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Abstract

In this paper, we consider the variations of eigenvalues and eigenfunc-
tions for the Laplace operator with homogeneous Dirichlet boundary condi-
tions under deformation of the underlying domain of definition. We derive
recursive formulas for the Taylor coefficients of the eigenvalues as functions
of the shape-perturbation parameter and we establish the existence of a set
of eigenfunctions that is jointly holomorphic in the spatial and boundary-
variation variables. Using integral equations, we show that these eigenval-
ues are exactly built with the characteristic values of some meromorphic
operator-valued functions.
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1. Introduction

Let © be a bounded, open subset of R?, with smooth boundary 9. We
suppose that this boundary 0f) is parameterized by the function: ~(s,t) :
[0, 7] x [0,27] — R3 which is analytic, m-periodic in the variable s, and
2m-periodic in the variable t.
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Let us consider the following unperturbed eigenvalue problem for the
Laplace operator in the domain € of the three-dimensional space R?:

—Aug(x) = Nuo(z), €9, and wup(x)=0, =z (1)

Throughout this paper, the domain 2 is supposed to be perturbed accord-
ing to some parameter € and therefore the problem (1) is transformed into
the problem (2) as described in Section 2. The properties of eigenvalue
problems under shape deformation have been the subject of comprehensive
studies [11, 20] and the area continues to carry great importance to this
day [3, 6, 8,9, 13, 14, 15, 21]. A substantial portion of these investigations
relate to properties of smoothness and analyticity of eigenvalues and eigen-
functions with respect to perturbations. Bruno and Reitich have presented
in [5, Theorem 2, p.172 and Section 3, pp.180-183] some explicit construc-
tions of high-order boundary perturbation expansions for eigenelements in
two dimensions. Their algorithm is based on certain properties of joint
analytic dependence on the boundary perturbations and spatial variables
of the eigenfunctions. But, the main difficulty in solving eigenvalue prob-
lems relates to the continuation of multiple eigenvalues of the unperturbed
configuration. These eigenvalues may evolve, under shape deformation, as
separated, distinct eigenvalues, and this ”splitting” may only become ap-
parent at high orders in their Taylor expansion. In [18], Ozawa derived the
leading-order term in the asymptotic expansions of simple eigenvalues in
domain with a small hole. Nevertheless, in our paper we remove the condi-
tion that eigenvalue is simple and provide more accurate asymptotic expan-
sions for eigenvalues and eigenfunction in domain with more general shape.
Recently, Lamberti and Lanza de Cristoforis have developed in [14] some
preliminary abstract results for the dependence of the eigenvalues upon per-
turbation. This perturbation is in the form of homeomorphic images ¢(£2)
of by some homeomorphism ¢ of © onto ¢(2). Their applications to
the Dirichlet eigenvalue problem for the Laplace operator appear clearly in
Section 3 of their paper and in Theorem 3.21 they justify the analyticity
result for some symmetric functions of eigenvalues. Our analysis and uni-
form asymptotic formulas of the eigenvalues and the eigenfunctions, which
are represented as sum of a single-layer potential and of a double-layer po-
tential involving the Green function, are considerably different from those
in [13, 14]. Next, Our method differ, essentially, from the classical meth-
ods used to study the analytic dependence of the eigenfunctions of a real
or complex parameter and used to give the asymptotic formulae for the
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eigenvalues. In this paper we show, by using surface potentials, that if the
multiplicity m of A} is greater than one, the square roots of eigenvalues
are exactly the characteristic values of some meromorphic operator-valued
functions that are of Fredholm type with index 0. We then proceed from
the results, the definitions and notations found in [10, 16] to construct their
asymptotic expressions for e sufficiently small. We would like to find an
efficient and a method, different to what we have presented in [2, Section 4,
pp.802-817] when we have studied the eigenvalue problem in the presence
of a finite number of ”imperfections” (the resonant frequencies are exactly
the eigenvalues).

The paper is organized as follows. Section 2 provides the formulation of
the main problem in this paper and the well known result concerning the
analyticity of eigenvalues of the perturbed eigenvalue problem with respect
to shape deformation parameter e. Section 3 contains the application of
the integral equations method to the Dirichlet eigenvalue problem for the
Laplace operator. In particular, we rigorously establish the existence of
an operator-valued function L. and we establish that this operator define
complex analytic functions of the spatial variable  and the height parameter
e. Finally, in Section 4, we give recursive formula to compute the Taylor
coefficients in the expansion of the normal derivatives ¢\/)(¢) and in the
expansion of the square roots of eigenvalues (see Theorem 4.1).

