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Abstract

A generalized convolution with a weight function for the Fourier cosine
and sine transforms is introduced. Its properties and applications to solving
a system of integral equations are considered.

2000 Mathematics Subject Classification: 42A38, 42A76, 42A85, 42A96
Key Words and Phrases: convolution, Fourier cosine transform, Fourier
sine transform, integral equation

1. Introduction

Let F. and Fs be the Fourier cosine and sine transforms, respectively:

FUP@) = o= [ 1) cosaydy. x>0, 0
0

F(f)@) = = [ f) siwsydy. >0 (2)
0
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A convolution of two functions f and g for the Fourier cosine transform was
given in 1941 by Churchill [1]:

(f ;o) \ﬁ/f oz o)+ gl +y))dy, z>0  (3)

with the factorization property
Fe(f ; 9)(y) = (Fef)(y) (Feg)(y), vy > 0. (4)

A convolution with the weight function v(y) = siny of functions f and g
for the Fourier sine transform Fy was studied in [2], [7]:

(fl;sg)( Q\ﬁ/f glx+t+1)+g(lx —t+1|)sign(z —t + 1)

(5)
+ g(|lz +t—1|)sign(x +t — 1) + g(Jx — t — 1|)sign(x —t — 1)) dt, = >0,

for which the factorization property holds:
Fs(f}; 9)(y) = siny (Fsf)(y) (Fsg)(y), Vy > 0. (6)

A generalized convolution for the Fourier sine and cosine transforms was
first introduced by Churchill in [1]:

(f39)(=

ﬁ\

/ o —y) —g(e +y)dy, >0,  (7)
0

that satisfies the factorization property

Fs(f:9)() = (Fs W) (Feg)(y), vy >0. (8)

Yakubovich et al. [11], [12], [13] studied some special cases of generalized
convolutions for nonconvolution integral transforms. In 1998, Kakichev and
Nguyen Xuan Thao [3] proposed a constructive method of defining a general-
ized convolution for three (possibly different) integral transforms K, Ko, K3
with a weight function ~(x) with a factorization property

K1(f #9)(z) = 4(2) (Ka f) () (K39) ().

In recent years, generalized convolutions, for instance, for the transforms
of Stieltjes [15], Hilbert [6], [14], Hankel [16], H-transforms [4], I-transforms
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[9], the Fourier cosine and sine transforms [8] have been studied. For ex-
ample, a generalized convolution for the Fourier cosine and sine transforms
has been introduced in [8], as follows:

(F 9000 = = 0/ £(9) (signly — 2)g(ly — o1) + gly + ) dy. 2> 0. (9)

It satisfies a factorization property

Fe(f 59)(y) = (Fs ) () (Fsg)(y), Yy > 0. (10)

In this paper we give a new generalized convolution with a weight func-
tion for the Fourier cosine and sine transforms. We prove some of its prop-
erties as well as we point out some of its relationships to several well-known
convolutions and apply this notion to solve a system of integral equations.

2. A generalized convolution

DEFINITION 1. A generalized convolution with the weight function
v(y) = siny for the Fourier cosine and sine transforms of functions f and g

is defined by
(F30)@) 2F/f oz +y — 1)+ gz -y + 1)

—g(x+y+1) g(lx —y —1]))dy, Vx> 0. (11)
We denote by L(R;) the set of all functions f defined on (0, 00) such that
[ 1#(@)lds < .
0

THEOREM 1. Let f,g € L(R+). Then the generalized convolution with
the weight-functions ~y(y) = sin y for the Fourier cosine and sine transforms
belongs to L(R.), and the following factorization property holds:

Fu(f *9)(y) = siny (Fs ) (y)(Feg)(y), Yy > 0. (12)

Proof Based on (11) and the fact that f and g € L(R4+) we have

O/I(f*g)ldwé 2mO/O/\f e+ = 1) +glle —y+1)
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—gla+y+1) = glle —y = 1)]|dyd < QJ%O/\f(y)lo/\g(lery—l

