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Abstract

The paper is devoted to the study of the fractional calculus of the gen-
eralized Wright function ,W¥,(2) defined for z € C, complex a;,b; € C and
real oy, B € R (i =1,2,---p; j=1,2,---,q) by the series

2 T, T(as + agk) 2%
U, (2) = =1t - P
pa kz:_() H?’:l F(bj + ﬁ]k) k!

It is proved that the Riemann-Liouville fractional integrals and derivative
of the Wright function are also the Wright functions but of greater order.
Special cases are considered.
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1. Introduction

The paper deals with the generalized Wright function defined for z € C,
complex a;,b; € C and real a;, 8 € R = (—00,00) (,0; # 0; i =
1,2,---p; j=1,2,--- ,q) by the series

(aiaai)lp [e'e) P i
7 U1 T(a; + ajk) 2

v (Z) =, v 2| = i=1 L (1)
o o (bja/Bj)lq kzﬂ)ngzlr(bj—i_ﬁjk) k!

Here I'(z) is the Euler gamma-function [3, Section 1.1]. The function in (1)
was introduced by Wright [21] and is called the generalized Wright function,
see [3, Section 4.1]. Conditions for the existence of the generalized Wright
function (1) together with its representation in terms of the Mellin-Barnes
integral and of the H-function were established in [6].

The special case of the function (1) in the form

B B > 1 2k
¢(B,b;2) = oW1 6.0 z —kZ:OWk! (2)

with complex z,b € C and real § € R, known as the Wright function [4,
Section 18.1], was introduced by Wright in [19]. When 8 =0, b=r+1 and
z is replaced by —z, the function ¢(6,v + 1; —2) is denoted by J3(2):

> 1 —z)k
To(x) = 60w+ 1-2) = kZ:O T(6k+v+1) : k!) ’ 8)

and such a function is known as the Bessel-Maitland function, or the Wright
generalized Bessel function, see [7, p. 352] and [14, (8.3)]. Some other
particular cases of the generalized Wright function (1), generalizing the
classical Mittag-Leffler function, were presented in [6, Section 6].

Wright in [20], [24] investigated the asymptotic expansions of the func-
tion ¢(f,b;z) for large values of z in the cases f > 0 and —1 < § < 0,
respectively, making use of the ”steepest descent” method. In [20] he gives
an application of the obtained results to the asymptotic theory of partitions.
In [21]-[23] Wright extended the last results to the generalized Wright func-
tion (1) and proved several theorems on the asymptotic expansion of ,¥,(2)
for all values of the argument z under the condition

P

Zﬂj—zai>—1. (4)

j=1 i=1
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The properties of the Wright function (2) were studied in a series of
papers. Some of them can be found in [4, Section 18.1]. We also mention
that some fractional integral relations for the function (2) were presented
in [2], asymptotic relations for zeros of the Wright function ¢(, b; z) were
established in [8], and distributions of these zeros were investigated in [9].
Applications of the Wright function (2) to the operational calculus were
given in [15], to integral transforms of Hankel type - in [5] and [18], to
partial differential equations of fractional order - in [1] and [10]-[13], see
also [16, Section 4.1.2]. We also note [2], where solution in closed form of
the integral equation of the first with the Wright function as a kernel was
obtained.

The present paper is devoted to the study of the Riemann-Liouville
fractional integration and differentiation of the Wright function (1). For
a € C (Re(a) > 0), such a left- and right-hand sided fractional integration
operators are defined by

N0 =1 [ oL st (0> 0) )

(a x—t)!

and

(2f)(z) = F(la) /xoo (t j;t))l—adt (z >0), (6)

respectively [17, Section 5.1], and the corresponding fractional differentia-
tion operators have the forms

(Il—a+[Re(a)} f) ($)

d [Re(a)+1
)

(059 = (o

d [Re(a)+1 1 z f(t)
-(&) e et @0 0

[Re(a)+1
e = (-g) @)

B d [Re(a)+1 1 00 f(t)
(&) racarmean ) Gt @0, ©

respectively, where [Re(«)] is the integral part of Re(«).
The paper is organized as follows. Some known results are presented in
Section 2. The fractional integration and differentiation of the generalized
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Wright function (1) is established in Sections 3 and 4, respectively. The
corresponding results for the Wright function (2) and the Bessel-Maitland
function (3) are presented in Section 5.