In Theorem 4.2 we show that the eigenfunctions w;(e) of problem (2)
are jointly analytic in (z,€) and satisfy an asymptotic expansion where its
Taylor coefficients are deduced from those of ¢/)(¢). As we shall see in a
forthcoming paper, the same result can be proved when a finite number of
”imperfections” of small diameter ¢ and "nearly touching” the boundary
are imbedded in the domain of definition 2.

2. Problem formulation

We introduce the analytic function 3 : [0,7] x [0,27] — R?, (s,t)
B(s,t) to be m-periodic in the variable s and 27-periodic in the variable t.
Let

Ye(s,t) = y(s,t) + €B(s,1), €€ R.

With this definition, (s,t;€) — ~v(s,t) is an analytic function on [0, 7] x
[0, 27] x R, m-periodic in the variable s, 27-periodic in the variable ¢.
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Consider the bounded domain €, in R? with boundary 92, parameter-
ized by the function v.(s,t):

00 = {7(s,t), (s,t) €[0,7] x [0,27]}.

The outward unit normal to €. is denoted by v, and for e = 0 we have
Qo = Q.

In this paper, we deal with the asymptotics of eigenvalues and eigen-
functions associated with the following eigenvalue problems

{ —Au(e) = A2(e)u(e) in Q,

(2)
u(e) =0 on 0f..

It is well known that the operator —A on L?(f2,) with domain H?(Q.)N
H} () is self-adjoint with compact resolvent. Consequently, its spectrum
consists entirely of isolated, real and positive eigenvalues with finite mul-
tiplicity, and there are corresponding eigenfunctions which make up an or-
thonormal basis of L?(€). Throughout this paper, we denote by || - || the
norm associated to the scalar product < -,- > on L?(€2), and ||| - ||| the
euclidian norm on R3.

Let A3 > 0 denote an eigenvalue of the eigenvalue problem (2) for € = 0
with geometric multiplicity m > 1. There exists a small constant ¢y > 0 such
that A% is the unique eigenvalue of (2) for € = 0 in the set {A*, X € Dy, (Xo)},
where D, (\g) is a disc of center \g and radius ry. Let us call the Ag-group
the totality of the perturbed eigenvalues of (2) for € > 0 generated by splitting
from \g. The following analyticity result is well-known [19, §§I1.2 and I1.6]
or [10, §VIL6].

THEOREM 2.1.  There exists g > 0 such that for |e|] < €y, the Ag-

group consists of m eigenvalues, )\?(e), j = 1,...,m (repeated according
to their multiplicity). Moreover, they are analytic functions with respect
to € satisfying AJQ-(O) = A%, = 1,...,m. The normalized eigenfunctions

associated to the \g-group of eigenvalues are analytic with respect to € and
their values at e = 0 are m linearly independent solutions of the unperturbed
eigenvalue problem.

The classical regularity results and the previous theorem imply that
the eigenfunctions associated to the Ag-group of eigenvalues are separately
analytic in the small parameter € and the spatial variable z. Using an
integral equation technique we will also establish, in Section 4, the joint
analytic dependence of these functions with respect to (x,¢€).
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3. Integral equation method

The use of integral equations is a convenient tool for a number of inves-
tigations. We now develop a boundary integral formulation for solving the
eigenvalue problem (2). This method it is used to characterize the eigenval-
ues (respectively the normal derivatives of the associated eigenfunctions) as
characteristic values (respectively as root functions) of some operator-valued
function.

Let v be the solution to the following Helmholtz equation:

Av+ Mo =0, inR3 (3)

We begin by defining the outgoing Green’s function G(x,y) as the solution
of
AG(z,y) + NG(z,y) = —d,(z), in R,

with the radiation condition as |||z||| — 4oc:

oG 1
‘W - MG’ = O(W)
In fact G is explicitly given as:
etMllz=ylll
D)= e — ol W

3.1. Preliminary results
Consider the equation (3) for the function v in the exterior of €2, mul-

tiply by the Green’s function G and integrate by parts, we get that for
z € R3\Q,

ov oG
v) = [ (Gl 6 o) 5] ) o),
The jump condition for 8;} on 02, yields
oG ov
v = | Gl o) + [ G S| o),

Of course, the above equations does not hold up to the boundary of €2, but
if we take the limit as x — 9, we get from for instance [7] that

1 oG
gtlon @ =~ | 5 1@ w)doy) (5)




282 A. Khelifi

[ G 2| w)doly) for « € 9.
00 8y€

We introduce the following operator, called single-layer potential:

SiNg(@) = | Clay)gw)doly), =< R?\ 99..