)|da

[e’e) [e’e) +o00
+/g<a:y1>dm+/g<x+y+1>dx+/g<xy1>da:] dy
0 0 0

On the other hand,
/y (x+y+1) da:—l—/|g (jz — y — 1])| dz
0
/ o(0) di + / (1) |dt—2/|g )|t
y+1 —y—1
Similarly,
[latle =y i+ [lge+y - 1)do
0 (o] o0 0 (o)
= [latiehide+ [ lgeniar=2 [ lg(olar
1—y y—1 0
JFrom (13), (14) and (15) it follows that
0.) 2 o0 oo
/\ )|da < \/;/|f(t)]dt/|g(t)]dt< 0.
0 0 0
v
So (f *g) (z) € L(R,).
Now we prove the factorization property (12). Since
2
sinz (Fsf) (z) (F //smm sin xu cos zv f(u) g(v) dudv
T
00

and
1

sinz sinxu coszv = —

1 [cosz(u—v—1)+cosx(u+v—1)

(13)
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—cosz(u+v+1)—cosx(u—v+1)],
we obtain

1

sing (F.f) (2) (Fog) (@) = o~

[eelNe o]
// [cosx(u —v—1)+cosx(u+v—1)
0 0

—cosz(u+v+1)—cosz(u—v+1)] f(u)g(v)dudv. (16)

Taking a substitution y = u, t =u + v + 1, we get

1 oo o0
— cosz(u+v+1)f(u)g(v)dudv = — coszxt f(y)g(t—y—1)dtdy
271'0/0/ //

0 y+1
00 00 oo y+1
1
2//cosa:tf g([t—y—1)) dtdy—//cosxtf g(y—t+1)dtdy.
00

(17)

Similarly, with a substitution y = u,t = v —u — 1, we have

1 oo oo
2//(:0833 u—v+1) f(u)g(v)dudv = / / coszt f(y)g(t+y+1)dtdy
T

00

0 —y—1

00 00 o 0
1 1
= 2//Cos:ctf t+y+1)dtdy+2/ / cosxt f(y)g(t+y+1)dtdy.
T
00 0 —y—1
(18)
Furthermore,

0

oo o 0
/ / cosxt f(y)g(t+y+ 1)dtdy = // coszt f(y)g(y —t + 1)dtdy
0 0

y+1
—y—1

oo py+l
= /0 /0 coszt f(y)g(y —t + 1)dtdy. (19)

JFrom (17), (18) and (19) we obtain

1 [ [
—5 /0 /0 [cosz(u+v+1)+cosz(u—v+1)] f(u)g(v)dudv
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_1#/000 /OOO cosat [g(|t —y —1]) + g(t +y + 1)] f(y)dtdy.  (20)

Similarly,

/ / cosz(u+v—1)f(u)g(v )dudv—% OO/OO cosztf(y)
xg(t—y+1) dtdy—/ / cosztf(y

y—1
xg(lt—y+1]) dtdy—/ / coszt f(y) g(|t —y + 1])dtdy. (21)

With a substitution y = u,t = v —u + 1 we get

;/Om/(]wcosm(u—v—1)f(u)g(v)dudv:;r/(]w/looycosxtf(y)

1 o0 o0
xg(t+y—1)dtdy = 27r/ / cos zt f(y)
o Jo

1 00 1-y
X (|t +y — 1|)dtdy — 27/ / coszt f(y) gt +y — 1))dtdy.  (22)
0 0
On the other hand,

oco py—1 oco 0
/0 /0 cosxtf(y)g(\t—y—i—l])dtdy:—/0 /1_ycosa:tf(y)g(|t+y—1)dtdy.

(23)
(From (21),

(22), and (23) we have
1 [ [
/0 /0 COS T u—i—v—l)—i—cosac(u—v—l)]f( ) (v)dudv

_1/00 T eosatlg(t—y+ 1) + gt +y— 1)) f@)didy.  (24)
0 0

Finally, from (16), (20) and (24),

oo

sinz(Fsf)(x)(F, % cos Ty / fly (25)
0
< g(lz+y = 1) +g(jz —y+1)) =gz +y+1) —g(jz —y —1))] dy}dfc
The last equality and (11) yield
sina (Fof) (2) (Feg) (@) = Fulf +9)(x).

