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Abstract

In this paper, we establish the LP boundedness of certain maximal os-
cillatory singular integral operators with rough kernels belonging to certain
block spaces. Our L? boundedness result improves previously known results.
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1. Introduction and statement of results

Let R? (d =n,m > 2) be the d-dimensional Euclidean space and S9!
be the unit sphere in R% equipped with the normalized Lebesgue measure
do. For nonzero y € R%, we let ¢/ = |y|'y. Let Q € L'(S%!) be a

homogeneous function of degree zero on R™ which satisfies the cancelation
property

L, 26 =0 (1.1)

For a suitable mapping P : R” x R™ — R, consider the oscillatory singular
integral operator defined by

Tra(f)e) = [ Mo f— Q@) dy  (12)
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and the corresponding maximal operator defined by

Tro(f)(z) = sup

/ FPED) o) T dy| . (13)
e>0 | J|y|>e

The operators in (1.2) and (1.3) have been extensively studied by many
authors. For their significance, we refer the reader to consult ([1], [10], [17],
[18], [19], among others). In this paper, we are interested in studying max-
imal operators of the form (1.3). Clearly, if P = 0, then the operator T,
is the classical maximal singular integral operator of Calderén—Zygmuﬁd
type ([4], [5]). When P is a polynomial mapping and Q € L9(S™ 1) for
some ¢ > 1, Lu-Zhang ([12]) showed that Tp, is bounded on LP for all
1 < p < oo. Subsequently, Lu-Wu in ([13]) proved that Lu-Zhang’s result
still holds under a weaker condition on €2. In fact, they showed that the op-
erator T' ;;79 is bounded on LP for all 1 < p < oo provided that the function

Q belongs to certain block space Béo’o)(S”*I),q > 1. The same result was
obtained, as a consequence of a more general result, by A-Salman in ([1]). It
should be pointed out here that block spaces were introduced by Jiang and
Lu (definition of block spaces will be recalled in Section 2). For background
information about block spaces and their use in harmonic analysis, see ([14],
15)).

Motivated by the work of Fan-Pan on singular integrals along subvari-
eties ([7]), Fan-Yang ([9]) studied LP estimates of maximal oscillatory sin-
gular integral operators of the form (1.3) with singularities spread over sets
more general than the diagonal {y = x}. More precisely, Fan-Yang consid-
ered the following maximal oscillatory singular integral operator

Tp,p,0(f)(x) = sup : (1.4)

e>0

/ PO bl dy
y|>e

where P(y) = (Py, ..., P;) is a polynomial mapping from R” into R?, and
® : R™ — R is a homogeneous function that satisfies

d(ty') = tB<I>(y’) for t >0, (1.5)

d(y) € L>®(S"), and /Sn_l _6da(y/)<oo, (1.6)

!/

o(y)

for some ¢ > 0 and for some § # 0.
Fan-Yang proved the following result:
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THEOREM A. ([9]) Suppose that Q0 is a homogeneous function of degree
zero on R™ that satisfies (1.1) and that Q € LY(S™™ 1) for some q > 1.
Suppose also that P(y) = (P1,...,Py) is a polynomial mapping. If ® is a
homogeneous function that satisfies (1.5)-(1.6) with either the index 3 # 0
is not a positive integer or 3 is a positive integer larger than max{deg(P;) :
1 < j < d}, then the operator T} o0 Is bounded on LP forall 1 < p <
o0o. Moreover, the operator norm is independent of the coefficients of the
polynomial mappings {P;j : 1 < j < d}.

In this paper, we are interested in weakening the assumption 2 €
L4(S"1) in Theorem A. In order to state our main result, we cite the
following related remarks:

(i) It can be easily shown that if ® : R™ — R is a homogeneous function
of degree 3 # 0 which is real analytic on S?! (i.e. ® |gn-1 is real analytic),
then the assumptions (1.6) hold. In fact, if ®q,..., ®; are linearly indepen-
dent real analytic functions on S" 'and that each ®; is homogeneous of
degree 3 # 0, then there exist positive constants § = §(®,S" 1, S!) and
A= A(®,8" 1 8" such that

Sup/ - (1), .. ®1(y)))] " do(y) < A, (1.7)
n’est Jsgn-1

Detailed proof of (1.7) can be obtained following a similar argument as in
the proof of Lemma 2.6 in ([6], see also [1]).