For g € C*®(99.), or even g € LY(9€), the function SI(\)g is well-defined
and smooth for z € R?\ 99Q..
Now define the following operator

SN : HV2(80,) — HY?(89,)

where

S(A):g— - G(,y)g(y)do(y).

For such g and every x € 9, we denote by g (z) and g_(z) the limits of
g(y) as y — x, from y € Q, and y € R?\ Q, respectively, when these limits
exist. It is a well-known classical result that, for x € 92,

(SHN)g)+(x) = (SI(N)g)-(2) = S(N)g(=),

where S()) is pseudo-differential operator of order —1.
Throughout this paper, we use for simplicity the notation

HY(]0,7[x]0,2x[) = H*(R?/]0,[x]0, 27[), for ¢ € R,

where H?(R?/]0,7[x]0,2n[) denotes the classical Sobolev H9space on the
quotient R?/]0, 7[x]0, 2r[ (cf. e.g Adams [1]).
Using change of variables and integral equations, the following result
immediately holds (see [23]).
ProrosITION 3.1. Let
Le(A) = Hy V20, 7]x]0, 2x[) — H,"*(J0,7[x]0, 2n])
be defined as follows:

LW F(s,8) =(SOF () (el 1)

2 pm
— [ [ GOl s DTl (5
0 0
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for f € Hﬁ_l/2(]0,7r[><]0,27r[). Then the operator-valued function L¢()\) is
Fredholm analytic with index 0 in C\ iR~. Moreover, L71()\) is a mero-
morphic function and its poles are in {\s ) < 0} where (z) means the
imaginary part of z and R(z) is the real part.

From now we will focus our attention on solving the eigenvalue problem

(2).
3.2. Joint analyticity of kernel

We first show that the kernel of the operator L(\) has the following
form.

LEMMA 3.1. There exist positive numbers €1 = €1(eg)(€1 < €9), p,17,
and 1o such that the kernel of the operator L¢(\) has the form:

G(ve(s,1),7e(s", 1)) Ve (', )]

t, km.t! +2
Ly oy bSO d) oy
S t’+2p7r>> + (5 — (5 + k) 2

for (s,t,s',t',e,\) € J, where h(s,t,s',t',e,\) and g(s,t,s',t' e, \) are ana-
Iytic with respect to (s,t,s',t',e,\) in J. Here we have put J = {|S(s)| <
1, SO <0 [S()] <, [SE)] < s le] < €15 A € Dry (Mo); —p < R(s), R(s') <
T+ p;—p < R(t), RE) <27+ p}

Proof. Uponreplacing x by v.(s,t) and 2’ by 7.(s', '), we immediately
obtain the following result for the kernel of L., provided €1, p and n are
sufficiently small (r¢ is given in Section 2):

i ei)‘H"Ye(s:t)*’Ye(slvtl)lH _ h(s’ t’ 3/, t/’ €, )\)
A [[7e(s, ) = 7e(s', ) ((s = 8)2 + (E = )2)1/2

where h is a function defined in the set 7. In fact, we have
h(s,t,s' 1, e,A) = G(ye(s,1),7e(s', ) Ve (s, 1) |((s — )2 + (£ — 1)) /2.

Using classical results, and the fact 7. is analytic, we see that the function
h and its derivatives are analytic in the set J.

To proceed to the proof, we use some idea little close to that found in
the proof of Theorem 6.1 in [4, pp.331-333]. The fact that . is T—periodic
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in the variable s’ and 27— periodic in the variable ¢’, there exists a function
g(s,t,s',t' €, ) such that

h(s,t, s t' e )
(= 7+ =1
ZZ sts+k7rt—|—2p7re)\)

pm e (t'+2pm))2 + (s — (' + km))?

+ 9(57 t’ S,’ tl? E’ >\)7

where this function g is given by:

( i h(s,t,s" + km,t' — 2w, e, \)

s,t, 8t e\ =—
s e h V(= (4 2m)2 o+ (s — (8 + k)2

(6)

1

h(sts+k:7rt+27re)\) )
k_fl\/t— (t' —2m))2 + (s — (s' + kmr))2
The analyticity of the function g follows, evidently, from that of h. =

With the result and notation established in Lemma 3.1 we now state
the main results in this section.