The proof is complete. ]
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THEOREM 2. In the space L(Ry) the generalized convolution (11) is
noncommutative:

(F 9)() = ~(g 1) (&) + o [sign(1~2)(f ;9)(la— 1) +(F ; g)(w+ 1)) (26)

Here f 59 denotes the convolution for the Laplace integral transform

7390 = [ 09—t de

P roof. Indeed, with the substitutionst = x+y—1, t=y—x—1, t =
r4+y+1, t =y —x+ 1, respectively, we have

o0 [e.9]

1
)@ = 57=[ [ alihse—z+nars [ oy DT+ D

-/ G- — Dt / Tttt -] (20)
x+1

1—x
1

= W{/o Flt—a+1)+ft+z+1)—f(t—z—1)—f(t + = —1|)]

0

0
x g(t)dt + /_lg(|t|)f(t—a:+ 1)dt+/ g(|t)f(t +a+ 1)dt

—(z+1)

- [ aese =z =nar— [ e s+~ vyar)

1

N

{[ 1o =t=1D+ s+t 1) = flla e+ 1) = flo+t 1))

0

0
x g(t)dt + /_lg(|t|)f(t —z+1)dt +/ g(lthft+ a4+ 1)dt

—(z+1)
0 0
- [ atse =z =nar— [ e s+~ vyar)

0

=@+ ={ [ s —a+ v

-1

0

0 0
[ slehstre-nde- [ gD ft-a-vies [ gt s(erarnr).

1-z z+1 —(z+1)

With the substitution ©v = —t we get
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1—x

z—1
/0 g(thf(t =z +1)du = - g(lul) f(lu + = = 1|)dv

—(z+1) 01+ac
/ JIDf(E+ o+ du = — / g(w)f(ju -z — 1])du,
0 0

therefore,

11—z r—1
/ g(IUI)f(IU+:E—1|)du—/ g([ul) f(Ju — 2+ 1|)dv
0 0

2f017x gu)f(l—z—wu)du, =<1
— r—1
{ -2 ({ gu)f(z —1—u)du, >1
|lz—1]

—2sign(l—2) [ g(uw)fle 1] - w)du = 2sign(1 - 2)( ;9)(Jo ~ 1).
0

Hence and with the substitutionsu=t—z+1l,u=t4+z—-1L,u=t—xz—1,
u =t+ x + 1 we obtain

0 0 0
A_lg(!t!)f(t—xH)dt—/ g(\t\)f(ter—l)dt—/ gt ft—z—1)dt

l—x z+1

0 1-z
+/ g(ltl)f(t+x+1)dt=/0 f(luDg(ju+ 2 —1[)du

—(z+1)

z—1 —(z+1)
- / F(luDg(lu -z + 1f)du - / F(luDg(lu + 2 + 1[)du
0 0

z+1
+/0 Flu)g(ju — 2 —1])du = 2sign(l — z)(f » 9)(jo — 1)

(z+1)
+2/f(u)g(a:—i—1—u)du:2sign(1—aﬁ)(fzg)(|:1;—1])+2(fzg)(a:+1).
0

Therefore,

(F1o)(@) = —(g2f) () + jﬂ

The theorem is proved. ]

sign(1—2)(f ;9)(Je = 1) + (£ ;9)(z + 1]
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THEOREM 3. In the space L(Ry) the generalized convolution (11) is
not associative and satisfies the following equalities:

a) [*(g+h) = g*(f *h);

b) fﬂl(g lh) (f g) *h, where (f g) is the Fourier-sine convolution
with a weight- funct1on (5);

c) fv( h) = (f ) h, where (g h) is the convolution for the Fourier

C

cosine transform ( 3)

d) fﬂl( ) (f g) h, where (g « h) is the generalized convolution with

a We1ght functmn for the Four1er cosine and sine transforms (9);

e) f I(g lh) =(f ih) 1g, where (f Ih) is the generalized convolution for the

Fourier sine and cosine transforms (7).