2. Preliminaries

In this section we present the conditions for the existence of the general-
ized Wright function ,¥,(2) in (1) proved in [6], and the known formulas for
the fractional integration (5) and (6) of a power function [17]. To formulate
the first result we use the following notation:

iS]
(S

=

THEOREM 1. Let a;,b; € C and oy, f; € R (1 = 1,2,---p; j =
]-727 e 7Q)

(a) If A > —1, then the series in (1) is absolutely convergent for all
z e C.

(b) If A = —1, then the series in (1) is absolutely convergent for all
values of |z| < ¢ and of |z| = 0, R(u) > 1/2.

COROLLARY 1.1. Let a;,b; € C and oy, B € R (i = 1,2,---p; j =
1,2,--- ,q) be such that the condition in (4) is satisfied. Then the general-
ized Wright function ,V,(z) is an entire function of z.

COROLLARY 1.2. Let « € R and 3 € C.

(a) If « > —1, then the series in (2) is absolutely convergent for all
z € C.

(b) If « = —1, then the series in (2) is absolutely convergent for all
values of |z| < 1 and of |z| =1, R(5) > 1.

COROLLARY 1.3. If @« > —1 and B € C, then the Wright function
o(a, B; z) is an entire function of z.
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COROLLARY 1.4. If§ > —1 and v € C, then the Bessel-Maitland func-
tion J%(z) is an entire function of z.

The next assertion is well known, see [17, (2.44) and Table 9.3, formula
1].

LEMMA 1. Let o € C (Re(a) > 0) and v € C.
(a) If Re(y) > 0, then

(188771 (2) = F(l;(jr)v)xaﬂ_l- (9)

(b) If Re(y) > Re(a) > 0, then

(1267) @) = Sgan . (10)

3. Fractional integration of the generalized Wright function

In this section we establish a formula for the fractional integration of
the generalized Wright function (1). We begin with the left-hand sided
fractional integral (5).

THEOREM 2. Let o,y € C be complex numbers such that Re(a) > 0
and Re(y) > 0, and let a € C, u > 0. If the condition (4) is satisfied, then
the fractional integration I§', of the generalized Wright function (1) is given
for x > 0 by

(@i, oi)1p
g [ 07 Y, at! (z)
(b5, Bi)1,q
(ag, ) 1,p, (7, 1)
= $7+a_1 p+1\I/q+1 ax?| . (11)

(bj, Bj)1.q> (v + a, )

P r o o f. According to (4) and Corollary 1.1, the generalized Wright
functions in both sides of (11) exist for z > 0. By (5) and (1) we have

(ai, ai)l,p
Igy 7 »¥Yq at” (z)

(bjs Bj)1.9
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aZ (67 a k
(Io+ [tw IZ T(b; j__ﬁ]k))( Z) ]) (). (12)

According to [17, Lemma 15.1] a term-by-term integration of a series in the
right-hand side of (12) is possible. Carrying out such an integration and
using (9) we obtain

» (@i, i)1p
Ig |07 pYy at! (z)

(05, Bj)1,4

1, T(a; + k) a®
i Eb 5 k; w (0 @

_ grto-t Z D(a +aik) D(y+pk) (aa")*
L(bj + Bik)T(y + a+ pk) k!

According to (1) from here we deduce (11), which completes the proof of
theorem. |

The following result yields the right-hand sided fractional integration
(6) of the generalized Wright function (1).

THEOREM 3. Let o,y € C be complex numbers such that Re(y) >
Re(a) > 0, and let a € C, p > 0. If the condition (4) is satisfied, then the
fractional integration I¢ of the generalized Wright function (1) is given by

(@i, )1

It [ 77,0, at™* (x)
(bjs Bi)1,q
(ais i) 1p, (v — @, )

=277 ¥ ax H| . (13)
(bjs Bi)1.05 (v, 1)

P r o o f. According to (4) and Corollary 1.1, the generalized Wright
functions in both sides of (13) exist for z > 0. The fractional integrals (5)
and (6) are connected by the relation

(126 ]3]) @ =t pdetrn )
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Using this formula and taking into account (11) with « replaced by v — «,
we have

(ai, i)1p
It [ 7,0, at™* (x)

(bjs Bi)1,q

(@i )1y ] 1
=z I§ | T, att <>
X
(b5, Bi)q ]
(az‘, ai)l,pa (7 - OMU
=277 pr1¥en ax |,
(05, Bi)1,q: (7> 1)
and (13) is proved. n

4. Fractional differentiation of the generalized
Wright function

In this section we establish a formula for the fractional differentiation
of the generalized Wright function (1). As in Section 3, we begin with the
left-hand sided fractional differentiation (7).