THEOREM 3.1. There exists a constant n > 0 and a complex neigh-
borhood V of 0 such that for every function ¢(s,t;€) € Hﬁ_l/Z(]O, m[x]0, 27])
analytic in (s, t;€) € {|S(s)],|S(t)| < n} x V, the function Le(N\)¢(s, t;€) €
H;/Q(]O m[x]0,2n() is analytic with respect to (s, t;e, ) € {|S(s)],[S(¢)| <
77} XV x Dy, (o) where Dy, (\o) is a disc of center \g and radius ro.

P r oo f We find a central difficulty to prove the analytic property
of the operator L.. This difficulty comes from the spatial regularity of its
kernel. In order to establish this regularity we may focus, for simplicity,
our attention to the change of variables when we integrate by parts as in [4,
Lemma 6.2].

From Lemma 3.1 we have,

2m h(s,t, s + km,t' + 2pm, €, )
LN i) 2/ /0 Z (5 £ k)2

1 — (t' + 2pm))?

2w ™
x f(s',t")ds dt’ +/ / g(s,t, st e, \)f(s',t)ds'dt’ .
o Jo
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We define
F(s,t e, \)

o h(t,s,t' + 2 k€, A
_Z/ / Z s,t' + 2pm, s’ + km, e, ) 2f(8/,tl)d8/dtl
0

—1 (t' 4+ 2pm))2 + (s — (' + km))

and )
G(s,t,e,\) / / (s,t, 8", t', e, \)f(s',t')ds'dt’.

Obviously the relation (6) implies that the analyticity of G(s,t, e, ) is de-
duced from that of the following functions:

2 t, km,t +2
(s,t €, ) Z/ (5,8 + kmt' + 27,6, ) ds'dt’,
\/t—t’+27r )24 (s — (s + kmr))2

2 / 2
Z/ /\/t sts—l—/mrt—i-ﬂe)\) 2ds’dt’.

)2+ (s — (s + km))

Now, it suffices to verify the analytlclty for the first function in the last line.
But for the second function, we deduce the result by the same manner. To
do this, we introduce the function

h(s,t,s +lm t' 4+ 2m, €, \)

/
— = 2ds,
k__l \/t (t' +2m))2 + (s — (s + k)

Gi(s,t,t',e,\) =

and by a change of variables, we get
2 h(s,t, s t' + 2m e, \) s’
s
—r V(= (' +2m))2 + (s — 5)?

Further, if we define the function

Gi(s,t,t',e,\) =

/

Ki(s,t, st e,\) = /S h(s,t,z,t' + 27, €, N\)dz,
s
integration by parts yields
Gi(s,t, 1,6, \) = ((t—t' — 2m)2 + (s — 2m)2) P K (s, 8, 2m 1 e, \)
(=t —2m)2 + (s + m)?2) Ky (s, t,—m e, \)

2m
+/ (t—t —2m)* + (s — s')2)_3/2K1(s, t,s' ' e \)ds'.
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2
Clearly, the function (s,t,e,A) — / G1(s,t,t' e, \)dt’ can be extended to

0
a complex analytic function in C x C x V x D, (\g) and so the analyticity
of G(s,t,e,\) holds. We now prove the result for the function F(s,t, ¢, A).
As was done for the proof of G, we first define

/
2
Fi(s.t.t e \) = Z/ h(s,t,s" + km, t' + 2pm, e, \) s’
V(=@ +2pm)2+ (s — (' + km))?

By a change of variables we get

)
2
Fi(s.t.t' e, ) = Z/ h(s,t,s',t" + 2pm, e, \) s’
V(E— @ +2pm))2+ (s — 8')2

k=-1

Therefore,

2 2T !yl
t,s',t 2 A
(s,t,€,) Z / Tt 8’ + 2pm €, A) ds'dt’.
Do S SR (e (e S P

This allows us to introduce the following function

27 /
Fa(s. .5 e, \) = Z/ stst—l—Qpﬂ'e)\) a',
— (' +2pm))2 4 (s — &)?

p=—1

which, by a change of variables, becomes

47 !’y
h(s,t,s',t", e, A
FQ(S,t, S,,E,A) :/ (87 ,SHU, €, ) dt/
or \/(t _ t/)2 + (S _ S/)2