(ii) In a recent paper ([3]), Al-Qassem, Al-Salman, and Pan showed
that the condition ) € Béo’o)(sn_l),q > 1 is an optimal size condition
for the LP boundedness of the classical Calderén-Zygmund singular integral
operator Tp o to hold. In fact, they proved that if €2 is assumed to be in

B,SO’E)(S"fl)\Béo’O)(Snfl) for some ¢ < 0, then the LP boundedness of the
operator T o may fail for any 1 < p < oo.

(iii) Also, by a result obtained by the authors of ([3]), it is known that if
Qe Béo’o)(S”_l) for some ¢ > 1 and ® : R™ — R is a homogeneous function
of degree 3 # 0 such that ® |g.-1 is real analytic, then the operator

n

T af(r) =p.v. / W) f(z —y) ly| 7" Qy)dy,

is bounded on L? for all 1 < p < oo.
(iv) By Fatou’s lemma, and a well known limiting argument it can be
shown that if the operator T;S,(I),Q is bounded on LP for some 1 < p < oo,
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then the oscillatory singular integral operator

Traaf)e) = [ €0 (o~ Pu)RA) bl " d

is also bounded on L?.
(v) It is known that the space B§°’0)(Sn—1), s > 1 contains |J L4(S"1)

g>1
properly ([11], [14]).

In the light of the above remarks, it is natural to ask if the result in
Theorem A still holds under the weaker and more natural condition Q €
B§°’°)(sn—1). In the following result, we answer this question affirmatively:

THEOREM B. Suppose that €2 is a homogeneous function of degree zero
on R™ that satisfies (1.1) and that Q € B(go’o)(S"_l), g > 1. Suppose also
that P(y) = (Pi,..., Py) is a polynomial mapping. If ® is a homogeneous
function that satisfies (1.5)-(1.6) with either the index 3 # 0 is not a positive
integer or (3 is a positive integer larger than max{deg(P;) : 1 < j < d}, then
the operator T;;}QQ is bounded on LP for all 1 < p < oo. Moreover, the
operator norm is independent of the coefficients of the polynomial mappings
{P;:1<j<d}.

By remark (i) above and a careful review of the proof of Theorem B
in Section 4 in this paper, it can be easily seen that if the function & is
assumed to be real analytic on S"~!, then the index of homogeneity 3 can
be allowed to equal max{deg(P;) : 1 < j < d}. By this, Theorem B, and
remark (iv), we immediately obtain the following improvement of the LP
boundedness result in remark (iii) above:

CoroLLARY C. Suppose that ) is a homogeneous function of degree
zero on R that satisfies (1.1) and that € € Béo’o)(Sn_l),q > 1. Suppose
also that P(y) = (P1,...,P;) is a polynomial mapping. If & is a homoge-
neous function of degree 3 # 0 such that ® |gn—1 is real analytic with either
the index (3 # 0 is not a positive integer or (3 is a positive integer larger than
or equal max{deg(P;) : 1 < j < d}, then the operator Tp 3 o is bounded
on LP for all 1 < p < oco. Moreover, the operator norm is independent of
the coefficients of the polynomial mappings {P; : 1 < j < d}.

It should be remarked here that the requirement G % 0 in Theorem A
and Theorem B can not be removed even for smooth functions 2. This can
be easily seen by using Proposition 6.1 in ([1]) and remark (iv) above.
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Throughout this paper the letter C denotes a constant that may vary
at each occurrence, but it is independent of the essential variables. Finally,
for a set A, we let x, denote the characteristic function of A.

2. Definition of block spaces

In this section we recall the definition of block spaces introduced by
Jiang and Lu.

By a cap on 8" !, we mean a subset I C S"~! of the form I = {2 €
S |2’ — af| < a} for some o and x) € S 1.

DEFINITION 2.1. For 1 < g < oo, we say that a measurable function
b(z') on S"! is a g—block, if there exists some cap I on S"~! such that

1

supp(b) C I and ||b||, o < |I| <, where 1/g+1/¢' = 1.

The block functions are defined in terms of g—block functions. In fact,
the following definition takes place.

DEFINITION 2.2. Let 1 < ¢ < oo and v > —1. The class BS"’(S”‘l)
consists of all functions Q € L'(S"!) of the form Q = E,iozl c,b,, where
each ¢, is a complex number; each b, is a g—block supported on a cap I,

on S”~ ! and
M (e, ) =2

The block functions enjoy many properties ([11], [14]). The following
are closely related to our work:
() BYY € BY® (g >1),v>0;
(i) BY © BYY (1< q1 < go); LAS™) € BYU(S™1)  (v> —1);
(i) U BYU(S™) £ U IP(S™ 1), v > —1.
qg>1

p>1

el 0 Gogln ) <o 2)

3. Preparation

We start by recalling the following result from ([8]) which is a simple
consequence of a theorem due to Stein and Wainger, [19].