THEOREM 4. Let a,y € C and Re(a) > 0 and Re(y) > 0, and let
a € C, u > 0. If condition (4) is satisfied, then the fractional differentiation
Dg, of the generalized Wright function (1) is given for x > 0 by

(aiy O51’)1,p
Dy, |7, at” (x)
(b5, 8i)14
(ai, ai)1p, (7, 1)
=277 U azh | . (14)

(bjs Bj)1,qs (v — @, )

P r o o f. According to (1) and Corollary 1.1, the generalized Wright
functions on both sides of (14) exist for x > 0. Let n = [Re(a)] 4+ 1, where
[Re(a)] is an integer part of Re(a). Using (7) and (1) and taking into
account (11), with « replaced by n — a, we have

(@i, i)1p
Doy ! »¥Yq at” (z)

(b5, Bi)1q
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d n (aiaai)l,p
= () e 0y, att (x)
(b5, 8i)14

d\" (a, ai)l,pu (v, 1)
- <d:c> T T az"
(b]7 Bj)l,qa (7 +n — «, /’L)

N <d> " i ?:1 F(ai + Oéik) F(’Y + Nk;) ikx7+n,a+uk,1
-~ \dx — [[i=, T(bj + Bjk) D(y +n — o+ pk) k!
(15)
According to [17, Lemma 15.1], a term-by-term differentiation of the series

on the right-hand side of (15) is possible. Therefore

B (@i, o)1,p
Doy | 8777 p¥y at! (z)
(b5, Bj)1.q

I T(b; + B;k) (7 — a + k) &!

_ i b T(a;i+aik) T(y+pk) aoF —artik—1
q .
il | EEER A

Thus, in accordance with (1), (14) is proved. ]

The next result yields the right-hand sided fractional differentiation (8)
of the generalized Wright function (1).

THEOREM 5. Let a,y € C be complex numbers such that Re(a) > 0
and Re(y) > [Re(a)] + 1 — Re(a), and let a € C, u > 0. If condition (4)
is satisfied, then the fractional differentiation D® of the generalized Wright
function (1) is given by

(ai, i)1p
D | t77 ¥, at™* (x)
(b5, Bi)1,q

(ai’ Oéi)l,p, (7 + «a, :u)
=27 ¥ ax™ M| . (16)
(b5, Bi)1,q: (7, 1)
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P roof By (4) and Corollary 1.1, the generalized Wright functions
in both sides of (16) exist for > 0. Let n = [Re(a)] + 1. Using (8) and
(1) and taking into account (13) with a replaced by n — «, similarly to the
proof of Theorem 4, we obtain

(ai, @i)1p
D2 | t77 ¥, at™* (x)

(b5, Bj)1,4

(Bl
< p )n e { (@i, @)1,p, (v =1+, ) #]
= (-] (= 1Pt ax

(b5, Bi)1,q (7> 1)

( d )" i P T(ai + aik) T(y — n+ a + pk) ajxn—a—v—uk
=TT Db+ Bik)  T(y+pk) k!

e I Tai + k) Ty =+ o pk)
=2 UG

I‘(l—i—n—a—w—uk)ﬁ
l—~v—a—pk) k!

By the reflection formula for the gamma-function, see for example, [17,
(1.60))

gmamrHk, (17)

1 L(y + a+ pk)

'l—vy—a—pk) TH+a+pk)l(1—vy—a—pk)

L(y + a+ pk)sin[(y + o+ pk)7]
™

and

™

Iy —n+a+pk)l(1+n—a—v—pk) = sin[(y — n + o + pk)7]

T _ (=1)"r
sin[(y + a + pk)w| cos(nm)  sin[(y + a + pk)w]
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Substituting these relations into (17) we obtain

(@i, o)1,p
D277 ¥y at™" ()
(bjaﬁj)Lq
— oY io: Hle F(ai + Ctik) (_ )nF(’Y +a+ ,uk:) (ax—u)k
k=0 [1j=1 T (b; + B;k) L(y + pk) kO

which, in accordance with (1), yields (16). ]

5. Fractional calculus of the Wright
and the Bessel-Maitland functions

In this section we establish fractional integration and differentiation of
the Wright function ¢(83,b;z) and Bessel-Maitland function J%(z). Using
(2), from Theorems 2-3 and Theorems 4-5 we deduce formulas for the frac-
tional integration and differentiation of ¢(0, b; 2).