Hence the following relation is valid

h(s,t, s t' e\
F(s,t,6,\) / N adar
2w J —1 \/t—t/ 8—8/)2

and can be extended to a complex analytic function in C x C x V X Dy, (o).
[

We use some notations and definitions given by Gohberg and Sigal [10]
and by Reinhard and Méller [16]. The fact that \¢ is a characteristic value of
Lo()\) implies that from Keldys’s theorem, which is simplified in [15, p.462],
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there exist {¢) : 1 <i < m} C.S.E.AV of Ly at A\g and {¢ : 1 <i < m}
C.S.E.A.V of L{ such that the following operator

1 —1 L i
Ao=gim [ i, Lo A ;% @ vj
is well defined on Ker(Ly(Ao)).

Analogously, the result of Reinhard and Moller which is due to Keldys
[12], implies that for each characteristic value A\;(¢) (1 < i < m) there
exists {¢;j(e) : 1 < i <m, 1< 5 < m} CSEAV of L at \j(e) and
{tije):1<i<m, 1<j<m;} CS.EA.V of L! such that the following
operator

Ai(e) = i (Le(N) " 'dr = Z(bm ® ¥ij(€) (7)

2 Jr-ni(e)l=r

is well defined on Ker(L.(Ai(e))). Next, the following operator

m
Ae) =D A(e), for |e] < e (8)
i=1
is well defined.

Based on [4, 22] and on the relation (8) can one see that the operator
A(e) is self-adjoint and holomorphic function with respect to € €] — €y, €1].
It is quite easy to see that Ay = A(e = 0). In order to prove the results in
Section 4, we investigate the properties of the eigenelements corresponding
to the operators Ay and A.. Then, let (u))1<j<n (h denotes, here, the
number of eigenvalues for the operator Ag) be the family of eigenvalues of
the operator Ay with multiplicity m; each one. Using the generalization of
Theorem 2.1 and [11, 20], we know that there exist € = €3(e;) > 0 such that
for |e| < ez and for j € {1,---,h} the u)-group consists of m; eigenvalues
of A(e), pji(e), 1 =1,---,m; (repeated according to their multiplicity)
and we have p;;(e) — ,ué as € — 0. Let e3 = inf(e1, e2). For |e| < €3, the
following projector is well defined:

mj My

Pj<€)—}/ e )"ldp = qul ®qlr €, (9
207 i | =1

=1 r=1

where for 1 < j < h and for 1 <[ < mj, the family (¢ (j)( €))1<r<m;, denotes
the orthogonal family of eigenfunctions correspondmg to the eigenvalues
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pji(€). For e = 0, the unperturbed projector is given by:

1
Pj(0) = —— — A(0))7d § ) ® 1
T ln=tbl=p2 " n=3a’©ed’ 0. 00

where the family (ql(j )(0))1§l§m]- is the orthogonal family of eigenfunctions
corresponding to the eigenvalue yf). Now it seems natural, from the previous
results, that for all j = 1,---,h the family (ql(j)(O))lglgmj are m;-root
functions of Lo(Ao) and for all [l =1,--- ,m;, the family (qz(,jr)(f))lérémjz are

mj-characteristic functions of L¢(A;j(€)) and 2?21 mj =m

4. Analyticity and asymptotic expansion

This section is devoted to study the asymptotic of the eigenvalues and
eigenfunctions of (2) when the parameter € goes to zero. We will give a
method different from those found in literature [6, 9, 13, 15, 18] to calculate
the Taylor coefficients in the expansions of the eigenelements in a neighbor-
hood of zero when the eigenvalue )\(2) of —A is not simple. The part (ii) of
Theorem 4.1 gives the expansions of the characteristic values \;(e), but to
deduce the result for the eigenvalues it is enough to take the square of that
of the characteristic values.

On the other hand, it is no difficult to see that the following operators
are well defined,

h h

P(e) = ) _Pi(e), for |e| < eg and P(0) = Y _ P;(0). (11)

j=1 j=1
The following holds.

PROPOSITION 4.1. For |e| < €3 we have:

(i) The operator P(e) is holomorphic for € €] — €3, €3] and P(e) = P(0) +
R(e), where R(e) is holomorphic with respect to e.

(i) P(e) = >0, g9 (€) ® q'9)(¢) where (¢\9)(e))1<j<m denotes an or-
thonormal basis of KerLc(\;(e)). Also, P(0) = Z;”Zl q9(0) ® ¢9)(0)

where (¢U)(0))1<j<m is an orthonormal basis of KerLy(\o).
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Proof.