P roof. a) From the factorization property, we have

Fu(f #(g#h))(x) = sina(E f)(x) Fe(g+h)(z)
=sinx (Fsf)(z) sinz(Fsg)(x) (Feh)(x) = sinx (Fsg)(x) F.(f 1]1)(1‘)

=F, {gl(flh)} (x), Vx>0,

which implies that

(f *9) *h = g *(f *h).
b)
Fu(f +(g*h))(z) = sina(F, f)(x) Fo(g *h)(z)

=sinx(Fsf)(x) sinz(Fsg)(z) (Foh)(z) = Fy(f I;Sg)(:r) sinz (F.h)(z)

—F, {(f . 9)(@) lh} (z), V> 0.

Hence fl(glh) (f g) h.

The proofs for c), d), e) are similar to those of a) and b). The theorem
is proved. ]
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THEOREM 4. The generalized convolution (11) is related to the convo-
lution (7) as follows

(FF0)(x) = [ 0)@+ 1)~ (F39)@ — Vi~ D). (29)

P roof. Indeed,

i) For x > 1, from Definition 1 we obtain

(fl)() = Vﬁ/ gz —y + 1) — gz +y + 1)] f(y)dy
~5{= [ We—y=1) = ga sy 1] sy}

= e - e -],

ii) Let 0 < z < 1. We have

(o)) = v@_/ gl —y+10) gz +y+ 1] Fo)dy
é& Tlole —y— 1) — gl +y — 1] )y
= 51\ 7= [ e —y+1) —glz+y+ D] f(y)dy
o[
gz =y = 1) = gl +y — 1)) f(y)dy}
- %kfyxw+D H(f 301 )]
= 5 [F9E+ )~ (710~ sianz 1))

Hence
(F o)) = 5 [(F s0) + 1) = ( 10) (x — 1)sian(e — 1)].
The theorem is proved. ]

THEOREM 5. In the space L(R4) the generalized convolution (11) does
not have a unit element.
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P roof. Suppose that there exists a unit element of the generalized con-
volution (11) in L(R4) : etg = g+e = g, for any function g € L(R;). It fol-
v :
lows that F.(exg)(y) = (Feg)(y), Yy > 0. Hence, siny (Fse)(y) (Feg)(y) =
(Feg)(y), Yy > 0. The last equation is equivalent to the equality

(ch)(y) [Siny(Fse)(y) - 1] =0, Vy>0
for any function g(y) € L(R4). Choosing g such that (F.g)(y) # 0, Yy >0,
we see that siny(Fse)(y) —1 =0 or (Fse)(y) = si111y’ Yy > 0.
Thus, (Fse)(y) does not approach 0 as y tends to infinity, as it must be
if e € L(Ry), and so e ¢ L(Ry). This is a contradiction. The theorem is
proved. [ ]

Set L(Ry,e”) = {h(z), for all e*h(z) € L(R4)}

THEOREM 6. (Titchmarch-type theorem) Let f,g € L(R4,e"). If
(f *9)(x) = 0, ¥z >0,
then either f(x) =0 or g(x) =0, Yz > 0.

P r o o f. Under the hypothesis (f lg)(az) =0, Va > 0, it follows that
E.(f 19)(y) =0, Vy > 0. By virtue of Theorem 1,

siny(Fsf)(y)(Feg)(y) =0, Yy > 0. (29)

Consider the Fourier cosine integral transform

2 o0
(Feg)(y) = \/;/0 g(x) cos(yr)dz, y € Ry.
Since
dar T

W (cos(yx)g(x)) ’ = ‘g(m)x” cos (ya: + ng)‘ < [g(z)z"|

=le""a"gi(z)| = e""2"| [g1(2)| < Clg1(z)|,  g1(2) = " g(x) € L(Ry),
for x large enough, due to Weierstrass’ criterion, the integral
oo dn
— [cos(yz)g(x)] dx
| 4 feostumlgta)
uniformly converges on R;. Therefore, based on the differentiability of
integrals depending on parameter, we conclude that (F.g)(y) is analytic.
Similarly, (Fsf)(y) is analytic. So from (29) we have (Fsf)(y) =0, Yy >0
or (Feg)(y) =0, Yy > 0. It follows that either f(z) =0 or g(x) =0, Vx >
0. The theorem is proved. ]
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3. A system of integral equations

Consider a system of integral equations

() + Az :ﬁso(t)gl(y, Ddt = k(y),
s (30)
A21 Of F@®)1(y, t)dt + Aa2g(y) = h(y), y>0.