LEMMA 2.1. ([8]) Let P = (P4,..., Py) be a polynomial mapping from
R" into R%. Suppose Q € L'(S"!) and

pap s =sup [ =PIl )|
7 <l|y j+1

JEZ
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Then for 1 < p < oo there exists a constant C, > 0 independent of 2,
and the coefficients of Py, ..., Py such that ||uop [, < Cp [ p1(gn-1) [ f1l,

for every f € LP(R%).

Following similar arguments as in the proof of Theorem 1.1 in ([2]), we
obtain the following:

LEMMA 2.2. Suppose that h € L*(R") and P = (Py,...,P;) is a
polynomial mapping from R™ into R?. Suppose also that Q € L>(S"1)
is a homogeneous function of degree zero on R™ that satisfies (1.1) with
192,10 <1 and ||| ;00 < 2% for some k> 1. Then the operator

Sp n(f)(@) = sup
e>0

/,l flz =Pyl lyl™" dy (3.1)
y|>e

satisfies ’ S5 Qh(f)H < Kbl Cp I fll, for all 1 < p < oo with constant
P p

C) independent of k,h,€), and the coefficients of P, ..., Py.

Suppose that a > 2. For a homogeneous function € L'(S"~!) of
degree zero on R™, suitable mappings P(y) : R* — R% and ® : R"* — R,
and a suitable sequence {¢, , : k € Z} of non-negative real valued functions
defined on R, define the sequence of measures {0, o : k € Z} on R™ by

/ fdoacy = / SO |y Ok a (W) FPW)dy.  (3:2)

Then, we prove the following;:

LEMMA 2.3. Suppose that [[€lf|; < 1 and [|2f|, < 2%, where ¢ > 1
and 1/q+1/q' = 1. Suppose also that P(y) = (Py,...,P;) is a polynomial
mapping and is a homogeneous function that satisfies (1.5)-(1.6) with a
negative index 3 # 0. Let {o, 0 : k € Z} be the sequence of measures given
by (3.2). Suppose also that 0 < ¢y, 4 < 1, supp(¥r,q) C [2-alk+1) g—alk—1)]
and ‘dqflz“ (u)‘ < Cu~! with constant C independent of a and k. Let Gq,
be the maximal function given by

Gau(f —sup‘z Uan*f x)|. (3.3)
J<1
Then
1Gaa(H, < aCfll, (3.4)

for all 1 < p < oo with constant C' independent of a.
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P r o o f. We start by observing that

Goa(f)(@) D" Mur(f)(@), (3:5)
where M, ;(f) is the maximal function given by
Mo (£)(w) = suploaop— * f(z)] (3.6)
J

Thus, to prove (3.4) we only need to estimate ||Ma7k(f)\|p.
First, by the observation that M, (f)(z) < 2apqpf(xz) and Lemma
2.1, the following crude estimate

[ Mok (NI, < aC 11, (3.7)

holds for all 1 < p < oo with constant C independent of a.

Next, we seek a good ||Myx(f)|l,- By Plancherel’s theorem, we have

1
[Mar(lly < Z Noaop—j* flly < Hf”zz _Noaar-—ills
(3.8)
Now, by Hoélder’s inequality and the fact that ||| g < 2% we have

1
Py

uniile <2 swp ([ i@ e d)?, (39
£eRm JSn—1
where
2211
Ik—j(q)7£7 Q, CL) _ / GZEj’ﬁ’a((b’P’y/ﬁ’t)'([)hm(2_a(k_]+1)t)t_1dt (3.10)
1

and Ej5,(®, P,y &, 1) = 27Fk=itD@(y)” — p(2-ah—i+1y/t) . €. Thus,
by van der Corput lemma ([18]), we immediately obtain

1
7

I §(®,6,Q,a) < €21 2700 g ()| (3.11)

for some v > 0. When interpolated with the trivial estimate Ij,_;(®, £, €, a)
< 2a1n 2, this implies that

)

I j(®,6,Q,a) < aC \2%5(’“%”@@’) W (3.12)
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Therefore, by (3.9), (3.12), and (1.6), we obtain

S
7

”&a,ﬂ,k*juoo < 2%C ’2—aﬁ(k—j+1) ’_lq . (3'13>
By interpolation between (3.13) and the estimate ||64,01—;l ., < 2a we get

ﬁ s
1602kl < aC2i*7ITY, (3.14)