(i) This property is clear if we remember that the operator A(e) is holo-
morphic and then, can be expressed as: A(e) = A(0)+ A(e), where the
operator fl(e) is holomorphic with respect to € and goes to 0 as € — 0.
Next, the operator R(e) is well defined if we consider, for € €] — €3, €3],
the following Neumann series:

(= A@)) " = (n=A0) '+ (1~ [A(e) (1 — A0)) PP,

p=1
which converges uniformly with respect to p in a neighborhood of ,u%.

(ii) Since the elements of the family (ql(j)(O))lgjghylggmj are root func-
tions of Lo(Ag) we may organize this family as follows:

a0 =a", 0y =¢?,--, q(0) = g™,

Thus, we obtain the family (q(()j ))1§j§m which defines an orthogonal
. - ()
basis. By the same arguments the family (qm (6))1§l§mj,1§r§mﬂ,1§jgh

given by (9), can be organized to obtain:
1 1 m
ai1(©) =V, 430 =¢P(©@-- . @), () =4d"()

where for all j = 1,---,m, ¢¥)(e) — q(()j) as € — 0. The family
(qY)(€))1<j<m defines an orthogonal basis in Ker(L¢(\j(¢))) and so
the order of organization of its elements directly depends on the order
of organization of the basis (q(()] ))1§j5m. The proof is achieved if we
substitute the relation (9) and (10) into (11).

n
Let us denote by B. = (air)i<ir<m the m x m matrix, where for [ =
1,--- ,m and for r =1,--- ,m, the coefficients a;. are given by:

l
ap =< g, q") >

If I, denotes the identity matrix, then for ¢ = 0, By = I,,,. Proposition 4.1
implies that:

3 <o) > Z< La§) > ) + R(e). (12)
j=1
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From the last relation (12) we write

(Beﬁbe)l = Q(()l) + R(E)Q((]l)a
where

g=(a5",ay™)T and ¢ = (¢V(e),- g™ ().  (13)
With this notation established we now state the main results.

THEOREM 4.1. There exists some constant €4 = €4(e3) > 0, (€4 < €3),
such that for all j € {1,--- ,m}:

(i) The functions q\)(¢)(s,t) are holomorphic in (s,t;€) and satisfy the
following asymptotic formulae uniformly for (s,t) € [0, 7| x [0, 27]:
7) €) = q[(,j) + qu)e", for |e| < eq, (14)
n>1
where the first coefficient satisfies qgj ) = qu(()j ) and for n > 2, the
()

coefficients qy;’ are given by
¢ = Rag) ZZ <. q) >4, (15)
k=1 1i=1
Ry =0 and R,, (n > 1) being the Taylor coefficients of R(e).

(ii) The characteristic values \j(e) satisfy

=X+ Z AD e for |e] < e (16)

n>1
The first coefficient satisfies:

< Lo(Mo)at!, 17§ >

()
A =-1- :
119712
and for n > 2:
. 1 n . , . .
M = [0 A < 1% 0 >

||l1 QO ||2 i=2 ridetri=n
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n—1

I
+Y Y <P kqn l,l§ @) >+Z<Fkn kq(()),l(o)q(()j)>]-
1=0 k=0 k=1

(r)

Here for all integers k and r, the expressions [},
operator-valued functions with simple forms.

and Fy, are two

Proof.

(i) Define the matrix D, = (d

vp)rp; the coefficients dy,, are given by

dy., = 07+ < R(e )q(() ), q(()p ) >, where 0¥ denotes the Kronecker symbol.

Obviously, D, is analytic because the operator-valued function R(e) is
analytic with respect to € €] — €3, €3] (see Proposition 4.1). In other

words, if we take the inner product of (12) by q(()p ) we deduce that
Z<qo dD(e) >< qD(e),qf >= o'+ < R()a, ¢’ >

which implies that
B?=1D.. (17)

Next, relation (12) implies that

Be¢e = ¢0 + R(6)¢07 (18)

and therefore,
¢e = (Be)™ o + R(€)bo].

