a+ 1)(B+1—1/q)].
Using the fact that 2%0 < r < 2k0F1 we obtain

C 2uko
(201D (o 4 1))1-Va|z|2(s+a+2)

Then for x € Ag, k > ko + 4, we get
|Ga,n(a)(z)] <

Hence, it follows that

|a xq ¢¢(x)] <

C 2uho
(2a+lr(a + 1))l—l/q|x|2(s+a+2) ’

3 2 p/q
(ko) < C2vrho Z 22(5““)5’“?{2/ L 2stat2)g+20+1 g,
k:k0+4 2k

o0
< (O 9pPuko Z 22pk(a+1)ﬁ—(a+2+s)+(a+1)/q‘
k=ko+4
Because (¢ +1)(8—14+1/q) < s+ 1, then I3(kg) < C, where C' a constant

not depending on the (f3,¢)-atom a. Hence this finishes the proof of the
necessity.

Now, we turn to the proof of the sufficiency: Suppose that f € Hngg’N.
oo

To see that f = Z Aja;, where the series converges in §'(R), for certain
j=1

oo
(B, q)-atom a; and \; € C, for every j € N\{0}, such that Z I\ [P < o0,
j=1
we can proceed as in the proof of [11, Theorem 2.1].
We choose a positive function ¢ € S(R), such that supp(¢) C [—1,1]
and ||¢||1,« = 1. We define the functions:

or(x) = 22Dk ) and fi(z) = f %0 ¢, k€N
It is well known that klim fir = f, in the distribution sense. Also, we take

a smooth function ¢ such that supp(y)) C {z : 3 —¢ < |z| < 1+ ¢},
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for a certain 0 < ¢ < 1/2 and ¥(x) = 1 if 1/2 < |z|] < 1. We define
Yr(z) = »(27F2), k € Z. Tt is easy to see that

supp(¢r) C Ap = {z /2" — 2% <|a| < 2F 4 2%¢}
and Yy (z) = 1if € Apo. For each k € Z, we consider

_wk—(:p) or x an =
Uy () = = for x€R\{0} and W(0)=0.

By Ps we denote the space of polynomials of degree less or equal than
2s+ 1. For each k € Z and | € N, P} ; represents the unique polynomial in
P, such that

| o @)~ P, (@) (0) =0, m =0, 1 254 1.
k,e
We now write fl S11 4 S2,, where

Stz Z {fi(z — Ppi(2)} and Syu(x Z Pya(x

k=—oc0 k=—0o0

Moreover, for every i=1,2and j € N\{0}, there exist (3, ¢)—atom a;; and
Aji € C, being E |Aj,i|P < oo, such that S;; = Z)‘J iaj. Also,
S Wil < ClGan (lgzy =12

j=1
Finally, by invoking the Banach-Alaoglu theorem and (9), we can con-
o

clude that f = Zx\jaj, where the series converges in S'(R), for some
j=1
(8,q)-atom a; and \; € C, j € N\{0}, such that
S IAP < ClGan (Pl s
j=1
where C > 0 is not depending on f.
Thus the proof is finished. [
REMARK. According to Theorem 3, the space H Kg’p " is not depending
on N provide that N > 2(2s + 3 + «). In the sequel we assume that
N > 2(2s+ 3 4 «) and we write HKg,’g instead of Hngqp’N

4. The Dunkl transform on H Kﬁ;g

In this section we study the Dunkl transformation on the space H K£;§ .
In particular, we prove a Hardy inequality for the Dunkl transform F,.
First, we establish useful estimates for the Dunkl transform of (3, ¢)-atoms.
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LEMMA 2. Let a be an (f3, q)-atom where 3 > 0 and q € [1,00]. Then

for all y € R:
1 1 s4+1

i 2(s+1) A 1t
i) |Fala)(y)| < Clyl lallze . A1 1 15(1 Sty ).
i) |Fala)(y)| < Cllal|ls, B=1- 5(1 _ 5) ,

P roof Letabean (3 g)-atom. Assume that r > 0 is such that
supp(a) C [—r,7], and that ||a|g. < r~2@FD5,
i) From (iii) of Definition 3, we have
2541

" izy)"
Fal) = [ [Ealmizn) = 3 G a@dua(o) e
- k=0
But from (9) and (1), we have
2s5+1

—izy)F |zy|
Ea(_iliy) = kzzo (bk(ogj)) " (_1)S+1 /|:; ’w25+1($y,t)Ea(—it)dﬂa(t).

Thus, by (10) we obtain

2s+1 (—izy)*
k=0

1 2542
(@) ‘_22'11“(04—1—1) ey

[Fala)(y)] < C\ylzs”/r 2> |a(@)|dpa ()

T

s r s / l/q/
< Ol el [ 1ol dp (o)

-r

< Oyl ?|lalgar?t T/ d ] 1/q 41/ = 1.