By (3.8) and (3.14), we immediately get

2B,
[Mak(f)lly < aC20 " || f], - (3.15)
Therefore, by interpolation between (3.7) and (3.15), we get
1M (), < 227 11, (3.16)

for all 1 < p < oo with constant C independent of a. Hence the proof is
complete by (3.5) and (3.16). [

By a similar argument as in the proof of Lemma 2.3, we can easily obtain
the following:

LEMMA 2.4. Suppose that [|€)f|; <1 and [|2]|, <2, whereq >1,1/q+
1/¢" = 1. Suppose also that P(y) = (P1,..., Py) is a polynomial mapping
and ® is a homogeneous function that satisfies (1.5)-(1.6) with a positive
index (8 which is either not an integer, or is a positive integer larger than
max{deg(P;) : 1 < j < d}. Let {o,0k : k € Z} be the sequence of
measures given by (3.2). Suppose also that 0 < vy, < 1, supp(Vr,q) C

[2—alk+D) 9—alk=1)] and dﬁ#(u)‘ < Cu~! with constant C' independent of
a and k. Let G, be the maximal function given by

Gaalf)(@) = sup Zzz_j_laa,g,k* F@). (3.17)
Then
1Ga.a(N)Il, < aCfl, (3.18)

for all 1 < p < oo with constant C' independent of a.

We now prove the following lemma:
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LEMMA 2.5. Let a > 2 and let P = (Pi,...,P;) be a polynomial
mapping from R™ into RY. Let © be a homogeneous function of degree
zero on R™ that satisty (1.1) with ||Q[|1gn-1) <1 and let 1 : Ry — R
be a smooth function that satisfies 0 < 1, < 1, supp(n,) C [1,00), and
na(t) = 1 for t > 22¢. Let Ku(y) = Q' )na(|y|). For a function ® that
satisfies (1.5)-(1.6) with index 3 < 0, let T} o.x, be the operator given by
(1.4) with Q replaced by K,. Then ’

175 0 5, (D, < aC lIf], (3.19)
for all 1 < p < o0.

P ro o f. By the assumptions, the factor e!®®) |y| ™™ K,(y) can be writ-
ten as

eifb(y) |y’*n Ka(y) _ |y’7n Q(y/)X{|y\>22“} + (e'i(b(y) - 1) ‘y|fn Q(y')
X Xqis22e} + €Ty 7" Ka(y)xqicpy <22y (3.20)

Therefore, we have

Th o1, () (@) < S (@) + M) o (£)(@)+ My g (f) (@), (3.21)

where

My o(f)(x) = sup

5 Ey

/| - (@ — 1) f(z = P(y)) [y| " ﬂ<y’>><{|y|>22“}' w
y|>e

e>0
(3.22)
M3y e (F)(x) = sup / W f(x —PW)) [yl ™" Ka(y)X{1<|y<220} | Y,
e>0 |Jy[>e
(3.23)
and S, , 5, 1s the operator given by (3.1) with h replaced by hq = X{|y|>220}-

Now,
(1) aﬁj/
M. x) < ||® E 2
P7<I)7Q(f)( ) — H ||oo ]:2{ 2aj<‘y|<2a(j+1)
X f(x —P(y))|dy} < Capqprf(z);

when combined with Lemma 2.1, implies that

Qy)

"

ly

|pih e <acis, (3.24)
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forall 1< p < 0.

On the other hand, by the observation that M7(>2,ZI>,KQ () <2apapf(z)
and Lemma 2.1, we have

[s25 k. (0], < ac 111, (3.25)

for all 1 < p < oo. Hence (3.19) follows by Minkowsky’s inequality, Lemma
2.2, (3.21), (3.24), and (3.25). This completes the proof. ]

By a similar argument as in the proof of Lemma 2.5, we can easily obtain
the following:

LEMMA 2.6. Leta > 2 andlet P = (Py, ..., P;) be a polynomial mapping
from R™ into R%. Let Q be a homogeneous function of degree zero on R"
that satisties (1.1) with ||| 1(gn-1) < 1 and let n, : Ry — R be a smooth
function that satisfies 0 < n, < 1, supp(ns) C [0,1], and n,(t) = 1 for
t <27% Let Ko(y) = Q' )na(|y|). For a function & that satisfies (1.5)-
(1.6) with a positive index (3 which is either not an integer or is a positive
integer larger than max{deg(F;) : 1 < j < d}, let T 4 j, be the operator
given by (1.4) with € replaced by K,. Then HT;;’(D’K“(f)Hp <aCl|f|, for

all 1 <p < 0.