On the other hand we will justify if the function ¢, is jointly analytic
in (z,€). The analyticity of ¢o(z) in z is a classical result. Then
we deduce the result by using the analyticity of the matrix B, in €
(which is obvious from (17)) and the fact that the function R(e)¢po(x)
is jointly analytic in (x,€). From relation (13) we then deduce the
analyticity of the functions q(j)(e) forallj=1,---,m

The analyticity of the matrix-operator B, with respect to ¢, allows to
write in a neighborhood of 0 the expansion

Be=1,+€eB +eBy+---
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Thus for e sufficiently small, say for |¢| < e4 where 0 < €4 < €3, we
write the uniform expansion:

k
G = € gk-
k>0

If we replace B, and ¢, by their asymptotic expansions as ¢ — 0, then
the relation (18) becomes:

+oo +oo +o0
OB €ar) = a0+ Y " Rugo,
n=0 r=0 n=1

where we have considered that gg = ¢.—¢ and R, is the n — th Taylor
coefficient of R(e) (R(0) = 0). Then,

n
> Bigu—k = g0 + Rugo- (19)
k=0

The j — th composite of the vector Brq,_k is given by

(Brgn— k]—z<% 7ql§:)>q7(1)k‘
=1

For 7 = 1,--- ,m, qq(f) means the n — th Taylor coefficient in the

expansion of the function qéj ) for € in a neighborhood of zero. Now,
the relation (19) implies,

(Bogn); +22<q0 vt > ql = a7 + Rag.
k=1 1=1

Moreover, the fact that By = I,,,, we deduce the Taylor coefficient of
(9)
ge -

¢ = Z <q ,qk >q£)k+q()+ané)-
k=11=1
On the other hand,
n—1 m
Z <a.dD > q" 33 <di?.q? > ¢+ a4 Rudd).
r=1 k=1 i=1

(20)
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But, if we take the inner product of qr(lj) with the element of the
orthonormal basis q(()r); r=1,---,m, we obtain:

n—1

m
”*Z<q g > gff Z S<aq) ><a)d >
r=1 k=1i=1

n—1 m

~8— <4, Rug{’) > <a,q)) > ¢ +a§ +Rug’.
k=1 i=1
(21)
We remember that
P0)g? =" < a4 > ¢
i=1
Then the relation (21) becomes,
n—1 m )
(L= PO) (@D +3 3 <aq) > d¥) — Ragd’) =0, (22)
k=1 i=1

In other words, it is obvious that ano ¢ Ker(Lo(\o)) for all j =
1,---,m and therefore,

n—1 m

¢ +3°Y <aq)) > 4, — Rual) ¢ Ker(Lo(Mo)).
k=1 i=1

Thus relation (22) implies that,

n—1 m

)+Zz<qo ,qk, >q7(1)k, an(()j):().
k=1 i=1

In order to find out the coefficients in (16), our method is based on
expanding the expression L¢(\;(€)) for e near zero. To handle this we
have to expand, first, the operator-valued function L¢(\) around € = 0
and so the resulting expression around A = Ag. The kernel G given
by (4) satisfies the following uniform expansion

G(Ye(5,8),7e(s', )i X) = Y Gly ') N,

n>0
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where the Taylor coefficients G,,(v(s,t),v(s',t'); \) can be computed
easily. As an immediate consequence, for |€| < €4, we can write

LX) = Lo(A\) + iLn()\)e", A € Dy, (M),

where the Taylor coefficient L,,()\) (n > 1) is an operator-valued func-
tion with kernel G, (y(s,t), (s, t);X). Obviously, G, (v(s,t),v(s,t);\)
is analytic in A € D,,(\g) and then we obtain the following uniform

expansion:
+oo )
Gu(1(5,8),7(5", ) 0) = D (A= 2) Gy (v(5,1), (5", 1).
k=0

Now, the following expansion holds

“+o00 +0oo

=3 ) "(A-X) 15 for (e, ) €]—ea, ea[x Dy (Mo), (23)

n=0 k=0

where the Taylor coefficient l,gn) (n >0, k > 0) is operator-valued
function with kernel G,(Cn) (v(s,t), (s, t)).

Next, we can write \;(e) = )\o—l—)\gj)e—i—- AP et , for |e| < €4 and
to find out the Taylor coefficients )\7(3 ) we have to insert this expansion
of Aj(e) into relation (23). So we obtain

400 n
Le(A(€) =D (O Fin—r)e",  for |e| < e, (24)
n=0 k=0
where
Fno = 15"
and
Foy= Z( Z ADAD) . )\gz))ll(n)' (25)

=1 ri4--+4r;=k

Remember that

LeAj(€)gD(e) =0, forallj=1,---,m
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Therefore, if we take the relations (15) and (24) at order n > 1, we
can easily write

n l
Z Z Fk,l—k(]?(f_)l = 0.