Here, A11, A12, A21, A22 are complex numbers and o, 9, k,h € L(R,), f and
g are unknown functions of L(R) and

91(y,t) = \/12? lg([t —yl) + gt +v)],

D10 0)= = Wlly+ ¢ = 1D+6(ly — £+ 1) =y + 1+ D=s(ly — ¢ = 1)].

THEOREM 7. Let 1+ C'signy (Fs¢)(y)(Fep)(y) # 0. Then there exists
a solution in L(Ry) of (30) which is defined by

Fl) =3 {Aaoh(y) ~ Mualip ) ) — (k5 (0) + A ((31) 1) () b DR,

1

9) =3 { Ak @)= (R @)= (h - D) +Aa((k39) - D)} € L(R:).

« 1
Fe
Here, | € L(Ry) is defined by

N
CR )W)y ) agy, = 21202

F.l = .
D = R Ao

P roof. System (30) can be written in the form

{Auf(y)JrAm(sO;g)(y) = k),
Nor(F40)(y) + Aaag(y) = h(y), y>0.

Using the factorization properties of the convolutions (7) and (11) we have

{ Mi(Ff) () + M2(Fsp) (W) (Feg)(y) = (Fsk)(y),
Ao siny(Fs ) (y) (Fe)(y) + Aa(Feg)(y) = (Feh)(y), y>0.

Since,
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A1t Alz(Fsso)(y)‘
o1 (Ferp)(y) siny A22

= A1Az2 — A2 A1 siny(Fsp) (y) (Fed) (y)
= o[- 222 i y (R () (R )]
= AL+ Csigny(Fso)(y)(Fe) (y)(y)] # 0,

(Fsk)(y)  M2(Fsp)(y)
A= (BB MBS0 (141000 - P E)

Therefore,

A AL A Csiny(F) ) (Fad) ()
ENW) = X =3 T X T+ Csi y(Bap) () (Fut) ()’

AL AL CF(pH)(y) ).

A A 1L CF(p ) ()

Due to Wiener-Levi’s theorem [7] there exists a function [ € L(R4) such
that N
CFe(p *)(y)

1+ CF.(px)(y)

(Fcl)(y) =

It follows that . )
(Fsf)ly) = Y [Ar — Ay (Fel)(y)] = X {(Fsk) (y) A2z

— M2(Fs0)(y) (Feh)(y) — [(Fsk)(y)A22 — M2 (Fsp) (y) (Feh) (y)] (Fel)(y)}

- % {(Fak)m)ro2 = MaFulio10) () — Fulk D)) + Mzl h) ) (Fd) (y) }
- % {(Fsk)(y)m = M2Fi(¢ :h)(y) — Fa(kD)(y) + M2 Fy ((cp -h) Iz) (y)} _
Hence,

fly) = % {k(y))\z2 - >\12(s01h)(y) — (kil)(y) + A2 ((gpih) Tl) (y)} ‘
Similarly,

Ay =

A11 (Fsk)(y)‘
A21 sin y(Frﬂb)(y) (Fch) (y)
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= M1(Feh) (y) = Ao siny (Fk) (y)(Fe) (y) = M1 (Feh) (y) = A1 Fel(k 400) ().

It follows that

Ay Ay Ao

(Fag)() = 32 = 52 - S2ED) = 5 D (FA)()

= Dot ok 1) () = Ma(Feh) () (Fel) (9) + Ao Felk 4 () (Ful) (v) }

_ % [ (ER) () = o Fll ) ()

— A1 (Fc(h I;:f)) (y) + A1 Ee ((k 11/1) l;:cl) (Z/)} .

Hence
1
9(w) = 5 {Mih() = dar (kF0)(w) = M (h D)+ dar ((kH9) 1) () }
The proof is complete. ]
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