THEOREM 6. Let a,v,b,a € C and u >0 and § > —1.

(a) If Re(ar) > 0 and Re(vy) > 0, then the fractional integration I, of
the Wright function (2) is given for z > 0 by

(v, )
(I(?—&- [ﬂ_l@ﬁ(ﬁa b; at“)]) (7) = ghtet 12 axt

(0,5), (v + o, )
(18)

(b) If Re(y) > Re(a) > 0, then the fractional integration I® of the
Wright function (2) is given for x > 0 by

(’7 - Q, :U‘)
(If [t_7¢> (ﬂ, b; at_“)]) () =277 10, ar " . (19)

(0, 3), (v, 1)

COROLLARY 6.1. Let a,v,a € C and u > 0.
(a) If Re(a) > 0 and Re(vy) > 0, then

(L84 [ 0 (o ysath)]) (2) = 27797 (v + agaa) . (20)
(b) If Re(y) > Re(ar) > 0, then

(e t7¢ (py — asat™)]) (z) = 277 ¢ (p,v; 027 . (21)
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THEOREM 7. Let a,v,b,a € C and > 0 and > —1.

(a) If Re(a) > 0 and Re(y) > 0, then the fractional differentiation D§,
of the Wright function (2) is given for x > 0 by

(75 1)
(D8+ [t'yil‘b(ﬂ?b; atu)]) (z) = A ax"

(b7 ﬁ)v (’Y -, M)
(22)

(b) If Re(y) > [Re(a)] + 1 — Re(av), then the fractional differentiation
D of the Wright function (2) is given for z > 0 by

(v +a,p)
(DX [t77¢ (B,b;at™)]) (@) =777 10, ax” M| . (23)

(b,8), (v, 1)

COROLLARY 7.1. Let a,y,a € C and p > 0.
(a) If Re(ar) > 0 and Re(y) > 0, then

(D§, [ (1, v;at™)]) (@) = 277 (n,y — asazh). (24)
(b) If Re(y) > [Re(a)] + 1 — Re(a), then
(IE [f”d) (u,7 + o at_“)]) (x) =277 ¢ (u,'y; ax_“) ) (25)

Similarly, in accordance with (3), from Theorems 2-3 and Theorems 4-5
we obtain the fractional integration and differentiation of JJ(2).

THEOREM 8. Let a,v,v,a € C and >0 and 6 > —1.

(a) If Re(a) > 0 and Re(y) > 0, then the fractional integration I, of
the Bessel-Maitland function (3) is given for > 0 by

(s 1)
<I€+ {t'y_lJl‘j (at“)D (z) = 2771 1Ty azh
(v+1,0),(v+a,p)
(26)
(b) If Re(y) > Re(a) > 0, then the fractional integration I¢ of the
Bessel-Maitland function (3) is given for x > 0 by

(v =)
(If [t_7JS (at_“)D (x) =277 1Py o —:1’5)’ :L%M) ax” M. (27)
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COROLLARY 8.1. Let a,v,a € C be complex numbers such that
Re(a) > 0 and Re(v) > —1, and let > 0. Then there hold the rela-
tions

(18, [#72 (at)]) (&) = 27+, 1 o () (28)

and
(1> otk (at)]) (2) =2V M L (aa ) (29)

THEOREM 9. Let a,v,b,v € C and > 0 and § > —1.

(a) If Re(a) > 0 and Re(7y) > 0, then the fractional differentiation D,
of the Bessel-Maitland function (3) is given for x > 0 by

(7s 1)
<D8+ [t%ng (at“)D (z) = 27771 10y az'
(V + 1a5)7 (’7 - O‘nu)
(30)
(b) If Re(y) > [Re(a)] + 1 — Re(av), then the fractional differentiation
D* of the Bessel-Maitland function (3) is given for x > 0 by

(v + o, )
DY [t 8 (at™™) | ) (x) = 2777 @ ar "| . (31)
( [t “ )D o (v +1,08), (v, 1)

COROLLARY 9.1. Let a,v,a € C and p > 0.
(a) If Re(a) > 0 and Re(v) > —1, then
(DG [t Jf (ath)]) () = 2"~ T)' 4y g (aah). (32)

(b) If Re(«r) > 0 and Re(v) > [Re(«)], then

(D> [t 1 gl (at™)]) () = 271 T8, (aa™") (33)
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