=0 k=0
Thus, from (25) and by simple calculus, we find for n > 2 :
AP = [0 T A a9 < 1060 10 >
||Z§O)Q(()])||2 i=2 rit-+ri=n L '

n—1 1 n

+ Z < Fk,szqul, l§0)qé” > +Z < Fk,nka(()j),lgo)Q(()j) > ]
1=0 k=0 k=1
[

Next, we have the following lemma which seems useful to prove the

fundamental result in this section.

LEMMA 4.1. The functions given by i, j(€)(z) = S(X;(€))g®(e)(v™1)
are jointly analytic in the variables (x,€) € KoXx| — €4, €4, where Ky is a
bounded neighborhood of Qg in R?.

P r o o f. The function @, ;(e)(z) = S(A\j(€))g™(e)(y~!) satisfies the
Helmholtz equation in €. with the boundary conditions: ; ;(€)|0Q = 0
and 0,1 j(€) (7e(s, 1)) = 1) (€)(s,t); which are jointly analytic with respect
to the variables (s,t;¢) € R?x] — e4,€4]. The outward unit normal v, to
09, is given by ;32%2:3‘, as a function of (s,t) = v~!(x). The symbol of
the operator A, = 02, + 82, + 92, is P(£1,&2,&3,€) = & + & + &5 Thus
P(ve) = 1 > 0. Since the surface 0S). is non characteristic for A, the
Cauchy-Kowaleska theorem implies that ; ;(€)(z) is jointly analytic with
respect to (x;€) in {|||z — (s, t)||| < o} X] — €4, €4], where « is a positive
constant. u

We summarize the main result as follows.

THEOREM 4.2. Let Ky be a bounded neighborhood of Q) in R3. Then
there exists a constant €5 = €5(e4) > 0 smaller than e4 such that an or-
thonormal basis of eigenfunctions (u;(€)); corresponding to the Ao — group,
(A?(e))j, in H}() can be chosen to depend holomorphically in (x,€) €
Kox] — €5, €5[. Moreover these eigenfunctions satisfy the following asymp-

totic formulae A 4
uj(€) = ué]) + Zuﬁf)e",
n>1
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(U

where the family ug ) builds a basis of eigenfunctions of (2) associated to

(9)

A2 and normalized in L*(Qp). The terms uy;;’ are computed from the Taylor

coefficients ¢\ of the function q9)(e).

P r o o f. Proposition 4.1 and Theorem 4.1 imply that there exists an
orthonormal basis

(¢D())1<i<mi(s.t) € Hy 2(0,7[x]0,27]) of Ker(Le(Ai(e))),

which is analytic in R?x] — e4, e4]. We know that S()\;(€))q\¥) (e)(y~1) form
a basis of eigenfunctions of the eigenvalue problem (2) associated to )\?(6).
Using the Schmidt orthogonalization process, we construct the desired or-
thonormal basis. Clearly, the functions (4; ;(€));;, introduced in Lemma 4.1,
build a basis of the eigen-spaces corresponding to the Ap-group, (A;(e€)); in
H &(QE). We will now give the asymptotic expansion of these functions when
€ tends to 0. To simplify notations we drop the subscripts ¢ and j. Integral
equat1ons give

2m
/ / G(x,7e(s,t))q(€) (s, 1)|Ve(s, t)|dsdt. (26)

The perturbed eigenvalue A(e) lies in a small neighborhood of Ay for small
values of €. Then, there exists €5 > 0 (e5 < €), such that we have the
following Taylor expansion

Gz, 7e(5,0)|Ve(s, )] = Glx,7(5,0) [V (s, D) + D € Gl 1(s,1); M),
k>1
(27)
which holds uniformly in 2 € Ko and (s, t) € [0, 7] x [0,27]. Using Theorem
4.1, we have
q(€)(s,t) = qo(s, ) + > Fq(s, 1), (28)
k>1
uniformly in (s,t) € [0, 7] x [0,27]. Substituting the last two asymptotics
into (26), we find

27
)= a(0)+ 3 et Z/ / G (5, )Gn (2,7 (5, ) Ndsdt].  (29)

k>1 n=1

Now we use the Schmidt orthogonalization process to construct from the
eigenfunctions (%;(e)); an orthonormal basis (u;(€)); of the direct sum of
eigenspaces associated to the A\g-group. This method allows us to compute
the asymptotic expansion of these functions. [ ]
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