4. Proof of main result

Proof of Theorem B. Assume that Q € Bg’O(S”_l), g > 1. Then

Q= ZZOZI c,b,, where each b, is a g—block supported on a cap I, on sn—1

and {c,} is a sequence of complex numbers that satisfies

MOO({e, } ALY = ZZ‘;I .| (1 +log(|L| ) <00 (41)

For each y, we define the function b, by b, () = b, ()~ [gn—1 b, (w)do(u).
Then, it is easy to see that BM satisfies the cancelation property (1.1).
Moreover, the following hold

IA

HE#HL‘I C|Ip|7?7 HB;LHLl S 07 (42)
Q= Y cb (4.3)

u=1 * 12
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By (4.3), we have
Tpoaf(z) < Zuzl lc,| T;,q,,guf(w)y (4.4)

*
where TP7<I>7BH

To prove Theorem B, it suffices by (4.1) and (4.4) to prove that

is given by (1.4) with € replaced by Eu.

505, 7], < (0 +108(2 D111, (45)

for all 1 < p < oco. To prove (4.5), we argue as follows:

=

Given b,. Let a = 2 if |I,| > 29e7% and a = log2|I,| « if |I,| <
27 ¢=2¢' . Choose a collection of C*° functions {Ykatrez on (0,00) that
satisfy supp(vr,q) C [27*FTD, 2700 V] 0 < gy <1, 5 Pa(u) = 1, and

keZ
ds'wk,a

du’

details).
Now, as in ([9]), we have two cases:
Case 1. 3 < 0. Let

1) =3 el

Kooo(y) = b, (' () Kaoy) =D~ b, nally))-
Then, it is clear that

(u)‘ < Csu™* with constants Cy independent of a (see [2] for more

supp(Kaoo) C {y€R™: |yl >1}; (4.6)
Koooly) = Eu (/) for all |y| > 22a. (4.7)
supp(Kqap0) C {yeR":|y| <27} (4.8)

Therefore, we have
5 o5 f(2) <Tp ok, . ()@) + TP ok, ,(F)(2) (4.9)
I R
Therefore, by Lemma 2.5, we have
HT7>'5,<1>,Ka,oo(f)Hp <aC | fll, (4.10)

for all 1 < p < oo.
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Now, we show that
| 78.0.000 (0] < aC 111, (111)

for all 1 < p < oo. To prove (4.11), we argue as follows:
By (4.8), we observe that

o0

T%,@,Ka,o(f)(iﬁ) = sup =0

O<e<2e

i

/| ok ®. )~ Py

(4.12)
where L(a,k, p1, ®,1)(y) = @ |y| ™" b, (y")¢rq(|y]). For any 0 < e < 29,
choose 7 < 1 such that 2a(j—1) < e < 2%, Let I; and Iy be the operators
given by

h()() = ‘Z:’O L Mk @) = Py (413
e<|y|<2%
Therefore,
‘ZZOO/|> L(a, k, p, ®,n)(y) f(x — P(y))dy| < Li(f)(x) + L(f) (@),
(4.15)
Now, it can be easily seen that
I(f)(@) < 3a;_pf (@), (4.16)

where 1, P f is the operator given in Lemma 2.1 with 2 replaced by Bu.
On the other hand, by the support property of v, 4, we have

1@ <[00 [ Lok u ®.m) e - Py + 2005, p5(0).
Therefore by (4.12), (4.15)-(4.17), we have

Th 0000 (1) < Cp_o(£)(2) + Bapy_pf (), (4.18)
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where Gl;wa is given by (3.3) with Q replaced by l_)u. Thus, by (4.18), Lemma
2.3, and Lemma 2.1, we obtain (4.11). Hence, the proof of Case 1 is complete
by (4.9)-(4.11).

Case 2. [ > 0 is not a positive integer or § is a positive integer
larger than max{deg(P;) : 1 < j < d}. The proof of this case follows by a
similar argument as in Case 1. In fact, by taking n(y) = > roq Yk.a(lyl),
Kao(y) = b,(y")n(0), and Koo y) = 30— b, (s We.a(|y]), i follows that
supp(Kao) C {y € R" : |y| < 1}, Kao(y) = b,(y') for all |y| < 272%, and
supp(Kq00) C {y € R™ : Jy| > 27¢}. Thus a proof of Case 2 follows by
repeating the same argument as in the proof of Case 1 using Lemmas 2.4
and 2.6 in place of Lemmas 2.3 and 2.5 at this time. This completes the
proof. ]
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