From (ii) of Definition 3, we obtain
1 1 s+1
|Fala)(y)] < Clyl lallga: ﬁ( i

).

ii) We have
.
Fala)(w)] < / a(2)|dpia(x) < Cllallgar® ™D < Clallg,
—r
where B =1 — %(1 - %) We complete the proof. [
As a consequence of Lemma 2, we prove the following essential property.

PROPOSITION 7. Let a be an (3, g)-atom, where g €]1,00] and 1 — ¢ <
f<1—14 st Then
q a+1 9 (8141
Fa(@))| < Clyf DIy er
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Proof. Letabean (8,q)-atom. Assume firstly that |y|2(s+1) ]|a||£a <

lal|Z,, where y € R, A and B given in Lemma 2. Then from Lemma 2 i),
it infers that

a 14l
1Fala)(y)] < ClyPCHV al|l2, < Oy @tVEHD |y eR.

On the other hand, if |y[2¢*V|ja||2, > [|a]|Z,, then Lemma 2 ii) leads to

q,00 —

|Fa(a) ()] < C llal|B, < ClyetVE1+0 g eRr.

q,0 —

Thus, we conclude that
Fala)@)| < ClyP DOy er
Let f € 8'(R). The Dunkl transform F,(f) of f is defined by L
(Falf), @) = (f, Fald)), ¢ € S(R).
In the following we infer weak-type inequality for the Dunkl transform.

PROPOSITION 8. Let 0 <p<1<g<oo,1—;<B<1—1+4 2 and
f € HKJP. Then,

9« 14l
i) [y 2 ETEDI (W) < Ol s v € R
I/

p
. q4lgl
ii) ja({y € R / | 2OTOTHIDIE (W) >A )< 0B R A > 0.
Proof i) Let f € Hngg. Assume that f = } 22, Aja;, where the
series converges in S'(R), for certain (3, ¢)-atom a; and \; € C, j € N\{0},
being > 72, [Aj|P < co. Since F, is a continuous linear mapping from S'(R)
into itself, we have

fa(f) = Z Ajfa(aj)'
j=1

Moreover, since Z 1IN < (Z |\j ]p> 8 from Proposition 7, we obtain
j=1 j=1 o0
2(a+1)(B—1+2 1/p
Fal W) < C LD (S )
j=1
Hence we deduce i).
i) Let f € HK2? and A > 0. From i) it follows that

—2(« [ T A § Cp pa
ua({y ER [ |y| 2otV 1+q+p>,fa(f)(y)l>A})§2 0 diia(y)<C HfA!]?
where e
Cp = (C||fllp.a/A) 272, We finish the proof. -
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LEMMA 3. Let p €]0,1] and % <p<i 5+ ;;fl For every (3, 2)-atom a,

we have

/|]: )[P| ’—2(a+1)p(ﬁ i+l )du (y) < C.

Proof Letabean (8,2)-atom. Assume that R > 0. By virtue of
Lemma 2 i), we have

R
/ | Fala)y )Pyl 22D () < © R fallBA,
1 s+1 1

where A = 1_5(04—1-1 —|—§) and o =2p[s+1— (a+1)(8— 1))
Since 0 = TA, where 7 = —2(a + 1)(p, we can write
R
/Rw ()Pl 7P dpa(y) < € (Ral) (1)

Also according to Theorem 1, Holder’s inequality leads to

_9(a _1.1
/ | Fa@@Ply 200255 dpy (y)
y|>

4( +
<lalta[ [ 1o
ly|>R

Thus,

/||>R|fa( Pl ) < € (RaS) . (12)

2—p

1,1
HOE D )] T < Cllalls R

By taking now R = ||a|];§/T, from (11) and (12) we obtain the result. =

THEOREM 4. Let p €]0,1] and § < 3 < § + 235 Then
1
/ Fal D) @)Lyl 2P Dy, (y) < O 1)1

for every f € HKgg

HKBP’

P r oo f Assume that f = Z;’il Ajaj, where the series converges in
S'(R), for certain (3,2)-atom a; and \; € C, j € N\{0}, being } 22, [\;[? <
oo. Then, Fo(f) = 3272, AjFalay).

According to Lemma 3, we can write
- 1
LIF P D )

<C Z AP /R | Fa(a) () [Py 2O PE=2 40 gy (y) < © Z AP
j=1
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Hence

_92(a 141
/ Fal WPl 2P D dpg (y) < CUAP. o,
R «@,2

Thus the proof is completed. ]
A version of the Hardy inequality for the Dunkl transform F, appears
when we take = 1/2 and p =1 in Theorem 4.

COROLLARY 2. (Hardy inequalciltY) Let f € H Ki/221’ then
Y
L1001 2 < sl
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